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T
he

m
aybe

m
ost

harm
ful

draw
back

of
linear

logic
is

that,
in

the
eyes

of
m

any,
there

is
no

natural
sem

antics,
although

there
exist

various
kinds

of
denotational

sem
antics

for
linear

logic.
B

esides
the

various
form

s
of

gam
es

sem
antics,w

hich
I

have
m

entioned
before,

there
are

also
coherence

spaces
[G

ir87a],w
hich

provide
a

naturalinterpretation
ofproofs

of
linear

logic.
(In

fact,
linear

logic
has

been
discovered

on
the

grounds
of

coherence
spaces.)

In
addition

to
that

there
are

m
any

other
kinds

ofsem
antics

including
B

anach
spaces

[G
ir96]

and
categorical

axiom
atisations

[B
ar91,

See89].
M

uch
of

the
diffi

culty
offinding

a
naturalsem

antics
is

probably
caused

by
the

fact
that

one
has

to
sw

itch
betw

een
various

view
points

in
order

to
grasp

the
intuition

behind
the

various
connectives.

For
exam

ple
the

m
ultiplicative

conjunction
�

is
m

ore
intuitive

from
the

view
point

of
actions

and
resources,

w
hereas

linear
negation

is
m

ore
intuitive

from
the

view
point

ofgam
es.

In
particular,there

is
stillno

form
alsem

antics
that

m
eets

the
intuition

of
resources

as
it

has
been

discussed
in

the
beginning

of
this

section,
although

m
ost

“real-
w

orld
applications”

of
linear

logic
are

based
on

that.
For

exam
ple,

linear
logic

has
been

used
for

specifying
and

verifying
the

T
C

P
/IP

protocols
[Sin99].

I
believe

that
one

reason
for

the
som

ew
hat

experim
ental

stage
of

the
sem

antics
is

that
the

syntax
oflinear

logic
is

rather
underdeveloped

and
not

yet
w

ellenough
understood.

T
his

has
consequences

for
applications

of
linear

logic
in

com
puter

science.
T

he
problem

s
in

the
presentation

of
logic

in
general,

and
of

linear
logic

in
particular,

translate
into

lim
itations

in
the

applicability
of

proof
theory.

C
onsequently,it

is
necessary

to
find

new
presentations

for
linear

logic,
i.e.

to
develop

new
logical

system
s,

that
are

equivalent
to

linear
logic,

but
have

better
proof

theoretical
properties.

P
ositive

evidence
for

this
is,

for
exam

ple,
F
orum

[M
il94,M

il96,H
P

96].
O

n
one

side
F
orum

can
be

seen
as

just
another

presentation
of

linear
logic

(the
set

of
provable

form
ulae

did
not

change),
and

on
the

other
side

F
orum

can
be

seen
as

a
first-class

logic
program

m
ing

language
because

uniform
proofs

are
com

plete
for

it.
In

particular,
it

is
the

only
logic

program
m

ing
language

that
can

m
odel

the
concept

of
state

in
a

natural
w

ay
and

can
incorporate

sim
ple

notions
of

concurrency.
It

has
been

successfully
em

ployed
as

specification
language.

For
exam

ple
in

[C
hi95],

the
sequential

and
pipelined

operationalsem
antics

of
D

L
X

,a
prototypicalR

ISC
processor,w

ere
specified

and
show

n
to

be
equivalent.

In
the

sam
e

w
ork,

F
orum

is
used

for
specifying

m
any

of
the

im
perative

features
of

Standard
M

L
,

like
assignable

variables
and

exceptions,
and

for
proving

equivalences
of

code
phrases.

B
esides

that,
it

can
be

argued
that

for
m

any
applications

in
com

puter
science

linear
logic

is
too

sim
ple.

In
particular

from
the

view
point

of
concurrency

this
is

not
far-fetched.

C
om

pared
to

the
rich

syntax
of

process
algebras

like
C
C
S

or
the

π-calculus
[M

il01],
the

syntactic
possibilities

of
linear

logic
seem

quite
poor.

H
ow

ever,
there

exist
prelim

inary
results

show
ing

that
a

relation
betw

een
process

algebras
and

logical
system

s
can

be
estab-

lished
[M

il92,
B

ru02c].
In

order
to

pursue
the

idea
of

using
proof

theoretical
m

ethods
in

concurrency
theory,it

is
therefore

necessary
to

develop
new

logicalsystem
s

that
go

beyond
linear

logic.
L

et
m

e
conclude

this
section

by
stating

the
follow

ing
tw

o
research

problem
s

w
hich

I
consider

im
portant

and
w

hich
have

im
plicitly

already
been

m
entioned.

(1)
F

ind
better

syntactic
presentations

for
linear

logic.
M

ore
precisely,

design
new

log-
ical

system
s

that
are

logically
equivalent

to
linear

logic
and

that
have

better
proof

theoretical
properties.

T
his

m
eans,in

particular,that
they

should
better

express
the
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⊥
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d
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=

(A
⊥

�
B

⊥
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w
he

re
�

is
ca

lle
d

ad
di

ti
ve

di
sj
un

ct
io

n
an

d
�

is
ca

lle
d

m
ul

ti
pl

ic
at

iv
e

di
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un
ct

io
n.

In
th

e
ex

am
pl

e
ab
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e,

A
�

B
�

C
w

ou
ld

ha
ve

th
e

in
tu

it
iv

e
m

ea
ni

ng
th

at
th

e
cu

st
om

er
ge

ts
ei

th
er

th
e

br
ea

d
or

th
e

cr
oi

ss
an

t,
bu

t
th

e
ch

oi
ce

is
m

ad
e

by
th

e
sh

op
as

si
st

an
t.

T
he

di
ffe

re
nc

e
be

tw
ee

n
th

e
ad

di
ti

ve
co

nj
un

ct
io

n
�

an
d

th
e

ad
di

ti
ve

di
sj

un
ct

io
n

�
ca

n
al

so
be

ex
pl

ai
ne

d
fr

om
th

e
vi

ew
po

in
t

of
ga

m
es

se
m

an
ti

cs
.

If
a

fo
rm

ul
a

A
�

B
is

co
ns

id
er

ed
,

th
en

pr
op

on
en

t
ca

n
ch

oo
se

on
w

hi
ch

co
ns

ti
tu

en
t

th
e

ga
m

e
or

de
ba

te
is

co
nt

in
ue

d,
an

d
in

th
e

ca
se

of
A

�
B

,
th

e
op

po
ne

nt
ha

s
th

e
ch

oi
ce

[B
la

92
,

B
la

96
].

C
on

se
qu

en
tl

y,
a

w
in

ni
ng

st
ra

te
gy

fo
r

A
�

B
co

ns
is

ts
of

a
pa

ir
of

w
in

ni
ng

st
ra

te
gi

es
,

on
e

fo
r

A
an

d
on

e
fo

r
B

;a
nd

a
w

in
ni

ng
st

ra
te

gy
fo

r
A

�
B

co
ns

is
ts

of
a

w
in

ni
ng

st
ra

te
gy

,
ei

th
er

fo
r

A
or

fo
r

B
,

to
ge

th
er

w
it

h
an

in
di

ca
ti

on
w

he
th

er
it

is
fo

r
A

or
fo

r
B

.
T

he
m

ul
ti

pl
ic

at
iv

e
di

sj
un

ct
io

n
�

ca
n

be
in

te
rp
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te

d
as

pl
ay

in
g

tw
o

ga
m

es
in

pa
ra

lle
l,

w
he

re
pr

op
on

en
t

ha
s

to
w

in
on

e
of

th
em

.
W

it
h

th
is

in
te

rp
re

ta
ti

on
in

m
in

d,
it

ca
n

be
in

tu
it

iv
el

y
ex

pl
ai

ne
d

w
hy

th
e

fo
rm

ul
a

A
�

A
⊥

is
pr

ov
ab

le
:

T
he

pr
op

on
en

t
in

th
e

ga
m

e
fo

r
A

�
A

⊥
pl

ay
s

si
m

ul
ta

ne
ou

sl
y

tw
o

co
pi

es
of

th
e

ga
m

e
A

,
on

e
as

pr
op

on
en

t
an

d
on

e
as

op
po

ne
nt

.
T

he
w

in
ni

ng
st

ra
te

gy
is

th
e

fo
llo

w
in

g:
P

ro
po

ne
nt

co
pi

es
in

ea
ch

ga
m

e
th

e
m

ov
e

of
hi

s
ad

ve
rs

ar
y

in
th

e
ot

he
r

ga
m

e.
T

he
n

he
ce

rt
ai

nl
y

w
in

s
in

ex
ac

tl
y

on
e

of
th

e
tw

o
ga

m
es

(i
t

is
as

su
m

ed
th

at
ev

er
y

ga
m

e
is

fin
it

e
an

d
ha

s
a

w
in

ne
r)

.
A

no
th

er
po

ss
ib

le
in

tu
it

io
n

fo
r

lin
ea

r
lo

gi
c

co
m

es
fr

om
co

nc
ur

re
nc

y,
w

he
re

A
�

B
ca

n
be

se
en

as
pa

ra
lle

l
co

m
po

si
ti

on
of

pr
oc

es
se

s
A

an
d

B
,

th
at

ca
n

co
m

m
un

ic
at

e.
T

he
ad

di
ti

ve
di

sj
un

ct
io

n
�

is
th

en
in

te
rp

re
te

d
as

ch
oi

ce
op

er
at

or
.

In
th

is
co

nt
ex

t,
lin

ea
r

ne
ga

ti
on

re
pr

e-
se

nt
s

th
e

du
al

it
y

be
tw

ee
n

in
pu

t
an

d
ou

tp
ut

.
T

he
fo

rm
ul

a
A

�
A

⊥
ca

n
th

en
be

in
te

rp
re

te
d

as
tw

o
pa

ra
lle

lp
ro

ce
ss

es
,o

ne
se

nd
in

g
m

es
sa

ge
A

an
d

th
e

ot
he

r
re

ce
iv

in
g

it
.

T
he

pr
ov

ab
ili

ty
of

A
�

A
⊥

re
se

m
bl

es
th

e
tr

an
si

ti
on

a
|ā
→

0,
as

it
oc

cu
rs

in
pr

oc
es

s
al

ge
br

as
lik

e
C
C
S

[M
il8

9]
.

L
in

ea
r

lo
gi

c
al

so
ha

s
tw

o
m

od
al

it
ie

s
(c

al
le

d
ex

po
ne

nt
ia
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),

de
no

te
d

by
!

an
d
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w

hi
ch

ar
e

du
al

to
ea

ch
ot

he
r.

T
he

fo
rm

ul
a

!C
m

ea
ns

th
at

C
ca

n
be

us
ed

an
ar

bi
tr

ar
y

nu
m

be
r

of
ti

m
es

in
si

de
a

pr
oo

f.
In

th
e

ex
am

pl
e

sh
ow

n
ab

ov
e,

th
e

fo
rm

ul
a

!C
w

ou
ld

ex
pr

es
s

an
in

fin
it

e
su

pp
ly

of
cr

oi
ss

an
ts

.
In

su
m

m
ar

is
in

g,
on

e
ca

n
sa

y
th

at
lin

ea
r

lo
gi

c
is

ab
le

to
na

tu
ra

lly
ex

pr
es

s
ce

rt
ai

n
ph

e-
no

m
en

a
th

at
oc

cu
r

in
co

m
pu

te
r

sc
ie

nc
e.

T
he

pr
ob

ab
ly

m
os

t
si

gn
ifi

ca
nt

as
pe

ct
of

lin
ea

r
lo

gi
c

is
th

at
th

e
co

nc
ep

ts
of

re
so

ur
ce

co
ns

ci
ou

sn
es

s
an

d
du

al
it

y
ar

e
co

m
bi

ne
d

in
a

si
ng

le
co

he
re

nt
lo

gi
ca

l
sy

st
em

th
at

ha
s

th
e

cu
t

el
im

in
at

io
n

pr
op

er
ty

.
In

fa
ct

,
th

e
in

tr
od

uc
ti

on
of

lin
ea

r
lo

gi
c

le
d

to
a

co
ns

id
er

ab
le

in
cr

ea
se

of
re

se
ar

ch
in

pr
oo

f
th

eo
ry

an
d

it
s

ap
pl

ic
at

io
n

to
co

m
pu

te
r

sc
ie

nc
e.

O
ne

ho
pe

is
,

fo
r

ex
am

pl
e,

to
co

nc
ei

ve
a

co
m

pu
ta

ti
on

al
m

od
el

(l
ik

e
th

e
λ

-c
al

cu
lu

s)
,

th
at

is
ba

se
d

on
lin

ea
r

lo
gi

c,
in

th
e

sa
m

e
w

ay
as

th
e

λ
-c

al
cu

lu
s

is
ba

se
d

on
in

tu
it

io
ni

st
ic

lo
gi

c
[W

ad
91

,W
ad

92
,

M
O

T
W

95
,B

W
96

].

A
ck

n
o
w

le
d
g
em

en
ts

I
am

pa
rt

ic
ul

ar
ly

in
de

bt
ed

to
A

le
ss

io
G

ug
lie

lm
i.

W
hi

th
ou

t
hi

s
ad

vi
ce

an
d

gu
id

an
ce

th
is

th
es

is
w

ou
ld

no
t

ha
ve

be
en

w
ri

tt
en

.
H

e
aw

ok
e

m
y

in
te

re
st

fo
r

th
e

fa
sc

in
at

in
g

fie
ld

of
pr

oo
f

th
eo

ry
an

d
in

tr
od

uc
ed

m
e

to
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
.

I
be

ne
fit

ed
fr

om
m

an
y

fr
ui

tf
ul

an
d

in
sp

ir
in

g
di

sc
us

si
on

s
w

it
h

hi
m

,a
nd

in
de

sp
er

at
e

si
tu

at
io

ns
he

en
co

ur
ag

ed
m

e
to

ke
ep

go
in

g.
H

e
al

so
pr

ov
id

ed
m

e
w

it
h

hi
s

T E
X

m
ac

ro
s

fo
r

ty
pe

se
tt

in
g

de
ri

va
ti

on
s.

I
am

gr
at

ef
ul

to
St

eff
en

H
öl

ld
ob

le
r

fo
r

ac
ce

pt
in

g
th

e
su

pe
rv

is
io

n
of

th
is

th
es

is
an

d
fo

r
pr

ov
id

in
g

id
ea

l
co

nd
it

io
ns

fo
r

do
in

g
re

se
ar

ch
.

H
e

al
so

m
ad

e
m

an
y

he
lp

fu
l

su
gg

es
ti

on
s

fo
r

im
pr

ov
in

g
th

e
re

ad
ab

ili
ty

.
I
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ob
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ed
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Fr
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ço

is
L
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ar

ch
e

an
d

H
or
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R

ei
ch

el
fo

r
ac

ce
pt

in
g

to
be
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fe
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.
I

w
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lik

e
to

th
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k
K
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rü
nn

le
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P
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ru
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ol
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C
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St
ew
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d

A
lw

en
T

iu
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y

fr
ui

tf
ul
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sc

us
si
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du
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ng
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e
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st

th
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e
ye

ar
s.
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pa

rt
ic
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ar
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th
an

kf
ul

to
K

ai
B

rü
nn

le
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st

ru
gg
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g

hi
m

se
lf

th
ro

ug
h
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pr

el
im

in
ar
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ve

rs
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an
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m
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fu
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om
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.
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e
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th

an
k

C
la

us
Jü
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.

