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These are the notes for the third lecture (written by Lutz StraBburger).

1 Sequent Calculus for MLL

In a previous lecture you have seen the sequent calculus GS1p for classical logic. In this lecture
we remove the rules for weakening and contraction. The result is called unit-free multiplicative
linear logic. Since this is a different logic, there is also a different notation. Conjunction is
written as ®, disjunction as >, and negation as (—)*. What we get is the following system

o FAT FBA o -A,B,T
Fa,at FA®B,T,A A% BT

(1)

We consider sequents as multisets, i.e., order does not matter. The system in (1) is
called MLL™, where the — indicates the fact that the system is unit-free. For adding the
units 1 and 1 of linear logic, which correspond to false and true in classical logic, we need to
add the rules

FT
1— and 1
F1 FL,T

(2)

The system consisting of the rules in (1) and (2)) is denoted by MLL. The logic is called
multiplicative linear logic.

Note that in MLL-formulas negation is only allowed at the atomic level, but we can define
it inductively for all formulas via the deMorgan laws:

att=a 1t=1 1t=1 (AeB)*=A'»Bt [A»B]'=AteBt (3)
This allows us to write the cut rule as

FAT  FALA
T, A

cut

As for classical logic, we have that the id-rule can be reduced to atoms, but the cut-rule
cannot.
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1.1 Proposition The the general rule

id ———
FA AL
1s derivable in MLL.

Proof: We proceed by structural induction on A. If A is an atom, then we are done. If A
is a unit, then we replace

b '
v

1,1

id

1,1

If A is a compound formula, say A = B ® C, then we replace

id
by &

id
FB,B- " FCCt

- FBeC,Bt,Ct

FB®C,Bt»%C*t

d
FBeC,B-sCt

and apply the induction hypothesis. If A = B® C' we proceed similarly. O
As before, we have the cut-elimination theorem.

1.2 Theorem If a sequent F1' is provable in MLL + cut, then it is provable in MLL
without cut.

The proof of this theorem is for linear logic much simpler than for classical logic. For this
reason we can show it here in full. We define the size of a proof II, denoted by size(II) to be
the number of rule applications in II. Now we begin by showing the following lemma:

1.3 Lemma A proof of the shape

NN (4)

FAT FALA
FT,A

cut

where 111 and Ils are both cut-free, can be transformed into a cut-free proof

N\ ®)

T, A

such that size(Il3) < size(II;) + size(Ilz) + 1.
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Proof: We do this by induction on the size of the proof in (4), i.e., size(Il;) + size(Ilz) + 1.
We now proceed by a case analysis on the bottommost rules appearing in II; and Il,. If these
rules do not interfere with the cut, we can permute them down, as in the following cases:

SN

AT FALA (6)
L FALT bata cut | _FTA
LI A - LT A
w——-sN\* -—'— ~_.
— 7
o FAC DT 2 I—AC’DF’ AL A ()
tI—AC?DF’ AL A o FC,D, T A
C
! -FCsD.I.A FC®D.T.A

e

I—C,F’ - A,D,T" W - N/ rapr raba ®
® cut

A C®D, T T AL A o FC, 1 FD,T" A
FCe DT, T" A FCeD, T, TV A

cut

And similarly for II;. In all these cases we can apply the induction hypothesis because the sum
of the sizes of the proofs above the cut has been decreased. Note also that in all three cases
the total size of the proof is not changed. In the literature on cut-elimination, cases like (6),
(7), and (8) are called commutative cases. Let us now look at the cases where the rules above
the cut apply to the formulas introduced by the cut. In the literature on cut-elimination, such
cases are called key cases. For MLL, there are three key cases:

I —
i|— - ® (9)
! Fa,at  Fat, A i

cut T Fa-, A

Fa-, A

1
1 - LA A
A

cut
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T —— T —
— v
FAT F BTV AL BL A I BTy FAL BLA
VAR aV/j s 1 1 / cut L
FAe B, T/,T FAL»s BL A FAT AL T A
cut cut
IV, T A FIV, T A

