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In this paper it is proved that Girard’s proof nets for multiplicative linear logic
characterise free semi-x-autonomous-categories.

1. Introduction

The strong geometric intuition to monoidal categories and their relatives means that
morphisms can be effectively pictured as graphical objects, such as Kelly-MacLane graphs
(Kelly and Mac Lane, 1971), wire diagrams (Joyal and Street, 1991)—see (Selinger, 2011)
for an overview, or varieties of linear logic proof nets (Blute, 1993; Blute et al., 1996). In
some cases, for example for sum—product categories (Heijltjes, 2011), graphs exist that
are canonical: that allow the direct, syntactic construction of the free category.

In this regard, an interesting case is multiplicative linear logic (MLL). Girard’s proof
nets (Girard, 1987) are canonical for MLL™, multiplicative linear logic without units.
However, in star-autonomous categories (Barr, 1991), the semantics of MLL, the units
play a central role: as the dualising object, and its dual. The two cases, with and without
units, are mathematically distinct, and raise the following two questions: what notion
of proof net is canonical for star-autonomous categories, and what notion of category is
described by MLL™ proof nets?

In one direction, proof nets have been extended with units to capture free star-autonomous
categories, in a series of developments (Blute et al., 1996; Lamarche and Strafiburger,
2006; Hughes, 2012). These nets are however not canonical, resulting in an equivalence
over proof nets imposed by the categorical laws. Although in the formulation by Hughes
this equivalence is reduced to a simple rewiring relation, a very recent result is that
the associated decision problem—the word problem for star-autonomous categories—is
actually PSPACE-complete (Heijltjes and Houston, 2014).

The other direction, pursued further in this paper, concerns the question of what a
star-autonomous category without units should be, corresponding to MLL™ proof nets.
Here, the challenge is to account for proof nets with a single conclusion. Such nets are
traditionally modelled by morphisms out of the unit to the tensor, which is unavailable.
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Moreover, the presence of single-conclusion nets cannot be ignored: as in the example
below, they may occur as subnets of multi-conclusion nets, which are to be interpreted
as categorical morphisms.
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In the recent past two approaches to this problem have been put forward. One, first
explored by Lamarche and StraBburger (Lamarche and Straburger, 2005), proposes to
replace the monoidal unit I in a star-autonomous category C by a ‘virtual unit’, a functor
I: C — SET that takes the role of hom(7, —). This is also the direction taken in the thesis
of Houston (Houston, 2008), who defines the notion of semi-star-autonomous categories
from the more abstract perspective of monoidal bicategories and promonoidal categories
(on which more below). The present paper aims to complete this line of research, reviewing
and relating the necessary axioms, and proving that MLL™ proof nets characterise free
semi-star-autonomous categories.

A second approach, ‘proof net categories’ by Dosen and Petri¢ (Dosen and Petrié, 2005),
is to omit the unit from linearly distributive categories (Cockett and Seely, 1997) and add
a natural transformation A = A® (B* 2 B). The corresponding operation on a proof net
is to endow it with a trivial single-conclusion subnet, as in the above example; non-trivial
such subnets are then constructed using associativity, symmetry, and the functoriality
of the tensor. While the approach has the advantage of presenting a regular categori-
cal structure, without the need for a virtual unit functor, it also has certain drawbacks.
Firstly, definitions of linearly distributive categories involve many coherence axioms, and
to recover the traditional structure associated with star-autonomous categories, in partic-
ular the defining adjunction connecting the tensor and the par, is non-trivial. Secondly,
proof net categories do not actually incorporate single-conclusion proof nets as individ-
ual nets, but only as subnets, which moreover are constructed in a roundabout fashion.
Without reflecting major problems, these points do mean that important intuitions about
proof nets are lost.

Promonoidal categories

The ideas behind the virtual unit functor I: C — SET first appeared in the work of Day
(Day, 1970) on promonoidal categories (there called premonoidal categories). These are a
generalisation of monoidal categories where the tensor and unit are given by profunctors

P:CxC—+C J:1—+2C.

Monoidal categories are then the special case where both profunctors are represented by
actual functors. In this light, semi-star-autonomous categories are a form of promonoidal
category where the tensor is representable, but the unit need not be: the unit profunctor is
exactly the virtual unit functor I. Houston in his thesis (Houston, 2008) explores this path
towards semi-star-autonomous categories in still greater generality, first developing the
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theory of monoidal bicategories, in which promonoidal categories occur as a construction
called a pseudomonoid.

The abstraction offered by promonoidal categories means that reasoning about the
virtual unit I proceeds along similar lines to standard reasoning in monoidal categories—
this in contrast to reasoning with I within the internal language of semi-star-autonomous
categories, which may often be convoluted and counterintuitive. In particular, this con-
cerns the proof that the symmetry isomorphism acts as desired on nets consisting of a
tensor of two single-conclusion nets, as illustrated schematically below.

T T
NN\

While the promonoidal proof of this equation is a direct rendition of Kelly’s (Kelly,
1964) proof that the left and right unit isomorphisms A7, pr: I ® I — I commute, its
internal translation into semi-star-autonomous categories produces a proof that is far
from obvious—as witnessed by the fact that this equation was taken as an axiom in
(Lamarche and Strafiburger, 2005).

What this illustrates is that the gap between promonoidal categories and proof nets
is considerable, while the abstract approach of Houston (Houston, 2008) leaves many
details implicit. In bridging this gap, this paper assumes the modest task of giving a
direct proof that proof nets characterise free semi-star-autonomous categories. While
similar proofs have been carried out for proof nets with units, some are rather indirect
(Blute et al., 1996; Hughes, 2012), and others rely heavily on the presence of the unit
in star-autonomous categories (Lamarche and Strafiburger, 2006). Here, the aim is to
present a proof that is direct and clear, and on the way explicate and concretise the
results of (Houston, 2008).

2. Proof nets

The grammar below describes MLL ™ -formulae over a set of atoms a, b, ... € A.
A:=a|a | AA | A A

Negation A* for general formulae A is via DeMorgan (see also below). Sequents will be
used in one-sided form I' and two-sided form I' H A, where I' and A are multisets of
formulae.

Let an annotated formula Ay be a formula A annotated by a set of vertices V', accord-
ing to the following grammar (where W indicates union of disjoint sets).

Ay = a, | a) | Bu®,Cw | By®,Cw
———
V= {v} V=Us{v}sw

Similarly, let an annotated sequent I'yy or I'yy = Ay be one whose formulae are annotated
distinctly. The purpose of annotating formulae and sequents in this way is threefold.
Firstly, by naming its nodes a formula tree is made into a graphical object, to which the
axiom links of proof nets may be connected directly. Secondly, the annotation removes the
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AX L:'x,Av, Bw] L:x,Av] K : [Ay, Bw] SR
{(v,w)}: [awa:u] L: [FX7AV Su BW] LUK: [FX7AY7AV Ru Bw]
Fig. 1. Constructing proof nets by the calculus LM

need to distinguish between subformulae and subformula occurrences, and allows precise
and consistent reference to the latter. Thirdly, annotation allows easy formulation of
coherence properties in MLL™ as a category, addressed in Section 7.

In an annotated formula, a tensor-vertex v in Ay is one annotating a tensor (®,),
a par-vertex annotates a par (’®,), and an atomic vertex annotates an atom (a,) or
negated atom (a}). The root vertex of an annotated (sub)formula is that of its primary
connective; the formula of a vertex v is the formula occurrence of which v is the root; and
the children of a par-vertex or tensor-vertex are the root vertices of its subformulae. The
root, vertices of a sequent are also called its ports. In an annotated formula or sequent,
two vertices are called dual if their formulae are dual. In dualising an annotated formula
Ay to Aj,, the annotation is preserved:

a;* = Qy (AV ®u BW)* = )‘k/?u BI);V (AV Bu BW)* = ¢/®“ B;V
Similarly, an anotated sequent I'y; can be dualised to I',.

Definition 2.1. A pre-proof net (or prenet) L : [['y] consists of an annotated sequent I'y
and a linking £, which is a partitioning of the atomic vertices in V' into dual (unordered)
pairs.

A switching graph for a prenet £ : [I'y] is an undirected graph (V, E U L) where for
every tensor-vertex v in I'y the set E contains all edges (v, w) connecting v to its children
w, and for every par-vertex v the set E contains exactly one edge (v, w) connecting v to
one of its children w. Note that a proof net with n par-vertices has 2" switching graphs.

Definition 2.2 ((Danos and Regnier, 1989)). A proof net is a prenet for which every
switching graph is acyclic and connected.

In Figure 1 the standard sequent calculus for MLL™ is adapted to make the construction
of proof nets by sequent proofs explicit. A derivation from a number of premisses to one
conclusion, consisting of several inference rules, will be abbreviated by a double horizontal
bar; a proof is a derivation from zero premisses. The net constructed by a proof IT will
be denoted [II].

Proposition 2.3 ((Danos and Regnier, 1989)). Proof nets are precisely the prenets
constructed by the sequent calculus LM in Figure 1 .

Describing the category of proof nets first requires to interpret nets as morphisms.

Definition 2.4. A two-sided proof net L : [I'yv b Aw] consists of a two-sided sequent
I'v - Aw plus a linking £, such that £ : [I'},, Aw] is a (one-sided) proof net.