T
hi

s
th

es
is

w
ou

ld
no

t
ex

is
t

w
it

ho
ut

th
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1.2.

L
in

ear
L
ogic

5

D
espite

the
success

that
classicaland

intuitionistic
logic

have
in

m
any

areas
ofcom

puter
science,they

have
certain

lim
itations

that
prevent

them
from

dealing
naturally

w
ith

certain
aspects

of
com

puter
science,

as
they

occur,
for

instance,
in

concurrency
theory

and
in

artificialintelligence.
E

xam
ples

of
these

lim
itations

are
their

lack
ofresource

consciousness
and

the
inability

ofdealing
w

ith
noncom

m
utativity.

For
that

reason,linear
logic

and
several

other,
so

called
substructural

logics
are

being
investigated.

1
.2

L
in

ear
L
o
g
ic

L
inear

logic
has

been
conceived

by
J.-Y

.
G

irard
as

a
refinem

ent
of

intuitionistic
logic

[G
ir87a].

T
he

tw
o

m
ain

novelties
of

linear
logic

are
its

resource
consciousness

and
its

notion
of

duality,w
hich

is
represented

by
linear

negation
,

denoted
by

(·) ⊥
.

R
esource

consciousness
m

eans
that

it
m

atters
how

often
a

hypothesis
is

used
inside

a
proof.

In
particular,there

are
tw

o
possible

conjunctions
in

linear
logic.

P
roving

A
“and”

B
from

som
e

hypotheses
Φ

can
m

ean,
either

that
the

hypotheses
have

to
be

shared
betw

een
the

proofs
of

A
and

B
,

or
that

both
proofs

have
access

to
all

of
Φ

.
T

he
form

er,
w

ritten
as

A
�

B
,

is
called

m
ultiplicative

conjunction
,

and
the

latter,
w

ritten
as

A
�

B
,

is
called

additive
conjunction

.
T

he
corresponding

proofrules
are

(in
the

one-sided
sequent

calculus):

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

and
�

A
,Φ

�
B

,Φ
�

�
A

�
B

,Φ
.

T
he

notion
ofresource

consciousness
has

also
been

studied
in

artificialintelligence,in
the

area
of

planning
[B

ib86,
H

S90],
w

here
actions

consum
e

and
create

resources.
T

he
relation

betw
een

planning
and

a
sm

allfragm
ent

of
linear

logic
has

been
investigated

in
[G

H
S96].

A
m

ore
recent

w
ork

on
the

use
of

linear
logic

for
planning

problem
s

is
[K

V
01].

A
n

exam
ple

from
the

area
of

planning
can

be
used

for
better

illustrating
the

difference
betw

een
the

tw
o

disjunctions.
Ifw

e
let

A
stand

for
having

�

1
and

B
for

having
one

loaf
of

bread
and

C
for

having
one

croissant,then
A
�

B
can

be
used

to
say

that
w

ith

�

1
one

can
buy

a
loafofbread

at
the

bakery,and
sim

ilarly,
A
�

C
can

be
interpreted

as
spending

�

1
for

buying
a

croissant.
T

hen
A
�

B
�

C
is

not
provable

because
the

m
oney

can
be

spent
only

for
one

item
.

O
ne

w
ould

need

�

2
to

buy
both,

bread
and

croissant,
i.e.

A
�

A
�

B
�

C
.

H
ow

ever,w
e

have
that

A
�

B
�

C
,w

ith
the

m
eaning

that
w

ith

�

1
one

can
buy

one
of

the
tw

o
item

s
and

the
custom

er
can

choose
w

hich
he

w
ants.

A
lthough

such
exam

ples
can

help
to

get
som

e
intuition

for
the

different
connectives—

a
sim

ilar
exam

ple
has

been
used

by
J.-Y

.G
irard

in
[G

ir96]—
the

reader
should

be
w

arned
that

these
exam

ples
are

m
isleading

in
the

sense
that

they
give

a
w

rong
idea

of
w

hat
linear

logic
is

about.
In

his
recent

w
ork

[G
ir01,

p.
399],

J.-Y
.

G
irard

gives
a

m
ore

refined
elaboration

on
the

relation
betw

een
his

w
ork

and
the

area
of

artificial
intelligence.

Sim
ilar

to
intuitionistic

logic,
linear

logic
is

not
based

on
the

a
priori

existence
of

truth
values,

but
it

has
a

truth
value

sem
antics,

w
hich

is
given

by
phase

spaces
[G

ir87a,
L

af97].
From

a
proof

theoretical
view

point,
(denotational)

sem
antics

for
proofs

are
m

ore
interesting.

T
his

m
eans

that
the

sem
antics

does
not

ask
the

question
“W

hen
is

A
true?”

but
“W

hat
is

a
proof

of
A

?”
[G

LT
89].

A
n

exam
ple

ofsuch
a

sem
antics

is
gam

es
sem

antics
[B

la92,B
la96,A

J94,H
O

93,L
am

95,
L

am
96,L

S91],w
here

form
ulae

are
interpreted

as
tw

o-person
gam

es,
or

debates.
W

hile
the
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1.

In
tr

o
d
u
ct

io
n

Fo
r

ex
am

pl
e

in
in

tu
it

io
ni

st
ic

lo
gi

c,
th

e
cu

t
ru

le
is

of
th

e
fo

llo
w

in
g

fo
rm

:

Φ
�

A
Φ

,A
�

B
cu
t

Φ
�

B
.

It
sa

ys
th

at
if

on
e

ca
n

pr
ov

e
A

fr
om

th
e

hy
po

th
es

es
in

Φ
an

d
on

e
ca

n
pr

ov
e

B
fr

om
th

e
hy

po
th

es
es

in
Φ

en
ri

ch
ed

w
it

h
A

,t
he

n
on

e
ca

n
pr

ov
e

B
fr

om
Φ

di
re

ct
ly

.
In

ot
he

r
w

or
ds

,A
is

us
ed

as
au

xi
lia

ry
le

m
m

a
to

pr
ov

e
B

.
A

lo
gi

ca
l

sy
st

em
ha

s
th

e
cu

t
el

im
in

at
io

n
pr

op
er

ty
w

he
n

fo
r

ev
er

y
pr

oo
f

in
th

e
sy

st
em

th
at

us
es

th
e

cu
t

ru
le

,
th

er
e

is
a

pr
oo

f
(w

it
h

th
e

sa
m

e
co

nc
lu

si
on

)
th

at
do

es
no

t
us

e
th

e
cu

t.
In

ot
he

r
w

or
ds

,
cu

t
el

im
in

at
io

n
sa

ys
th

at
th

e
tr

an
si

ti
vi

ty
of

th
e

lo
gi

ca
l

co
ns

eq
ue

nc
e

re
la

ti
on

is
in

so
m

e
w

ay
al

re
ad

y
co

nt
ai

ne
d

in
th

e
ot

he
r

ru
le

s
of

th
e

sy
st

em
.

T
hi

s
ra

th
er

su
rp

ri
si

ng
re

su
lt

ha
s

fir
st

be
en

sh
ow

n
by

G
.

G
en

tz
en

in
[G

en
34

]
fo

r
L
K

an
d
L
J,

w
hi

ch
ar

e
sy

st
em

s
fo

r
cl

as
si

ca
la

nd
in

tu
it

io
ni

st
ic

lo
gi

c,
re

sp
ec

ti
ve

ly
.

