arXiv:cs/0512086v3 [cs.LO] 5 Oct 2007

ON THE AXIOMATISATION OF BOOLEAN CATEGORIES
WITH AND WITHOUT MEDIAL

LUTZ STRASSBURGER

Abstract. The term \Boolean category" should be used for describing arobject that
is to categories what a Boolean algebra is to posets. More spiecally, a Boolean category
should provide the abstract algebraic structure underlying the proofs in Boolean Logic,
in the same sense as a Cartesian closed category captures theofs in intuitionistic
logic and a *-autonomous category captures the proofs in liear logic. However, recent
work has shown that there is no canonical axiomatisation of aBoolean category. In this
work, we will see a series (with increasing strength) of posisle such axiomatisations, all
based on the notion of *-autonomous category. We will partiazlarly focus on the medial
map, which has its origin in an inference rule in KS, a cut-fr& deductive system for
Boolean logic in the calculus of structures. Finally, we wil present a category of proof
nets as a particularly well-behaved example of a Boolean cagory.

1. Introduction

The questions\What is a proof?" and\When are two proofs the same?"are fundamental
for proof theory. But for the most prominent logic, Boolean @r classical) propositional
logic, we still have no satisfactory answers.

This is not only embarrassing for proof theory itself, but ao for computer science,
where Boolean propositional logic plays a major role in autoated reasoning and logic
programming. Also the design and veri cation of hardware idbased on Boolean logic.
Every area in which proof search is employed can bene t fromlzetter understanding of
the concept of proof in Boolean logic, and the famous NP-veiscoNP problem can be
reduced to the question whether there is a short (i.e., polpmial size) proof for every
Boolean tautology [CR79].

Usually proofs are studied as syntactic objects within soméeductive system (e.g.,
tableaux, sequent calculus, resolution, ...). This paperkes the point of view that these
syntactic objects (also known as proof trees) should be casred as concrete represen-
tations of certain abstract proof objects, and that such an lastract proof object can be
represented by a resolution proof tree and a sequent calcsllproof tree, or even by several
di erent sequent calculus proof trees.

From this point of view the motivation for this work is to provide an abstract algebraic
theory of proofs. Already Lambek/[Lam68, Lam69] observeddhsuch an algebraic treat-
ment can be provided by category theory. For this, it is necsary to accept the following
postulates about proofs:

= for every prooff of conclusionB from hypothesisA (denoted byf : A -~ B) and
every proofg of conclusionC from hypothesisB (denoted byg: B — C) there is a
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uniquely de ned composite proofg>f of conclusionC from hypothesisA (denoted
bygef:A - C),

» this composition of proofs is associative,

« for each formulaA there is an identity proof 1,: A - A such thatforf: A - B
we havef c1y =f =1g of.

Under these assumptions the proofs are the arrows in a categavhose objects are the
formulae of the logic. What remains is to provide the right asoms for the \category of
proofs".

It seems that nding these axioms is particularly dicult fo r the case of Boolean
logic. For intuitionistic logic, Prawitz [Pra71] proposedthe notion of proof normalization
for identifying proofs. It was soon discovered that this nabn of identity coincides with
the notion of identity that results from the axioms of a Carteian closed category (see,
e.g., [LS86]). In fact, one can say that the proofs of intuitinistic logic are the arrows in
the free (bi-)Cartesian closed category generated by thet s propositional variables. An
alternative way of representing the arrows in that categoris via terms in the simply-typed

-calculus: arrow composition is normalization of terms. Tis observation is well-known
as the Curry-Howard-correspondencée [How80].

In the case of linear logic, the relation to *-autonomous cagories/[Bar79] was noticed
immediately after its discovery [[Laf88| See89]. In the seent calculus linear logic proofs
are identi ed when they can be transformed into each other gi\trivial" rule permutations
[Laf95]. For multiplicative linear logic this coincides wih the proof identi cations induced
by the axioms of a *-autonomous category [Blu93, SLD4]. Thefiore, we can safely say
that a proof in multiplicative linear logic is an arrow in the free *-autonomous category
generated by the propositional variables [BCST96, LS06, lg05a].

But for classical logic no such well-accepted category ofqwfs exists. We can dis-
tinguish two main reasons. First, if we start from a Cartesia closed category and add
an involutive negatiodﬂ, we get the collapse into a Boolean algebra, i.e., any two is
f;g: A - B are identied. For every formula there would be at most one mof (see,
e.g., [LS86, p.67] or the appendix of [Gir91] for details). l#ernatively, starting from a
*-autonomous category and adding natural transformation& — A CAlandA - t, i.e.,
the proofs for weakening and contraction, yields the samelkapse@

The second reason is that cut elimination in the sequent callus for classical logic is
not con uent. Since cut elimination is the usual way of compsing proofs, this means that
there is no canonical way of composing two proofs, let alonssaciativity of composition.

Consequently, for avoiding these two problems, we have tocapt that (i) Cartesian
closed categories do not provide an abstract algebraic amatisation for proofs in classical
logic, and that (ii) the sequent calculus is not the right franework for investigating the
identity of proofs in classical logic.

li.e., a natural isomorphism betweenA and the double-negation ofA (in this paper denoted by A)
2Since we are dealing with Boolean logic, we will use the symt® [—anhd t for the tensor operation
(usually ) and the unit (usually 1 or I) in a *-autonomous category.
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There have already been several accounts for a proof theooy tlassical logic based
on the axioms of Cartesian closed categories. The rst weregbably Parigot's -
calculus [Par92] and Girard's LC[[Gir91]. The work on polazed proof nets by Lau-
rent [Lau99, [Lau03] shows that there is in fact not much di eence between the two.
Later, the category-theoretic axiomatisations underlyig this proof theory has been in-
vestigated and the close relationship to continuations [TiB7,[SR98] has been established,
culminating in Selinger'scontrol categories[Sel01]. However, by sticking to the axioms of
Cartesian closed categories, one has to sacri ce the petfegmmetry of Boolean logic.

In this paper, we will go the opposite way. In the attempt of gmg from a Boolean
algebra to a Boolean category we insist on keeping the symmebetween [Cahd By
doing this we have to leave the realm of Cartesian closed cgtgies. That this is very well
possible has recently been shown by several authars [DPO&£Jc¢,[LS05a]. However, the
fact that all three proposals considerably di er from each ther suggests that there might
be no canonical way of giving a categorical axiomatisatioif proofs in classical logic.

We will provide a series of possible such axiomatisations ttviincreasing strength.
They will all build on the structure of a *-autonomous categoy in which every object has
a monoid (and a comonoid) structure. In this respect it will sely follow the work of
[FP04c¢] and [LSO5a], but will di er from [DP0O4].

The approach that we take here is mainly motivated by the inv&igation in the com-
plexity of proofs. Eventually, a good theory of proof identcation should never identify
two proofs if one is exponentially bigger than the other.

The main proof-theoretic inspiration for this work comes fom the systemSKS[BT01]],
which is a deductive system for Boolean logic within the foradism of the calculus of
structures [Gug07, GS01, BTO1]. A remarkable feature of theut-free version ofSKS
which is calledKsS, is that it can (cut-free) polynomially simulate not only seuent calculus
and tableaux systems but also resolution and Frege-Hilbesystems|[Gug04a, BG07]. This
means that if a tautology has a polynomial size proof in any dfese systems, then it has
a cut-free polynomial size proof irKS. This ability of KSis a consequence of two features:

1. Deep inference Instead of decomposing the formulae along their root concieves
into subformulae during the construction of a proof, irKSinference rules are applied
deep inside formulae in the same way as we know it from term rating.

2. The two inference ruleswitch and medial, which look as follows:

F{(A CB) LCB F{(A [B) C(C [DH}

“F{A (B [O)} "F{(A Q) (B (D)}

whereF{ } stands for an arbitrary (positive) formula context andA, B, C, and D
are formula variables.

(1)

From deep inference to algebra. Deep inference allows us to establish the rela-
tionship between proof theory and algebra in a much cleaneraw than this is possible
with shallow inference formalisms like the sequent calcidu The reason is that from a
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derivation in a deep inference formalism one can directly &ad o the morphisms". Take
for example the following derivation in systenKS:

r(AOIIB]) (T D)
m(AIZB])I:CG:IZDI) (2)
(A [C) (B D)

whereA, A° B, C, and D are arbitrary formulae, andr is any inference rule takingA°to
A. In category-theoretic language this would be written as aomposition of maps:

(A°[B) (@ (o) 2=C2UA mB) o o) 52 HA [T) (B [D)

wheremag.co : (A [B) (T [Dl) - (A CC) [((B DI is called the medial map and
r: A° - A is the map corresponding to the rule. SystemKS also allows the derivation

m (A°[B) (T [D)
! (A°CC) (B [DI) 3)

(A [C) LB LD
From the proof-theoretic point of view it makes perfect semsto identify the two deriva-
tions in (2) and (3) because they do \essentially" the same. His is what Guglielmi calls

bureaucracy of type B[Gug0O4¢]. In the language of category theory, the identi déon of
@) and (3) is saying that the diagram

MaCh.co

(A° [B) (T [D) ———A° [C) (B [DI
(r"B)_(C~D) ‘(r_C)“(B_D) (4)

(A [B) (T [~ A [C) [ [D)

has to commute, which exactly means that the medial map has toe natural.
For deep inference, Guglielmi also introduces the notion dfureaucracy of type A
[Gug04b], which is the formal distinction between the derations

rAOEE{P rAOEB]O
r2 A°CBI  and rl A [BP (5)
YA B A [BI

where ruler; takesA°to A, and ruler, takesB°to B. Proof-theoretically, the two deriva-
tions in (§) are \essentially" the same, so it makes sense tdentify them. Translating
this into category theory means to say that the operation_id a bifunctor.

However, it is not always the case that the demands of algebwnd proof theory
coincide so nicely. Sometimes they contradict each otherhigh causes \creative tensions”
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[LS06]. One example is the treatment of units. Proof-theotieally it might be desirable
to distinguish between the following two proofs in the seque calculus (heret stands for
\truth" and f for \falsum"):

axiom(true) —
n )I:E]

. o (6)
weakenlngﬁ and axion(identity) ot

This distinction is made, for example, by the proof nets presited in [LS05b]. From the
algebraic point of view, this causes certain di culties: In[LS054a] the concept of weak
units has been introduced in order to give a clean algebraiecatment to the distinction in
(€). However, in this paper we will depart from this and use mper units instead. This is
from the algebraic point of view more reasonable and simpés the theory considerably.
But it forces the identi cation of the two proofs in (B).

Some remarks about switch and medial. The inference rule switch in[(lL), or the
switch mapsa.g.c : (A [B) [Cl- A [{B [C) has already been well investigated from the
viewpoint of proof theory [Gug07], as well as from the viewpd of category theory, where
it is also calledweak distributivity [HdP93,/CS97b]/linear distributivity , or dissociativity
[DP0O4]. On the other hand, the medial rule omedial mapmag.c.p : (A [B) [(Q [D) -
(A Q) (B D) has not yet been so thoroughly investigated. Only very reody
Lamarche [LamQY] started to study the consequences of theepence of the medial map
in a *-autonomous category, and Dasen and Petrc/[DPQ7] ivestigate it under the name
intermutation from the viewpoint of coherence (but without taking the swith map into
account).

Seen from the deductive point of view, the two rules switch ahmedial have certain
similarities:

< switch allows the reduction of the identity rule and the cut ole to atomic form, and
medial allows the reduction of the contraction rule (and thecocontraction rule) to
atomic form (seel[BTO1] for details),

« switch and medial are both self-dual, and

» they look similar, as can bee seen ifl(1). In fact, recent wodhows that they can
both be seen as instance of a single more general inferende {Gug02, Gug05].

However, from the algebraic point of view, they are quite dierent: Switch is a consequence
of more primitive properties, namely the associativity of(Canhd [Canhd the de Morgan
duality between the two operationg, whereas medial has to be put as additional primitive,
if we want it in the categoryﬂ

3Nonetheless it has been investigated in[[CS97b] from the catjory theoretic viewpoint under the
assumption that negation (and therefore the de Morgan dualiy) is absent.

4This fact raises an open problem: can we nd simple primitives from which medial arises naturally,
in the same way as switch arises naturally from associativit and duality?
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Outline of the paper. In this work we will present a series of axioms that seem
reasonable (from the proof-theoretic as well as from the a&jgraic points of view) to have
in a Boolean category. While introducing axioms, we will atsshow their consequences.
Some of the axioms presented here coincide with axioms givarthe accompanying paper
[LamQ7] which has been written at the same time as this papend appears in the same
issue of this journal. This overlap is certainly not surpri;ig. However, there are two
main di erences between the two papers. First, while_ [Lam{(7Avorks in the minimal
setting of a *-autonomous category with medial (or with \linear logic plus medial"), we
assume from the beginning full classical propositional lmg i.e., the presence of weakening
and contraction. Second (and more importantly) we are stagg in the realm of syntax,
whereas [[LamQ7] is primarily concerned with the construath of concrete models for
classical proofs.

It is in fact a problem of the subject in general that there arenly very few concrete
examples of (symmetric) models of classical proofs. One bkt is the categoryRel of
sets and relations|[Hyl04], but it has the common problem that identi es disjunction
and conjunction. From the proof-theoretic point of view ths kind of degenerate model is
not very interesting. In fact, the investigation of medial § pointless in this settingﬁ Here
the work in [LamO7] provides some breakthroughs towards nekind of models in which
disjunction and conjunction do not coincide.

In the end of this paper, we will also give a concrete exampld a Boolean cate-
gory, namely a variation of the proof nets ofi [LSO5b]. Althogh this example might be
considered \only syntactic", it nonetheless shows that thexioms presented here do not
lead to the collapse into a Boolean algebra. Furthermore, ithlast section can be read
independently by the reader interested only in proof nets @hnot in category theory.

This paper is another attempt to be accessible to both the cagjory theoristand the
proof theorist. Since it is mainly about algebra, we use hetbe language of category
theory. Nonetheless, the seasoned proof theorist might nd easier to understand if
he substitutes everywheréobject” by \formula" and \map"/\morphism"A\arrow" by
\proof" . Every commuting diagram in the paper is nothing but an equadn between
proofs written in a deep inference formalism. In order to makthe paper easier accessible
to proof theorists, all statements are proved in more detathan the seasoned category
theorist might nd appropriate.