A proof net of the form L : [Ay + By] may then be interpreted as a morphism A — B.
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ﬁ . AX
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T.A A Cut ~ TARA Cut

Fig. 2. Cut reduction steps in LM

For a proof net £ : [['y], over a sequent I' of a more general form, it is not always
possible to find a single, unambiguous, corresponding morphism. This is because I' does
not unambiguously denote a source and target object in the category, but instead a range
of possible such pairs of objects. Correspondingly, a proof net £ : [I'y] may be interpreted
by a class of morphisms, containing precisely the following: the interpretation of each
proof net £ : [Ay F Bw] and L : [By, = Af/] such that £ : [A},, Bw] is derivable from
L : [T'y] by just ®R-inferences.

Next, the primary categorical structure on proof nets, composition and identities,
will be treated. The composition of two proof nets will be defined directly via path-
composition, following Hughes (Hughes, 2012). In contrast, the approach of Girard (Gi-
rard, 1987) introduces a cut into the proof net structure, which is then eliminated via
local rewriting operations similar to those on proofs.

Definition 2.5. The composition of two proof nets is given by the rule
L: [FU,A\/] K: [A;(/, Aw]
E; ’C . [FU, Aw]

Cut (1)

where U N W = () and where £; K contains a link (u,w) precisely when there is a path
of links (u,v1), (v1,v2), ..., (vn, w) (alternately) from £ and from K.

In the above definition the formulae A}, and Ay are the cut-formulae. The characteri-
sation of £; K as path-composition in £ U K relies on the fact that £ and K share only
vertices in V', and means the composition of two nets (over given cut-formulae) is uniquely
defined.

Cut-elimination is defined by the reduction rules displayed in Figure 2 (plus the two
symmetric variants obtained by swapping the two subproofs of each). The following
proposition is well-known and straightforward to show:

Proposition 2.6 ((Girard, 1987; Hughes, 2012)). The rule Cut is admissible in
the calculus LM; moreover, cut-elimination preserves the net constructed by a proof.

Composition of nets is associative, and unitary with respect to a class of identity nets,



Willem Heijltjes and Lutz Straffburger 6

/)?\
2 S ) A*
// \\ : ;/ \\ N // \\ // \\
B A* o* A B C A* B* . Dol /@\ B*
( f> e AN
A* B\ /D i B ¢ B\ /A B ®
® \®< ® Sg7 ok
)
r f®g QA,B,C CA,B NA,B €B,C

Fig. 3. Categorical constructions in proof nets

constructed by the axiom rule and the following composite rule.
L:[A, A%] K :[B, B*

LUK :[A® B, A*, B

LUK :[A® B, A* ® B*]

®R
$R

Further structural morphisms in the category of proof nets are illustrated in Figure 3
(note that the dotted arcs represent subnets: f (for A + B) or g (for C' + D) when
indicated, and identity nets otherwise). While omitting the unit, the category of proof
nets retains much of the structure of a star-autonomous category: an associative and
symmetric tensor-bifunctor, an involutive duality functor —*, and an adjunction between
functors A® — and (— ® A*)*. In the next section a notion of tensor—dual category with
just this structure will be defined. However, tensor—dual categories capture only a subclass
of proof nets: using just the morphisms in Figure 3, which all have both a source object
and a target object, it is impossible to construct a single-conclusion proof net £ : [Ay],
nor one with single-conclusion subnets.

Definition 2.7. A prenet K : [Aw] is a subprenet of a prenet £ : [I'y] if

— Ay consists of subformula occurrences of I'y/, i.e. W C V and every vertex w € W
is the root of the same annotated formula in Ay, and I'y; and
— K is the restriction of £ to W.

A subnet is a subprenet that is a proof net.
Definition 2.8. A tensor—dual net (TD-net) is a two-sided proof net with exactly two

ports £ : [Ay F Bw], such that every subnet has at least two ports. Let TDNET(.A)
denote the category of TD-nets over the set of atoms A.

3. Tensor—dual categories

In the previous section the class of tensor—dual nets was identified because it has a
conventional categorical semantics, in the tensor—dual categories defined below.

Definition 3.1. A tensor—dual category (TD category) (C,®,*) is a category C with a

tensor bifunctor (—®—) and a dualising functor (—)* on C, with the following natural



Proof nets and semi-x-autonomous categories 7

hom(A ® B, (C ® D)*)

T T

hom((A ® B) ® C, D*) hom(A, (B® (C ® D))*)
\L 075" TQ*O*
hom(A ® (B ® C), D*) e hom(A, ((B® C) ® D)*)

hom(A ® B,C*) hom(C**, (A ® B)*) =8, hom(C, (A ® B)*)

hom(A, (B ® C)*) Po hom(C ® A, B*)

—1

hom(4, (C ® B)*) —2— hom(A ® C, B*)

Fig. 4. Coherence axioms for tensor—dual categories

isomorphisms,

a: AR (BRC)=(A®B)®C 0: AR BXBQ®A
0: A= A** ®: hom(A® B,C*) =2 hom(A, (B® C)*)

satisfying the familiar pentagon and hexagon diagrams for associativity («) and symme-
try (o), plus those in Figure 4 for ® and —*. A tensor—dual functor (TD functor) is a
functor between TD categories preserving the structure induced by the functors —®—
and —* up to isomorphism.

The illustration in Figure 3 then shows the following.
Proposition 3.2. For any set A the category TDNET(.A) is a TD category.

In the category TDNET(.A) the isomorphism 9 is strict, i.e. 9 = id, due to the treatment
of negation via the notation (A ® B)* = A* '@ B*—as opposed to maintaining (—)* as a
syntactic primitive, as for example in (Hughes, 2012). Alternative formulations of MLL™
correspond to various kinds of strictness in tensor—dual categories. The isomorphism «
is made strict by using an n-ary tensor, and requiring tensor and par to alternate in the
construction of a formula. Strictness in ¢ is induced by using, instead of an annotated
formula Ay, the graph it generates over the vertices V. The isomorphism ¢ could be made
strict by using one-sided rather than two-sided sequents. Note that these adaptations
already apply to sequents; however, these are used only during the construction of proof
nets, not in the resulting nets that are taken to represent categorical maps. Therefore the
category TDNET(A) is strict only in 9, but not in a, o, nor ®. From here on, d-strictness
will be assumed throughout, except when indicated otherwise, and A ’® B will be used
to abbreviate (A* ® B*)*.
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Note that the central adjunction of TD-categories is generated by the following unit and
co-unit, and that only in the O-strict case ® itself is the isomorphism of the adjunction.

nas =  P(0aen) : A= (B®(A®B)")”
€B,Cc = q)(id(3®c)*) : (B®C)*®B*>C*
Tensor—dual nets characterise free 0-strict TD categories. This is formalised as follows,

where i: A — TDNET(A) is the inclusion taking the atoms in .4 into TDNET(.A).

Theorem 3.3. Any functor F': A — C into a J-strict TD category C factors uniquely
(up to natural isomorphism) as F' = G o i, where G: TDNET(A) — C is a TD functor, as
illustrated by the following diagram.

The proof of this theorem will be treated in Sections 6 through 9.

4. The virtual unit

The natural way of modelling a proof net with a single port A would be by a categorical
map from the monoidal unit I into A. Lacking units, tensor—dual categories generally
cannot describe such proof nets, or nets that have subnets with a single port. However,
adding a monoidal unit to a tensor—dual category would make it x-autonomous. Thus,
the challenge is to capture single-port proof nets in another way.

The approach proposed by Lamarche and Strassburger in (Lamarche and StrafSburger,
2005), and deepened by Houston in (Houston, 2008), is to add a wvirtual unit, a con-
struction that can be axiomatised to act like a unit, but is not itself an object in the
tensor—dual category. The virtual unit I for a TD category C will be an object in the
category SETC of set-valued functors from C. The objects of this category may be seen
as generalised C-objects via the Yoneda Lemma, by which C embeds into SET¢ by the
contravariant Yoneda functor h~, defined on objects and morphisms as follows.

h* =hom(A,—):C —ser  hFA7B = (—o f) : hom(B, —) = hom(A4, )

A proof net corresponding to a map A — B in C is represented in SET® by a natural
transformation h® = h?; similarly, I will be axiomatised such that a proof net for a
sequent B, with a single port, is represented by a natural transformation h® = 1. Via
Yoneda, any such natural transformation is uniquely determined by an element = of I(B).
Although traditionally such transformations are denoted simply as x, here instead the
notation I—(z) will be used, to emphasise their use as a syntactic construct in proof
nets and sequent calculus presentations. The functor I may thus be seen as a unary
hom-functor, taking an object B to the set of proof nets for - B.

In the functor category SETC, the tensor of C may be analysed in terms of composition
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Fig. 5. Virtual tensor constructions

with the internal hom-functor H ~, as given by

H” = (B )" 2 (B* % -)
in the following way:

P
hA®E — hom(A® B,—) = hom(A,B*9—) = ho HE .
Remark. The above is a special case of the Day convolution tensor (Day, 1970). The

general construction gives a tensor product in the functor category SETC, by the following
coend formula. For two functors F, G: C — SET,

C,Dec
F*G:/ FC x GD x hom(C ® D, —) .
For h* and h® this gives:

C,DecC
% B = / hom(C, A) x hom(D, B) x hom(C ® D, —) .