A
n

im
po

rt
an

t
co

ns
eq

ue
nc

e
of

cu
t

el
im

in
at

io
n

is
th

e
su

bf
or

m
ul

a
pr

op
er

ty
fo

r
pr

oo
fs

:
If

a
fo

rm
ul

a
A

is
pr

ov
ab

le
,t

he
n

th
er

e
is

a
pr

oo
f

of
A

th
at

co
nt

ai
ns

on
ly

su
bf

or
m

ul
ae

of
A

.
A

no
th

er
co

ns
eq

ue
nc

e
of

cu
t

el
im

in
at

io
n

is
th

e
co

ns
is

te
nc

y
of

th
e

sy
st

em
[G

en
35

].
It

is
im

po
rt

an
t

to
no

te
th

at
cu

t
el

im
in

at
io

n
is

a
ve

ry
fr

ag
ile

pr
op

er
ty

.
T

hi
s

m
ea

ns
th

at
it

ea
si

ly
br

ea
ks

do
w

n
if

a
gi

ve
n

sy
st

em
is

m
od

ifi
ed

.
C

on
se

qu
en

tl
y,

a
co

ns
id

er
ab

le
am

ou
nt

of
pr

oo
f

th
eo

re
ti

ca
l

re
se

ar
ch

is
de

vo
te

d
to

de
si

gn
in

g
lo

gi
ca

l
sy

st
em

s
in

su
ch

a
w

ay
th

at
th

ey
ha

ve
th

e
cu

t
el

im
in

at
io

n
pr

op
er

ty
.

It
sh

ou
ld

be
m

en
ti

on
ed

th
at

th
e

co
ns

tr
uc

ti
on

of
a

cu
t-

fr
ee

pr
oo

f
fr

om
a

pr
oo

f
w

it
h

cu
t

ca
n

ha
ve

a
dr

as
ti

c
im

pa
ct

on
th

e
si

ze
of

th
e

pr
oo

f,
be

ca
us

e
it

ca
n

le
ad

to
a

hy
pe

re
xp

on
en

ti
al

bl
ow

-u
p

of
th

e
pr

oo
f.

T
he

re
is

a
cl

os
e

re
la

ti
on

sh
ip

be
tw

ee
n

th
e

cu
t

el
im

in
at

io
n

pr
oc

ed
ur

e
an

d
pr

oo
f

no
rm

al
-

is
at

io
n

[Z
uc

74
].

T
er

m
in

at
io

n
an

d
co

nfl
ue

nc
e

of
cu

t
el

im
in

at
io

n
en

su
re

te
rm

in
at

io
n

an
d

co
nfl

ue
nc

e,
re

sp
ec

ti
ve

ly
,

of
no

rm
al

is
at

io
n.

In
th

e
ca

se
of

pr
oo

f
se

ar
ch

,
th

e
cu

t
el

im
in

at
io

n
pr

op
er

ty
en

su
re

s
th

at
pr

oo
f

se
ar

ch
ca

n
m

ak
e

pr
og

re
ss

an
d

th
at

w
he

ne
ve

r
th

e
pr

oo
f

se
ar

ch
fa

ils
th

en
th

er
e

is
in

de
ed

no
pr

oo
f.

T
he

pr
op

er
ti

es
of

th
e

fu
nc

ti
on

al
an

d
lo

gi
c

pr
og

ra
m

m
in

g
la

ng
ua

ge
s

de
pe

nd
on

th
e

pr
op

-
er

ti
es

of
th

e
un

de
rl

yi
ng

lo
gi

ca
ls

ys
te

m
s.

In
or

de
r

to
in

cr
ea

se
th

e
va

ri
et

y
an

d
ap

pl
ic

ab
ili

ty
of

th
os

e
la

ng
ua

ge
s,

it
is

th
er

ef
or

e
ne

ce
ss

ar
y

to
de

si
gn

ne
w

lo
gi

ca
l

sy
st

em
s

an
d

to
st

ud
y

th
ei

r
pr

oo
f

th
eo

re
ti

ca
l

pr
op

er
ti

es
.

Fr
om

th
e

be
gi

nn
in

g,
th

e
m

ai
n

so
ur

ce
s

of
ap

pl
ic

at
io

ns
of

pr
oo

ft
he

or
y

to
co

m
pu

te
r

sc
ie

nc
e

w
er

e
cl

as
si

ca
l

an
d

in
tu

it
io

ni
st

ic
lo

gi
c.

W
he

re
as

cl
as

si
ca

l
lo

gi
c

is
ba

se
d

up
on

tr
ut

h
va

lu
es

,
in

tu
it

io
ni

st
ic

lo
gi

c
is

ba
se

d
up

on
pr

oo
fs

.
In

cl
as

si
ca

l
lo

gi
c

th
e

m
ea

ni
ng

of
a

co
nn

ec
ti

ve
is

gi
ve

n
by

ex
pl

ai
ni

ng
ho

w
th

e
tr

ut
h

va
lu

e
of

a
co

m
po

un
d

fo
rm

ul
a

ca
n

be
ob

ta
in

ed
fr

om
th

e
tr

ut
h

va
lu

es
of

th
e

co
ns

ti
tu

en
ts

.
T

hi
s

is
us

ua
lly

do
ne

by
m

ea
ns

of
tr

ut
h

ta
bl

es
.

Fo
r

ex
am

pl
e

th
e

co
nj

un
ct

io
n

A
∧

B
is

tr
ue

if
A

is
tr

ue
an

d
B

is
tr

ue
.

Si
m

ila
rl

y,
th

e
im

pl
ic

at
io

n
A
⇒

B
is

tr
ue

if
A

is
fa

ls
e

or
B

is
tr

ue
.

In
tu

it
io

ni
st

ic
lo

gi
c

is
no

t
ba

se
d

on
th

e
a

pr
io

ri
ex

is
te

nc
e

of
tr

ut
h

va
lu

es
(a

lt
ho

ug
h

it
is

po
ss

ib
le

to
gi

ve
a

tr
ut

h
va

lu
es

se
m

an
ti

cs
fo

r
it

,
fo

r
ex

am
pl

e,
vi

a
H

ey
ti

ng
al

ge
br

as
or

K
ri

pk
e

fr
am

es
).

In
in

tu
it

io
ni

st
ic

lo
gi

c
th

e
m

ea
ni

ng
of

a
co

nn
ec

ti
ve

is
gi

ve
n

by
de

sc
ri

bi
ng

ho
w

a
pr

oo
fo

ft
he

co
m

po
un

d
fo

rm
ul

a
ca

n
be

ob
ta

in
ed

fr
om

pr
oo

fs
of

th
e

co
ns

ti
tu

en
ts

.
Fo

r
ex

am
pl

e
a

pr
oo

f
of

th
e

co
nj

un
ct

io
n

A
∧B

co
ns

is
ts

of
a

pa
ir

of
pr

oo
fs

,
on

e
fo

r
A

an
d

on
e

fo
r

B
.

Si
m

ila
rl

y,
a

pr
oo

fo
f

th
e

im
pl

ic
at

io
n

A
⇒

B
co

ns
is

ts
of

a
fu

nc
ti

on
m

ap
pi

ng
a

pr
oo

f
of

A
to

a
pr

oo
f

of
B

.
T

hi
s

is
kn

ow
n

as
B

ro
uw

er
-H

ey
ti

ng
-K

ol
m

og
or

ov
in

te
rp

re
ta

ti
on

[B
ro

24
,H

ey
34

,K
ol

32
].

T
a
b
le

o
f
C
o
n
te

n
ts

A
ck

n
o
w

le
d
g
em

en
ts

iii

T
a
b
le

o
f
C
o
n
te

n
ts

v

L
is
t

o
f
F
ig

u
re

s
vi

i

1
In

tr
o
d
u
ct

io
n

1
1.

1
P

ro
of

T
he

or
y

an
d

D
ec

la
ra

ti
ve

P
ro

gr
am

m
in

g
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
1

1.
2

L
in

ea
r

L
og

ic
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
5

1.
3

N
on

co
m

m
ut

at
iv

it
y

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

8
1.