2. What is a Boolean Category ?

Recall the analogy mentioned in the abstract: A Boolean cagery should be for categories,
what a Boolean algebra is for posets. This leads to the followg de nition:

2.1. Definition.  We say a categonC is a BO-categoryif there is a Boolean algebrd3
and a mappingF : C - B from objects ofC to elements ofB , such that for all objects

SFor this reason, we will leave it as an exercise to the readerat verify that Rel ful lls all the axioms
presented in this paper.
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A andB in C, we haveF (A) < F(B) in B if and only if there is an arrowf : A - B
in C.

In other words, aBO-category is a category whose image under the forgetful fuac
from the category of categories to the category of posets iSBaolean algebra. From the
proof-theoretic point of view one should have that there is @roof from A to B if and
only if A B ls a valid implication. However, from the algebraic point olview there
are many models, including the categoriRel of sets and relations, as well as the models
constructed in the in the accompanying paper [Lam07], whichave a map between any
two objects A and B. Note that these models are not ruled out by De nitionlZ.1l besuse
there is the trivial one-element Boolean algebra. In any caswe can make the following
(trivial) observation.

2.2. Observation. In a BO-category, we can for any pair of object& and B, provide
objectsA [Bland A [Bland A, and there are objectd and f, such that there are maps

"apc tA LB [C) - (A LB) LA asc - A LB [C) - (A [B) LC]

AA;B:Al:HlaBlIl A;B:Al:Hl—»BlIl
%A [L11- A % : A [11- A
"Nt A A Al f LA A

sas:c : (A [B) [Tl - A (B Q)
Magco (A [B) (T [D) - (A LC) (B [DI])

A A > A LAl [AA [Al - A
ATA St I - A

for all objects A, B, and C. This can easily be shown by verifying that all of them
correspond to valid implications in Boolean logic. Conveedy, a category in which every
arrow can be given as a composite of the ones given above bggushly the operations
of LI, _and the usual arrow composition, is é0-category. This is a consequence of
the completeness of systel®KS [BT01], which is a deep inference deductive system for
Boolean logic incorporating the maps in[(7) as inference res.

Note that De nition Z.1lis neither enlightening nor useful. It is necessary to add some
additional structure in order to obtain a \nicely behaved" theory of Boolean categories.
However, as already mentioned in the introduction, the na# approach of adding struc-
ture, namely adding the structure of a bi-Cartesian closedategory (also called Heyting
category) with an involutive negation leads to collapse: Ery Boolean category in that
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strong sense is a Boolean algebra. The hom-sets are eithegktons or empty. This ob-
servation has rst been made by Ande Joyal, and the proof cabe found, for example, in
[LS86], page 67. For the sake of completeness, we repeat thguenent here: First, recall
that in a Cartesian closed category, we have, among other rerties, (i) binary products,
that we (following the notation of this paper) denote by [, (i) a terminal object t with

the property that t CAlL-Alfor all objects A, and (iii) a natural bijection between the
mapsf: A [Bl - C andf : A - B LC/whereB [C #lenotes the exponential oB

and C. Going fromf to f is also known ascurrying. Adding an involutive negation
means adding a contravariant endofunctof—) such that there is a natural bijection be-
tween mapsf : A - B andf : B - A. It also means that there is an initial objectf = t.

Hence, we have in particular for all object®\ and B, that

Hom(A;B) £ Hbm(t CAIB) £ Hbm(t;A CBIL HbM(A CBF) . (8)
Now observe that whenever we have an objest such that the two projections
1, 2o X X1 - X
are equal, then for all objectsy, any two mapsf;g: Y — X are equal, because
f= 109z ,-MHglFg . (9)

Now note that sincef is initial, there is exactly one mapf - f [T, hence, by uncurrying
there is exactly one mapf [f1- f. Therefore, for everyY, there is at most one map
Y - f. By (8), for all A, B, we have HomA; B) is either singleton or empty.

Recapitulating the situation, we have here two extremes of dlean categories: no
structure and too much structure. Neither of them is very ingresting, neither for proof
theory nor for category theory. But there is a whole universbetween the two, which we
will start to investigate now. On our path, we will stick to (8) and carefully avoid to have
(@). This is what makes our approach di erent from control cgegories [Sel01], in which
the equationf = ; o [f]g [holds, but the rightmost bijection in (8) is absent.

3. *-Autonomous categories

Let us stress the fact that in a plainBO-category there is no relation between the maps
listed in (7). In particular, there is no functoriality of [Cahd [, _do naturality of ~, *, ...,
and no de Morgan duality. Adding this structure means exacgfl adding the structure of
a *-autonomous categoryl[Bar79].

Since we are working in classical logic, we will here use thgmbols I 1]f for the
usual ;0;1; L1

3.1. Definition. A BO-categoryC is symmetric [-monoidalif the operation — [=1: C %
C - C is a bifunctor and the maps*as.c ; “as;%; " in () are natural isomorphisms



that obey the following equations:

A (B [(C (D)) — > _J7 [((B [T) [D)

"AB [CD

(A [B) (T LD (A (B Q) D

A BT:D ( asc "D

((A [B) CC) [DI

AI:CEBI:CI)&AECCDEB])

N

AB;C A

AC;B

(A [B) CC (A CQ) CBI

I\A;C AB

) e

A Eﬂ MA.tB /(A Eﬂ' LBl
AAAB & M
A [BI

AA;B /

A ‘]JJ t
Jj ttt
A [B1 J%% VS} BA

A [B]

The notion of symmetric [=monoidal is de ned in a similar way.

An important property of symmetric monoidal categories is lte coherence theorem
[Mac63], which says that every diagram containing only natal isomorphisms built out
of A, A, % " and the identity 1 via [ahd = must commute (for details, see’ [Mac71]
and [Kel64-])@

As a consequence of the coherence theorem, we can omit carfarentheses to ease
the reading. For example, we will writeA [BI [Cl for (A [B) (@ [DI) as well as
for A C((IB CCl) [CDI). This can be done because there is a uniquely de ned \cohers
isomorphism" between any two of these objects.

Let us now turn our attention to a very important feature of Boolean logic: the duality
between [Cahd [L_We can safely say that it is reasonable to ask for this duajitalso in a

5In [Kel64], Kelly provides some simpli cations to MacLane's conditions in [Mac63]. For example, the
equations % = At t - tand % o Noa = AA : t Al - A follow from the ones in De nition 811
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Boolean category. That means, we are asking fér L aland A TBIL-AICB] At the same
time we ask for the possibility of transposition (or curryim): The proofs ofA [BI - C
are in one-to-one correspondence with the proofs Af . B [Cl. This is exactly what
makes a monoidal category *-autonomous.

3.2. Definition. A BO-categoryC is *-autonomousif it is symmetric [-nlonoidal and

is equipped with a contravariant functo(—) : C — C, such that(—): C - C is a natural
isomorphism and such that for any three objecs, B, C there is a natural bijection

Homc(A [BIC) {—JHomc(A;B [C) . (?)

where the bifunctor— Cis de ned via A [(Bl= B II[E] We also de nef = t.

Clearly, if a BO-categoryC is *-autonomous then it is also [-mionoidal with ag.c =

Aomar AB = "ma % ="a A= %.

Note that our de nition is not the original one, but it is not dicult to show the
equivalence, and this was already done in _[Bar79]. For fueh information, see also
[BW99, Bar91,|Hug05a, LSQO6].

Let us continue with stating some well-known facts about *atonomous categories (for
proofs of these facts, see e.d. [LS06]). Via the bijectiofd) (we can assign to every map
f:A - B [Clamapg: A [Bl - C, and vice versa. We say that and g are transposes
of each other if they determine each other via?j. We will use the term \transpose" in a
very general sense: given objects, B, C, D, E such thatD £+ Al[(Bland E £ Bl [
thenanyf : D - C uniquely determines ag: A - E, and vice versa. Also in that general
case we will say thatf and g are transposes of each other. For examplé,: t CAl - A
and % : A - A [flare transposes of each other, and another way of transpositiggm
yields the maps

At - A LAl and AA:A|I|—>f

If we havef : A - B [Clandb: B° - B, then

A [BP2A2A B/ s transpose of A—2 /B rg>S/gorg  (10)

whereg is transpose off .

Let us now transpose the identity § ¢: B [Cl ~ B [Cl This yields the evaluation
map eval (B [C) [Cl- B. Taking the [af this with 1,: A - A and transposing back
determines a mapsas.c : A L(B [C) - (A [B) LClthat is natural in all three arguments,
and that we call the switch map [GugO07, BTOJE. In a similar fashion we obtain maps

(A [B) [Tl- A (B [T) and A [(B [C) — B [{A [T) and (A [B) [Tl (A [T) (Bl

"Although we live in the commutative world, we invert the order of the arguments when taking the
negation.

8To category theorists it is probably better known under the namesweak distributivity [HdP93,[CS97b]
or linear distributivity . However, strictly speaking, it is not a form of distributiv ity. An alternative is the
name dissociativity [DP04].
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Alternatively these maps can be obtained frons by composing with *and . For this
reason we will use the term \switch" for all of them, and denat them by sag.c if it is
clear from context which one is meant, as for example in the omdiagrams

(A [B) (T (D) =2 A (B (T (D))
‘A_SB;C;D (11)
(A [B) [T) (DA [(B [T) (DI

SA [BT;D

and
A (B [T) [DI——2° /A [(B (T [DJ)

sagc "D SAB,C [DJ (12)
(A CB) [T) [(Dl———A [B) (T [D)

which commute in any *-autonomous category. Sometimes welldenote the map de ned
by @) by fas.co : (A [Bl) (T [D) -~ A (B [C) D, called the tensor ma@ and
the one of [I2) bytags.co : A (B [Cl) [Dl - (A [BIl) (T [DI), called the cotensor
map.

Note that the switch map is self-dual, while the two map4£ and t are dual to each
other, i.e.,

(A LB) HJE]A (B LQ)

‘ ‘ (13)
C [(B [A) —/(C [B) LA
and
(A [B) [(C (D) " /A (B [C) (DI
‘ _ (14)

(D [C) LB LA) —— b t(c tB) LAl

where the vertical maps are the canonical isomorphisms detgned by the *-autonomous
structure. Another property of switch that we will use lateris the commutativity of the
following diagrams:

(A CB) %) M&F@) LBl

SaB; t 4 [Bl A [BI StAB (15)

M )

ALB [ - A A )

9This map describes precisely the tensor rule in the sequentystem for linear logic.
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4. Some remarks on mix

In this section we will recall what it means for a *-autonomos category to have mix.
Although most of the material of this section can also be fouhin [CS974a], [FP044a],
[DP04], and [LamOQY], we give here a complete survey since thain result, Corollary[4.3,
is rather crucial for the following sections. This corollar essentially says that the mix-rule
in the sequent calculus

L1 [
Lt

mix

is a consequence of the fact that false implies true. Althohgthis is not a very deep

result, it might be surprising for logicians that a propertyof sequents (if two sequents can
be proved independently, then they can be proved together)hich does not involve any

units comes out of an algebraic property concerning only thenits.

4.1. Theorem. Let C be a *-autonomous category and: f — t be a map inC. Then

f o—"—/%
fre N (16)
oy
f %
if and only if
t )
‘Vp_l et (17)
t O/t [
if and only if
A -1 .
A CBl——° I\ [(fl [B) —"® /A [F) [HI
% '"B (Are)_B
(A CE) Bl (A CE) LB (18)
SA; f:B % _B

for all objectsA and B.
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Proof. First we show that (18) implies [I8). For this, chase

X WV;WWW A
A L(H A L1 L(H ) (A LT) LBI (A [T}
—1 %—1 XXXX
, Hxxxx (29)

The big triangle at the center is an application of [(I6). Thewo little triangles next to it
are (variations of) (15), and the triangles at the bottom ardrivial. The topmost square is
functoriality of [,fhe square in the center is[(11), and all other squares comtauwbecause
of naturality of s, *, % , and % Now observe that [I8) commutes if and only if

AEB]L//AEﬂEB])wﬂAEﬂEED

% "B A tB

(A @) Bl (A D) Bl (20)
(A_e)"B ‘%\_B

(A [0 [Bl———/A (0l (B T’fb\ Bl

commutes (because of naturality of switch), and that the digonals of [I8) and[(Z0) are
the same mapmixas : A [Bl - A [BlL Note that by the dual of (I9) we get that (17)
implies (20). Therefore we also get that{17) implies(18). & we show that [20) implies
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(I72). We will do this by showing that

t t i1 .-iiiifl:D (21)
il
t e . mix;ﬁtiiiiiii'el_ltll
L1l

oIt
ot ~(t Oy

0 (t_ent (22)

t CE -

which says that the left triangle in (Z1) commutes because éhright down path in (Z2)
is exactly the lower left path in (20). Similarly we obtain the commutativity of the right
triangle in (ZI). In the same way we show that[(18) implies (26 which completes the
proof. [

Therefore, in a *-autonomous category every map: f — t obeying (I6) uniquely
determines a mapmixa.g : A [Bl - A [Blwhich is natural in A and B. It can be shown
that this mix map goes well with the twist, associativity, and switch maps:

4.2. Proposition.  The map mixag : A [Bl - A [BIl obtained from (I8) is natural in
both arguments and obeys the equations

A CBI—2* _Ip ()

y: AB (mix-")
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and

A (B [T) 2 I (B [T) —*"“UA (B [T)
“aBic SaB;C ABC (mix-")

(A [B) Ca——— /A [B) (A————//(A [B) [

MiXA BT MiXa:s _
Proof. Naturality of mix follows immediately from the naturality of switch. Equation

follows immediately from the de nition of switch, and can be shown with
a similar diagram as [I1D). m

4.3. Corollary. In a *-autonomous category there is a one-to-one correspatte be-
tween the maps: f - t obeying (L8) and the natural transformationsmixas : A [Bl -

A [BI obeying (mix-~) and (mix-").

Proof. Whenever we have a mapnix,.g : A [Bl - A [Blfor all A and B, we can form
the map

erf — ek (23)
One can now easily show that naturality of mix, as well asnfix-"*) and (mix-") are exactly
what is needed to let the mape: f - t de ned in (23)) obey equation [16). We leave the
details to the reader. Hint: Show that both maps of [(1I6) are el to

Mmixs ¢

R s s R

It remains to show that plugging the map of [(ZB) into [IB) give back the same natural
transformation mixas : A Bl -~ A [Bl we started from. Similarly, plugging in the the
mix de ned via (L8) into (23) gives back the same mag: f — t that has been plugged
into (L8). Again, we leave the details to the reader. ]

Note that a *-autonomous category can have many di erent mape: f — t with the
property of Theorem[4.1, each of them de ning its own naturamix obeying and

(mix-7).

