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Polytopal complexes realizing products of graphs

António Guedes de Oliveira1, Edward D. Kim2, Marc Noy3, Arnau Padrol3,
Julian Pfeifle3, Vincent Pilaud4

1 Universidade do Porto
agoliv@fc.up.pt

2 Technische Universiteit Delft
e.d.h.kim@tudelft.nl

3 Universitat Politècnica de Catalunya
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Abstract. When is the Cartesian product of two graphs the graph of a polytope, of a cellular sphere,
or even of a combinatorial manifold? In this note, we determine all 3-polytopal complexes whose graph
is the Cartesian product of a 3-cycle by a Petersen graph. Through this specific example, we showcase
certain techniques which seem relevant to enumerate all polytopal complexes realizing a given product.

In this note, we investigate the question of finding polytopes (or more generally poly-
topal complexes) with a prescribed graph. This harks back to Steinitz’s Theorem [1],
which characterizes the graphs of 3-polytopes as the 3-connected planar graphs, and
thus ensures that 3-polytopality is polynomially decidable. In contrast, Richter-Gebert
proved that deciding 4-polytopality is NP-hard, as a consequence of his work on realiza-
tion spaces of 4-polytopes [2]. Motivated by this computational threshold, we focus on
deciding 4-polytopality for the subclass of Cartesian products of graphs.

Polytopality of Cartesian products of graphs was initially studied in [3]. By definition,
polytopality is preserved by taking products: the graph of a product of polytopes is the
product of their graphs. We are interested in the reciprocal question: can a product of
non-polytopal graphs be polytopal? The answer differs significantly according to whether
we require the realizing polytope to be simple or not [3, Theo. 2.2 and Prop. 2.7]:

(1) A Cartesian product of regular graphs is the graph of a simple polytope if and
only if its factors are.

(2) There exist (non-simple) polytopal products of non-polytopal regular graphs.

This note studies the 4-polytopality of the product of a cycle by a (small) non-
polytopal 3-regular graph, for which the above-mentioned results do not apply. Focussing
on the product K3 × Pet of a 3-cycle by a Petersen graph, we illustrate several useful
techniques to understand 4-polytopality of Cartesian products in general. Our approach
consists in enumerating all 3-polytopal complexes whose graph is K3 × Pet, and requires
two steps: we first compute all possible facets (3-dimensional faces) of all possible 3-poly-
topal complex realizing K3×Pet, and we then study all possible ways to glue these facets
along ridges (2-dimensional faces) to form a complex with the desired graph.
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Definitions

Cartesian products of graphs — The (Cartesian) product of two graphs G and
H is the graph G × H with vertex set V (G×H) :=V (G)× V (H) and with edge set
E(G×H) := (V (G)×E(H))∪ (E(G)×V (H)). We call G-edges (or blue edges) the edges
of G×H that are products of an edge of G by a vertex of H, and H-edges (or red edges)
the ones obtained as the product of a vertex of G by an edge of H. See Figure 1(b).

Polytopal complexes — We consider a d-polytopal complex to be a closed regular
combinatorial d-dimensional manifold, each of whose faces is (combinatorially) a convex
polytope. In other words, a d-polytopal complex can be seen as a set of d-polytopes
together with a combinatorial (i.e. not geometric) glueing rule of their facets such that:

(1) the link of any k-face is a combinatorial (d− k − 1)-sphere, and
(2) any pair of faces meets in exactly one lower-dimensional (possibly empty) face.

We say that a d-polytopal complex realizes a graph G if its 1-skeleton is isomorphic to G.

Example 0.1 (A 4-polytopal complex realizing K3×Pet) Let 4 denote a 3-cycle, seen as
a cellular decomposition of the circle S1. Let C denote the cellular decomposition induced
by the embedding of the Petersen graph Pet in the projective plane P (see Figure 1(c)).
Then the Cartesian product 4× C induces a cellular decomposition of S1 × P consisting
of six cycles of three pentagonal prisms, whose graph is K3 × Pet. In this note, we
enumerate all other 3-polytopal complexes realizing K3 × Pet.

(a) (b) (c) (d)

Figure 1. The Petersen graph (a), its product with a 3-cycle (b), and its
embedding into the projective plane (c). The refinement of a missing triangle (d).

Refinement — When looking for a 3-polytopal complex K realizing a graph, we can
always assume that no facet of K contains a missing triangle, that is, a 3-cycle that does
not bound a triangular 2-face. Otherwise, we can always refine any facet with a missing
triangle T into two polytopal cells that share the triangle T . See Figure 1(d). Note that
the complex K could still miss a triangle whose edges belong to three distinct facets of K.

Finding all possible facets

Our first step to enumerate all possible 3-polytopal complexes K realizing K3 × Pet is
to understand the possible candidates for the facets of K. As mentioned earlier, we can
assume that the complex K is refinement minimal: no facet contains a missing triangle.
Thus, the facet candidates are given by the induced 3-connected planar subgraphs of
K3 × Pet with no separating 3-cycle. Assisted by a computer enumeration program, we
obtain the graphs of the triangular, pentagonal and hexagonal prisms (as expected), plus
the graphs of the four polytopes presented in Figure 2.
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Figure 2. The four non-simple facet candidates for a realization of K3 × Pet.