(11)

Note that in all three cases the total size of the proof is strictly decreased. In the first two
cases the cut disappears. In case (11)), the cut is replaced by two cuts, which means we need a
slightly more sophisticated argument: First, note that we can apply the induction hypothesis
to the proof

BTy F AL BLA
AL T A

cut

because size(II7) + size(I1,) + 1 < size(IT}) + size(I1Y) + size(IT,) + 3. This gives us a proof
1 2 1 1 2

S
\[/

FART A

with
size(I15) < size(I1}) + size(IL}) + 1

Hence, we also have
size(IT}) + size(I15) + 1 < size(I1}) + size(I1}) + size(I15) + 3

This means we can apply the induction hypothesis again to

e
e n”
W 2

AT FARTA
T T A

cut

which gives us a cut-free proof

s (12)
FT,A
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such that

size(1l3) size(IT}) + size(I15) + 1
size(IT}) + size(I1}) + size(I15) + 3

= size(Ily) + size(Ily) + 1

<
<

This completes the proof of the lemma.

Proof (of Theorem [1.2): The statement of the theorem now follows from Lemma (1.3 by
an induction on the number of cuts in the proof of + 1. a

1.4 Remark The system MLL is an exceptionally simple case for cut elimination. In most
other logics, the size of the proof does not decrease during cut elimination. Usually there is an
exponential or even hyper-exponential blow-up of the proof when cut elimination is applied.
This means one has to find more sophisticated induction measures.

2 Calculus of Structures for MLL

In the calculus of structures, multiplicative linear logic is given by the following system:

il S{1} S{[A» B]e C}

Y S{awal) " S{A% (BeO)) (13)

which we will call MLS. As before, we consider formulas equivalent modulo the following
equations:

(14)

(A®(Be(C))=((A®B)®C(C) (A®B)=(B®A) (Ae1)=A
[A®[Bw%(C]] = [[A®B]7%(] [A% B] = [B® A] [A® 1]=A

A proof in this system is a derivation with premise 1. A formula A is provable if there is a
proof IT with conclusion A. We denote this by

1
. MLSHH
MLS H I or simply by
A
A
The cut rule is
; S{a®at} (15)
Al ———
S{L}

The the calculus of structures, the cut can be reduced to atomic form, which is not possible
in the sequent calculus. The general form of the rules ai| and ail are

. S{1} _ S{A® At}
|lm and ITW (16)

2.1 Proposition The rulei] is derivable in {ail,s}, and the ruleil is derivable in {ail,s}.
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Proof: The proof is very similar to the proof of Proposition[1.1. For i], the inductive cases
are

LS sy
MY - S{Lw1}
and
L S{1}
s{1) _swean
i| — . S{1e0)sCty
S{(B®C)® B+ Ct} IlS{([B%Bﬂ@C)?Ci}
> S{(BeC)® B+ »Ct}

The cases for iT are dual. O

The system MLS + aiT will be called SMLS. For this system, we have the cut elimination
theorem:

2.2 Theorem If a formula A is provable in SMLS, then it is provable in MLS.

We can prove this theorem either by using the sequent calculus cut elimination, or by giving
a direct proof in the calculus of structures. We show here both proofs. Before that, let us see
some interesting consequences.

2.3 Corollary The rule il is admissible in MLS.

Proof: Suppose we have a proof

MLsU{iT) |
A

By Proposition 2.1, this can be transformed into a proof

SMLS”H’
A

To this we apply Theorem O

2.4 Corollary For all formulas A and B, we have

A
SMLS H I if and only if
B

MLS ﬂ I
[At® B
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Proof: From

A
SMLS H I
B

we can obtain
1

[Al 2 A]
smLs || m,
[Al 2 B]

il

Via Proposition (2.1, we obtain
SMLS ”
[At® B]
By Theorem 2.2 we get
MLS ﬂ I,
[Al® B]
Conversely, from
MLS H I
[At® B

we can construct

A
(A®1)
s | 1,
(A® [At# B])
[(A® Al)» B]
[L® B]
B

S

i

From which we get

A
SMLS H I
B

by applying Proposition [2.1.
Now, let us establish the relation between the systems MLL and MLS.