4
T

he
C

al
cu

lu
s

of
St

ru
ct

ur
es

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
9

1.
5

Su
m

m
ar

y
of

R
es

ul
ts

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
12

1.
6

O
ve

rv
ie

w
of

C
on

te
nt

s
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
15

2
L
in

ea
r
L
o
g
ic

a
n
d

th
e

S
eq

u
en

t
C
a
lc

u
lu

s
1
7

2.
1

Fo
rm

ul
ae

an
d

Se
qu

en
ts

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

17
2.

2
R

ul
es

an
d

D
er

iv
at

io
ns

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

18
2.

3
C

ut
E

lim
in

at
io

n
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

22
2.

4
D

is
cu

ss
io

n
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

24

3
L
in

ea
r
L
o
g
ic

a
n
d

th
e

C
a
lc

u
lu

s
o
f
S
tr

u
ct

u
re

s
2
5

3.
1

St
ru

ct
ur

es
fo

r
L

in
ea

r
L

og
ic

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
25

3.
2

R
ul

es
an

d
D

er
iv

at
io

ns
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
28

3.
3

E
qu

iv
al

en
ce

to
th

e
Se

qu
en

t
C

al
cu

lu
s

Sy
st

em
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
36

3.
4

C
ut

E
lim

in
at

io
n

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
41

3.
4.

1
Sp

lit
ti

ng
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
44

3.
4.

2
C

on
te

xt
R

ed
uc

ti
on

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

68
3.

4.
3

E
lim

in
at

io
n

of
th

e
U

p
Fr

ag
m

en
t

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

72
3.

5
D

is
cu

ss
io

n
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

80

4
T

h
e

M
u
lt
ip

lic
a
ti
ve

E
xp

o
n
en

ti
a
l
F
ra

g
m

en
t

o
f
L
in

ea
r
L
o
g
ic

8
3

4.
1

Se
qu

en
ts

,S
tr

uc
tu

re
s

an
d

R
ul

es
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

83
4.

2
P

er
m

ut
at

io
n

of
R

ul
es

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
86

4.
3

D
ec

om
po

si
ti

on
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
96

4.
3.

1
C

ha
in

s
an

d
C

yc
le

s
in

D
er

iv
at

io
ns

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

10
0

4.
3.

2
Se

pa
ra

ti
on

of
A

bs
or

pt
io

n
an

d
W

ea
ke

ni
ng

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
12

0
4.

4
C

ut
E

lim
in

at
io

n
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

12
9

4.
5

In
te

rp
ol

at
io

n
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

13
9

v



vi
T
ab

le
of

C
on

ten
ts

4.6
D

iscussion
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

141

5
A

L
o
ca

l
S
ystem

fo
r
L
in

ear
L
o
g
ic

1
4
3

5.1
L

ocality
via

A
tom

icity
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
143

5.2
R

ules
and

C
ut

E
lim

ination
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

145
5.3

D
ecom

position
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
151

5.3.1
Separation

of
A

tom
ic

C
ontraction

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
152

5.3.2
Separation

of
A

tom
ic

Interaction
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
160

5.3.3
L

azy
Separation

of
T

hinning
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
167

5.3.4
E

ager
Separation

of
A

tom
ic

T
hinning

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
173

5.4
D

iscussion
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

177

6
M

ix
a
n
d

S
w

itch
1
7
9

6.1
A

dding
the

R
ules

M
ix

and
N

ullary
M

ix
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
179

6.2
T

he
Sw

itch
R

ule
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

185
6.3

D
iscussion

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
195

7
A

N
o
n
co

m
m

u
ta

tive
E
xten

sio
n

o
f
M

E
L
L

1
9
7

7.1
Structures

and
R

ules
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

198
7.2

D
ecom

position
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
202

7.2.1
P

erm
utation

of
R

ules
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
204

7.2.2
C

ycles
in

D
erivations

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
209

7.3
C

ut
E

lim
ination

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
215

7.3.1
Splitting

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

215
7.3.2

C
ontext

R
eduction

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

224
7.3.3

E
lim

ination
of

the
U

p
Fragm

ent
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
226

7.4
T

he
U

ndecidability
of

System
N

E
L

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
231

7.4.1
T

w
o

C
ounter

M
achines

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
232

7.4.2
E

ncoding
T

w
o

C
ounter

M
achines

in
N

E
L

Structures
.

.
.

.
.

.
.

.
.

233
7.4.3

C
om

pleteness
of

the
E

ncoding
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

235
7.4.4

Som
e

Facts
about

System
B

V
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
236

7.4.5
Soundness

of
the

E
ncoding

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
241

7.5
D

iscussion
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

248

8
O

p
en

P
ro

b
lem

s
2
4
9

8.1
Q

uantifiers
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
249

8.2
A

G
eneral

R
ecipe

for
D

esigning
R

ules
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

250
8.3

T
he

R
elation

betw
een

D
ecom

position
and

C
ut

E
lim

ination
.

.
.

.
.

.
.

.
.

251
8.4

C
ontrolling

the
N

ondeterm
inism

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

252
8.5

T
he

E
quivalence

betw
een

System
B

V
and

P
om

set
L

ogic
.

.
.

.
.

.
.

.
.

.
.

252
8.6

T
he

D
ecidability

of
M

E
L

L
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
253

8.7
T

he
E

quivalence
of

P
roofs

in
the

C
alculus

of
Structures

.
.

.
.

.
.

.
.

.
.

.
253

B
ib

lio
g
ra

p
h
y

2
5
5

In
d
ex

2
6
3

1.1.
P

ro
of

T
h
eory

an
d

D
eclarativ

e
P

rogram
m

in
g

3

O
ne

exam
ple

ofa
logic

program
m

ing
language

is
(pure)

P
rolog,w

hich
is

based
on

the
H

orn
fragm

ent
of

classical
logic.

H
ow

ever,
H

orn
clauses

are
not

able
to

support
concepts

like
m

odular
program

m
ing

or
abstract

data
types,w

hich
are

com
m

on
in

m
odern

program
m

ing
languages.

For
that

reason,
pure

P
rolog

has
been

extended
in

several
w

ays.
T

here
are

essentially
three

possible
approaches

to
do

so
[M

N
P

S91].
T

he
first

is
to

m
ix

concepts
of

other
program

m
ing

languages
into

H
orn

clauses,
and

the
second

is
to

extend
a

given
interpreter

by
certain

nonlogical
prim

itives
that

provide
aspects

of
the

m
issing

features.
T

he
third

approach
is

to
extend

the
underlying

logic
to

provide
a

logical
basis

for
the

m
issing

m
echanism

s.
T

his
raises

the
question

in
w

hat
w

ay
the

logic
should

be
extended.

T
he

solution
m

ust
be

found
som

ew
here

betw
een

the
tw

o
extrem

es
of

H
orn

logic,
w

hich
is

w
eak

but
proof

search
can

be
im

plem
ented

effi
ciently,

and
full

first-order
or

higher-order
logic,

for
w

hich
an

all-purpose
theorem

prover
has

to
serve

as
interpreter.

H
ere,

the
proof

theoreticalconcept
ofuniform

provability
[M

N
P

S91]provides
a

criterion
for

judging
w

hether
a

given
logical

system
is

an
adequate

basis
for

a
logic

program
m

ing
language.

A
uniform

proof
is

a
proof

that
can

be
found

by
a

goal-directed
search,

i.e.
the

logical
connectives

in
the

goal
form

ula
are

interpreted
as

search
instructions.

A
lthough

the
first

tw
o

approaches
lead,

in
general,

to
an

im
m

ediate
and

effi
cient

ex-
tension

of
the

language,
they

have
the

disadvantage
of

cluttering
up

the
sem

antics
and

of
obscuring

the
declarative

reading
of

the
program

s
[M

N
P

S91].
T

he
third

approach
m

ight
not

im
m

ediately
lead

to
an

effi
cient

solution,as
the

other
tw

o
do,but

it
has

the
advantage

that
the

extended
language

still
has

a
clear

sem
antics.