It turns out that these seven polytopes all have red degree at most 2. We use this
property to discard the four candidates of Figure 2, by considering the vertex figures
of K. Remember that the vertex figure of a vertex v in a d-polytopal complex C is the
(d−1)-sphere bounding the faces of C incident to v: it has a k-cell for each (k+1)-face of C
incident to v. In our situation, each vertex figure bounds a 3-polytope with 5 vertices,
which can only be an Egyptian pyramid or a bipyramid over a triangle. Furthermore,
the blue and red colors on the edges of the product K3 × Pet induce a coloring of the
vertices of our vertex figures. Figure 3 depicts all possible configurations.

Figure 3. All 3-polytopes with 2 blue vertices (stars) and 3 red vertices (circles).

In fact, not all these configurations can appear as vertex figures of K:

• The first one has two opposite blue vertices on its square base. This would imply
that the facet of K corresponding to this square has a missing 2-face delimited
by two blue edges, which is forbidden by refinement minimality of K.
• The next three have 2-faces with three red vertices, which is impossible since

all facet candidates for K have red degree at most 2.

Thus, only the last two configurations of Figure 3 can appear as vertex figures of K,
and all the facets of K are simple. This discards the candidates of Figure 2:

Proposition 0.2 The only facet candidates for a refinement minimal 3-polytopal complex
realizing K3 × Pet are the triangular, pentagonal and hexagonal prisms.

Gluing facets together

In this second step, we study the possible ways of gluing the facet candidates for K.
Since only triangular (resp. pentagonal, resp. hexagonal) prisms contain triangles (resp.
pentagons, resp. hexagons), we get the following structural result:

Lemma 0.3 The triangular prisms in K form disjoint cycles of triangular prisms, ob-
tained as products of the 3-cycle K3 by disjoint cycles of Pet. Any pentagonal (resp. hexag-
onal) prism of K belongs to a cycle of three pentagonal (resp. hexagonal) prisms, obtained
as the product of the 3-cycle K3 by a 5-cycle (resp. 6-cycle) of Pet.
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Figure 4. The projection representation of three possible 3-dimensional
refinement minimal polytopal complexes whose graph is K3 × Pet.

Projecting the facets of K on the Petersen graph, we obtain a family of 5-cycles
(pentagonal prisms of K), a family of 6-cycles (hexagonal prisms of K), and a family of
isolated edges (triangular prisms of K) such that:

(1) each edge of Pet is covered precisely twice by the elements of these families;
(2) any two elements of these families intersect in at most one edge;
(3) the family of edges form disjoint cycles in Pet.

We have represented three possibilities in Figure 4. The leftmost one has six 5-cycles
and represents the 3-polytopal complex constructed in Example 0.1. The middle one
has five 5-cycles and five isolated edges (omitted in the picture). The rightmost one has
three 5-cycles, one 6-cycle (blue in the picture) and nine isolated edges (omitted again).

Proposition 0.4 These three complexes are the only refinement minimal 3-polytopal
complexes realizing K3 × Pet. None of them is a combinatorial sphere (even less the
boundary complex of a 4-polytope).

Remark 0.5 From our description of refinement minimal complexes realizing K3×Pet,
we can now obtain all complexes realizing K3×Pet by coarsening along triangular 2-faces.
The realizations of Figure 4 give rise to one, four, and seven non-isomorphic realizations,
respectively. Thus, we obtain in total twelve non-isomorphic realizations.

Conclusion

The approach discussed in this note enables us to enumerate all 3-polytopal complexes
realizing certain Cartesian products of graphs. As another example, we can prove in a
similar way that there is a unique 3-polytopal complex realizing K3 ×K3,3. Neverthe-
less, our method only applies to small products (less than 50 vertices, say) for obvious
complexity reasons. It leaves open Ziegler’s question [4] regarding the polytopality of
the Cartesian product of two Petersen graphs, which initially motivated this research.
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Band 3 (Geometrie), Teil 3AB12, 1922, 1–139.

[2] J. Richter-Gebert. Realization spaces of polytopes, Volume 1643 of Lecture Notes in Mathematics,
Springer-Verlag, Berlin, 1996.

[3] J. Pfeifle, V. Pilaud & F. Santos. Polytopality and Cartesian products of graphs. Accepted in Israel
Journal of Mathematics, 2011, arXiv:1009.1499.

[4] G. M. Ziegler. Convex polytopes: Examples and conjectures. In Marc Noy and Julian Pfeifle, edi-
tors, DocCourse Combinatorics and Geometry 2009, Part I: Intensive Courses, volume 5.1 of CRM
Documents, Centre de Recerca Matemàtica, Barcelona, 2010, pages 9–49.