2.5 Proposition If there is a proof
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in MLL, then there is a proof
Mmﬂm
[Ay®---® Ay

Proof: We proceed by induction on the size of the proof II, and make a case analysis on
the bottommost rule instance in II:

1
id — ail ——
- a,at - l[a’?aﬂ
1
1—— — =
1 1
T — e
1, MLSHH’I
— [Ay® - % A
Ay, ... Ay LR Ay Ay
1, A, ..., Ay

T — e e
\[/ MLSHH’l
—

A AT Ag, .. Ay [Ay® Al ® Ays -3 Ay

s
F[A] = AY], A, ..., Ay

MLSHH/2
[AY 8 Api17% -8 Ay
C[(LeAY) T Ay w - w Ay

- ws |1
AL Agy o Ay B A Ay, Ay [([A]® Ay - ® Ap]©@ AY)® Agy1 % - % Ay
F (AL ® AD), Ag, o Apy Aprts - Ay S HA @A) % Ay % Ay Appr B -7 Ay
In all cases the derivations I} and II), are obtained via the induction hypothesis from IIy
and IIs. O

2.6 Proposition If there is a proof

T —
\H/
FAq..., A,

in MLL + cut, then there is a proof

SMLSHH’
[A1 %% Ay
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Proof: The proof is the same as the previous one. We only need to add the case for the cut:

MLSHH/2
— [BL® Apy19---9 Ay
T n, T[@eBY) R A7 R A
& = s |
[([B®A %% A]®@ BL)® Ap1 9% Ay
FB,A,..., A, F B Aq,..., A, s
® ’ I—LA ’ kA 1 ’ ka; ’ i (BeBY)® Ay % Ay Ay 1% -8 Ay
LA [
1, y {1k k41, ) [A:[)g"'?Ak?Ak+1?"'?An]
Finally, we need to apply Proposition 2.1l O

2.7 Proposition If there is a proof

then there is a proof

FQ
i MLL + cut.

Proof: Again, we proceed by induction on the size of II, and consider the bottommost rule
instance in II:

By induction hypothesis, there is a proof

NG
-Q

in MLL + cut. Now we show that there is also a proof

1,

- Q. Q

in MLL + cut, from which we can then construct II':

&\

l_Ql l_le
FQ

cut
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For constructing IIj, we first show for every rule

S{A}
P s(B)

there is a proof

AL B
For ai| and aif, we have
id
Fa,at
Fawat
F1l,a%at
For s, we have
id

3LB YForlo

FAL A ® FB+ C+ A BeC
FALteBL Ct A BeC

® FAte BL Ct A% (BeO)

N FAteBY)»Ct A% (BeC)

id
®

Similarly, we have to show for the equations in (14) that whenever A = B, then there is a

proof

AL B

We leave this as an exercise. Finally, it remains to show that for every positive context S{ },
we have
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For this, we proceed by induction on the structure of S{ }. The inductive case is

o
et ks, s{B)

-cle s (AL, C,S{B}
FCte S {A}Y, C % S{B}

where II” exists by induction hypothesis. O

Now we are ready for the first proof of Theorem [2.2:

Proof (First proof of Theorem 2.2): A given proof in SMLS is first transformed into a
proof in MLL + cut (by Proposition[2.7). To this proof we apply cut-elimination in the sequent
calculus (Theorem[1.2). The result is translated into a proof in MLS (via Proposition2.5). O

3 Splitting

The key argument for proving cut elimination in the sequent calculus (Theorem [1.2) relies on
the following property: when the principal formulas in a cut are active in both branches, they
determine which rules are applied immediately above the cut. This is a consequence of the
fact that formulas have a root connective, and logical rules only hinge on that, and nowhere
else in the formula.