5. [=Monoids and [-cbmonoids

The structure investigated so far is exactly the same as forgofs in linear logic (with
or without mix). For classical logic, we need to provide aldeaic structure for the maps
[AA CAl - Aand *20f - A, aswellas o: A - A CAland “: A - t, which are
listed in ([7]). This is done via monoids and comonoids.
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5.1. Definition. A BO-category hascommutative [=monoidsif it is symmetric [=mo-
noidal and for every objecA, the maps C,_and [*bbey the equations

(24)

ra

Dually, we say that aBO-category hascocommutative [=Cbmonoidsif it is symmetric
[-mionoidal and for every objec, the maps . and * obey the equations

NA

Arrrr/ggljm#m CA) [CAl Mgm Msm

rr

A r " aAA A MW&] vy A MMW,&J Ar A (25)
LL‘:-LLL&& A o5t

A [A———/A (A [A) A Al A 1]

Translated into the language of the sequent calculus (cf. F94c¢]), having the structure
of a [=monoid, i.e., the equations in[{24), means

(i) to force the identi cation of the two possible proofs of he shape

: LA AA;
contraction
: LA A;
contraction
(i) to identify the two proofs
LA A;
exchang
: LA;A; . LA A;
contracton—— and contraction——
LA LA

(i) to say that the derivation

LA
weakening————
: LA A;
contraction _
is the same as doing nothing (i.e., the identity).

The equations in [25b), i.e., the structure of an[=cbmonoid, forces the same identi ca-
tion on the left-hand side of the turnstile. Seel [FPQ4c] for detailed discussion of this
correspondence.
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5.2. Remark. The (co)associativity of the maps » and [, dllows us to use the notation
2:A - A [Al[Aland [271A CAILAl - A.

5.3. Proposition. Let C be a category with commutativd-=mionoids, and let

A

A_f

ra

A LAl

commute for somef : f — A. Thenf = [*1

Proof. This is a well-known fact from algebra: in a monoid the unit isiniquely de ned.
Written as diagram, the standard proof looks as follows:

A

Note that in the same way it follows that the counit in a comona is uniquely de ned.m

Although the operations [Cahd [Cate not the product and coproduct in the category-
theoretic sense, we use the notation:

flgF(f [gle A:A - CL[D and [;h]= [cd(f Ch): A[BlI- C (26)

wheref : A - Candg: A - D andh: B - C are arbitrary maps.
Another helpful notation (see [LS05a]) is the following:

B.=% o (ALP):ALBI- A A ="go( ALB):ALB-B e
= (A CIE-%': A - A [BI el=(IB)- ;':B - A [BI

Note that

LA aFla= LAl and e a=1a= Rs° a (28)
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5.4. Definition. Letf : A - B be a map in aBO-category with commutative[=mionoids
and cocommutative[-=cbmonoids. Consider the following four diagrams:

f_f f f
A [A——/B A fo A—IB A—— B
ra rs a’ _:9:_; A-:_':-:____ 5 A B
A %B A f4/43 t A mfﬁ Bl
We say that

e f preserves thel-nultiplication if the left square commutes,

e f preserves thel-uhit if the left triangle commutes,

e f preserves thel=cbunit if the right triangle commutes,

e f preserves the[=cbmultiplication if the right square commutes,
e f is a [=zmonoid morphismif the two left diagrams commute,

e f is a [=cbmonoid morphismif the two right diagrams commute,
e f is a quasientropy if both triangles commute,

e f is clonableif both squares commute,

e f is strongif all four diagrams commute.

5.5. Definition. A Bl-categoryis a BO-category that is *-autonomous and has cocom-
mutative [=cbmonoids.

Clearly, a Bl-category also has commutative[-monoids with [“dbial to , and [1
dual to .

5.6. Remark. De nition 5.5]exhibits another \creative tension" between algebra and
proof theory. From the algebraic point of view one should adthe phrase \and all iso-
morphisms preserve thel=cbmonoid structure” because in a semantics of proofs thisliw
probably be inevitable. But here we do not assume it from thedginning, but systemat-
ically give conditions that will ensure it in the end (cf. Thorem[7.19 and Remark™7.20).
From the proof-theoretic view point this is more interestiig because when seen syntacti-
cally, these conditions are more primitive. The reason is #t in syntax the morphisms
(i.e., proofs) come after the objects (i.e., formulae), anthe formulae can always be de-
composed into subformulae, whereas in semantics we have roess to the outermost
connective. Furthermore, forcing all isomorphisms to presve the [=cbmonoid structure
can cause identi cations of proofs that might not necessdyi be wanted by every proof
theorist (see, e.g., Proposition 7.14).
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5.7. Remark. For each objectA in a Bl-category C, the identity map 1,: A - A
is strong, and all kinds of maps de ned in De nition[5.4 are ased under composition.
Therefore, each kind de nes a wide subcategory (i.e., a swdiegory that has all objects)
of C, e.g., the wide subcategory of quasientropies, or the widebxategory of [=monoid
morphisms.

In a Bl-category we have two canonical maps — t, namely ' and [*IBecause of
the [=cbmonoid structure onf and the [=monoid structure ont, we have

f q'_t It EEP-OLI 1 t o 'f f Ié@ fr ! /-fﬂ:ﬂ
o and .
. ' % r %
t f

(which even hold if the (co)monoids are not (co)commutativy Since ¢, %, "¢, and %
are isomorphisms, we immediately can conclude that the foling two diagrams commute
(cf. [EP0O4é)):

R S f 2"
ot t ¢ and fnt J%
L [ t o

By Section[4, this gives us two di erent mix mapsA [BlI . A [BIl, and motivates the
following de nition:

5.8. Definition. A Bl-category is calledsingle-mixedif f = [

In a single-mixedB1-category we have, as the name says, a single canonical mixpma

mixag : A [Bl -~ A [BI obeying and (mix-"). The naturality of mix, i.e., the
commutativity of

A CBI—° ) [H]
frg f_g (29)
C [(D———/C DI

C.,D

for allmapsf : A -~ Candg: B - D, uniquely determines a mag [glA [Bl- C [Dl
Then, for everyf;g: A - B we can de ne

f+g= Lgd(f (g A:A-B

It follows from (co)-associativity and (co)-commutativity of and [, along with natu-
rality of mix, that the operation + on maps is associative and commutative This gives
us for Hom(A; B) a commutative semigroup structure.

Note that in general the semigroup structure on the Hom-sets not an enrichment,
e.g., f + g)h is in general not the same agh + gh.
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5.9. Definition.  Let C be a single-mixedB1-category. ThenC is called idempotent if
for every A and B, the semigroup orHom(A; B) is idempotent, i.e., for everyf : A - B
we havef + f = f.

In an idempotent Bl-category the semigroup structure on HonX;B) is in fact a
sup-semilattice structure, given byf <gi f + g=g.

One can argue that the structure ofBl-categories is in some sense the minimum
of algebraic structure that a Boolean category should have*-autonomous categories
provide the right structure for linear logic proofs, and the[-mlonoids and [=cbmonoids
seem to be exactly what is needed to \model contraction and wakening" in classical
logic. There are certainly reasons to argue against that,rgle it is by no means God-
given that the proofs in classical logic obey the bijection?] nor that \contraction is
associative". But let us, for the time being, assume that prafs in classical logic form &81-
category. Then it is desirable that there is some more strugte. This can be, for example,
an agreement between thel-mionoidal structure (De nition 8.1) and the [-cbmonoid
structure (De nition $.1), or, a more sophisticated conditon like the commutativity of
the diagram

(A CB) (A [BY) (A rB) =42 a1 a r\)
(A [B) (A [BIL(A [R)) A (B [A) [BI
= taBAB (30)
(A [B) (A (B [CA) [BI) (A [B) (A [B)
(AMB)_taBAB I A Bl
(A [B) (A [B) (A [BI) . /n Bl

for all objects A and B. We now start to add the axioms for this.
5.10. Proposition. Let C be aB1l-category in which the equation
P=1,0t ot (B2a)
holds. Then we have that
i (=%t -t [

(i) For all objectsA, the map * is a [=cbmonoid morphism.
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Proof. The equation ; = /p1 follows immediately from ' = 1, and the de nition
of [=cbmonoids. That * preserves the[=Cbunit is trivial and that it preserves the [
comultiplication follows from

A % B
W m‘%@

A [Al b 17

A /{

where the left triangle is the de nition of [=cbmonoids, the lower triangle is functoriality
of [Cahd the big \triangle" is naturality of ® n

5.11. Lemma. If a Bl-category is single-mixed and obey#23), then
L +1,=1;, and 1 +1;=1; (31)
Proof. First, we show that
= Lelmix,: f CE- f (32)
This is done by chasing the diagram

fcﬂl/(fEDlED

(f/\ f)/\f

A (33)
M 2
t wf i
f f

The right-down path is [<lmix; and the left down path is gf. The two squares
commute because of naturality of , the upper triangle holds becausé (15), the big triangle
in the center is trivial, and that the lower triangle commutes follows from (the dual of)
Proposition[5.10 [j). Now we can proceed:

L= Lo = Lamixge ;=1¢+1;

The equation 1 =1, + 1, follows by duality. ]
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Note that Lemmal[5.11 is a consequence of having proper unith the case of weak
units (see [LSO5b| LS05a]) it does not hold.

5.12. Proposition.  In a Bl-category that is single-mixed and obey#824), we have

f+ A= (34)

g+ (I g (35)
for all mapsg: f - B.

Proof. Chase the diagram

t t 11 (36)
"o

The rst square is the comonoid equation, the second one is taaality of %% the triangle
commutes because of Propositidn 5J10 (i), and the lower quadgle is [31). m

5.13. Proposition.  In a Bl-category obeying(B2g), the equation

A
M E%%{:j (B2b)
t m t

holds if and only if
(i) "'=4%p:t [11-t and

(i) the maps that preserve thd-=cbunit are closed under[ ]
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Proof. We see that [j) follows from B23 and (B2b) by plugging in t for A and B in
(B2D). That (i) holds follows from

(37)

wheref : A - B and g: C - D are maps that preserve thel=cbunit. Conversely, it
follows from (i) and Proposition[5.10 that » [P preserves thel=cbunit. With (i) this

yields (B2b). n
5.14. Proposition.  In a Bl-category obeying(B23 and (B2D the maps”ag.c, "aB
%, A, ", % and % all preserve thel=cbunit. And dually, the maps asc, as.
%, a, (105, and [5;lall preserve thel-uhit.

Proof. We show the case for Qs :

The quadrangle in naturality of ~ and the commutativity of triangle in the center is a
consequence of the coherence theorem for monoidal categgri The two slim triangles
are just (B2D). The cases for As.c , %, ", are similar. For A, it follows directly from
(B2 and for £, and £, from Proposition[5.I3 [il) and from (2T). "

5.15. Proposition.  If a Bl-category obeyq[B23) and the equation

o P,
mmnn , ( B2 C)

A [AI[BI [Bl——5 A [BI[AI[HI

then
(i) also the equation(BZ2B) holds,
(i) for every A, the map A is a [=cbmonoid morphism, and

(i) the maps that preserve thd=-cbmultiplication are closed under_]
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Proof. (i) For showing that (B2b) holds, consider the diagram

A [Blg — A LB
1a JJJJJ
% 9% il JJ
AN B * JJUJJJJ
- A8 CE (B2 COICB) (1] i
t-iHIIIIAI/\I/I\III/\B AAA{'BAt
f
A [BI [Al LB PYTTSve /A CBI g0 A [BI [

The triangle on the left is (B2d), the upper quadrangle is the comonoid equation, the
lower quadrangle is naturality of ~and the quadrangle on the right commutes because
of the coherence in monoidal categories. The outer squareysdhat % - ( A [F) is
[=cbunit for a~g. By Proposition 5.3 (uniqueness of units) it must thereforde equal
to A"B. (@ That A preserves thel-=comultiplication follows from

A /]
A hhhhAIII
e
A AIIIIIIM (38)
A [CAl /I A1 CAlCAl

where the pentagon commutes because of the coassociativiiyd cocommutativity of
A. A - A [Al For showing that , preserves thel=cbunit, consider the diagram

A A /I Al

t

The big and the lower triangle commute by Proposition 5.10,ral the left triangle is (B20)
which has been shown before. Fok _{iii) chase

frg

A LB /C Dl
kkkkkkkk
N k AN
A B ) f/\f/\gl\g k@(kk c D
A e ﬁkkpglmtmgfb QDI ¢ o
KkkK
Iﬂk}(kkkk AAAA;B B CrAep AD )
A [BI [Al LB IraEr /c D T

wheref : A - B andg: C - D are maps preserving thel-cbmultiplication. ]
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5.16. Proposition.  In a Bl-category obeying(B2d and (B2 the maps”as.c, "aB
%, "a, *, B, and % all preserve the=cbmultiplication. Dually, the maps ag:c ,
A, %, A, 5108 Jand [Zlall preserve the=multiplication.

Proof. Again, we show the case only for:*

A [HI = B &
Ik
AT B ) n L BY A
e ﬁkk@mmﬂﬂe [BI (Al o 0
KkkK
kld(kkkk A™"pg "B B""ga A )
A [BI LAl LBI Yy /B CAICBI A

The two triangles are B2d), the upper square is naturality of ~and the lower square
commutes because of coherence in monoidal categories. FpP¢*and " the situation is
similar. For * it has been shown already in Proposition 5.10, and for%,, and £ it
follows from Proposition[5.15b. m

Propositions[5.10{5.15 give rise to the following de nitio:

5.17. Definition. A B2-categoryis a B1-category which obeys equatior®23) and (B2d)
for all objectsA and B.

The following theorem summarizes the properties @&2-categories.

5.18. Theorem. In a B2-category, the maps*asc, a5, %, A, A, 2, B, and
f5. all are [=cbmonoid morphisms, and thel=cobmonoid morphisms are closed under

[ Dually, the maps agc, as, %, a, Lo JE1L[8.] and [55] all are [-monoid
morphisms, and the[=-monoid morphisms are closed undef. 1

Proof. Propositions[5.10[5.13, 5.14, 5.15, and 5/16. n

5.19. Proposition. Letf:A -~ Candg:A - D andh:B -~ C anda: A° -~ A and
b:B%°- B andc:C - C%andd: D -~ D%be maps for some objects, B, C, D, A° B,
C% D%in a B2-category. Diagrammatically:

f
AO—2 JIn /@@C Ico
9
h

BOL/B D L/bo

Then we have:
() (cCd)- [{jg[F [clef;d - gl]

(i) If a preserves the comultiplication, therfjg [da= [l a;ge all
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(iii) If g preserves the counit, then §; - g (& f.
If f preserves the counit, then 2, - (fjg [F g.