T
hrough

the
notion

of
uniform

proof,
proof

theory
can

help
to

design
logic

program
-

m
ing

languages
that

are
capable

of
supporting

features
like

abstract
data

types
w

ithout
com

prom
ising

the
pure

declarative
paradigm

.
A

n
exam

ple
of

such
a

language
is

λP
rolog

[M
N

88,M
il95],w

hich
is

based
on

higher-order
hereditary

H
arrop

form
ulae

[M
N

P
S91].

T
heir

m
ain

extension
w

ith
respect

to
H

orn
logic

is
that

im
plication

and
quantification

is
allow

ed
in

the
body

of
definite

clauses,and
that

quantification
over

predicates
is

possible.
λP

rolog
supports

m
odular

program
m

ing,abstract
data

types
and

higher-order
program

m
ing.

H
aving

a
pure

declarative
paradigm

is
not

only
im

portant
for

having
a

clear
sem

antics,
it

also
plays

a
role

w
hen

security
issues

are
under

consideration.
A

n
exam

ple
is

the
concept

of
proof-carrying

code,
w

here
the

program
carries

a
proof

of
its

ow
n

correctness.

T
he

proof
theoretical

foundations
for

both
paradigm

s
are

provided
by

the
cut

elim
ination

property,w
hich

is
one

ofthe
m

ost
fundam

entalconcepts
ofprooftheory.

T
he

notion
ofcut

elim
ination

is
tightly

connected
to

the
sequent

calculus
[G

en34],w
hich

is
a

prooftheoretical
form

alism
for

presenting
logical

system
s

by
specifying

their
proof

rules.
For

exam
ple

the
rule

Φ
�

A
Φ
�

B
∧

Φ
�

A
∧

B

says
that

if
one

has
a

proof
of

A
from

hypotheses
Φ

and
a

proof
of

B
from

hypotheses
Φ

,
then

one
can

obtain
a

proof
of

A
∧

B
from

the
sam

e
hypotheses.

T
his

rule
exhibits

an
im

portant
property

that
rules

in
the

sequent
calculus

usually
have:

the
prem

ises
of

a
rule

contain
only

subform
ulae

of
the

conclusion.
T

his
is

called
the

subform
ula

property.
T

he
only

(propositional)
rule

that
does

not
have

this
property

is
the

cut
rule.

T
he

precise
shape

of
the

cut
rule

varies
from

logical
system

to
logical

system
,

but
it

alw
ays

expresses
the

transitivity
of

the
logical

consequence
relation,

i.e.
it

allow
s

to
use

lem
m

ata
inside

a
proof.
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P
ro

o
f
T

h
eo

ry
a
n
d

D
eclara

tive
P
ro

g
ra

m
m

in
g

P
roof

theory
is

the
area

of
m

athem
atics

w
hich

studies
the

concepts
of

m
athem

atical
proof

and
m

athem
atical

provability
[B

us98].
It

is
m

ainly
concerned

w
ith

the
form

al
syntax

of
logical

form
ulae

and
the

syntactic
presentations

of
proofs,

and
can

therefore
be

regarded
as

“logic
from

the
syntactic

view
point”

[G
ir87b].

A
n

im
portant

topic
of

research
in

proof
theory

is
the

relation
betw

een
finite

and
infinite

ob
jects.

In
other

w
ords,

proof
theory

investigates
how

infinite
m

athem
aticalob

jects
are

denoted
by

finite
syntactic

constructions,
and

how
facts

concerning
infinite

structures
are

proved
by

finite
proofs.

A
nother

im
portant

question
of

proof
theoretical

research
is

the
investigation

of
intuitive

proofs
[K

re68].
M

ore
precisely,not

only
the

study
of

a
given

form
alsystem

is
of

interest,but
also

the
analysis

of
the

intuitive
proofs

and
the

choice
of

the
form

al
system

s
needs

attention.
T

hese
generalquestions

of
research

are
not

the
only

ones
that

are
investigated

in
proof

theory,but
they

are
the

m
ost

im
portant

ones
for

the
application

ofprooftheory
in

com
puter

science
in

general,
and

in
declarative

program
m

ing
in

particular.
B

y
restricting

itself
to

finitary
m

ethods,prooftheory
studies

the
ob

jects
that

com
puters

(w
hich

are,per
se,finite)

can
deal

w
ith.

In
declarative

program
m

ing
the

intention
is

to
describe

w
hat

the
user

w
ants

to
achieve,

rather
than

how
the

m
achine

is
accom

plishing
it.

B
y

concerning
itself

w
ith

the
relation

betw
een

intuitive
proofs

and
form

al
system

s,
proof

theory
can

help
to

design
declarative

program
m

ing
languages

in
such

a
w

ay
that

the
com

putation
of

the
m

achine
m

eets
the

intuition
of

the
user.

T
his

rather
high

levelargum
entation

is
m

ade
explicit

and
put

on
form

algrounds
by

the
tw

o
proof

theoretical
concepts

of
proof

norm
alisation

(or
proof

reduction
)

and
proof

search
(or

proof
construction

),
w

hich
provide

the
theoretical

foundations
for

the
tw

o
declarative

program
m

ing
paradigm

s
of

functional
program

m
ing

and
logic

program
m

ing,
respectively.

P
ro

of
n
orm

alisation
an

d
fu

n
ction

al
p
rogram

m
in

g.
T

he
relation

betw
een

the
func-

tional
program

m
ing

paradigm
and

proof
theory

is
established

by
the

C
urry-H

ow
ard-iso-

m
orphism

[C
F

58,H
ow

80,T
ai68],

w
hich

identifies
form

al
logical

system
s,

as
they

are
stud-

ied
in

proof
theory,

w
ith

com
putational

system
s,

as
they

are
studied

in
type

theory.
M

ore
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1.
In

tro
d
u
ction

O
n

a
technical

level,
the

m
ain

difference
is

that
inference

rules
do

not
operate

on
se-

quents,w
hich

are
sets,m

ultisets
or

lists
ofform

ulae,buton
structures,w

hich
are

equivalence
classes

of
form

ulae.
Structures

can
be

seen
as

interm
ediate

expressions
betw

een
form

ulae
and

sequents.
T

hey
are

built
from

atom
ic

expressions
via

various
syntactic

constructions
as

it
is

usually
done

for
form

ulae,and
they

are
sub

ject
to

law
s

like
associativity

or
com

m
uta-

tivity
as

usually
im

posed
on

sequents.
Such

a
notion

ofstructure
first

occurs
in

N
.B

elnap’s
display

logic
[B

el82]
and

is
established

in
the

tradition
of

philosophical
and

substructural
logics

[R
es00].

H
ow

ever,an
im

portant
difference

is
that

in
the

calculus
of

structures,struc-
tures

are
the

only
kind

of
expression

allow
ed.

T
hey

are
built

from
atom

s
and

not
from

form
ulae

as
in

[B
el82,

R
es00].

A
s

a
consequence,

binary
connectives

disappear
and

there
is

no
longer

a
difference

betw
een

logical
rules

and
structural

rules.
A

ll
rules

(apart
from

identity
and

cut)
are

structural
in

the
sense

that
they

rearrange
substructures

inside
a

structure.
In

particular,
the

notion
of

m
ain

connective
loses

its
pivotal

role.
T

he
second

technical
difference

to
the

sequent
calculus

is
that

in
the

calculus
of

struc-
tures

every
rule

has
only

one
prem

ise.
T

his
m

eans
that

there
is

no
branching

in
a

proof.
P

roofs
in

the
calculus

of
structures

are
not

trees
of

instances
of

inference
rules

as
in

the
sequent

calculus,
but

chains
or

sequences
of

instances
of

inference
rules.

O
n

a
m

ore
fundam

ental
level,

the
differences

to
the

sequent
calculus

are
m

ore
drastic.