This property does not necessarily hold in the calculus of structures. Further, since rules
can be applied anywhere deep inside structures, everything can happen above a cut. This
complicates considerably the task of proving cut elimination. On the other hand, a great
simplification is made possible in the calculus of structures by the reduction of cut to its
atomic form, which happens simply and independently of cut elimination. The remaining
difficulty is actually understanding what happens, while going up in a proof, around the
atoms produced by an atomic cut. The two atoms of an atomic cut can be produced inside
any structure, and they do not belong to distinct branches, as in the sequent calculus: complex
interactions with their context are possible. The solution that we show here is called splitting.

It can be best understood by looking again at the sequent calculus. If we have an MLL-proof
of the sequent + S{A® B},T', where S{A ® B} is a formula that contains the subformula
(A® B), we know for sure that somewhere in the proof there is one and only one instance of
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the ® rule, which splits A and B along with their context. This is indicated below:

__ | [k
v W [A% Ty
FAT, F BT, |

AT B»T
F(Ae B),T'1,Ty corresponds to s (=T e[B=Ts])
— [([A»T1]® B)® Y]

sKA@BMH]?B]
|
FS{A® B},T [S{A® B} ®T]

(17)

BIUESENEDE

I3

We can consider, as shown at the left, the proof for the given sequent as composed of three
pieces, 111, IIs and II3. In the calculus of structures, many different proofs correspond to the
sequent calculus one: they differ for the possible sequencing of rules, and because rules in
the calculus of structures have smaller granularity and larger applicability. But, among all
these proofs, there must also be one that fits the scheme at the right in . This precisely
illustrates the idea behind the splitting technique.

The derivation II3 above implements a context reduction and a proper splitting. We can
state, in general, these principles separately as follows:

1. Context reduction: The idea of context reduction is to reduce a problem that concerns
an arbitrary (deep) context S{ } to a problem that concerns only a shallow context
[{ }®U]. In the case of cut elimination, for example, we will then be able to apply
splitting. In the example above, [S{ }® I is reduced to [{ }®I"], for some I".

2. Splitting: In the example above I' is reduced to [['1®Ts]. More generally, if

[(A® B)® K] is provable, then K can be reduced to [K4 % Kp|, such that [A® K 4]
and [B® Kp| are provable.

Context reduction is proved by splitting, which is at the core of the matter.
3.1 Lemma (Splitting) Let A, B, K be formulas. If there is a derivation

MBHH
[(A® B) = K]

then there are formulas K4 and Kpg such that

[KA?KB]
MLSHHK and
K

MLS”HA and MLsﬂnB
[A7® K 4| (B Kp|

where size(I14) + size(Ilg) < size(II).
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Proof: We proceed by induction on the size of II. We consider the bottommost rule instance
p in the proof II. There are three diffent types of cases:

(a)

Assume p is applied inside A. Then II is

MLSHH'
[(A"® B)» K|
? (A B)= K]

and we can apply the induction hypothesis to II' because it has shorter length than II.
Hence, we get

[Ka % Kp| MLSHHA/
MLS”HB
MLS H Mg and [A"® K 4] and
po 2 (B Kg)
K [A s KA’]
We have
size(Il4) + size(Ilg) = size(Ily) + 1 + size(Ilp)
< size(ll') +1
= size(II)

If p applies inside B or inside K, the situation is similar.

The second type of case appears when the subformula (A ® B) remains untouched by p.
This means p is s. The most general form of this case is

Mwﬂm
[([(A® B)® K1 7% K3] ® K3) ® K4
® [((A® B) 7% (K1 ® Ky)® K37% K4

Since the length of II' is smaller than the length of II, we can apply the induction hy-
pothesis to II'. This gives us

[Q17% Q2]
MLS H I, and
Ky

MLS”HQ MLsﬂm
[(A@B)’?Kl’?Kg’?Ql] [KQ’?QQ]

where size(Ily) + size(Il3) < size(II'). In particular, we have size(Ilz) < size(II'). Hence
we can apply the induction hypothesis to IIy. From this we get