This is isomorphic to hom(A ® B, —) by the co-Yoneda lemma, which gives:

c
/ hom(C,—) x FC = F .
In order to make I a left unit to the tensor in SETC, the following natural isomorphism
A is needed:
A:loH™ = h™ Aa [(A* % —) 2 hom(A4, —)

This is exactly what one would expect: in a free setting, I(A*® B) and hom(A, B) should
both be (isomorphic to) the set of proof nets for the sequent - A*, B. Naturality of \ is
illustrated in the following diagram.

A
I(A*% B) ——=" ~ hom(4, B)
I(f*®g) nat(A) go—of
I[(X*%Y) ——— hom(X,Y)
AX,Y

To represent proof nets with one-port subnets, it must be possible to combine proof

nets for F X and A - B with a tensor, into a net for A - X ® B. For this a virtual tensor
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operation is needed, taking x € I(X) and f: A — B to
rRf:A—-X®B.

It can be defined via the Day tensor in SETC, whose action on morphisms is horizontal
composition of natural transformations. For I—(x): hX = T and H/: HE = H# there
is the diagram below, with its composite natural transformation given below right.

hX®B
B U(I) X
H h
c/ﬂm\c ﬂﬂ—(r) SET (I((f* 2 id) o ®—)(x))

By Yoneda, this natural transformation gives a map A — X ® B when appied to idxg 5.
The virtual tensor is then defined as follows (using naturality of A to increase readability).

—-®f

@ f = AI((f* 2 id) o ®(id))(x)) IX hom(A, X ® B)
A id) 7)) a e o
= (@) o f

I(B*% (X ® B)) —— hom(B, X ® B)

Two further virtual tensor operations can be derived from this: the first is a virtual
tensor whose one-port argument is on the right, rather than on the left, obtained via
symmetry, and the second combines two one-port arguments, € I(X) and y € I(Y),
and is illustrated by the diagram below.

—®1id)xX1Y
IX x Iy =2 om(Y, X @ YV) x IV

for £ oo(zaf)

TRy 2 I(z®@idy)(y)

—o— A® IXIY
I(X ®Y) <——hom(IV,[(X ®Y)) x IV
apply

How the three virtual tensors are used to interpret proof nets is illustrated in Figure 5.
The present section is concluded by noting a central property of the virtual tensor.

Lemma 4.1. The diagram ®e below commutes.

hom(B, C) X I(B* 2 C)
id ®e —-®B
hom(B, C) hom(B, (B* v () ® B)

Proof. By the diagram below. The unmarked regions commute by invertibility and



Proof nets and semi-x-autonomous categories 11

Io*

I(A® B)% C) —2 > 1A (B®C)) (A% B) I(B s A)
A Aa* A A Ao* A
hom(A*® B* C) —2. hom(A* B C) hom(A*, B) — hom(B* A)

Fig. 6. Alternative axioms for semi-x-autonomous categories

naturality of A, and ne-cancellation.
—@B

hom(B, ) — I(B* % C)

% In AR

id I(B* s C) ~ B I(B*» ((B*® C)® B))
ey ™
hom(B, C) hom(B, (B* ® C) ® B)

5. Semi-x-autonomous categories

To establish the correspondence with proof nets, tensor—dual categories with a virtual
unit need to satisfy the additional coherence axiom ®a;, shown below. Corresponding
diagrams in Houston’s thesis (Houston, 2008) are (8.3.1) (a simplified diagram appears
just below it) and (Aay) (on page 187).

A®B

zQ(AQB) (xRA)®B
e

X ®(A® B)

(X®A)®B

«

Definition 5.1 ((Lamarche and StraBlburger, 2005, Definition 2.1.2), (Hous-
ton, 2008, Definition 8.8)). A semi-x-autonomous (SSA) category (C,®,*,I,\) is a
TD category (C,®,*) with a virtual unit functor I: C — SET and a natural isomorphism
Aa,g: I(A* 2 B) = home (A, B) such that the diagram ®@a commutes.

In Definition 2.1.2 of Lamarche and Strassburger (Lamarche and Straburger, 2005), an
additional axiom—equation (2) in that paper—is asked for. The corresponding diagram
is @o in Figure 8. Proposition 5.6 will show that it follows from the other axioms.

An alternative formulation of semi-x-autonomous categories replaces the diagrams ®c«,
®o, and @ with the diagrams Aa* and Ao™* in Figure 6. Equivalence of both defini-
tions is shown by Proposition 5.3 and Proposition 5.4 below. The two diagrams Aa*
and Ao* allow to omit the isomorphisms ® and 9 (respectively) from the data, instead
defining them via Ia* and Io*. Doing so gives the following simplified definition of semi-
*-autonomous categories:



Willem Heijltjes and Lutz Straffburger 12

Proposition 5.2 ((Houston, 2008, Proposition 8.9)). An ssa-category C is charac-
terised by an associative, symmetric tensor ®, an involutive duality *, and a virtual unit
functor I: ¢ — SET with a natural isomorphism A4 p: I(4A* ®® B) = hom(A, B).

In the following, note that in larger diagrams an alternative, more concise notation is
used.

A = A AB = A®B
AB = A®B ArB = hom(A, B)

Proposition 5.3 ((Houston, 2008, Lemmata 8.5—-8.7)). In the definition of semi-
*-autonomous categories, the axiom pair ®a and R« is interchangeable with the axiom
Aa*, independently of the axiom ®o.

While the Lemmata 8.5-8.7 In Houston’s thesis (Houston, 2008) prove a moral equivalent
of the above proposition, the corresponding axioms—(a@), (Aay), and (Axw)—and the
technical exposition are sufficiently different that proving the proposition here is worth
wile.

Proof. Firstly, given Aa*, the diagram ®a follows directly by applying A to each
corner of the associativity pentagon for a*. (The other direction is not immediate since
the diagram just described uses multiple instances of Aa*). The diagram below proves
®a from Aa* and P« the latter of which is the circumference of the diagram.

hom(A®B,C*® D) %hom((A@B )®C, D) hom(A®(B®C), D)

7000M o(z®B) \ B A@(B@C

hom(B,C*® D) hom(B®C, D)
> A® AT Aa* T,\ A® >
I(B*=(C*e D)) I(B*C*)%e D)

Ta*?!
HfV Ww)

hom(A, B*2 (C*% D)) hom(A, (B*2C*)® D)

a*to—

This proves one direction. The other direction, that Aa* follows from ®a and Pa, is
proven by the first diagram in Figure 7. The outside of the diagram commutes by func-
toriality of the tensor, and the unlabelled interior regions commute either trivially, by
naturality, or by 7-¢ cancellation. The region marked (1) commutes by tracing ®a, in
the second and third diagram in Figure 7. [

Proposition 5.4. In the definition of semi-x-autonomous categories, the axiom ®o is
interchangeable with the axiom Ao™.

Proof. In the diagram below, the outside is the diagram ®o, while the far left region is
Ao*. The central region is the hexagon for o* and a*, and the two remaining unlabelled
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]
A
Q
S
b
v

&=
Q

—ox

D(AB)=C (DA)B-C

Fig. 7. Diagrams for Proposition 5.3

id |

(AB)(eo (eoca*A)Boa)on

|

eoa*A

|

€o(coa*A)Boa<—co(ecoa*A)B

regions commute by naturality. This shows that ®o follows from Ao™*.

—— hom(A®B, C) —2 > hom(4, B*9C) —7°~  hom(A, C'9 B*) —
_ A Aa* A l A oL
I((A*9 B*) () L7 I(A*2(B*0)) e I(A* 2 (C» B*))
Ao~ Io* To*1 Aa*

* * Ta* * * I(c"®B") * *
I(Ce (A9 B*)) —=1((Ce A*)e B*) ———=>1((A* 2 C)® B*)
A Aa* /\l A

> hom(C*, A* 9 B*) e hom(C®A*, B*)

—Oo0o

hom(A®C*, B*) </

13
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A®B A®C 1
A®(B®c) (A®B)®c A®(baC) (Aeb)®@C a®b boa
a® R® ©o
A®(B®C) —= (A®B)®C  A®(BRC) —> (A®B)®C  I(A®B) —1(BR®A)

Fig. 8. Coherence diagrams for the virtual tensors

In the other direction, first let f+ denote A\(Io*(A\(f))); the diagram Ao* then expresses
the equation f+ = f*. Since all arrows are invertible in the above diagram, it shows that
f+ = f* follows from ®o in the restricted case where f: A ® B — C; in particular,
et = €*. Secondly, the following diagram shows that (go f)* = f*og'; all three regions

commute by naturality.

hom(B, C) — > [(B* % C) —2 = I(C % B*) —> hom(C*, B*)

Ofl H(f*x&C)l lﬂ(c?f*) lf*o

hom(A4, C) —a I(A* % C) I(C e A*) — hom(C*, A*)

Io*

Using the equation ®e in Lemma 4.1, f = e o (\"}(f) @ id), there is the following series
of equations, proving the statemement.