(iv) s 5 F lero.
Dually, we also have:
() [f;h]e(a [BI=[f ca;heh.
(ii) If c preserves the multiplication, therce [f;h]=[ce> f;c < h].

(iii) If h preserves the unit, therff;h] - 5.1 f.
If f preserves the unit, ther{f;h] [551= h.

(iv) [ EEIJ EQB_—!: 1a 8-
Proof. Straightforward calculation. Note that (){(il)l hold alr eady in a B1-category,
only for is the equation (B2d) needed. "

As observed before, if @81-category is single-mixed then HonK; B) carries a semi-
group structure. If we additionally have the structure of aB2-category, then the bijec-
tion (2) of De nition 3. Zlpreserves this semigroup structure:

5.20. Proposition.  In a single-mixedB2-category the bijection(?) is a semigroup iso-
morphism.

Proof. Let f;g: A - C be two maps for some object®\, B, and C, and let
f%g% A - B [Clbe their transposes. We have to show that®+ ¢°is the transpose of
f + g. First note, that in any *-autonomous category the map

ANM g AB

f/\
A [Al Bl B ‘ /I Bl CAl LBI———/C [

is a transpose of

A CA——% /B [T) (B [T)— /B [BI (T [T)

wheref is the canonical map obtained from two switches, cfL{1l1). Mg by de nition,
f + gis the map

A B2 /A (Bl g8 (Bl— 2t ro——=° Je ro——Jc
AAAA;BAB

)
A LAl LBILBI]

A" B
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By (L0) and what has been said above, the transpose of the lovwmth is the outermost
path of the following:

A—" In rA—" 4B [T) (B [T) — /B [BI (T [T)

MiXg' crp ECII‘ B_B_mixc,c

B_"c.g_C

BICIBILG———'B rBIrara
res_r c
BN Kon *

B L

The innermost path is by de nition f °+ g° The square commutes because and
(mix-7), and the triangle is the dual of B2d). "

6. Order enrichment

In [FP04d], Fshrman and Pym equippedB2-categories with an order enrichment, such
that the proof identi cations induced by the axioms are exatty the same as the proof
identi cations made by Gentzen's sequent calculueK [Gen34], modulo \trivial rule per-
mutations” (see [Laf95, Rob03]), and such that 4 g if g is obtained fromf via cut
elimination (which is not con uent in LK).

6.1. Definition. A B2-category is called anLK-category if for every A, B, the set
Hom(A; B) is equipped with a partial order structure4 such that

(i) the arrow compositione, as well as the bifunctorsL_ahd [—are monotonic in both
arguments,

(i) for every mapf : A - B we have

Bof 4 A (LK- )
gof 4 (f ()eo A (LK- )

(iii) and the bijection (2) of De nition 8.Zlis an order isomorphism for 4 .

Although in [FP04d, [FP04b] Feshrmann and Pym use the term \chssical category”,
We use here the termLK-categories because|as worked out in detail in[[FP04c]|they
provide a category-theoretic axiomatisation of sequent tailus proofs in Gentzen's system
LK [Gen34]. However, it should be clear thdtK-categories are only one particular example
of a wide range of possible category-theoretic axiomatisans of proofs in classical logic.
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6.2. Remark. Note that in [FP04c] Rehrmann and Pym give a di erent de nit ion for
LK-categories. Since they start from a weakly distributive ¢agory [CS97b] instead of a
*-autonomous one, they do not have immediate access to trgwsition. For this reason,
they have to give a larger set of inequalities, de ning the aler 4 :

pef 4 (f ) A folad [gd(f [T)

Bof g A f o2 &1

ALz 4 (AL I(B [B) -te A ATz 4 argeote( a (B [BD) (FP)
ALCP4 (CIHe 1o A-B ALCIER [P -"-( A [T

wheref : A - B is an arbitrary map andf: (A [Bl) [(A [Bl) -~ A CAI[(B [B]) and
t: A [AIL(B [B) - (A [B) [{A [B) are the tensor and cotensor map, cf[{11) and (1L2).

One can now easily show that both de nitions are equivalentClearly the inequations on
the right in ([EP) are just transposes of the ones on the left. The two top ones the left
are just (LK-)land ( [CK-)] and the two bottom ones follow as follows. If we transpose

A [BI2=%/A [(B [BI) we get the map
AL IB)-2 B BB
By (LK-)/ this is smaller or equal to

A (A [B) @/Am[@@mmwgm
By (B29) this is the same map as

A (A [B) % A [AI(A [B) [(A [B)-A [(A [B) [AI[(A [B) VB (&

Transposing back yields

AEB]E/(AEB])E(AEB])L/AIIIE(BEE{I) ‘A A (B CB)
This shows the third inequation on the left in [EP). For the last one, we proceed similarly:
TransposingA [BIA="JA [Tyields

A m EB]) eval /B B /{
which is by (LK-)Ismaller or equal to

A [{A [B) Ay
which is by (B2D) and (27) the same as

A [[A EE{I)E/A [B]EI{
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If transpose back, we get

qA
A [B—"H—2 A 1]
as desired. We do not show here the other direction becausestrather tedious: It is
almost literally the same as the proof for showing that any vekly distributive category
with negation is a *-autonomous category (see [CS97b, BCA]9.

The following theorem states the main properties dfK-categories. It has rst been
observed and proved by Feshrmann and Pym in [FP04a].

6.3. Theorem. Every LK-category is single-mixed and idempotent. Furthermore, rfall
mapsf;g: A - B, we havef <gi g4 f.

Proof. Because of B28 and (LK-)lwe have that 3 1, - *3 '- [4 '. By
duality, we also get " 4 [Trherefore T = [ e, the category is single-mixed. Next,
we show thatf + g4 f for all mapsf;g: A - B. For this, note that

A

ATE™ A (Bl 4 A B _8_"% A g

because these are the transposes of

f

A CA 24 H—° BB 4 ALCA—"4_° 8 [E

Now we can proceed as follows:

[ d(f CgYemiXaa © A

4 Lgd(f CQJe Cp o a
Cgd(f [g)e 55k 1a

[ d(f CB) - (A Cg)e (A LI %
= Lgd(f [B) (A Cgb )%

4 Lgd(f CB) - (A CIE)-%

= [gd phkf

= f

f+g

Similarly, we getf + g4 g. Now we showthatf 4 f +f forf : A - B. Letf: A [Bl- f
be the transpose of . Then we have
= 1;of
(1t +1¢) of
Celmix o ¢of
L elmix ¢ © (fA Dj ° ArB
e f
F+f

&~ 1
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The second equation is Lemma5.]l1, the third one is the de min of +, the fourth one
is (LK-)] the fth again the de nition of +, and the last equation us es Proposition 5.2D.
By transposing back, we gef 4 f + f. From this together with f + f 4 f we get
idempotency. For showing thatf <gi g4 f, we need toshowthag4 f i f+g=g.
Sincef + g4 f, we have thatf + g= gimpliesg4 f. Now supposeg 4 f. Then we
haveg= g+ g4 f + g. This nishes the proof sincef + g4 g has been shown alreadu.

Note that the converse is not necessarily true. Not every gjfe-mixed idempotent
B2-category is anLK-category. Nonetheless, because of Proposition 5.12, iregvsingle-
mixed idempotent B2-category we have for every : A - B that Bof + A= Bof,
and hence » < B of which is exactly LK=)] However, the inequality ([CK-)]does
not follow from idempotency. One can easily construct couetmodels along the lines of
[StrO5] (see also Sectionl 9).

7. The medial map and the nullary medial map

That LK-categories are idempotent means that they are already at éhdegenerate end

of the spectrum of Boolean categories. On the other han®82-categories have (apart

from Theorem[5.18) very little structure. The question thatarises now is therefore, how

we can add additional structure toB2-categories without getting too much collapse. In

particular, can we extend the structure such that all the map mentioned in Theoreni 5.18

become [=monoid morphismsand [=cbmonoid morphisms? This is where medial enters
the scene.

7.1. Definition. We say, aB2-category C has medialif for all objects A, B, C, and
D there is a mapmag.co : (A [B) (T [D) - (A CC) (B D) with the following
properties:

e jtis natural in A, B, C and D,

e it is self-dual, i.e.,

Ma;B;C;:D

(A [Q) [(B [D) —{A [B) (T DI
_ _ (39)

(D [B) (T [A) +———(D Q) (B [CA)

Mp; B; C;A

commutes, where the vertical maps are the canonical isombigms induced by Def-
inition 8.2]

e and it obeys the equation

(B3c)
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for all objectsA and B.

The following equation is a consequence dB&d and the self-duality of medial.

(A CB) (A B2 A CA) (B [B)

(B30)

I A [B1 ( AN B

7.2. Theorem. Let C be aB2-category that has medial. Then

() The maps that preserve thd-comultiplication are closed under[,_and dually, the
maps that preserve thd-multiplication are closed under_]

(i) For all mapsA iR c,AS2D,B n C,andB K D, we have that
[fig CIAL k3= [f; h]; [g; KICIA Bl - C [DI
(i) For all objectsA, B, C, and D,
MaB,cD = [g_p Es; Eg;h aAB ; Eé;k 88; [EB_—IO aCD
= Gk Rebek 2 Bek 6l o
(iv) For all objectsA, B, C, and D, the following diagram commutes:

(A LB) C@ilﬂ})) L(0A L(T D)

(AEEiDiIiIiClILT.q]'ii (0 Bae 2*8)/\( QB_ SCD)
(A [B) (T ('.A}i%:b (B (D) (40)
il
it
(a5e™ pg)_(ag."a g,) * iiii"'l I (A [C) (B D)

(A [C) L(B (D)) LA [C) L(B [DI)

(v) The horizontal diagonal of (40) is equal toma.g.cp -

Proof. For (i), chase the following (compare with the proof of Propsition (um)

f
A [CBI =9

B

fAf)_(g"g)

( (
A B (A CA) (B [B) ——/(C [C) (D

AAB;B

(A [B) L{A [B)

(f_o(f_9)
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For (i) chase the diagram

hf;gi;hhki
A Bl (g L] Ie

hf;gi_hh;ki

D
A LB Hf;h 1;[g:K]i

where the square in the center is naturality of medial, the tw small triangles are [B39)
and (B3d). The big triangles are just [26). Note the importance of natrality of medial
in the two diagrams above. Let us now continue with[{iv) andcfy, which are proved by

(A LB) L@ D) —==—=——(A [B) {C [ LA LE) LT LD))
I

AIB1l CID]l

|
1k
(A% 8)_( cA o) (A [BI Al (B} [({T (DI CCI D) (B DM A S)

nnn
el

8 — 8p

B A D C
( ASA 83)—( CSA 8D)

(A”%@E(B D)
Tk

(Agh B
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and (28) and the self-duality of medial. It remains to show({l). For this consider

(A B) [ m)
(A [B) (T D) ’((AEB])C@iFIDJ))ECGAEB])EC@))
!
il A

MAB;C:D .-'iiiiilllsII D A c (qisDiS_/?gCBgS)c

Giid IIiIII C ae— ce)"(gg— gp) (Ags s5-98, sp)

il

(A [C) (B DI //(AECJEA;I_;;])E(BEDJEB])

(a5s-a5.)"(A75-a35,) il

(a3, aSe)" (a8, a0y it rarcfr s m

-iiiiii
(A|j§|EC:|EC:|)|:(B|:IB]|:D|) A [0 (B (D)

(ra_rc)(rp_r

The topmost triangle is (u), the two middle ones are trivial,and the bottommost triangle
is (B2d). Note that the rst-right-then-down path is

Caeb  pos el 2o 5 [Bak s Dol &

by de nition, and the rst-down-then-right path is ma.g.c.o0 because of[(28). We ge( jii)
by self-duality of medial. n

7.3. Remark. Because of [(iii) and {v) in Theorem_Z.2, we could obtain aveak medial
map by adding or (i) as axiom to a B2-category. This weak medial map would be
self-dual. By also adding Theorern 7121(i) as axiom, we coulgen recover equationsE3d)
and (B3d), as the following diagram shows:

A CBI—1=2 (A [B) [(A (A CE) g3 [B)
A- B ( a_ B)"( Aa_ B) . ( ﬁg_ SS)A( QA_ EB)
(A LA) [(B LBI]) {(A CA) (B [BI) (A CA) (B [B))

(A A @BIE)

where the left square says that , [ Iz preserves the[=cbmultiplication. However, by
doing this, we wouldnot get naturality of medial, which is crucial for algebraic as ell as
for proof-theoretic reasons (see also the introduction).

7.4. Definition. A B2-categoryC has nullary medialif there is a mapnm: t [11- t
(called the nullary medial map) such that for all objectsA, B, the following holds:

:;Ff“”ﬁ E%hhb? (B3b)
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Clearly, if a a B2-category has nullary medial, thennm = '-t'. This can be seen

by plugging int for A and B in (B3D). By duality [™f1= mm: f - f [I](the nullary
comedial map) obeys the dual of B3h).

7.5. Proposition.  In a B2-categoryC that has nullary medial, we have that

(i) The maps that preserve thd-counit are closed under[,_dnd dually, the maps that
preserve thel-uhit are closed under ]

(i) For all objectsA;B; C, the mapsas.c IS a quasientropy.

Proof. For showing the rst statement, replace in [(3¥) every[Chy an [,_dnd % by nm.
The second statement is shown by

(A [B) [O—2%° /A [(B [T)

B)/\ C

( A A_( B A C)

Sttt

(t LD — t @ oy
nm~t o 2 M

%
t t L1l
%

nm
&

where the left down-path is (A-B)*C and the right down-path is A-(®"C¢) (because of
(B2D and (B3D). The two squares are naturality ofs and % and the triangle at the
center is just (I5). Hence, switch preserves the-cbunit, and by duality also the [=uhit. m

7.6. Proposition. Let C be aB2-category with medial and nullary medial. TherC
obeys the equation

(A CE) (B CE)—*' /(A [B) [l [T}
% _% ‘(A_B)A nm (M-%)
A [BI p— A Bl 11

[B1
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Proof. Chase

Ma; t:B; t

e %WWNWW ¥ " i fff”” il
A8— Bs ~( ff |

(A LD (B LD) LA E’i)lE(IZIISHIﬁf‘)l)ul(A B A 8

% _% (%_%)"(%_%)‘ II|||| (A_B)*nm
(AJB) LA
gggggggggggggg N
A [B - (A [B) [T
% 1z

The upper triangle is Theoren_ 7Z.2{v), the lower triangle isie comonoid equation, the left
square says thafg @8 preserves thel-=cbmultiplication (Theorems[5.18 and7]2[{i)), the
triangle on the right is (B3B), and the triangle in the middle commutes because',, = %
and 5 = * <%, where the latter equation holds because of (27) and natuiii of %m

7.7. Proposition. A B2-category with medial and nullary medial the following arejgiv-
alent:

(i) We have
U= pm= [ O- t (B3a)

(i) For all objectsA, the map % preserves thel-multiplication.