[KA IS KB]
MLS H Iy and
[Kl ® K3 Ql]

MLS”HA MLSHHB
[A® K 4| [B® Kp|
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where size(I14) + size(Ilp) < size(Ilz) < size(II) and we can build Il as follows:

[Ka7® Kp]
ws |,
(K17 K37 Q1]
[(K1®1)% K37 Q]
ws | g
(K18 [Kp 9 Qo]) # K59 Qi
[(K1© K2)® K39 Q179 Q2]
MLS H 1T
(K1 ® Ky)® K37 K4

“Morally”, this case is similar to the commutative cases in the sequent calculus.

Finally, we have consider the situations where the subformula (A ® B) is destroyed by p.
Again this means p is s. The most general form of this case is

MLSHH/
; [([(A1 ® By)® K1] ® Ay ® By) ® K]
[(Al ®A2 ® By ®BQ) ® K4 ’QKQ]

For the same reasons as before, we can apply the induction hypothesis to IT':

(@17 Q2]
MLS H I, and
Ky

MLSHHQ and MLSHH:«;
[(A1© B1)® K1 % Q1] [(A2 ® Ba) ® Qo]

where size(Ilz) + size(Il3) < size(II'). In particular, we have size(Ilz) < size(II) and
size(Il3) < size(IT), which allows us to apply the induction hypothesis to Il and II3. We
get:

o, ] ws]n ws]n
MLS H 4 and > and o
[KI?QI] [Al ’?KAI] [Bl’?KBl]
where size(II5) + size(Il) < size(Ilz) and
K4, % Kp,| MLSHH MLSHH
MLS H M, and s and ’
QQ [AQ’?KA2] [BQ’?KBQ]

where size(Ilg) + size(Ilg) < size(Il3). We let K4 = [K 4, ® K4,] and Kp = [Kp, ® Kp,],
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and we can put all the bits and pieces together as follows:

[KAI’E?KA2’S’K31>9KBQ]

" [Ka,®Kp, ®Ka,® Kp,] MLSHHg,
MLS H I, _ [Aim Ka]
K17 Q1% Ka, % K, and [(Are1)w Ky
s | s |,
[K17% Q179 Q2] (A1 ®[Ay® Ka,)) ® Ka,|
MLS H I ® (A1 ® Ay) ® Ka, % Ka,]

(K % Ko
and similarly we get a proof of [(By ® B2)® Kp, ® Kp,|. This gives us
size(I14) = size(Il5) + size(Ilg) + 1 and  size(Ilg) = size(Ilg) + size(Ilg) + 1
Note that we also have
size(Il5) + size(Ilg) + 1 < size(Ily) and size(Ilg) + size(Ily) + 1 < size(Il3)
Hence, we have

size(IL4) +size(Ilp) = size(Il5) + size(Ilg) + size(Ilg) + size(Ilg) + 2
size(Ily) + size(II3)
size(II)

A A

as desired. O

3.2 Lemma (Atomic “splitting”) Let a be an atom and let K be a formula. If [a® K]
is provable in MLS, then there is a derivation

at

s |
K

Proof: Exercise. O

3.3 Lemma (Context Reduction) Let A be a formula, and let S{ } be a context. If
S{A} is provable in MLS, then there is a formula K4, such that

[{ } = K4
MLS H g and

S{ %

MLSHHA
[A’?KA]
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Proof: We proceed by induction on the size of S{ }. There is only one case to consider,
namely, S{ } is of the shape [(S'{ } ® B)® C] where B # 1 (but we allow C' = L). Then we
apply splitting (Lemma [3.1)) to the proof of [(S’{A} ® B)» C], which gives us

[Cs® Cp]
MLS H I, and
C

mLs [ 1, ind s [
[SI{A} s Cs] [B 4 CB}

Because B # 1, we can now apply the induction hypothesis to IIo. This gives us

[{ bk
MLS H Iy and MLS”HA
' } 5 Cs] ATl

From this we can get Ilg as follows:

{17 K4l

MLS H 114
[S'{ } % Cs]

MLS H 113

('] Yo [B*Cp)) = Cs)

> (S{ Yo B) % Cs % Cg]
MLS H 114

(' Yo B)=C]

Now we can put the pieces together.