The virtual tensor

It will be shown that the diagrams in Figure 8 commute (note that 1 denotes the terminal
object in SET). That these appear structurally similar to the familiar diagrams for the
monoidal unit and its left and right unit isomorphisms, is no coincidence, as will be
explained next.

One difficulty with semi-x-autonomous categories is that on first sight there appears to
be no virtual equivalent to an object such as I ® I. However, the promonoidal perspective
shows that there is one: it is given by the following coend formula.

A,B
/ IA X IB x hom(A® B, —)

This is a set-valued functor, taking an object C' to an equivalence class of triples
(a€lA, belB, f:A®B—C)

—for details see Kelly’s book (Kelly, 1982). In the present setting, such triples are in
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A®(B®O) = (A®B)®C (A®B)®C (BRA)RC
a®
A®(B®c) (A®B)oc (A9b)8C (b@A)®C
AQo A®B o at RS A@C R ot
A®(:®y W\M) A@(bch/ WA@@)
AQ(C®B) C®(A®B) A®(B®C) Be(A®C)
BA C®A
7 (@B)®A cw(Bed) |C®7 © ocroA oo B®o
Ra

(CoB)®A

C®(B®A) (BeC)®

R(C®A)

o

Fig. 9. Diagrams proving that a® and ®® commute

one-to-one correspondence with morphisms

[f(a©b),

where the practical consequence of the equivalence relation induced by the coend formula
is that a and b (and A and B) should be considered arbitrary.

All this is to say that for reasoning within semi-x-autonomous categories, it is not
A: I(A*® B) — hom(A, B) that behaves most like a monoidal left unit isomorphism, but
instead it is the virtual tensor,

a®@B: B—-A®B

for arbitrary a and A. Crucially, the virtual tensor is invertible, by taking the special
case a = A (idg) and composing with e:

eo(N(idp)®B) = idp.

The equation is a special case of the diagram ®e of Lemma 4.1, which shows the more
general case for f: B — C rather than id 5. With this in mind, the diagrams in Figure 8
can be shown to commute by interpreting the standard coherence proofs for the monoidal
unit, where the right-virtual tensor, ®, corresponds to the right unit isomorphism p.

Proposition 5.5. The diagrams a® and ®® in Figure 8 commute.
Proof. By the two diagrams in Figure 9. For both diagrams the outside commutes

by a—o coherence, while unlabelled internal regions commute by naturality or by the
definition of ®. [

The third diagram, @o, corresponds to the equation A\; = p; in monoidal categories,
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illustrated below left.
1] — 711 I(A® B) —Z > 1(B® A)

\ / I(a®B)
I b

IB<—1—"—>1I4

Shown above right, first the unit I corresponds to an equivalence class over all virtual
morphisms a € A, for arbitrary a and A. To close the diagram with a left-virtual tensor
and a right-virtual tensor, in one case a is chosen to represent this equivalence class, but
in the other, b.

With this interpretation, the standard proof of A\; = p; can be adapted to show @o.
A useful ingredient here is a virtual equivalent to the morphism py o A\}*: I — I. For
arbitrary ¢ € IC, let the element “c” € IC be defined as “c” = I(e o o)(c@ X (id¢)), as
in the following diagram.

Qo TH(b@A)

—@X (ide) I

IC (Ce(C*=0))
«_» “pP Io
Ic I(C* = C)®C)

Ie

While the equation Te(A\ ! (idc) @ ¢) = ¢ is immediate from ®e, to show “c” = ¢ requires
the symmetry on the virtual tensor. This will now be proved.

Proposition 5.6 (Due to Houston, in private communication). The diagram @o
in Figure 8 commutes.

Proof. The first diagram in Figure 10 shows the equation
Io(c®@a) = a@%” .

Its regions commute by naturality, ne-cancellation, and by the definition of the virtual
tensor. In the second diagram, the two squares labelled (1) commute by the equation
above, while the unlabelled regions commute by naturality of @ and ©. The diagram gives
the equation

c®bea) = colo(a®d).
Then by choosing ¢ = X! (idpga) and applying e, the statement follows by Lemma 4.1
(the diagram ®e):

(boa) = Ie(X'(idppa)® (b©a))
= Ie(\ Y (idpga) @Io(a®@b)) = Io(a®@b) .

The main theorem

In Section 3 it was discussed how TD categories represent proof nets with at least two
ports. The virtual unit allows SSA categories to capture also the proof nets with a single
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X (id
1 tde) I(C*C)
w\) H(CW
a I(C* e (ARC)) Ie@(C*9C)
/
1A (c®(C*9ABRC)) [(C®(C*wC))
I(c@A) [(CR(C*% (ARC))) Io
[(C®A) Io I((C* % C)&C)
Io I((C* e (A®C))®C) Ie
I(A®C) Ie IC
\ y
I(A®C)
I(B®A) <22 g «—° 1 b 13— 1(Be A)
IegA (1) «w (1) loB
Ic@(BRA) Ic@(BR®A)
I(C ® A) IC®a o IC®b I(C ® B)

I(C® (B® A)) I((C® B) ® A) I(C® (B® A))

JiteY

ICR(bRA) I(C®B)®a ICQ(B®a)
I(C®b)®A
(@S] a®
T

Fig. 10. Diagrams for Proposition 5.6

17
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port A, as the elements of I(A). On formulae of the form A* % B, the action of A is to
remove the ’@-vertex at the root of a proof net for F A* 9 B, as illustrated below; the
inverse X! replaces it, similar to an application of a *9R-inference to - A*, B.

Then in the following let the category NET(A) be the category of proof nets £ : [Ay F By
and £ : [~ Ay] over the atoms A (viewed as a discrete category).

Proposition 5.7. The category NET(A) is a semi-x-autonomous category.

Proof. The illustrations in Figure 3 show how the category NET(.A) forms a TD-category.
The isomorphism A is that taking a net £ : [A* ¢ B] to the net £ : [A F B], while I is
the composition of a net £ : [- Ay] and one K : [Ay F Bw] to form £; K : [~ Bw]. The
axiom @« is then routinely verified. ]

It will be shown that NET(A) is, in fact, the free O-strict SSA category generated
by A. For making this precise, a notion of semi-x-autonomous functor is needed. To
preserve the semi-x-autonomous structure, a functor G between SSA categories C and
D with virtual units I and J must not only take home(A, B) to homp(GA, GB), but
should in addition take I(A) to J(GA). It should thus come equipped with a natural
transformation v: I = JG. The combined ssA functor (G,~) must then preserve the
virtual tensor construction, in the way illustrated below.

—-of

IX hom(A, X ® B)
] o Geaf) = y@)oaf 2)
JGX hom(GA, GX ® GB)

-®Gf
This is achieved by the following definition.
Definition 5.8. An SSA-functor is a pair
(Ga ’Y) : (Ca ®Ca* a]L )‘C) — (Da ®'Da* aJa )\D)

such that G: C — D is a TD-functor and v: I — JG is a natural transformation, satisfying
the equation

G(A(x)) = A(v(x)) - (3)
Proposition 5.9. The two conditions (2) and (3) are equivalent.

Proof. That (3) implies (2) follows simply by unfolding the definition of the virtual
tensor; the other direction follows from the equation (®€) of Lemma 4.1, f = eo(X! f)@id:

Gax) = Gleo(z®id)) = JGeo(y(x)®@Gid) = A~z).
U
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The main theorem is then stated as follows, where i: A — NET(A) is the inclusion
functor taking the atoms in A into NET(A).

Theorem 5.10. Let F': A — C be an arbitrary functor into a J-strict SSA category C.
Then there is a unique (up to natural isomorphism) ssA functor (G,v): NET(A) — C
such that F' = G oi.

A d NET(A)

F\; ~ /(/G,'y)

(Ca ®7* ) H7 A)

As before, this theorem may be seen as the coherence theorem for semi-x-autonomous
categories. The remainder of this paper will be devoted to proving it.

6. A sequent calculus for categorical maps

The one-sided sequents used for the sequent calculus constructing proof nets, in Figure 1,
leave the structural isomorphisms «, o, ® and A implicit. In general, a sequent calculus
of this kind is underdetermined: it cannot distinguish, for instance, between the identity
and the symmetry on A® A. While the use of annotated formulae alleviates this problem,
this section will present a sequent calculus that goes a step further, making all structural
isomorphisms explicit. To this effect, first a notion of tree-sequent is introduced, an
annotated sequent structured as a tree rather than a multiset, defined below left. To
identify a subtree of such a tree, one-hole contexts are used, defined below right.

t = Av | (t,1) =1 = {=} | &H{=D | H{=}1)

A tree-context t{—} is a tree-sequent containing a unique identifier {—}, the hole. Then
t{s} denotes the tree-sequent obtained by replacing the hole in t{—} with a tree-sequent s.
For readability, outer parentheses and vertex-annotation will be omitted where possible.
The function |—], defined below, retrieves the underlying annotated sequent of a tree-
sequent t.

[Av] ={Av} L(s, )] = [s] W [2]
Here, W denotes multiset union; we will require that [¢] is an annotated sequent, so that
vertices in t are unique. A tree-sequent t also indicates an MLL™-formula, denoted as
®t, obtained by changing the formal tree ¢ into a tree of tensors, and forgetting the
annotation of its leaves.