Proof. Chasing the diagram

(A CDI (A LS

Ma: t:B; t *

I A

.-iii A”nm

%

shows that in the presence of medial, nullary medial, andBB84 the map % preserves
the [=multiplication. Note that in that diagram the uppermost square is from the
previous proposition. The lowermost square commutes becauof B34d), and the big left
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triangle is (B3d). Conversely, consider the diagram

t 04 U m Ij)I
aai it D)
naddduddddddddddddq@qidfjﬂ 11 i
ddddddddddd i
ddddddddd piil (t (I

——(t (O O OBy e Ly C)

(Lo (Lo o) Loy ¢

(
/
A %

It Nl
— (t D)

wherep = ( CL,LLTINCE TTIN The upper two triangles are [B3d) and Theorem 7.2 i(v).
The left triangle commutes because of Proposition 5]19 (iviand the triangle at the

center is the monoid equation. The triangle-shaped squars the naturality of % and
the rightmost square commutes because 1 [Tl preserves the[=multiplication, which
follows from (the dual of) Proposition[5.I5[(ii) and TheoreniZ.2 (i). Finally, the lower
square commutes because we assumed tBatpreserved the [=multiplication. Note that
the commutativity of the outer square says that L_i¥ unit for ;. Therefore, by
Proposition[5.3, we can conclude thaom= t'-'= [ n

7.8. Definition. A B3-categoryis a B2-category that obeygB33d and has medial and
nullary medial.

7.9. Corollary. In a B3-category, the maps4, ", %, and A are clonable for all
objectsA, i.e, they preserve both thd=multiplication and the [=comultiplication.

Proof. Theorem[5.18 and Propositiofl 717 su ce to show tha®4 is clonable. For”, it
is similar, and for% and 4 it follows by duality. n

It has rst been observed by Lamarchel[Lam0Q7] that the presee of a natural and
self-dual mapma.g.cp : (A [Bl) [{C D) - (A Q) (B [D) in a *-autonomous
category induces two canonical maps;;e,: f — t, namely

1 ~A—1

e f i//f Eﬂ%_;//(f CEY 08 OO Ce) 0 O 2 A

and

-1 A1 g1 .
e, f I CEI=" it O 00 CE) ™ At CF) (0 C2 A a4
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which are both self-dual (while T and [dre dual to each other). By adding su cient
structure one can enforce thate; = e, and that this map has the properties of Theo-
rem[4.]. In [LamO7], Lamarche shows how this can be done witlidhe [=cbmonoid and
[=monoid structure for every object by using equationji-~) that we will introduce in
Proposition [Z.13. In our case the structure of 82-category is su cient to obtain that
e, = e,. But for letting this map have the properties of Theoreni4llas it is the case
with T and [, e need all the structure of éB3-category. Then we have the following:

7.10. Theorem. In a B3-category we have f = e; = e, = [ d.e., every B3-category is
single-mixed.

Proof. We will rst show that ' = e,. For this, note that

(t%)"mf;tb;h"(%lliﬂl) i h e
= (DF]I%% 5 T v v S E{TJ_QHE@ R A e )
|
= toCfab foe® (o D> (oo™t %o Oed Lio®hiope i o' 1!
Dh i h iE
- I_i_;_lf . f.r[:l

The rst equation is an application of Theorem[Z.2 [(ili), the second one uses Proposi-
tion B.19 together with the fact that % and "¢ preserve the [=cbmultiplication (Theo-
rem[5.18) and that these maps are closed undér(Theorem[Z.2 [i)). The third equation
is an easy calculation, involving[[26) and the naturality o®and . Before we proceed,
notice that:

L="1=%= l:td-t and [CF " 1=%'= Caf - f 11 41)
Now we have:

Yo ( ¢ DZD°mf;t;t;f°(%1|_—A;1)° f1
%o AT Lo (!
0/90 I_i_;_lf o fl’ f’I_t:Io fl

Lo [af o T 5

— t fo f
- tSO ’

f

D
o

The rst two equations are just the de nition of e, and the previous calculation. The third
equation uses Proposition 5.19 and the fact that; = % preserves thel=cbmultiplication
(Corollary [7.9). The fourth equation applies [(4lL), and thedst two equations are again
Proposition [5.19, together with the fact that [preserves thel[=tihit and  preserves
the [=cbunit (Theorem[5.IB). Similarly, we show thate, = ' and dually, we obtain
e,=e =[] n
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7.11. Theorem. In a B3-category, the strong maps (in fact, all types of maps de ned
De nition %.4) are closed under [Cahd C_Furthermore, the mapsmag.co and nm and
nim are strong.

Proof. By Propositions [5.18 and_5.15, the[-cbmonoid morphisms are closed under
[L—and by Proposition[Z.% and Theorem 712 they are closed undér_IDually, the [1
monoid morphisms are closed underahd [_dnd therefore also the strong maps have this
property. Since by Theoreni7]2tfv), medial is (8, C—B,) L5 C£,)) ©  (arB)_(crD)
as well as Cakeyvs_p) ° (( C51C18,) C(IZ1CTE)), we have by Theoren5.18 that

it is a [=cbmonoid morphism and al=mionoid morphism, and therefore strong. Since
nm= '-' = [ We get again from Theoreni 5.18 that it is a=cbmonoid morphism and
a [=monoid morphism. Similarly forrm= 1= ;. -

7.12. Proposition.  In a B3-category the maps as.c, as, a, and % preserve the
[=counit for all objectsA;B; C. Dually, the maps”®as.c, "as "\, and % all preserve
the [=uhit.

Proof. As before, the cases forag.c and g are similar. This time, we show the case
for AB:C -

A (B [C) —=*—/A [B) [Tl

A_( B C) ( A B)_ C

tE(IIEDIT’(tED]E’CI

tr¢ re_t

The square is naturality of , and the pentagon is associativity of[__Tlhe left down path
is A-(B_C) and the right down path is (*-B)-C (because of B30 and (B3g). For %,
chase

I

it
il
i

ttﬂ

t

The upper right quadrangle is naturality of% The leftmost triangle is (B30). The one in
the center next to it commutes because of functoriality of ahd f = [ (Theorem[Z.1D).
The lower right triangle the the monoid equation and the triamgle at the bottom is (B39).
The case for p is similar. n
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7.13. Proposition.  In a B3-category the following are equivalent:
(i) The equation
(A CB) [(C [D) “*="/(B [A) (D [CT)
MAg;CD MB;ADC (m-")
(A LC) [(B )m(B LD C(A LC)
holds for all objectsA, B, C, and D.
(i) The map”ag : A [Bl - B [CAlpreserves thel-multiplication.
(i) The map ap : A LBl - B [Alpreserves thel-cbmultiplication.
(iv) The equation

(A [B) (T (D) -~ 2Y(C [D) (A [B)

Ma;B;C;D Mc;p:aB (m-)
(A [T) [(B D) ———HC [A) (D [B)

holds for all objectsA, B, C, and D.
Proof. Suppose[fn-?) does hold. Then we have

(A [B) [(A [B) 22="* /(B [A) (B [A)

MA:B:A;B Mg;A:B;A
(A [A) (B [B) /B [B) (A [A)
ra’r g rg™r a
A [BI - B Al

AB

which together with says that "a.5 preserves the[-multiplication. Conversely, we
have

“aB _"cD
(A [B) (T (D) /(B &) (0 Q)
(a5g™ pg)_(ag."ag,) (apg™a $g)_(ag, " g.)

A
"acB LA [CB D1

(A [C) (B [DN) LA LC) LB LD /f{(B D)) (A [T)) (B [D]) (A [T
I (A e m) I (8 (D) C(al [C)

(A LC) LB LD (B (D) (A& CC)

A [CB D1
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The upper square is naturality of /y and the lower square says that {’g preserves the
[=multiplication. Together with Theorem [7.2 (w), this is (m-7). Hence [J) and (i) are
equivalent. The other equivalences follow because of dgali [

7.14. Proposition.  In a B3-category the following are equivalent:

(i) The equation

(A C(B [C)) C(D (& CE)) /(A CB) [T) (D CE) CE)

MA [BIC,D [EF

(A [D) C((B [C) [(& CED) (A [B) (D CE)) (T CE) (m-7)

(A_D)"mg.ce:F ‘

(A [D) (B LE) L@ [E) —/(A (D) (B [E)) (T LE)

A DB [EXT [E]

holds for all objectsA, B, C, D, E, and F.

MaAB [CDE DZI‘

magpe "“(C_F)

(i) The map™ap.c : A (B [C) - (A Bl [Clpreserves thel-multiplication.

Proof. Similar to the previous proposition. (Here the statementsarresponding to (i)
and in Proposition [7.13 are omitted to save space, but efmously they hold accord-

ingly.) [
7.15. Remark. This proposition allows us to speak of uniquely de ned maps

M scoer © (A CBICC) (D CECE) - (A [D) (B CE) (T CE)
and dually

Mscoer | (A CB) T [D) (& CF) - (A [TICE) (B [DI CE)

A more sophisticated and more general notation for composeariations of medial is
introduced by Lamarche in[[LamQ7].

7.16. Proposition.  In a a B3-category obeyingim-") and (m-") the following are equiv-
alent:

(i) The equation

(A [B) (T (D)) [EI2E22E A [B) (T (DI CE)

mag.cp "“E MaB.CD [E] (m-s)

(A [C) (B (D) [E———/(A [C) (B (D LE)

(A_C)"sgpe
holds for all objectsA, B, C, D, and E.
(i) The mapsas.c : A LB [LC) - (A LBl LClpreserves thel=comultiplication.
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Proof. First note that if the equations (m-%), (m-*), and (m~s) hold, we can compose
them to get the commutativity of diagrams like

(A [B) (T (D)) CE CFl———— /A [B]) [{T [E[DICF)
mas.cop "“ENF MaAB:C [ED [E] (42)

(A [C) (B (D) CECE— /A (T [E)) (B (D LE))

where the horizontal maps are the canonical maps (composeidtwist, associativity, and
switch) that are uniquely determined by the *-autonomous stucture. Now chase

(A [B) [T Nl In (B [C)
( a_ B ¢ a_( B" ¢)
s
(A CA) (B [B)) [ [CI———"HA [A) [(B [BILCICC)
maage "~C"C (AMA)_(B" e AC)
(A_B)**amxe "C MaAB [CB [C]

(A [B) [T (A [B) [C_——~ /(A (B [C)) L(A (B [C))

where the parallelogram is just[(42), the upper square is natality of switch and the two
triangles are laws of *-autonomous categories. Note thaty{B2d) and (B3d), the vertical

paths are just (o gy»c @and a_(e~c). Therefore switch preserves thé-cbmultiplication.
Conversely, consider the diagram

(A [B) (A (D)) [E} 180 1oF /A [B) [(A [DIE)
((A [B) (O [D)) [E1 (A [B) [(Q [DIE)
(A [B) (4 [D)) [EX{(A [B) [(A (D)) [E+>>J{(A [B) (A [DI[E)) [((A [E) (A [DIE))
p q

((A CEQI(Q [)) CEI(E (B) (D)) [E— /(A CEINQ CEI) [ (B) (D)

(A [C) (B [C) [E] /(A [C) (B (D [E))

(A_C)n SB,DE

where

p = (ALCPF) T CP) CF (@ " CB) CO° (DY) LE
g = (ALCPF) QT P CF) @ " CB) CO° (D CED)
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Note that the left vertical map is mag.c.o [Id while the right vertical map ismag.c.p ~g-
The upper square commutes because we assumed that switchsprees the [=cbmultipli-
cation, the middle one is naturality of switch, and the lowerone commutes because the
category is *-autonomous (the isomorphisms are just comgtiens of %and ™). [

7.17. Definition. A B4-categoryis a B3-category that obeys the equatior(gn-7), (m-7),
and (mry).

7.18. Remark. Equivalently, one can de ne aB4-category as aB3-category in which %
A, and s are strong. We have chosen the form of De nition{7.17) to shwothe resemblance
to the work [LamQO7] where the equationgng-%), (m-*), and (=) are also considered as
primitives.

7.19. Theorem. In a B4-category, the maps*as.c, “as, 24, ", and ABCs AB: YA,
A, as well assyg.c and mixag are all strong.
Proof. That "ag.c, "aB, %, ", and ABC: AB, YA, a are quasientropies follows
from Theorem[5.18 and Proposition 7.12. Tha®4\ ", and %, A are clonable has
been said already in Corollary 719. For &g.c, “as and agc, ap this follows from
Theorem[5.18 and Proposition§ 7.13 and 7]14 (and by duality)Hence, all these maps
are strong. That sa.g.c is strong follows from Propositioi 75 and Propositioh 7. 1@Gnd
self-duality of switch). For showing thatmixa.g is also strong it su ces to observe that
mix is a composition of strong maps viee, [_and [ _1See [[IB), Theoreni_7.10, and
Theorem[7.11. n

7.20. Remark. Theorem[7.19 gives justi cation to the algebraic concern rsed in Re-
mark[5.6. In aB4-category all isomorphisms that are imposed by thB4-structure do pre-
serve the [=monoid and [-cbmonoid structure (and are therefore \proper isomorphiss").

Note that there might still be \improper isomorphisms" in a B4-category. But these live
outside the B4-structure and are therefore not accessible to proof-thesiic investigations.