T
he

calculus
of

structures
draw

s
from

the
follow

ing
basic

principles:

•
D

eep
inference:

Inference
rules

can
be

applied
anyw

here
deep

inside
structures.

•
T
op-dow

n
sym

m
etry:

D
erivations

are
no

longer
trees

but
“superpositions”

of
trees,

w
hich

are
upw

ard-
and

dow
nw

ard-oriented.
T

his
yields

a
top-dow

n
sym

m
etry

for
derivations.

From
a

prooftheoretical
view

point,the
idea

of
deep

inference
did

already
occur

in
[Sch60],

but
the

system
s

presented
there

are
highly

asym
m

etric.
A

w
eak

form
of

deep
inference

is
also

available
in

display
logic

[B
el82],

but
again,

there
is

no
top-dow

n
sym

m
etry

present.
N

evertheless,
it

is
a

substantial
task

for
future

research
to

investigate
the

precise
relation

betw
een

the
calculus

of
structures

and
display

logic.
In

com
puter

science,
the

notion
of

deep
rew

riting
is

w
ell-know

n
from

term
rew

riting
(e.g.

[B
N

98]).
T

he
resem

blance
betw

een
the

calculus
of

structures
and

term
rew

riting
system

s
becom

es
even

m
ore

vivid
w

hen
the

inference
rules

in
the

calculus
of

structures
are

inspected.
U

sually
they

are
of

the
shape

S{T}
ρ

S{R}
,

w
here

prem
ise

and
conclusion

are
structures.

A
structure

S{R}
is

a
structure

context
S{
},

w
hose

hole
is

filled
by

the
structure

R
.

T
he

rule
schem

e
ρ

above
specifies

that
ifa

structure
m

atches
the

conclusion,in
an

arbitrary
context

S{
},it

can
be

rew
ritten

as
in

the
prem

ise,
in

the
sam

e
context

S{
}

(or
vice

versa
if

one
reasons

top-dow
n).

In
the

term
inology

of
term

rew
riting

this
schem

e
describes

a
rew

riting
step

m
odulo

an
equational

theory
(since

structures
are

equivalence
classes

of
form

ulae)
w

here
R

is
the

redex
and

T
the

contractum
.

B
ecause

of
this

resem
blance,the

calculus
of

structures
m

ight
help

to
establish

a
bridge

betw
een

term
rew

riting
and

proof
theory,

in
the

sense
that

results
from

one
area

can
be

applied
to

the
other.

2.3.
C

u
t

E
lim

in
ation

2
3

T
he

cases
for

the
other

rules
are

sim
ilar.

B
ut

it
should

be
noted

that
it

can
happen

that
the

cut
is

duplicated:

� � � � � �
������ Π

1

�
A

,Φ
,C

� � � � � �
������ Π

2

�
B

,Φ
,C

�

�
A

�
B

,Φ
,C

� � � � � �
������ Π

3

�
C

⊥
,Ψ

cu
t

�
A

�
B

,Φ
,Ψ

is
replaced

by

� � � � � �
������ Π

1

�
A

,Φ
,C

� � � � � �
������ Π

3

�
C

⊥
,Ψ

cu
t

�
A

,Φ
,Ψ

� � � � � �
������ Π

2

�
B

,Φ
,C

� � � � � �
������ Π

3

�
C

⊥
,Ψ

cu
t

�
B

,Φ
,Ψ

�

�
A

�
B

,Φ
,Ψ

T
his

can
blow

-up
of

the
proof

exponentially.
T

he
second

type
of

case,
called

key
case,

occurs
w

hen
both

cut
form

ulas
coincide

w
ith

the
principalform

ulae
of

the
tw

o
rules

above
the

cut.
T

hen
the

situation
is

as
follow

s:

� � � � � �
������ Π

1

�
A

,B
,Φ

�

�
A

�
B

,Φ

� � � � � �
������ Π

2

�
A

⊥
,Ψ

� � � � � �
������ Π

3

�
B

⊥
,Σ

�

�
A

⊥
�

B
⊥
,Ψ

,Σ
cu
t

,
�

Φ
,Ψ

,Σ

w
hich

can
be

replaced
by

� � � � � �
������ Π

1

�
A

,B
,Φ

� � � � � �
������ Π

2

�
A

⊥
,Ψ

cu
t

�
B

,Φ
,Ψ

� � � � � �
������ Π

3

�
B

⊥
,Σ

cu
t

.
�

Φ
,Ψ

,Σ

O
bserve

that
the

num
ber

of
cuts

has
increased,but

their
rank

(the
size

of
the

cut
form

ula)
has

decreased.
T

his
is

used
in

an
induction

to
show

the
term

ination
ofthe

w
hole

procedure.
B

ut
there

is
also

the
follow

ing
case:

� � � � � �
������ Π

1

�
A

,?B
1 ,...,?B

n
!�

!A
,?B

1 ,...,?B
n

� � � � � �
������ Π

2

�
?A

⊥
,?A

⊥
,Φ

?c
�

?A
⊥
,Φ

cu
t

,
�

?B
1 ,...,?B

n
,Φ
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e
su

bf
or

m
ul

a
pr

op
er

ty
.

T
ha

t
m

ea
ns

th
at

ev
er

y
de

ri
va

ti
on

th
at

do
es

no
t

us
e

th
e

cu
t

ru
le

do
es

al
so

ha
ve

th
e

su
bf

or
m

ul
a

pr
op

er
ty

,i
.e

.
ea

ch
fo

rm
ul

a
th

at
oc

cu
rs

in
si

de
th

e
de

ri
va

ti
on

is
a

su
bf

or
m

ul
a

of
a

fo
rm

ul
a

oc
cu

rr
in

g
in

th
e

co
nc

lu
si

on
.

A
n

im
po

rt
an

t
co

ns
eq

ue
nc

e
of

th
e

su
bf

or
m

ul
a

pr
op

er
ty

is
th

at
th

e
nu

m
be

r
of

po
ss

ib
ili

ti
es

in
w

hi
ch

a
ru

le
ca

n
be

ap
pl

ie
d

to
a

gi
ve

n
se

qu
en

t
is

fin
it

e.
T

hi
s

is
of

pa
rt

ic
ul

ar
im

po
rt

an
ce

fo
r

pr
oo

fs
ea

rc
h

be
ca

us
e

at
ea

ch
st

ep
th

er
e

is
on

ly
a

fin
it

e
nu

m
be

r
of

po
ss

ib
ili

ti
es

to
co

nt
in

ue
th
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re

th
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ss
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pe
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fo
llo

w
s:

id
�

A
,A

⊥
��

��
��

� �
� �

� �Π

�
A

,Φ
cu
t

is
re

pl
ac

ed
by

�
A

,Φ
��

��
��

� �
� �

� �Π

�
A

,Φ
.

In
or

de
r

to
pe

rm
ut

e
up

an
in

st
an

ce
of

th
e

cu
t,

it
ha

s
to

be
m

at
ch

ed
ag

ai
ns

t
ea

ch
ot

he
r

ru
le

in
th

e
sy

st
em

.
T

he
re

ar
e

tw
o

ty
pe

s
of

ca
se

s:
T

he
fir

st
ty

pe
,

ca
lle

d
co

m
m

ut
at

iv
e

ca
se

,
oc

cu
rs

if
th

e
pr

in
ci

pa
lf

or
m

ul
a

of
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e
of

th
e

tw
o

ru
le

s
ab

ov
e

th
e

cu
t

is
no

t
th

e
cu

t
fo

rm
ul

a.
T

he
n

th
e

si
tu

at
io

n
is

as
fo

llo
w

s:

��
��

��
� �

� �
� �Π

1

�
A

,Φ
��

��
��

� �
� �

� �Π
2

�
B

,Ψ
,C

�

�
A

�
B

,Φ
,Ψ

,C
��

��
��

� �
� �

� �Π
3

�
C

⊥
,Σ

cu
t

.
�

A
�

B
,Φ

,Ψ
,Σ

T
hi

s
ca

n
be

re
pl

ac
ed

by

��
��

��
� �

� �
� �Π

1

�
A

,Φ

��
��

��
� �

� �
� �Π

2

�
B

,Ψ
,C

��
��

��
� �

� �
� �Π

3

�
C

⊥
,Σ

cu
t

�
B

,Ψ
,Σ

�
.