QAy) =4 R(s,t) = (Qs) ® (V1)

The dual of a tree t* is obtained by dualising its leaves, via (s,t)* = (s*,¢*). Then let
% t denote (Q t*)*.

The purpose of tree-sequents is to facilitate the explicit treatment of the structural
isomorphisms. The isomorphisms o« and o can be applied ‘deeply’, i.e. within a given
context, by inserting them into the hole of a tree-context t{—}, giving t{a} or t{c}. The
notation @ t{a} and @ t{c} then indicates the corresponding morphisms, as illustrated
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for @ t{c} below.

Q{c} =0
Qt{o}: @t{(r,s)} = @t{(s,r)} ®(s,t{o}) = (1des) ® (®t{o})
®(tH{c},s) = (®t{o}) ® (idgs)
To make ® and A\ explicit a notion of two-sided tree-sequent is needed, written as s » ¢,
where s and t are tree-sequents. A two-sided sequent with empty antecedent is written »¢.
We write s? »t to denote a tree-sequent with a possibly empty antecedent. A tree-sequent

s? » t has an underlying annotated sequent |s? » ¢], and indicates a hom-set or virtual
unit object hom(s? » t), as defined below.

[>¢]
ls»t] = [s*]W][¢t] hom(s » t)

I
—
~
[

hom(»#) = I(91)
hom(® s,’& t)

The structured sequent calculus LT, in Figure 11, employs two-sided tree-sequents to
make the structural isomorphisms of semi-x-autonomous categories explicit. This calculus
serves as an intermediate between proof nets and categorical maps. On the one hand, each
proof 7 directly constructs a morphism in an arbitrary semi-x-autonomous category C:

Definition 6.1. Given a functor F: A — C, the denotation (r)r in C of an LT-proof 7
is the C-morphism it constructs. Two LT-proofs 7 and p are parallel if they have the same
conclusion, and they are equivalent if they have the same denotation, i.e., (7)r = (o) r
for every F and C.

Here, the functor F': A — C is the interpretation of the atoms in A as objects in C—note
that in the calculus (in Figure 11) the identity axiom for an atomic MLL™ formula a
constructs the identity map on Fa.

On the other hand, by forgetting the tree-structure of its tree-sequents, every struc-
tured proof 7 indicates a proof in the regular calculus LM, denoted |7 |, which in turn
constructs the proof net [|7|]. The translation from LT-proofs to LM-proofs is a straight-
forward induction,

q1 > gn * Tn pJ
s»t LS > tJ
where the translation of an inference p is given by the table below. Note that each LT-
inference maps onto one LM-inference with the exception of structural isomorphisms,
which are implicit in LM. Note that as with LM-proofs, a double line will indicate a
derivation consisting of zero, one, or multiple inferences, from multiple premisses.
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Logical rules

id fq,
Ay » Qo

s» Ay t» Bw
®
(s,t) » Av ®u Bw

Sbt{Av,Bw} B
s >t{AV S Bw} -

Structural isomorphisms

21

’AV tPBW
v PTOW
t» Ay ®, Bw

s» Ay » By

—
s» Ay Q. Bw

’AV PBW
e — 5]
» Ay ®u Bw

» Ay, Bw 3
» Av 9, Bw

(rys)»t r»(s,t) o set > (s,1) s»t =
T (s%,t) (r,s*) »t t*»s* s* et > (s*,t)
s{pg),rprt o s>} o 209}
Ao @yt Y S e @y T S G @y T
silp, (g,r)} >t iy 2 >, @)} o))
Aot " S oy T iy T
sllgr)}>t . s»t{(q,7)} e > t{a,r)} e
ot (®s{o}) PTIEwY (Bt{o*}) TN (Bt{c*})
Composition
s» Ay Ay »t » Ay Av »t
s»t ° >t !

Fig. 11. The structured sequent calculus LT
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p Lp]
idpq AX
®, ¥, ®, ® ®R
o, I Cut

structural isomorphism n/a

The ssA-structure of the category of proof nets is nicely made explicit by using LT-
proofs to construct morphisms in NET(.A): for the inclusion functor i: A — NET(A), the
denotation (7); of a proof 7 in NET(.A) is the net constructed by it,

()i = [l=]] -

Proving the main theorem

Proving the main theorem requires to construct the ssa-functor (G,+) in the diagram
repeated below.

A d NET(A)

F\; ~ /(/G,'y)

(Ca ®7* ) H7 A)

It will be constructed from three parts: a function Gy on objects, a relation G; on
morphisms, and a relation v on virtual unit morphisms. Define Gy by
Goa = Fa Go(A® B) = GoA® GyB
Goa* = (Fa)* Go(A® B) = GoAw GyB ,
and let G; and v be given by the following composite arrow (in the category of sets and

relations).

_71 _71 —
wer(d) e v A e

Thus, G; and v each take a net N (with 2 ports respectively 1 port) to the set

{()r [ [l7]] = N} -

In the sections to come it will be shown that G; and  are representable by functions
(Proposition 9.2). Anticipating this fact, the proof of the main theorem is completed
below.

Proof of Theorem 5.10 Firstly, by Proposition 9.2 (G, ) is a function on morphisms
and virtual morphisms (that it is functional on objects is immediate). Secondly, given
an LT-proof 7, by definition (G,~) takes [|7]] to (7)r. Since [|7]] = (7);, this means
that (G,~) takes (7); to (7)r. These two points suffice to make (G,v) an ssa-functor,
since the calculus L'T captures precisely the structure that must be preserved. Next, let
(H,0): NET(A) — C be an arbitrary ssa-functor such that F' = H o . For a given LT-
proof 7, that (H, ) preserves SSA-structure means it must take a proof net (7)); to a map
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canonically isomorphic to (7). Since (G, ) takes (n); to (7)) r, it follows that (H, ) and
(G,~) are canonically isomorphic. [

A proof of Theorem 3.3, the corresponding theorem for tensor—dual categories, is con-
tained within the proof of the main theorem, and essentially consists of a selection of
the cases treated there. Those cases relevant to the tensor—dual case will be highlighted
throughout the coming sections, and will be proven without making use of I and A.

7. Equivariance

The first step in proving the main theorem will be a coherence result for the structural
rules of the calculus LT. These rules are exactly what is made explicit in LT, compared to
LM, and they allow to alternate between different tree-sequents with the same underlying
annotated sequent. A sequence of structural rules will be called a structural derivation.
The coherence result of this section will be that if two structural derivations have the
same premiss and the same conclusion, they have the same categorical denotation.

Definition 7.1. Two tree-sequents s? »t and ¢? »r are equivariant if they have the same
underlying annotated sequent, [s? »t| = [¢? » r]. An equivariance isomorphism v is a
natural isomorphism in SET constructed by a structural derivation in LT,

Extending the terminology for proofs, two structural derivations are parallel if they
share the same premiss and conclusion, and equivalent if they construct the same equiv-
ariance isomorphism. The following is a generalisation of coherence for « and o (see
(Mac Lane, 1963)), but weaker than full coherence for TD-categories or SSA-categories.

Proposition 7.2. Any two parallel structural derivations

are equivalent, i.e. v = p.

The proof is standard, but included for completeness. In diagrams, coherence isomor-
phisms for a and ¢ may be drawn as double lines, and left unlabelled.

Proof. Let us call structural inferences over a or o auziliary, and those of the following
kinds atomic:

(r,Ay) »t r»(Ay,t) . Ay » By X » (Ay,t) Ay »t

r»(A’{,,t)cp (T,A‘*/)btq) B";V»A’{,_ A} vt A » (A%, 1)

A—l

i.e., in an atomic inference only single formulae are allowed to change sides. Let an
auxiliary derivation be one over only auxiliary inferences, and an atomic derivation be
one that may also include atomic inferences. Let the distance between two equivariant
tree-sequents be the number of annotated formulae that are on opposite sides of the
separator; e.g. Ay counts for 1 but By for 0 towards the distance between s»t{(Ay, Bw)}
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QrR QvR QvR
/coh\ /coh\ /coh\
AB»C ——— DBvE ABvC Dr»EF ABvC =———= DEF
#O\L (1) ll/o Hoi (2) ll/o Hol (3) \LVU
AvB,C D»B,E AsB,C DEsF AvB,C D»E,F

%
(
t\
LB/
N
2\
t\
LBy
N
2\

Fig. 12. Diagrams for equivariance I

and ¢{ A3} } » r{Bw}. Let the distance of an equivariance derivation be that between its
premiss and conclusion, and call a derivation decreasing if it has no subderivations of
equal or greater distance. Note that between any two equivariant tree-sequents there is
at least one atomic, decreasing derivation.

Narrowing down the possibilities, firstly, by the diagrams ®a, ®o, Aa*, and Ao*
each equivariance derivation is equivalent to an atomic one. Secondly, only tree-sequents
with three or more annotated formulae need be considered: for sequents containing just

two formulae the structural inferences that apply are A, X1, —*

and o™, whose only
non-trivial interactions are described by the diagram Ao *. In particular, this means the
inference rule —* may be ignored, since it is only atomic for tree-sequents Ay » By, with
single-formula antecedent and consequent. Thirdly, - and A\ ™'-inferences may be ignored:
by Aa* consecutive A- and A7l-inferences may be replaced by ®- and ®!-inferences,
and two derivations starting (or ending) with a one-sided sequent » ¢ have equivalent
derivations starting (resp. ending) with the same M-inference (resp. X-inference).