It has rst been observed by Lamarche in[[Lam(7] that the equen (Im-miX) (see
below) is a consequence of the equatiori®{?), (m-*), and (T~s). Due to the presence
of the [=monoids and [=cbmonoids, we can give here a simpler proof of that fact:

7.21. Corollary. In a B4-category, the diagram

NN

AMN"g.c "D
A [BI[Q[MD— /A QB D

MiXA (BT D1 mixa,c ~ Mixg;p (m-mix)

(A [B) [{C [D) A [C) (B D)

commutes.
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Proof. Chase

A Bl [T I Bl (DI
it

Ammmﬁgﬂmmmmmmn——%mmn

( B /\ D )/\ A A C
8p 8D
MiXa Ee mof* MiXa BT o

mix ((A [BI) ECGI: q%l)) C(OA (T [DI) mix” mix
(AEB?-E-(?H)?IHI'"II
WW' (e 2°C A_ S) .
(A [B) [T (D) — A TT) (B D)

The topmost quadrangle commutes because of naturality of. * The pentagon below
consists of several applications ofB2d). The two triangles on the right are trivial. The
guadrangle on the lower left commutes because mix presertles [=cbmultiplication, and
the quadrangle on the lower right because of naturality of mi Finally, the triangle on
the bottom is Theorem[7.2 (v). n

Obviously one can come up with more diagrams like-miX) or (m-% and ask whether
they commute, for example the following due to McKinley [McK5]:

(A [T) (B Q) e A CB) [C(H CT)
(A~ H_(B~C) (A_B)" ¢
(A D) (B (p 0B) L (43)
[
% _(B~C) ( W”lslAle!;c



44

It was soon discovered independently by several people th@3) is equivalent to:

(A [B) [(C _
s _(C"D)
Ma;B;.c:D y AI\I HB] |IG: I:D]) (miX—m'f)
(A |:(':|) EB ) fA;C;B;D

Here are two other examples that do not contain the units:

magcp " (E_F)

(A [B) (T [D)) (B [F) —— /A [C) (B [D) [{E LF)

SA [B:C [DE uzu‘ tA [cB mEF

(A [B) L(C [DI L(&E LED) (A LC) CE) C(E C(B CDN) (m-t-s)
(A"B)_tcpErF ‘ MA [CFEB D1
(A [B) (T CE) (& [D) — (A CQCE) L(F B D)

MA:B:C;FED

(A°BY Q°DY) (O [C) B A)  ((A°IA)(BCLC)) (B DY) (O CH

M3 Chaft Coibicsi M2 g Gemo Ghe O (M2-5-M?2)
(ACBYBID) (M CirCTA) (ACATBID) (D °rc BT
fatie®s o Gkt tatiam o Crois Cico

ACCBHI(E 1) (EOrC) rCTAl
wherep and q are the canonical maps (composed of several switches, twjstnd associa-
tivity) that are determined by the *-autonomous structure.

One usually speaks of \coherence" [Macl71] if all diagramstbis kind commute. Very
often a \coherence theorem" is based on so-called \coherengraphs" [KM71, DP04]. In
certain cases (see, e.gl, [Str05]) the notion of coherencepl is too restricted. For this
reason, in[LS05a], the notion of \graphicality" is introdwced.

7.22. Definition.  Let C be a single-mixed31-category, and letC* be the category ob-
tained from C by adding for each pair of object& and B a map mixAj3 A [Bl- A [BI
which is inverse tomixag (i.e., the two bifunctors— [=land — [=lare naturally isomor-
phic in C~). We say thatC is graphical if the canonical forgetful functorF: C - C* is
faithful.

Note that C= is a *-autonomous category in which the two monoidal structes co-
incide, i.e., it is a compact closed category. In fact, the vate point of De nition is
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to forget in a given *-autonomous category the di erence beteen [Cahd [_The actual
problem is usually to nd a canonical way of making this collpse. But here, we can
explore the fact that C is single-mixed and that the structure of aB1-category does not
induce any other natural mapsA [Bl - A [Blor A [BI - A [BlL Although in general
inverting arrows in a category can destroy the structure, its harmless here since it only
makes mix an iso, and henc€* compact closed. We do not go into further details of
inverting arrows in categories because the paper is alreadgry long and De nition
does not play an important role in the paper. Its main purposés to provide the means
of formulating the following open problem.

7.23. Open Problem. Let E be a set of equations and |&€€ be the freeB1-category that
is generated from a sefA of generators (e.g., propositional variables) and that oye all

of E. Is C graphical? This question is equivalent to asking for a geaécoherence result
for Boolean categories. The present paper exhibits many atjans that have to hold, but
it gives no clue whether they are enough, or what could be nmgs

Note that for example the freely generated *-autonomous ocagory without units
[LS05a, HHSO05, DP05] is graphical. This can be shown by usitrgditional proof nets
for multiplicative linear logic. However, the work of [LSOpcan be used to show that the
freely generated *-autonomous category with units is not gphical.

Clearly, in a graphical B4-category the equations [hix-m-f), (m-t-g), and
all hold. However, at the current state of the art it is not knavn whether they hold in
every B4rcategor)@ But what can easily be shown is the following proposition.

7.24. Proposition.  In every B4-category
() the equation@3) holds if and only if equation(mix-m-f) holds, and
(i) the equation(@0) holds if and only if equation(m-t-g) holds.

Proof. Since we do not need this later, we leave the proof as an exsecto the readerm

7.25. Definition. A B5-categoryis a B4-category that obeys equationgnix-m-f), (m-t-3),

and for all objects.

The motivation for this de nition is the following lemma which will be needed in the
next section.

0The conjecture is that it is not the case, but so far no counteexample could be constructed.
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7.26. Lemma. In a B5-category the following equation holds for all objects, A°, B, B,
C,C% D, andD®

(A°[A) (BB) A%C) (D)
(A2 A g g " (DD) facas s teep

(A°[A) (B°[(B [CY [C) (D°[D) (A°BYA [B)) (A°DPIA D))

Mk Ctxp Crm ciyeed (02D) ta Checkh e e o
(A°BY(B [CH [CTA) (D°[D) ((A°rBY) @°[Df) KD [C) [(B [A)
SaCtmfictas (cib (ol (AZBH(CZDH_mocen
A°BY(B (D°D) [CHICTAT  ((A°rBY) (A°[DY) [(D [B) (A [A))
ADB g the LC_A Ma et o tae
A°[BY(B (DY) (O [CY [CTA] (A°BIBID) [(D°[CYCTA)
ADB mgp the 1C_A tatiais top Coie

&
ABY((B [D) (D°[CY) [CTAT
Proof. Chase the following diagram:

(ADA) (B %(BAC@%;;;D&— (AD AN (BLB)A (CZC)r (DL D) /AT BT (ArB))A(C D (CADY)

-

mx | ((AZA(BEC)_(BACHA(DED) H(AZ AN (BLC)_(BACA(DID))

mix

(AZBHM(CTIDT)_(DAC)_(B"A)

3
—~(

s (AZA_B)NBZC_cH(DED) (A2 A (BEC)_(BADH_(C™D) m
AEBH (BA(DED)*CH C_A T m? (AZBHYA(CEDH)_((B_D)*(C A))
| (AZA_B)*DY (DrBZc cj —~ NHAZA B D)A(DZBZcC_CY m

s[s t
AUBI (BADY_(DACY_C_A —IADBI (B_D)*(DZCY)_C_A 00 (AUBB_D)"(DZCC_A)

The little triangle in the upper left commutes because of[fix-). The little triangle
below it is just (mix-m-f), and the pentagon below commutes because of the coherence i
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*-autonomous categoridd [BCST96,LS06]. The big square in the center if1(-t-9) and
the small parallelogram at the bottom is just two applicatios of (m=3) plugged together,

and the big horse-shoe shape on the left isf-s-m?). n

8. Beyond medial

The de nition of monoidal categories settles how the maps a’s.c, “as, %, and "

behave with respect to each other, and how the mapsss.c, as, %, and A behave
with respect to each other. The notion of *-autonomous categy then settles via the
bijection (2) how the two monoidal structures interact. Then, the strucure of a B1-

category adds[=monoids and [=cbmonoids, and the structure oB2-categories allows the
[=mionoidal structure to go well with the [=monoids and the [=monoidal structure to

go well with the [=cbmonoids. Finally, the structure ofB4-categories ensures thaboth

monoidal structures go well with the [-mlonoidsand the [-cbmonoids.

However, what has been neglected so far is how themonoids and the [=cbmonoids
go along with each other. Recall that in anyB2-category the maps [_ahd [pteserve
the [=monoid structure and the maps and preserve the [=cbmonoid structure (The-
orem[7.19).

8.1. Compatibility of [=monoids and [-cbmonoids. We have the following possi-
bilities:

() The maps and [Cate quasientropies.
(i) The maps and [ate clonable.
(i) The maps and [Cafe quasientropies.
(iv) The maps and [arke clonable.

Condition () says in particular that the following diagram commutes
(44)

Every Bl-category obeying [B29 and (44) is not only single-mixed but also for every

object A the compositionf LN yields the same result. In[LS05a] the equation (44)
was used as basic axiom, and the mix map was constructed frolmt without the use
proper units.

The next observation to make is that (i) and [iii) of[8.1 are gquivalent, provided (B3b)
and (B33 are present:

11t even commutes in the setting of weakly distributive categories.
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8.2. Proposition. In a B2-category with nullary medial and(B33 the following are
equivalent for every objecA:

(i) The map * preserves thel=multiplication.
(i) The map Lo preserves thel=counit.
(i) The map [*preserves thel=cbmultiplication.
(iv) The map , preserves thel=uhit.

Proof. The equivalence of[(li) and[{i) follows from

A SN
A_A LA A
t — K&

The lower triangle is [B3b) together with (B34). The upper triangle is (ii), and the square
is (). The other equivalences follow by duality. [

Condition (1v) exhibits yet another example of a \creatve tension™ between algebra
and proof theory. From the viewpoint of algebra, it makes péect sense to demand that
the [=mionoid structure and the [=cbmonoid structure be compatible with each other,
i.e., that @M{(iv)Y do all hold (see [LamO07]). However, fom the proof-theoretic point
of view it is reasonable to make some ne distinctions: We havto keep in mind that in
the sequent calculus it is the \contraction-contraction-ase"

L ITAA LA;A;

cont———— cont
I

cut

Lt

which spoils the con uence of cut elimination and which caes the exponential blow-up
of the size of the proof. This questions8.1{iv), i.e., the oumutativity of the diagram

ra

A [CAl i
AL A A (45)
(A [A) [(A Iﬂﬁfb\ CAl

motivates the distinction made in the following de nition.
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8.3. Definition.  We say aB1l-category isweakly at if for every objectA, the maps
and [™are strong and the maps , and [, are quasientropies (i.e.[ 8@ { (@ hold),
and it is at if for every objectA, the maps #, .1 5 and [, are all strong (i.e., all
of 81 @M {(v) do hold).

8.4. Corollary. A B3-category is weakly at, if and only if # is a [=mlonoid morphism
for every objectA.

To understand the next (and nal) axiom of this paper, recallthat in every *-autono-
mous category we have

t#/(p\mmm
A t (46)
AIIIQDWAE(AIIDIII

and that this equation is the reason why the cut eliminationdr multiplicative linear logic
(proof nets as well as sequent calculus) works so well. The tiwation for the following
de nition is to obtain something similar for classical logt (cf. [LS054]).

8.5. Definition. A Bl-category is contractible if the following diagram commutes for
all objectsA.

A

IIn Al
A (A CA) (A CA) (47)
‘e

A A% ———A [(A [A) [A

The following theorem states one of the main results of thisgper. It explains the
deep reasons why the cut elimination for the proof nets of [I0SbE] is not con uent in the
general case. It also shows that the combination of equat®id5) and [47) together with
the B5-structure leads to a certain collapse, which can be compdréo the collapse made
by an LK-category. Nonetheless, even with this collapse we can neéasonable models
for proofs of Boolean logic, as it is shown in the next section

8.6. Theorem. In a B5-category that is at and contractible, we have
In+1a=1a

for all objectsA.
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Proof. The proof idea here is the same as in the proof of Theorem 2.4h7qLS05a]. The
novelty is that here we do not need the sledge-hammer axiom griaphicality. Instead we
make use of Lemma 7.26. We proceed by showing that+ o = A:t - A [CAlfor all
objects A. From this the result follows by Proposition[5.2D. Note thatin particular we
have that o + A is the map

A_mixaa

t — 2SN[Rl (A CA) = 8 CAl LA Al

which is because of[fiix-?) and the *-autonomous structure the same as the left-most
down path in the following diagram.

kA [A) (A [A) (A [A)
hhhhﬁﬁ%lﬁgg%
hhHhhhh taa Aa
" Eﬁ%& LG (ATAYTAYL(ALA)
A" A fan An hhhhhhhhmhhhh MiXA” (A0A a1 IA) A
hhhh
(ALA) (A {A[A)[A) EE?%%Q@%EZSJ [ATA) (A [A)
hhhh
§ mix hhhhhhhhhhﬁhhhhh SA [ATATAA [ARA [A]
A hh
(A [A) [(A [A) A [AL(A[A) [ATA] - I\ [AT(A [(A [A) [A) [ATA]
mixgmm ! tA; /-\7;A; A
A [ATATAPO—— A [AT(A [A) o A A [AT(A[A) (A [A) [ATA]
A [AC - A {AT[A) Elifﬁjg,(r T A [AT({(A [A) [{A[A)) [ATA]

The upper triangle commutes because of functoriality of,_the square in the lower left
corner because of functoriality of[,_dnd the parallelograms because of naturality ahix
andf®. The quadrangle in the upper left commutes because &f {46 dathe little triangle
in the right center is just (15) together with naturality of switch. The pentagon below it
is just the dual of (47), and the two little triangles at the lowver right corner are [B3d)
and functoriality of CL_Therefore, this diagram gives us a complicated way of wnitg just
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A+ a. Similarly, the next diagram gives us a complicated way of Wing a:

t T — /(A T (A 1) (A [A) (A 1)
:::_ TTTT
= TTTTTTTTTT Eans in Maa &
= TTTTT-Fﬁm rea (A)
= 17FFFTTTTT (A [AT{A [A)) [(A [AL{A [A))
= TTTTT
= TT _ _
=::: TTTTTTTTTTT** thmr A ma
AA] (ALA)L(A[A)) [(AA)(A[A)
g9999%d
- (r A" A)_r @@ggggg MAAA
A A— A gggggggg AAAA
59999
(A@E@@"f’r N (AN ) ((ALA)(A[A)) L(A[A) [(AA))
MA; KA MA (A (AA [AA [A]
(A@E@@OO(W”)A(WM) (A [ATATA) [(A[ATATA)
toa Aa A A s i o
ATAPO——— ALA ) APS— — ————— A[AL((R [A) L(A [A)) [ATA]

Here the big upper right \triangle” commutes because of the -autonomous structure.
The irregular quadrangle in the center is a transposed veosi of (45), the little triangle
below it is (B3d), the two squares at the bottom are naturality ofm and £, and the
left-most part of the diagram commutes because of (47) anB&d). Finally, we apply
Lemmal7.26 to paste the two diagrams together, which yieldg + A = A as desired. =

In Figure [ the basic idea of this proof is shown. The rst fouequations in that gure
express the idea behind the rst big diagram in the proof of Teorem[8.6, and the last
three equations in Figure[ll express the idea of the second gliam. More explanations
on this will follow in the next section.