Proof (Second proof of Theorem (2.2)): Let a proof IT of a formula A in SMLS be given.
We proceed by induction on the number of instances of aiT in II. If this number is zero, then
IT is in MLS, and we are done. So, let us assume there is at least one aiT in II. Let us consider
the topmost instance of ail in II, i.e., for us II looks as follows:

MLSHHl
_S{a®at}
aif 7S{J_}

suLs | 11,

A

To II;, we can apply context reduction (Lemma (3.3). This gives us a K such that

{ }# K]

MLS H 3 and

S{ 3

MLsﬂm
[(a®at)® K]
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From I3 we get

K
MLS H A
S{L}
and to II; we can apply splitting (Lemma 3.1), which gives us
[Kl s KQ]
MLS H i and ML ﬂ o and ML ﬂ t
[a?Kl] [GJ"?KQ]
K
To Ilg and Iy, we can apply atomic splitting (Lemma (3.2), which gives us
at a
MLS H ITg and MLS H Iy
K Ky

Now we simply put all the bits and pieces together to get a proof I’ of A in which one instance
of ail is removed:
) 1
Al [at % a]
MLS H Ig,ITo
[K1 % K3
MLS H ITs
K
MLS H I,
S{Ll}
SMLS H I
A

Hence, we can apply the induction hypothesis. O

4 Exponentials

Now we reintroduce contraction and weakening in a restricted form, by using modalities. These
are unary connectives. In linear logic, they are denoted by 7 and !, i.e., if A is a formula, then
so are 7A and !A. They are dual to each other, i.e., for defining negation for all formulas, the
equations in (3)) have to be extended by

(1At =24+ (74)+ =14+ (18)
The sequent calculus rules for these modalities are:
FT F?A,7A,T FAT HA?B,...,7B,
w—— c—— d— p (19)
F?AT F?A,T F?AT FI1A,?By,...,7B,

where in the !p-rule we have that n > 0. The system consisting of set of rules in (1),
and (19) is called MELL (without the rules in (2)) it is denoted by MELL™). The logic is called

multiplicative exponential linear logic. For MELL, we have the cut elimination result:
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4.1 Theorem If a sequent =T is provable in MELL + cut, then it is provable in MELL
without cut.

The proof is much more involved than for MLL, and we do not show it here. The main
problem is finding the right induction measure, since one cut reduction case is as follows:

o "
II1
FTPAA | FABi...7B,
FT.724  © FIA.?By.....7B,
cut
- T.7By.....7B,
is reduced to
Iy
- A.?B,.....7B,
Fr7a74 P48, .. B, FABL. 7B,
Ccu :
FLIATBL LB, P A 7B, .78,
cu
L FL.?Bi.. . 1B.'Bi.. 1B,
c

7c i
FT,?By,...,7B,

where the proof Il has been duplicated.
For the equivalent system in the calculus of structures, we add the following rules to MLS:

S{1) S{![A = B]} S{L} S{747% A} S{774}
S(1}  spawtBr ' S{7A) S{7A} & 57 a)

el (20)

We use the same equational theory as before, and we write ELS to denote the system MLS
extended by the rules in (20). To get the symmetric version SELS of that system, we need to
add the duals of these rules as well:

S{71} S{?74® !B} S{1A} S{14} S{14}
sty Plspaeny Vs s(a= Ay lspa

As before, the general versions of i| and i1 can be reduced to their atomic version:

4.2 Proposition The rulei| is derivable in {ail,s,e|,pl}, and the rule il is derivable in
{aif,s.el,pl}.

The proof is similar to the one for Proposition[2.1/where ! and 7 where not in the language.
The cut elimination theorem also holds:



Introduction to Deep Inference and Proof Nets — Third Lecture 19
4.3 Theorem If a formula A is provable in SELS, then it is provable in ELS.