Next, it is shown that two atomic, decreasing derivations p and v, not involving —*,
A, or A1, are equivalent. The proof proceeds by induction on the distance of derivations.
Let po and vy be the first atomic inferences in p and v, respectively. There are three
cases.

— Both pp and 19 move By from left to right (or from right to left),
— o moves By from left to right, while vy moves Ey from right to left,
— po and vy respectively move By and Eyw from left to right (or from right to left).

These cases correspond to the three diagrams shown in Figure 12. In the first case,
the upper triangle commutes by coherence of symmetric monoidal categories; note that
A and D are ac-isomorphic, as are C' and E. The rectangle (1) commutes by naturality
of ®, and the lower triangle commutes by the induction hypothesis. In the second case,
again the upper triangle commutes by coherence, while the lower two lozenges commute
by the induction hypothesis. The central pentagon (2) commutes by the first diagram
in Figure 13, modulo coherence in monoidal categories. In the third case, there are two
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cases for the central pentagon (3): when there are more than two objects on the left,
and when there are exactly two objects on the left. The first is again covered by the first
diagram in Figure 13, this time read from left to right instead of from top to bottom.
The second case is covered by the second diagram, read from left to right (or from top
right to bottom left, or from bottom right to top left).

Finally, it will be shown that, given the above, every derivation is equivalent to a
decreasing one. The argument will assume a longest subderivation with a decreasing
equivalent, and show by contradiction that it must encompass the entire derivation. Given
a derivation with target s? » ¢, let u be its longest subderivation, including the target
s?»t, that is equivalent to a decreasing derivation—for simplicity, assume that p itself is
decreasing. If an atomic inference py precedes u, as below left, then there is a decreasing
derivation v o ug! as below right.

qo? » 1o qler
Ho Ho!
qter qo? » 1o
m v
s?T»t s?T»t

But if parallel decreasing derivations are equivalent, u is equivalent to v o ug', and o pg
must be equivalent to v. As v is decreasing, this contradicts the assumption that p is
the longest subderivation with a decreasing equivalent; hence, there can be no ug, and
must be the whole derivation.

Combining the above, for any two parallel derivations there are equivalent decreasing
derivations, which must then be equivalent, proving the statement. ]

Proposition 7.3. Let 7 and p be two parallel LT-proofs. If [7] = |p| then 7 and p are
equivalent, i.e., (7)r = (p)r for any F.

Proof. By induction on |7] = |p|. One case, illustrated below, is treated explicitly;
the other cases are similar. Let || = |p], 7, and p be respectively:

’

f/

.04 K BD s»Af t»Bg s»rA t»B°

: 9 : ) 7 H = o v 5.1 ’A®B ®

Lok [0.AAsB O} seA B (> 488
(s",t')» A® B (s,t')»A® B

(Note that, without loss of generality, possible equivariance inferences at the end of 7
and p are ignored.) By the induction hypothesis f = f" and g = ¢’. Since |s] = [¢'| and
|t] = [t'], by Proposition 7.2 the equivariance isomorphisms p and v are of the form
— ok and — o k/ respectively, where k and k' are composed over a, ¢ and inverses. Then
by the same proposition Kk = — o k ® k’, and

(fok)®(gok)=(f®g)o(k®@K)=(f'®g )oK .
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XBvAY
@/4 P
(XB)AvY X»B,(A)Y)
*OO‘T [(:1s" Ta*of
X(BA)Y —2 X»(BA)Y
,oxgi l/o-*,?o—
X(AB) S% XD(Z,E),Y
*Oai [(:1s" ia*of
(XA)BrY XA (BY)
N
XAsBY
P2

Fig. 13. Diagrams for equivariance II

roA’ (S,C*)ng
(n(5C))»A®B ©
(rns),A"eB)»C (»D"
((r,s), A" 9 B),)»C®D
((r,s),t)»(A® B,C ® D)

Ji-

T,A A BC
T AA®B,C O AD
T.AMNA®B,C®D

R

®R

Fig. 14. A permutation in LT and LM

8. Permutations

B:CA — " . BCWA
BvA,C bo CBrA
@T \L(b
BASC . C"BA
AB»C C->A.B

Po2

’

(s,B*)»C D"
(B).H»CeD

oAl ((s,t),C* 9 D*)»B

(T7 ((37t)7A* >?B*)) »C®D
(r, (Svt)) »(A® B,C®D)

Ji-

ABC AD
LA T,ABC®D %
TLAMNA®BC@D ®
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A permutation in the sequent calculus LM is the exchange of two adjacent inferences.
Proofs equal up to permutations, written II ~ II’, construct the same proof net. For
structured proofs, it must then be shown that parallel proofs m and 7’ construct the
same morphism whenever |7| ~ [7’]. A permutation on LT-proofs will be one on the
corresponding LM-proofs, as illustrated in Figure 14. In such permutations, the logical
inferences that are permuted may be separated by equivariance derivations.

In working with permutations, since there are many inference rules in L'T, there are
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Cut-cut permutations Tensor-tensor permutations
) r?» (A, B) s A* t»B* r?» (A, C) s?»B t?» D )
p?rq ¢?’»(A®B,C®D)
5) r?» A s?7» (A%, B) t»B* r?» A s?7»(B,C) t?»D ®)
p?rq q?»(A® B,C® D)
©) r?r A s?» B t? » (A%, BY) r?r A s?T»C t?»(B,D) (©)
p?rq ¢?»(A®B,C®D)

Tensor-cut permutations

r?» (A, B) s» A" t?7»C r?r A s?»(B,C) t»C*
(10) (12)
q?»BC g?»AQB
r?» A s?» (A%, B) t?7»C r?» A s?»C t?»(B,C™)
(11) (13)
¢?>»BC q?»A®B

Fig. 15. Main permutation cases

potentially very many cases to verify. Narrowing these down, a first observation is that the
=-inference rules in L'T, corresponding to the *9R-rule in LM, leave the map constructed
by a proof unchanged; permutations involving these rules then trivially preserve this
morphism. The focus is then on the binary LM-rules ®R and Cut. Permutation cases
will be listed as abbreviated derivations from three premisses, one of which contains an
active formula from both inferences. The example below corresponds to the permutation
in Figure 14. What will be proved is that the possible ways of making the derivation
concrete, are equivalent.

rrA s»(B,C) t»D

The main cases are listed in Figure 15, in three categories: tensor—tensor permutations,
cut—cut permutations, and tensor—cut permutations. Within each category there are sev-
eral cases, where the premiss containing two active formulae combines either the two
left active formulae of both inferences, or one left and one right active formula, or both
right active formulae. This generates all possible cases; however, there will be several
sub-cases for each of the main cases (7)—(13), since for most premisses the antecedent
may be empty or not—the exception being the right premiss of a composition (I or o),
which must contain more than one formula. The reason for differentiating cases in this
way is that a permutation may, for example, change a tensor-inference into a virtual
tensor-inference, as in case (11b), preventing the use of a simple list of permutations of
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(14) »s{A} A»t rrs{A} A»rt (15)
T{t} 0¥ s{-})— W (8s{-})o—
(16) »t{A} »B s»t{A} »B (17)
m 1(°8t{A®-1}) m —o(’Bt{A®-})
» A (A,s)»t o (t,A) s»B
(18) ———————— —0o(—Qid) swo(—®—) (19)
st (r,s) » (t, A® B)

Fig. 16. Shorthand derivations

LT-inferences. Note that in Figure 15 the tree-sequents ¢? and p? » ¢ are understood to

contain the same annotated formulae as r?, s?, and t? combined.

)

Abbreviations

To simplify the presentation of permutation cases, several common derivations will be
written in shortened form, as displayed in Figure 16. Tree-contexts t{—} are used to
generalise sequents such as A»B and A»(s, B) to A»¢{B}. That the abbrivations (14)—(17)
construct the correct maps is a straightforward induction on s{—} or t{—}; for example,
the following two proofs construct the same morphism ®(g’ o ®1(f)) = (id ® ¢') o f,
where ¢’ =78 s{g}.

o (ns{an |

£’ 4 't; {—}o— (@r)>s{A} " Ave (g@ {—})o—
g (rrs{t}) (g.r)»s{t} | é
q»(r,s{t})

The derivation (18) constructs the correct morphism by the definition of the virtual tensor.
Finally, the derivation (19) uses the switch natural transformation (sw), also known as
linear distributivity (Cockett and Seely, 1997) or dissociativity (Dosen and Petrié, 2005),
given by the below diagram—this makes the abbreviation (19) correct by definition.