8.7. Corollary. Let A be a set of propositional variables and I& be the free at and
contractible B5-category generated byA . Then C is idempotent.

9. A concrete example: proof nets

In this section we will construct a concrete example of a cajery which has almost all
the properties discussed in this paper. Its existence shotimt this paper actually makes
sense: The equations presented here do not lead to the coflepnto a Boolean algebra.
In fact, this category was the main source of motivation forntroducing the equations
presented in Section§l3,]%, 7, arid 8.

We are going to present two versions of proof nets:
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1. The simple proof netsare a slight modi cation of the proof nets introduced in[[LS6D,
LS05a]. The di erence is that the categories of proof nets dwed in these papers had
only weak units, while here we are assuming from the begingithat t andf are proper
unit objects.

2. The extended proof netshave a richer structure than the simple nets. From the al-
gebraic point of view the main di erence to the simple nets ishat the category of
extended nets does not obey equatioh (45) and is not idempotdand is therefore not
an LK-category). From the proof theoretic point of view, the exteded nets keep more
information about the proofs. In particular the size of proés can captured.

9.1. Definition. Let A be a set of propositional variables. The s& of formulae is
generated via
F:=A|A|t|f|F CA|F [CH

A sequentis a nite list of formulae, separated by comma. A formula calbe seen as a tree
and a sequent as a forest whose leaves are labeled by eleroétite setA [CAl [{ilt} and
whose inner nodes are labeled by elements{af_1I}.1 For a sequent , let L () denote
the set of its leaves. For a leaf [CL1() let (i) CAl [CAl [{fi;t} denote its labeling. A
linking for a sequent is a binary relation P [L1() <L () such that

(i) for every i CLI1() with "(i) = t we have(i;i) [Pl and
(i) if (i;j) P, then one of the following cases must hold:
ei=jand (i)=t,or
e iEj and (i)= aand (j) = afor somea [Al.

A simple prene@ consists of a sequent and a linking P for it. It will be denoted by
PB

In this paper, we will write prenets by simply writing down the sequent and by putting
the linking as (directed) graph above it, as in these two exaple@:

b o alhl ; b : al[bl

2\What we call prenet is in the literature sometimes also called gproof structure.

3Here we make two modi cations to the proof nets used in[[LSO5hLS054]: (i) We force everyt to be
linked to itself and we do not allow links betweent and f. The reason is that we deal in this paper with
proper units in the categorical sense, while [LS05h, LSO05ajsed \weak units" (see also the introduction).
The observation that linking every t to itself and disallowing t-f-links is enough to get proper units is due
to Frarcois Lamarche. (i) We use here directed links between complementary pairs of atoms (instead
of undirected links as in [LSO5b,[LS05R]). This brings a sligt simpli cation of cut elimination via path
composition. The idea for this has been taken from Dominic Hghes [HugO5b| Hug05a].
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@ O "

b ; (aliyla) (bl ; bl{(k LY ; t C{c L) ChY
Now we will de ne when a simple prenet is correct, i.e., comé&®m an actual proof. A
conjunctive pruning of a prenetP B is the result of removing one of the two subformulae
of each [Cil and restricting the linking P accordingly. Here are two (of 16 possible)
conjunctive prunings of [48):

Iﬁ:\atj; b1 ; h

[l bC1: alC1; blC1; bl

and

A simple prenet iscorrect if each of its conjunctive prunings contains at least one lin
(i.e, the linking is not empty). A simple proof netis a correct simple prenet. The two
examples in [48) and [(49) are proof nets. Here is a prenet, whiis not a proof net
because there is a pruning in which all links disappear:

bl__a(;\aEEI — b1 : aCl

Now we show how simple proof nets can be composed. Aslin [LS0E805a, StrO5]
this is done via cut elimination. But we use here a notationarick to make it even more
intuitive: we allow to write proof nets in two-sided form: Irstead of putting the linking

where the negationA of a formula A is inductively de ned as follow&4:
a=a; a=a; t=f; f=t; (ALCB)=B [A, (A L[B)=B LAl
Here are three di erent ways of writing example[(48) in two-sled form:

[al ;

a [bl b a [l albl ; bl[al; alhl
A \ U A
(50)
N
a [l ; blﬁ:\aﬂﬂ blﬁ:\aﬂﬂ a [l

YWe invert the order when taking the negation in order to reduce the number of crossings in the
pictures.
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And here is a di erent way of writing example [49):

R
(51)
O
()

(a Ciy L&) Cbl ; b L)

Note that for de ning the direction of the links and for checkng correctness we always
have to consider the negation of the formula on the top. Thisiequivalent to pretending
we had not taken the negation of that formula when going fromhie one-sided to the two-
sided version. One can make this formally precise by usinglpoties [Lam01]. What is
important is the fact that the objects in (48) and in (50) dende the samenet. Similarly,
@9) and in (51) are just di erent ways of drawing the same prof net.

Cut elimination can now be de ned by plugging nets togetheras in the following
example which is a composition of (the middle) net in.(30) anthe one in (51):

pLal ; aLp bral ; alhl ; (bI(d gl El

N O
bl__a{;é\a EEI\L/(bECﬂ @8 — % (52)
AN e

(aCHl (@) [hl ; bl(k bral ; ((al®iCa) Chl; bl{(a ) LCT)
There is a link in the resulting net if and only if there is a caresponding path in the non-

reduced composition. Writing it in the two-sided version mkes it more intuitive than in
the one-sided version, wherd (52) would be written as:

)
(b Ca) Chl; b Cc) L) t Lk CT) [B)

X

?
y

»\m )
b [, a ChY; bl ((a CH C&) Lhl, b [ CFY ; t C((k CT) LH)
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This is the way it has been done in_ [LS05b] where it has been shothat this operation

is associative and preserves correctness. [In [LS05b] it lEdso been shown how sequent
calculus derivations are translated into proof nets. Aftewhat has been said here, it
might be more intuitive to think of them as ow graphs [Bus91, Car97] of derivations
in SKS [BT01]. From the historical perspective it should be mentioed that the basic
idea of the simple proof nets discussed here appeared in therhture already in [And76]
as matings and in [Bib81] asmatrix proof, and that this idea goes even back to the
coherence graph®f [KM71].

If we now restrict ourselves to proof nets with only two conakions, then we have
a categor@: the objects are the formulae and the arrow#& — B are the proof nets
P B A;B. Arrow composition is de ned as above, and the identities arthe trivial proof
nets P B A;A. Let us call this categorySNet (A ) where A is the set of propositional
variables from which we started.

9.2. Theorem. The categorySNet (A ) is a B5-category that is at and contractible.

Proof. The maps A\ ", % " 's,m, ,and are given by the obvious nets. We show here
as example the nets fomag.cp , %, *,and 4 (the others being similar, cf. [StrO5]):

%27 LA
(A Q) B D) A ('[)7 A LA

In these drawings the bold links between formulae represebtindles of several links, one
for each leaf of the formula tree. Note that the arrows have tbhave the right direction,
and that there are no links connecting andt. There are four cases:

A a a t é)

1 53
i O )
A a a t f

SNote, however, that there is a subtle but crucial di erence between our simple nets and the work
of [And76), [Bib81]]: in this early work links between atoms in aconjunction relation were not allowed
(because they are irrelevant for correctness), but theseriks are crucial for obtaining an associative cut
elimination operation (see [LS05h]).

18Without the restriction to two formulae we would obtain a pol ycategory [Lam69,[Sza75].
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It is an easy exercise to check that all the equations demarulby the de nitions do indeed
hold. We show here only the case of the contractibility axionf7):

t

& Ca
SR N
A A by 1t

A CUA CA) CA
N>
A A

As above, the bold links represent bundles of normal links:

N e OO (54)

A LA a [a a [ la f ot t  CIf

The transposition (2) of proof nets is obtained by simply drawing the net in the trasposed
way, as it has been done with[{48) and_(50). That this has the deed properties should
be clear from inspecting [[53) and{34). m

9.3. Theorem. The categorySNet (A ) is graphical.
Proof. Trivial (cf. [LS05al]). [

Note that in SNet (A ) the sumf + g: A - B of two proofsf;g: A - B is obtained
by taking the (set-theoretic) union of the two correspondig linkings. Hence,SNet (A )
is idempotent, and we have thaf < gi the linking for f is a subset of the linking forg.

9.4. Theorem. The categorySNet (A ) is an LK-category.

Proof. Letf,g: A — B be two maps inSNet(A ). Let f be given by the proof net
P B A;B and g be given byQ B A;B. Then, by what has been said above, we de ne
f 4 gi Q [Pl After Theorem[9.2 it only remains to show that equation[[(K-)]holds
for all f . But this follows immediately from the de nition of compostion of proof nets.m

It should be clear, that the categorySNet (A ) is quite a degenerate model for proofs
of Boolean propositional logic. The size of a proof net is atest quadratic in the size of
the sequent. This means in particular, that the informationhow often a certain link is
used in a proof is not present in the proof net. For this reasowe will now allow more
than one link between a pair of complementary atontd But as shown in [LSO5b], doing

1n terms of [LS05E] this means stepping from the Boolean seming of weights to the natural numbers
semiring of weights.
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this naively means losing con uence of cut elimination via gth composition. l.e., we
do not get a category with associative arrow composition. Agssible solution has been
suggested in[[Str05]:

9.5. Definition.  An extended prenetconsists of a sequent, a nite set K of anchors
an anchor labeling : K - A, and a linking (which is now no longer a binary relation,
but a binary function to the naturals)P: (L () [KI) x(L () [KI) - N, such that

(i) for every i [CL1() with "(i)=t we haveP(i;i)=1,

(i) for every k Kl we have

X X
P(;k) =2 and Pk;j)=2

i2L () [K j2L () [K
(i) if P(i;j ) =1, then one of the following cases must hold:
ei=jand (i)=tandP(i;i)=1, or

eifjandi [O() andj () [KI and (i) = aand (j) = a for some
a LAl, or

eifjandi CKlandj [L1() [Kland (i)= (j)= afor somea [Al.

As before, everyt has to be linked to itself. That we allow only one and not manyush
links is due to Lemma 5.1 (which is a consequence of havingper units, cf. [Str05]).
But contrary to what we had before, we do now allow not only manlinks between two
atoms but also \non-direct" links visiting anchors on theirway. But each anchor can only
serve links between atoms of the same name. Furthermore, amchor must have at least
two incoming and at least two outgoing links. Here are two exaples of extended prenets:

>f’< . 0
VN

(55)
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The labellings of the anchors are not shown because they alear from the linkings.
Observe that while in a simple proof net the number of links iat most quadratic in the
size of the sequent, in an extended net things can get arbitily large, as the second
example in [55) shows.

The correctness of extended nets is de ned similarly as foingple nets. But now the
condition is not that every pruning must contain a link, but it must contain a complete
path from one leaf to another (in a conjunctive pruning the achors remain and behave
as big disjunctions). A correct extended prenet is aextended proof net The examples
in (B5) are extended proof nets.

9.6. Cut elimination for extended nets. The composition of two extended proof nets
is again de ned via cut elimination, which can again be undstood as path composition.
But this time we have to be careful to treat the anchors cortcif we want a well-de ned
and associative composition. To be formally precise, we dae it in two steps:

1.) Replace every leaf of the cut formula by an anchor, whileet links remain unchanged.

2.) Remove all anchors that have no right to exist (i.e., thdtave less than two incoming
or outgoing links). This is done by repeatedly performing éffollowing reduction steps
until no further reduction is possible:

 Remove every anchor without any outcoming links, and remoa# links coming
into it.

 Remove every anchor without any incoming links, and removd Bnks coming
out of it.

 If there is an anchork with only one link coming out, i.e., there is exactly one
i O () CKI with P(k;i) =1, and P(k;j) =0 for all j 0 () L[CKI with
j 1, then

{ foreveryl [CLI() [Klincrease the value oP(l;i) by P (l;k), i.e, all links
going into k are redirected toi, and
{ removek.
 If there is an anchork with only one link going in, i.e., there is exactly one

i O () K with P(i;k) =1, and P(j;k) =0 forall j () L[CKI with
j 1, then

{ foreveryl [CL1() [Klincrease the value oP(i;l1) by P (k;I), i.e, all links
coming out ofk are replaced by links coming out af, and

{ removek.
e SetP(k;k) =0 for all k [KI.
e SetP(i;i)=1 for all i with (i) = t.
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This sounds more complicated than it actually is. As rst exanple, we show here the
case of the contractibility axiom (applied to a single atom)

a% of)\o t

U0

Here are two other examples (compare with (52)):

bfal ; alnl brfa : alChl ; (bC(@ e

2Z T
b@{:\amﬂ- (b C o) CF1 —o %. (56)
@)

0 O
(aCX @) Chl ; bl{k CT) b ; (a@a) bl ; bl{{a [T)
and
?\'j'\i/am bral ; alChl (btcﬂ@)]%g

; ; Loy 1 — (57)
N ® / \
O .

(a[@ Ca) (bl ; bk L)

g
g
3
5
B
3

The whole point of the construction of the extended proof netis, that we again get
a category, which we denote b¥Net (A ). This category is again aB5-category and it

8The restrictions made to the anchors in De nition are cheosen such that we indeed get a well-
de ned and associative composition.
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is graphical. But it is not at because the following two nets are obviously not equal:
a [ a

and \-/

a a I;

which means that diagram [(4b) does not commute. It is also eato see thatENet (A )
is not idempotent, and is therefore not arLK-category. However, we have:

a [a

(58)

9.7. Theorem. The categoryENet (A ) is a B5-category that is weakly at and con-
tractible.

Proof. Again, the maps 4~ % ", s, m, , and are given by the obvious nets. It is
an easy exercise to check that the equations demanded by the mtions do still hold. =

9.8. Theorem. The categoryENet (A ) is graphical.

Proof. Trivial. n

In Figure [I we use the notation of the extended proof nets tduistrate the idea behind
the proof of Theoren'8.6. The middle equation in the secondhé is (45), i.e, the identity
of the two nets in (88). The left-most equation in the secondre and the right-most
equation in the rst line are both the contractibility equation (@4). Everything else in
Figure [1 is rather trivial from the viewpoint of proof nets. Hwever, since we do not
have a \coherence theorem", Figuré]1l cannot tell us whetheheé equations are really
consequences of the axioms. For this, the proper proof in 8en 8l is necessary.