As before, we can prove this theorem either by using the sequent calculus cut elimination,
or by giving a direct proof in the calculus of structures. We will not go into further details
here, but note that we have the same corollaries as for MLS, and they can be proved in exactly
the same way:

4.4 Corollary The rule il is admissible in ELS.

4.5 Corollary For all formulas A and B, we have

A
SELS H I if and only if
B

ELSHHQ
[At® B]

The relation between the systems MELL in the sequent calculus and ELS in the calculus of
structures is as expected.

4.6 Proposition If there is a proof

F Ala aAn
in MELL, then there is a proof
ELS”H’
[A17% % Ay

4.7 Proposition If there is a proof

~ T — e

AL A

in MELL + cut, then there is a proof

SELS”H’
[A17® % Ay
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4.8 Proposition If there is a proof

SELSHH
Q

then there is a proof

N7
FQ
in MELL + cut.

All three propositions are proved in the same way as for MLL and MLS.
Finally, we have for SELS a property, that has no counterpart in the sequent calculus:

4.9 Theorem FEvery derivation

P
seLs |
Q
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P

empty modality (down) H

P/

p noncore (up) H
p P

destruction « )) creation . .

interaction (down) H noncore (up) H
p’ p P
mergingﬁ hard core (up and down) H core (up and down) H
" !
Q' Q Q
) ) interaction (up) H noncore (down) H
creation destruction Q" Q

Q noncore (down) H

Q/

empty modality (up) H

Q

Figure 1: Readings of the decompositions

The four statements are called first, second, third, and fourth decomposition (from left to
right).

Apart from a decomposition into eleven subsystems, the first and the second decomposition
can also be read as a decomposition into three subsystems that could be called creation, merg-
ing and destruction. In the creation subsystem, each rule increases the size of the structure;
in the merging system, each rule does some rearranging of substructures, without changing
the size of the structures; and in the destruction system, each rule decreases the size of the
structure. Here, the size of the structure incorporates not only the number of atoms in it, but
also the modality-depth for each atom. In a decomposed derivation, the merging part is in
the middle of the derivation, and (depending on your preferred reading of a derivation) the
creation and destruction are at the top and at the bottom, as shown in the left of Figure [Tl
In system SELS the merging part contains the rules s, p| and p. In the top-down reading of
a derivation, the creation part contains the rules e|, g, b], w| and ai|, and the destruction
part consists of e, g|, b], wl and aif. In the bottom-up reading, creation and destruction
are exchanged.

This kind of decomposition (creation, merging, destruction) is quite typical for logical sys-
tems presented in the calculus of structures. It also hold for classical logic, for full propositional
linear logic, and for non-commutative variants of linear logic.

The third decomposition allows a separation between hard core and noncore of the syste,
such that the up fragment and the down fragment of the noncore are not merged, as it is
the case in the first and second decomposition. More precisely, we can separate the seven
subsystems shown in the middle of Figure/1. The fourth decompostion is even stronger in this
respect: it allows a complete separation between core and noncore, as shown on the right of
Figure/1. This decomposition also plays a crucial rule for the cut elimination argument. Recall

"We call core the set of rules needed to reduce the general i| and il to their atomic versions, and noncore
all others. The hard core are those core rules that are not e, eT, ai|, or aif.
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that cut elimination means to get rid of the entire up-fragment. Because of the decomposition,
the elimination of the non-core up-fragment is now trivial. Furthermore, recall that for cut
elimination in the sequent calculus, the most problematic cases are usually the ones where
cut interacts with rules like contraction and weakening, and that in our system these rules
appear as the non-core down rules. In the third decomposition these are below the actual cut
rules (i.e., the core up rules, cf. Proposition [4.2) and can therefore no longer interfere with
the cut elimination. This considerably simplifies the cut elimination argument.
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