)

n

(Ao B)®C A9 (A9 B)®(C)® A*
swl SW lA?(ulo(id@a)oa)
A (B () A9 (A9 B)@ AY)eC

AR (e®C)

The transpose of the switch map, ®(sw), is a map id ’® n (up to associativity and
symmetry), as is demonstrated by the diagram ®(sw) in Figure 17. In the diagram, the
path along the top right is ®(sw), and that along the bottom left is id %® n followed by
a coherence isomorphism for ’§. The big triangle in the diagram commutes by tracing
the diagram ®a2 in Figure 13; the unnamed regions commute by naturality and ne-
cancellation.
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A9 B i

C*2((Ae B)®C)

trace C*en
P2

C*2 (A% (A% B)C)®A*)

/ sw

id . (A% (((A% B)A*)®(C)) ®(sw)
/ Ot R (A3(c80))

C* 9 sw

B)®A*)®C))

A@¢7@&®CD

A% B A (C*2(Be(C)) ——= "% (4% (BR0))

Fig. 17. The transpose of the switch map

A*»B Ars Bt r»(A,B) Ars Bt
(4a) (4b)
s* it r»(s,t)
» A A»B Bt rr»A A»B B»t
(5a) (5b)
>t ret
» A An»r(s,B) Bt r»A A»r(s,B) Bt
(5¢) (5d)
> (s,t) T (s,t)
» A » B (A,B)»t
(6a)
>t
rr A » B B» A* r»A » B (A, B)
(6b) = (6¢)
T ret
rrA s» B B» A* r»A » B (A, B)
(6d) (6e)
s»r” (r,s)»t

Fig. 18. Cut-cut permutation cases

Cut-cut permutations

Lemma 8.1. The permutation of two cuts in an L'T-proof preserves its denotation.

Proof. For each of the subcases of equations (4)—(6) in Figure 18, it must be shown that
different instantiations of the derivation are equivalent. (The missing case in Figure 18 is
that with premisses » A, » B, and B » A*, whose conclusion would be empty.) By duality
of composition,

s» A Art > A* A¥ > s*

[e] [e]
s»t t* »s*

)
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» A C » B »D rr»AC » B »D

(7a) (7d)
»(A® B,CQ®D) r»(A® B,CQ®D)
» A C »B t»D rrAC »B t»D
(7b) (7e)
t»(A® B,C® D) (r,t)»(A® B,C® D)
» A C s»B t»D rr»AC s»B t»D
(7¢) (7f)
() > (A® B,C® D) (5.6 »(A® B,C® D)

Fig. 19. Tensor-tensor permutation cases

the cases (4a) and (6d) are dual to (5b), cases (4b) and (6e) are dual to (5d), case (6b) is
dual to (5a), and case (6¢) is dual to (5¢). This leaves five cases to be treated explicitly.
Note that of these, only 5b and 5d apply to tensor—dual categories.

5a, 5¢ The following proofs construct the same map by functoriality of I.
va” A»s{B}f A»s{B}f B»tg
I g — (Fs{-})o-
» s{B} Bt » A A» s{t}
I08s{-H- ~
»s{t} > s{t}
5b, 5d The following proofs have the same denotation by associativity of composi-
tion.
r»Af A»s{B}g A»s{B}g B»th
° N ! (Fs{—})o—
r» s{B} Byt rrA A s{t}
(Fs{-}o— °

r»s{t} ro»s{t}

6a The following proofs have respective denotations I(g o o)(y @ ) and Ig(x ®y),
which are equal by the diagram @o (the symmetry of ®).

vB' (A,B)ri’ s AT (A Bt

— —o(ide— — —o(@id
» A Art (id®-) >By B»t o)
>t ! >t !

Tensor-tensor permutations

Lemma 8.2. The permutation of two tensor-inferences in an LT-proof preserves its
denotation.

Proof. Figure 19 lists the subcases for derivation (7). The two other main cases for
tensor-tensor permutations, (8) and (9), follow by symmetry of the tensor. Note that
only (7c) and (7f) apply to tensor—dual categories.
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7a Both proofs below construct I{((A®@y) ® (C® 2))(x).

» (A, C) “ 3B’
——((id®-)5id 2
~(A®B.C) ((id®—)wid) )
I(id’s (id®— ~
(A B.C®D) (id8 (id®-))
»(A,C) »D°
S (A CeD) |wFte) TR
I((id®—)9id
- (A®B,C® D) (o)
b The maps constructed by the two following proofs are equal by the diagram

below. The left region commutes by naturality of n; the equation that makes the right
region commute, (A®@y) o A(z) = AI(A®y® C)(z)), is an instance of naturality of A.
The first proof corresponds to the path along the top of the diagram, the second to the
path along the bottom.

(A®B)ysa)on (A®BY® (A(I(ADysC)(2))®h)
_—

(A®B)9 ((A*9B*)QT)
(Ago)on (A®B)2((A®y)*®T)
AR (A QT) ————— > (ARB) 2 (A*QT) —————— (A®B D
5 (A"8T) (Aoy)B(A*®T) (4B (A"8T) (A®B)®(A(z)®h) (48B)%(CaD)
»(40)" »B' »(A,0) "
(A B,C) T AC Y D ;
(A® By »C t»D; (A*,t)»C@Dq)( )
———— $(—00) =——y
(A® B)*,t)»C® D tr»(A,C®D) » B
B(—o00) ((ido—)gid)o—
t»(A® B,C® D) t»(A® B,C® D)
Tc The two proofs below construct the following maps, denoted 7 and p, where the

identities on A*, B and D are taken for the maps f, g, and h respectively.

T=swo ((c*oP((A® B)oo))®D)
=swo ((6*o(A*®c)ona)®D)
p=c*oswo((6*o®((A*®D)oo))®B)oo
=c*oswo((6*o(A®0))®B)ooo(B®n)
The main diagram in Figure 20 shows the equation ®(7) = ®(p), from which 7 = p is
immediate; equivalence for the general case (where f, g, and h need not be identities) fol-
lows by naturality. The path along the top of the main diagram denotes ® (), while that

along the left, bottom, and right denotes ®(p). The region (1) commutes by naturality
of nap:B— A*9 B® Ain A, i.e. the equation

(f*eB®A)on = (C®B®f)on
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D.BD — D,(A,BA)D ——D,(AB,A)D = D,(AB,AD)
5T , 5w
7 n P(sw)
n _ _ _—
A BA=————=ABA A AB,(D,AD)
B (1) (D,AD),BA
n
\ (D,AD),Bn* \
. (DAD),B(D(AD)) D.(AD,AB)
D,(AD,n* B)
Ba \ /
D,BD D,(AD,(D(A,D))B)
D
! / B,(AD,(n(A,D))B)
D.Bn  D,(AD,(BD)(A,D))
lﬁ (AD,(Bn)(A,D)) (2)
D,B(A,DA) W
B Y=———7 __D,4D.B)
D \
SW
D.(AD,A)B = D.(AD,AB)
Y = 57(ZD7((ZD7A)B)(A7_))
4 = 57(ZD7((ZD7A)(A7ﬁ))B)
A(C,A)C ’ CvA,CA €o(c*o(C*Ro)on)C* -; Ui
¢ T T<I> as‘T o
AsCAC  ®0  CACA o*o(C*®ao)on (2) id
A-C,CA Py AC»CA (C*®0o)on<p—io

Fig. 20. Diagrams for permutation case (7¢)

32
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(where f: C — A) applied to f = n*. The region (2) commutes by tracing the diagram
®o, as illustrated below the main diagram.

A*» C
- g

C*» A s»B o

(C*,s)» A® B

—o'*oq)(—oo')

s»(A® B,C) t»D
0> (A B.CoD)

f

h

swo(—®—) ~

A* »Cf t»Dh
— Y ®
(A 6)»C®D
:0’*0@(—00’) g
t»(C®D,A) s»B
swo(—QR—
(t,s)» (C®D,A® B) co

(s,t)»(A® B,C® D)

7d Both proofs below construct the map (A®y® B®z)o f.

r»(A4,C) T B
((id@—)gid)o—

r»(A® B,C) »D
r»(A® B,C®D)

z

(id®(ido—))o—

z

r»(A,C)f »D
1d (1d®—))o—
’I“»(A,C(X)D) (§d%(do—)) » B
r»(A®B,C®D)

Y

((id®—)®id)o—

Te The maps constructed by the proofs below are equal by naturality of the switch
map.

Y

r»(A4,C) "B _ _
r»(A® B,C) (do)mid)o- trD
(1) > (Ae B.CaD)

h

swo(—®-) ~

T>(A,C)f t>Dh
s AceD) %7 TB

(rt)»(A® B,C® D)

Y

((id®—)®id)o—

7t Equivalence of the proofs below is shown for the special case where f = id apc,
g = idp, and h = idp; the general case follows by naturality. The diagram in Figure 21
displays the transpose of the first proof along the top and right edges. The diagram
shows that, up to coherence for the par (’®), this map is equal to the map 7 7, along
the left edge. By a similar argument also the map constructed by the second proof is the
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n

AC BD,(A,C)(BD)
‘ n — ®a B, — H
0.4 B(C,A)B) —"—=B,(D,(C,A)B)D)
C.n @(SW) B,sw B,(D,swD)
C.(B,AB) B.(C.AB) B,(D,(C,AB)D)
[ _ f
B,(ABC) B0 B(D,(AB,C)D)
777(§>AB)
B, ‘I’(SW) B,(D,sw)

Fig. 21. The diagram for permutation case (7f)

transpose of 17 1 (up to ®-coherence).
a0’
r»(C,A) 7% s»B
(r,s)»C,A® B)
(r,s)»(A® B,C) 7o t»D
((r,s),t)»(A® B,C® D)

g

swo(—®—)

h

swo(—®-) ~

h
) d t»D
swo(—®—)

r»(AC

(rt)»(A,C® D)

nt»(CeD,A)° " s»B’
(n).5)>(CoD AgBp) 0%
(nt)s)»(AeB,CoD)

Tensor-cut permutations

Lemma 8.3. The permutation of a tensor-inference with a cut in an L'T-proof preserves
its denotation.