10. More thoughts on order enrichment

Although ENet (A ) is not an LK-category, we can enrich it with a partial order which
is induced by cut elimination according to the ideas of [FP@4/FP04a]. This means that
f 4 gif gis obtained fromf via cut elimination in some formal system (not necessarily
LK or another sequent system).

In category-theoretic terms, this is achieved by keeping pperties [I) and (i) in
De nition 6.1] but by dropping (LK-)land ( [LK-)] It should be clear that there is a
wide range of possibilities of providing such a partial orde As an example we will sketch
here the idea which has been proposed [n [Str05].

Letf: A - B be amapinENet (A), i.e., an extended proof net, and lek [Kl; be
an anchor inf , and let P; be the linking off . Then we can removek according to the
cut elimination for simple proof nets (as de ned in[[LS05b]) Let K °be K; \ {k} and for
alli;j CO() CKI®let PYi;j) = Ps(i;j)+ Ps(i;k) - Ps(k;j). Nowdene g: A - B to
be the result of applying the second step 6f9.6 8% K °
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Figure 1: The idea of the proof of Theorerh 8.6

For example the net on the left in [58) is the result of eliminting the anchor of the
net on the right in (&8).

Note that this anchor elimination process is not con uent, .ie., in a net with many
anchors, the result of eliminating all of them depends on therder in which they are elim-
inated. This has been shown in [LS05b], but morally it is a ca@equence of Theorein 8.6.

There is also a close relationship to cut elimination in theadculus of structures. There
is work in progress to nail down the precise relation betwedhe anchor elimination for
proof nets de ned above and the splitting technique [GugO7pr elimination the cuts in
system SKS [Bra03].

Let us nish this paper by proposing yet another way of enricing ENet (A ) with a
partial order: Since maps in that category are just directedraphs, we can de nef 4 g
if g is a minor off in the graph-theoretic sense. We have to leave it as problemrffuture
work to investigate the proof-theoretic implications of ths.



62
Acknowledgments

Some essential parts of the research described here havenbmsried out while the author
was working at Saarland University, Programming Systems lba

| am grateful to Frarncois Lamarche for many fruitful discusions and helpful comments
on early drafts of this paper. Kai Brannler, Alessio Guglimi, and Richard McKinley con-
tributed indirectly to this work by asking the right questions at the right time. Further-
more | would thank the anonymous referee for several signaot comments that helped
to improve the paper.

References

[And76] Peter B. Andrews. Refutations by matings.IEEE Transactions on Computers
C-25:801{807, 1976.

[Bar79] Michael Barr. *-Autonomous Categoriesvolume 752 ofLecture Notes in Math-
ematics Springer-Verlag, 1979.

[Bar91] Michael Barr. *-autonomous categories and lineangjic. Mathematical Structures
in Computer Science 1:159{178, 1991.

[BCST96] Richard Blute, Robin Cockett, Robert Seely, and Tad Trimble. Natural de-
duction and coherence for weakly distributive categoriesJournal of Pure and
Applied Algebra 113:229{296, 1996.

[BGO7] Paola Bruscoli and Alessio Guglielmi. On the proof agplexity of deep inference.
In Proof, Computation, Complexity (PCC 2007, 2007.

[Bib81] Wolfgang Bibel. On matrices with connectionsJournal of the ACM, 28:633{645,
1981.

[Blu93] Richard Blute. Linear logic, coherence and dinatatity. Theoretical Computer
Science 115:3{41, 1993.

[Bra03] Kai Brannler. Deep Inference and Symmetry for Classical Proof$?hD thesis,
Technische Universitat Dresden, 2003.

[BTO1] Kai Brannler and Alwen Fernanto Tiu. A local system for classical logic. In
R. Nieuwenhuis and A. Voronkov, editorsLPAR 2001, volume 2250 ofLNAI,
pages 347{361. Springer-Verlag, 2001.

[Bus91] Samuel R. Buss. The undecidability d-provability. Annals of Pure and Applied
Logic, 53:72{102, 1991.

[BW99] Michael Barr and Charles Wells.Category Theory for Computing SciencelLes
Publications CRM, Monteal, third edition, 1999.



63

[Car97] Alessandra Carbone. Interpolants, cut eliminatimand ow graphs for the propo-
sitional calculus. Annals of Pure and Applied Logi¢c 83:249{299, 1997.

[CR79] Stephen A. Cook and Robert A. Reckhow. The relative eciency of propositional
proof systems.The Journal of Symbolic Logi¢c44(1):36{50, 1979.

[CS97a] J.R.B. Cockett and R.A.G. Seely. Proof theory for fuintuitionistic linear
logic, bilinear logic, and mix categoriesTheory and Applications of Categories
3(5):85{131, 1997.

[CS97b] J.R.B. Cockett and R.A.G. Seely. Weakly distributie categories. Journal of
Pure and Applied Algebral114:133{173, 1997.

[DP04] Kosta Dsen and Zoran Petrt. Proof-Theoretical Coherence KCL Publications,
London, 2004.

[DP0O5] Kosta Dasen and Zoran Petrc. Proof-net categoris. preprint, Mathematical
Institute, Belgrade, 2005.

[DP0O7] Kosta Desen and Zoran Petrc. Intermutation. preprint, Mathematical Institute,
Belgrade, 2007.

[FPO4a] Carsten Reshrmann and David Pym. On the geometry ofiteraction for classical
logic. preprint, 2004.

[FPO4b] Carsten Fshrmann and David Pym. On the geometry ofrteraction for classi-
cal logic (extended abstract). In19th IEEE Symposium on Logic in Computer
Science (LICS 2004) pages 211{220, 2004.

[FPO4c] Carsten Rshrmann and David Pym. Order-enriched dagorical models of the
classical sequent calculus. To appear ibournal of Pure and Applied Algebra
2004.

[Gen34] Gerhard Gentzen. Untersuchungenuber das logiscBchlie en. I. Mathematische
Zeitschrift, 39:176{210, 1934.

[Gir91] Jean-Yves Girard. A new constructive logic: Classal logic. Mathematical Struc-
tures in Computer Sciencel1:255{296, 1991.

[GS01] Alessio Guglielmi and Lutz Stra burger. Non-commuattivity and MELL in the
calculus of structures. In Laurent Fribourg, editor,Computer Science Logic, CSL
2001, volume 2142 oLNCS, pages 54{68. Springer-Verlag, 2001.

[Gug02] Alessio Guglielmi. Subatomic logic. note, Novemb2002.

[Gug04a] Alessio  Guglielmi. Deep inference and speed-up improof
search. Email to the frogs mailinglist on 2004-08-08, arcled at
http://news.gmane.org/gmane.science.mathematics.fro gs, 2004.


http://news.gmane.org/gmane.science.mathematics.frogs

64
[Gug04b] Alessio Guglielmi. Formalism A. note, April 2004.

[Gug04c] Alessio Guglielmi. Formalism B. note, December Q4.
[Gug05] Alessio Guglielmi. Some news on subatomic logic.t&aJuly 2005.

[Gug07] Alessio Guglielmi. A system of interaction and stature. ACM Transactions on
Computational Logig 8(1), 2007.

[HdP93] J. Martin E. Hyland and Valeria de Paiva. Full intuitionistic linear logic (ex-
tended abstract). Annals of Pure and Applied Logi¢ 64(3):273{291, 1993.

[HHSO05] Robin Houston, Dominic Hughes, and Andrea Schalk. ddelling lin-
ear logic without units (preliminary results). Preprint, available at
http://arxiv.org/abs/math/0504037 , 2005.

[How80] W. A. Howard. The formulae-as-types notion of congtction. In J. P. Seldin and
J. R. Hindley, editors, To H. B. Curry: Essays on Combinatory Logic, Lambda
Calculus and Formalism pages 479{490. Academic Press, 1980.

[HugO05a] Dominic Hughes. Simple free star-autonomous cgteies and full coherence.
Preprint, available at http://arxiv.org/abs/math.CT/0506521 , 2005.

[HugO05b] Dominic Hughes. Simple multiplicative proof netwith units. Preprint, available
at http://arxiv.org/abs/math.CT/0507003 , 2005.

[HylO4] J. Martin E. Hyland. Abstract interpretation of pro ofs: Classical propositional
calculus. In Jerzy Marcinkowski and Andrzej Tarlecki, edibrs, Computer Science
Logic, CSL 2004 volume 3210 ofLNCS, pages 6{21. Springer-Verlag, 2004.

[Kel64] Gregory Maxwell Kelly. On MacLane's conditions focoherence of natural asso-
ciativities, commutativities, etc. Journal of Algebrg 4:397{402, 1964.

[KM71] Gregory Maxwell Kelly and Saunders Mac Lane. Coherea in closed categories.
Journal of Pure and Applied Algebral:97{140, 1971.

[Laf88] Yves Lafont. Logique, Caegories et Machines PhD thesis, Universie Paris 7,
1988.

[Laf95] Yves Lafont. From proof nets to interaction nets. In).-Y. Girard, Y. Lafont, and
L. Regnier, editors,Advances in Linear Logi¢ volume 222 ofLondon Mathemat-
ical Society Lecture Notespages 225{247. Cambridge University Press, 1995.

[Lam68] Joachim Lambek. Deductive systems and categori¢sSyntactic calculus and
residuated categoriesMath. Systems Theory2:287{318, 1968.


http://arxiv.org/abs/math/0504037
http://arxiv.org/abs/math.CT/0506521
http://arxiv.org/abs/math.CT/0507003

65

[Lam69] Joachim Lambek. Deductive systems and categoriék.standard constructions
and closed categories. In P. Hilton, editorCategory Theory, Homology Theory
and Applications volume 86 ofLecture Notes in Mathematics pages 76{122.
Springer, 1969.

[LamO1] Frarcois Lamarche. On the algebra of structural cdgexts. Accepted atMathe-
matical Structures in Computer Science2001.

[LamOQ7] Frarcois Lamarche. Exploring the gap between lime and classical logic, 2007.
Accepted for publication in TAC.

[Lau99] Olivier Laurent. Polarized proof-nets: proof-netfor LC (extended abstract). In
Jean-Yves Girard, editor,Typed Lambda Calculi and Applications (TLCA 1999)
volume 1581 ofLNCS, pages 213{227. Springer-Verlag, 1999.

[Lau03] Olivier Laurent. Polarized proof-nets and -calculus. Theoretical Computer
Science 290(1):161{188, 2003.

[LS86] Joachim Lambek and Phil J. Scottintroduction to higher order categorical logi¢
volume 7 ofCambridge studies in advanced mathematic€ambridge University
Press, 1986.

[LS05a] Frarcois Lamarche and Lutz Stra burger. Construiing free Boolean categories.
In Proceedings of the Twentieth Annual IEEE Symposium on Logic Computer
Science (LICS'05) pages 209{218, 2005.

[LSO5b] Frarcois Lamarche and Lutz Stra burger. Naming poofs in classical proposi-
tional logic. In Pawel Urzyczyn, editor, Typed Lambda Calculi and Applications,
TLCA 2005, volume 3461 ofLNCS, pages 246{261. Springer-Verlag, 2005.

[LS06] Frarcois Lamarche and Lutz Stra burger. From proofnets to the free *-
autonomous category.Logical Methods in Computer Science2(4:3):1{44, 2006.

[Mac63] Saunders Mac Lane. Natural associativity and comnadivity. Rice University
Studies 49:28{46, 1963.

[Mac71] Saunders Mac LaneCategories for the Working Mathematician Number 5 in
Graduate Texts in Mathematics. Springer-Verlag, 1971.

[McKO5] Richard  McKinley. New  bureacracy/coherence. Emhi
to the frogs mailinglist on 2005-06-03, archived at
http://news.gmane.org/gmane.science.mathematics.fro gs, 2005.

[Par92] Michel Parigot. -calculus: An algorithmic interpretation of classical nat-
ral deduction. In Logic Programming and Automated Reasoning, LPAR 1992
volume 624 ofLNAI, pages 190{201. Springer-Verlag, 1992.


http://news.gmane.org/gmane.science.mathematics.frogs

66

[Pra7l] Dag Prawitz. Ideas and results in proof theory. In J. Fenstad, editor, Proceed-
ings of the Second Scandinavian Logic Symposiupages 235{307. North-Holland
Publishing Co., 1971.

[Rob03] Edmund P. Robinson. Proof nets for classical logidournal of Logic and Com-
putation, 13:777{797, 2003.

[See89] R.A.G. Seely. Linear logic, *-autonomous categesiand cofree coalgebrag€on-
temporary Mathematics 92, 1989.

[Sel01] Peter Selinger. Control categories and duality: dhe categorical semantics of
the lambda-mu calculus.Mathematical Structures in Computer Sciengel1:207{
260, 2001.

[SLO4] Lutz Stra burger and Frarcois Lamarche. On proof ns for multiplicative linear
logic with units. In Jerzy Marcinkowski and Andrzej Tarleck, editors, Computer
Science Logic, CSL 2004volume 3210 oL NCS, pages 145{159. Springer-Verlag,
2004.

[SR98] Thomas Streicher and Bernhard Reus. Classical lag@aontinuation semantics
and abstract machines.Journal of Functional Programming 8(6):543{572, 1998.

[StrO5] Lutz Stra burger. From deep inference to proof nets In Paola Bruscoli and
Frarcois Lamarche, editors,Structures and Deduction 2005 (Satellite Workshop
of ICALP'05), 2005.

[Sza75] M. E. Szabo. Polycategorie€omm. Alg., 3:663{689, 1975.

[Thi97] Hayo Thielecke.Categorical Structure of Continuation Passing Stylé?hD thesis,
University of Edinburgh, 1997.

Lutz Stra burger

INRIA Futurs & Ecole Polytechnique

LIX

Rue de Saclay

91128 Palaiseau Cedex

France

http://www.lix.polytechnique.fr/Labo/Lutz.Strassbur ger/


http://www.lix.polytechnique.fr/Labo/Lutz.Strassburger/

	Introduction
	What is a Boolean Category ?
	*-Autonomous categories
	Some remarks on mix
	-Monoids and -comonoids
	Order enrichment
	The medial map and the nullary medial map
	Beyond medial
	A concrete example: proof nets