Proof. Figure 22 displays the subcases of permutations (10) and (11). The other two
main cases, (12) and (13), follow from these two (respectively) by the symmetry of the
tensor. By duality of composition, also (10a) follows from (11e), (10b) from (11f), (10c)
from (11g), and (10d) from (11h). The subcases of (11) are treated below; for tensor—dual
categories only the cases (11f) and (11h) apply.
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A*»B Ars »C A*»B Ars trC
(10a) (10b)
s*»BeC (s*,t)»BQC
r»(A,B) Ars »C r» (A, B) Ars tr»C
(10c) (10d)
T (5B®C) )+ (B8 C)
» A A»B »C » A A» B tr»rC
(11a) (11b)
»BC t» B C
» A (A,s)»B »C » A (A,s)»B trC
(11c) (11d)
s»BeC (s,t) » B C
rrA A»B »C rr»A A»B trC
(11e) (11f)
r»B®C (r,t)y» B C
rrA (A,s)» B »C rrA (A,s)»B trC
(11g) (11h)
(r,s)»B®C ((r,s),t)» B C

Fig. 22. Tensor-cut permutation cases

11a The following proofs are equivalent by the definition of (®).

vaA" B’ Y A
» B ! >CZ >_I A»rBC ®
»BC N »BeC

11b The proofs below construct Ig(z) @ h and (g ® h) o (z ® id) respectively, which
are equal by naturality for the virtual tensor.

A" B’ ArB trC "
» B I t»Ch VA (A,t)’B@C
® ~ —o(—®:id)
tr» B C t»BC

11c By naturality of the two virtual tensor operations, the maps constructed by
both proofs are equal to (id ® z) o g o (x @ id).

v A (A,s)»Bg (A,s)»Bg »C
—o(—®1 z = ®
s»B Ced) »C »A (A,s)»BQ®C
® ~ —o(—®id)
s»BC s»BC

11d By naturality of ® the map constructed by the second proof below, ®1(®(f ®
g)o(z®59)), is equal to H(P(f ® g)) o ((x @ S) ® T'), which after removing & o ® is
the map constructed by the first proof (note that S and T stand for the objects ® s and
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» A » B (A,B)»t » (A, B) »A t»B
(20a) (21a)
>t >
» A s»B (A,B)»t » (A, B) s» A t»B
(20b) (21b)
s»t > (s,1)
r»A s» B (A,B) »t r» (A%, B*) » A t»B
(20c) (21c)
(r,s)»t rot*
r» (A%, B¥) s»A t»
(21d)
ro(s%,t%)
Fig. 23. Cut-elimination cases
®1).
(A,s)»B g trC "
®
f (49,0 > B&C
_—y =z 1)
»A  (As)»B » A (A,8)»(t*,B®C)
—o(—®id —o(—®1d
s» B (e irC" s»(t*,B®C) (e
® ~ — !
(s.0)»B®C (s >B®C "
1le, 11g The following proofs are equivalent by the definition of (®).
f 9 =y z
r»A° s{A}»B s{A}»B  »C
o C®U) 5 Al A pec ]
® —o s{—
s{r}»B®C s{r}»B®C (@20
11f, 11h The following proofs are equivalent by functoriality of the tensor.
T>Af 5{A}>Bg ; 5{A}>Bg trC"
—o(@s{— ®
s{r} »B (Pe{=2) ek rrA (s{A}t)»B®C o
® ~ —o®(s{~},
(s{r},t)»B®C (s{r},t)»B®C =10

O

9. Cut-elimination

Cut elimination in LM, the calculus constructing proof nets, proceeds by the reduction
steps in Figure 2, and preserves the net constructed by a proof. Here, it will be shown
that the corresponding proof transformations in the structured calculus LT preserve the
morphisms constructed by proofs.

Lemma 9.1. Cut-elimination steps preserve the denotation of LT-proofs.

Proof. Cuts in the calculus LT may be divided into three kinds, depending on whether
the cut-formula is atomic, a tensor-formula, or a par-formula. For atomic cut formulae
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there are two cases, below, which are immediate.

sra ara ara art

s»a sra art anrt

Figure 23 lists the cases for cuts on tensor-formula, (20a)—(20c), and for par-formulae,
(21a)—(21d). Up to permutations there are two ways to instantiate each derivation: by
two cuts, on the two active formulae A and B; or by first combining the two derivations
with one active formula by a tensor-inference. For each case these must be shown to be
equivariant. The case (21d) is immediate from (20c) by duality; note that for tensor—dual
categories only these two cases apply.

20a The following proofs are equivalent by the definition of (®).

=z —_— =y —
vA" vB @AB)t" »B'  (AB)rt
= =z —o(1d®—
vA®B = A®Brt > A At e
»t ! »t !
20b The following proofs are equivalent by naturality of (®).
—= g h g h
» A s»B (A,B)»t s» B (A, B)»t _
® — ——z —o(id®—)
s»A®B AQ Bt »A (A,s) >t
o ~ —o(—®1d)
s»t s»t
20c The following proofs are equivalent by functoriality of the tensor.
g —_—
r»Af s»Bg (A,B)»th ; s»B (A,B)»t o)
® = —o(id®—
(r,s)»A® B AQ Bt T A (A s)»rt (oid)
o ~ —o(—®1
(r,s)»t (rys)»t
21a The main diagram in Figure 24 demonstrates that the map constructed by the

first proof below, corresponding to the path along the top right of the diagram, is equal
to the following map, along the left and bottom.

I(h*oeoo)(y@x)

The unnamed regions in the diagram commute by naturality, functoriality, and by the
definition of the virtual tensor. The region (1) is justified by tracing the diagram ®o for
the identity on A® B, as is done in the two diagrams below the main diagram. The above
morphism is shown equal to that constructed by the second proof below, I(h* o A(z))(y),
by the final diagram in Figure 24.

Eo h Eoo———W%
»A" > B » (A*, B*)

T ® vy A h
>(A*,B*)_ t» A® B . » A A» B* t» B .
» A*09 B* A*9 B* e t* » B* ' B*»t*

I ~ I

> t* »t*
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—Q®h
A & I(B,AB) ——~ BsAB — 2~ T+AB
In (1) To™
Ao*
N (ABgeo) _* _*
I(AB,A(A,B)) (AB,B)

A B>A(AB) p— A,B>B—— A,BoT
I—(x) I—(x) I—(x)
I(A(A,B)) IB—— = IT
AB»AB —— = AB-AB id | = id

BYAR n bo

¥5) €
b
U*O_\L oo o*ofl loa
_ o*n =

A>ABB A(AB)>B (idgeryy &
I(A*® B*) —=—— hom(A, B*)
/ \ \/)
I(A®(A* s B*)) (A9 B*)®A)

Fig. 24. Diagrams for elimination case (21a)

21b The following proofs are equivalent by functoriality of (’9).

* *

S*»A*f t*»B*g
s(A,B) () A eB
»Aw B A 9B r(st)

~(5.0) H

f
I(—®id)(-)

> (5:1)

v
—
»
S|
~
S|
v
~

38

I(id®—)(-)
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21c The case is dual to (20b): the map constructed by the first proof below is equal
to the dual of f* o (y®h), which is equal to the map constructed by the second proof by
naturality of the virtual tensor (®).

— h *
,Ay t»Bh t»B (A,B)»r*f
f ® ==y = —o(id®—)
r» (A*, BY) t»A® B » A (At)»r Coid)
= —* —o(—®1
r» A* 9 B* A*p B* » t* trr*
roet* ettt

O

To conclude, it follows from the previous lemmata that proof nets factor out exactly
permutations and cut-elimination in LT. The following proposition shows that G; and v,
in the proof of Theorem 5.10, are representable by functions from proof nets to morphisms,
respectively vitual morphisms, in an SSA-category.

Proposition 9.2. If two LT-proofs 7 and 7’ construct the same proof net, i.e., [|7]] =
[l7']] (for a sequent A or A F B), then they construct the same SSA-morphism, i.e.,
(m)r = (7')p for any functor F': A — C into a (0-strict) SsA-category C.

Proof. Tt is standard (see e.g. (Lafont, 1995)) that two LM-proofs construct the same
proof net if and only if they are equal up to permutations and cut-elimination. Corre-
spondingly, two parallel LT-proofs m and 7’ construct the same proof net if and only if
there is a sequence ™ = 71, T, ..., T, = 7 such that for each m;, m; 1 either |m; | = |[m;11]
or m; and w41 are equal up to a permutation. In that case, 7 and 7’ are equivalent by
Proposition 7.3 and Lemmata 8.1, 8.2, 8.3, and 9.1. It follows that [|7]] = [|#’]] implies
(m)r = ()p. O
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