�
A

�
B

,Φ
,Ψ

,Σ
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in
ol

og
y

of
te

rm
re

w
ri

ti
ng

(a
lt

ho
ug

h
it

m
ig

ht
be

po
ss

ib
le

to
tr

an
sl

at
e

so
m

e
sy

st
em

s
in

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

in
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1.
In

tro
d
u
ction

in
the

sequent
calculus

usually
have

w
ould

be
lost.

T
his

m
eans

that
the

m
ain

challenge
in

developing
logical

system
s

in
the

calculus
of

structures
lies

in
designing

the
rules

carefully
enough

such
that

it
is

stillpossible
to

prove
cut

elim
ination

and
to

have
(an

equivalent
of)

the
subform

ula
property.

B
esides

linear
logic

and
a

form
ofnoncom

m
utativity,w

hich
w

illbe
studied

in
this

thesis,
severalother

logicalsystem
s,including

classicallogic
[B

T
01,B

rü03b,B
G

03],m
inim

allogic
[B

rü03c],
several

m
odal

logics
[SS03],

and
cyclic

linear
logic

[G
ia03],

have
been

presented
in

the
calculus

of
structures.

1
.5

S
u
m

m
ary

o
f
R
esu

lts

B
efore

I
sum

m
arise

the
results

that
are

contained
in

this
thesis,

let
m

e
recall

the
three

problem
s

m
entioned

in
Sections

1.2
and

1.3:

(1)
D

esign
new

logical
system

s
that

are
equivalent

to
linear

logic,
but

have
better

proof
theoretical

properties.

(2)
D

esign
new

logical
system

s
that

are
m

ore
expressive

than
linear

logic
(w

ith
respect

to
certain

com
putational

phenom
ena).

(3)
D

evelop
a

proof
theoretical

form
alism

for
presenting

these
new

system
s.

T
he

calculus
of

structures
(w

hich
is

an
outcom

e
of

research
on

the
third

problem
),is

a
good

candidate
for

helping
to

m
ake

progress
on

the
first

tw
o

problem
s

because
of

the
new

proof
theoretical

properties
that

are
associated

to
it.

C
onsequently,

in
this

thesis
I

study
several

logical
system

s
presented

in
the

calculus
of

structures
and

explore
their

properties.
Som

e
of

these
system

s
are

equivalent
to

linear
logic

or
its

fragm
ents

and
others

go
beyond

linear
logic.

T
he

investigation
of

these
system

s
does

not
only

contribute
to

problem
s

(1)
and

(2),but
also

helps
to

establish
the

calculus
ofstructures

as
a

first-class
prooftheoretical

form
alism

.
In

order
to

give
the

reader
som

e
guidance

to
the

follow
ing

description
of

the
m

ajor
results,

I
have

show
n

in
F

igure
1.1

the
m

ost
im

portant
logical

system
s

occurring
in

this
thesis.

A
lthough

not
allof

them
are

m
entioned

in
this

introduction,I
included

them
in

the
figure,in

case
the

reader
w

ishes
to

consult
it

again
later

w
hile

reading
this

w
ork.

T
he

figure
show

s
a

graph,w
here

the
nodes

are
labeled

by
the

nam
es

of
logical

system
s

in
the

calculus
of

structures.
T

he
annotations

in
parentheses

are
the

nam
es

of
the

equivalent
sequent

system
s,

w
here

∅
m

eans
that

there
is

no
sequent

system
.

A
n

arrow
from

one
system

to
another

m
eans

that
the

latter
one

can
be

obtained
from

the
form

er
one

by
adding

w
hat

is
w

ritten
on

the
arrow

.
For

exam
ple
N
E
L

is
obtained

from
B
V

by
adding

the
exponentials.

If
the

arrow
is

solid,then
the

second
system

is
a

conservative
extension

ofthe
first

one
and

if
the

arrow
is

dotted,then
this

is
not

the
case.

For
exam

ple,
L
S

and
L
L
S

are
conservative

extensions
of
E
L
S,

but
E
L
S ◦

is
not.

T
here

are
three

m
ain

results
contained

in
this

thesis:

•
L
in

ear
logic

in
th

e
calcu

lu
s

of
stru

ctu
res.

F
irst,

I
present

system
L
S

in
the

calculus
ofstructures,w

hich
is

equivalent
to

the
traditionalsystem

L
L

for
linear

logic
in

the
sequent

calculus.
System

L
S

is
not

a
“trivial”

translation
of
L
L

,but
naturally

em
ploys

the
new

sym
m

etry
of

the
calculus

of
structures,

and
exhibits

the
m

utual

2.2.
R

u
les

an
d

D
erivation

s
2
1

2.2.8
R

em
ark

T
he

identity
rule

id�
A

,A
⊥

can
be

replaced
by

an
atom

ic
version

id�
a
,a ⊥

w
ithout

affecting
provability.

T
his

can
be

show
n

by
using

an
inductive

argum
ent

for
replac-

ing
each

generalinstance
of

the
identity

rule
by

a
derivation

containing
atom

ic
instances

of
identity

and
som

e
other

rules.
For

exam
ple

if
A

=
B

�
C

w
e

can
replace

id
by

�
B

�
C

,B
⊥

�
C

⊥

id�
B

,B
⊥
id�

C
,C

⊥
�

�
B

�
C

,B
⊥
,C

⊥
�

.
�

B
�

C
,B

⊥
�

C
⊥

H
ow

ever,for
the

cut
rule

such
a

reduction
is

im
possible.

For
exam

ple,
the

instance

�
B

�
C

,Φ
�

B
⊥

�
C

⊥
,Ψ

cu
t

�
Φ

,Ψ

of
the

cut
cannot

be
replaced

by
a

derivation

�
B

�
C

,Φ
�

B
⊥

�
C

⊥
,Ψ

� � � � � � � � � � � � � � �
���������������

�
Φ

,Ψ
,

using
only

atom
ic

cuts,
because

every
atom

ic
cut

branches
the

derivation
tree.

If
w

e
try

for
exam

ple

�
B

,Φ

�
C
�

B
⊥
,C

⊥
,Ψ

cu
t

�
B

⊥
,Ψ

cu
t

,
�

Φ
,Ψ

there
is

no
w

ay
to

bring
the

tw
o

leftm
ost

branches
back

together.

2.2.9
R

em
ark

L
et

m
e

draw
the

attention
ofthe

reader
to

the
follow

ing
w

ell-know
n

fact
regarding

the
connectives

of
linear

logic.
If

w
e

define
a

new
pair

of
connectives

�
′

and
�
′

w
ith

the
sam

e
rules

as
for

the
connectives

�
and

�
:

�
A

,Φ
�

B
,Φ

�
′
�

A
�
′B

,Φ
,

�
A

,Φ
�
′1�

A
�
′B

,Φ
,

�
B

,Φ
�
′2�

A
�
′B

,Φ
,

then
w

e
can

show
that

the
connectives

�
′and

�
,as

w
ell

as
�

and
�
′are

equivalent.
If

w
e

do
the

sam
e

to
the

exponentials,
i.e.

define
tw

o
new

m
odalities

? ′and
! ′by

the
sam

e
rules

as
for

?
and

!,then
there

is
no

possibility
to

show
any

relation
betw

een
!and

! ′,or
betw

een
?

and
? ′.
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st
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se
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th
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re
la

ti
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sh
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tw

ee
n
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e

co
nn
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ti

ve
s

of
lin

ea
r

lo
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c
be

tt
er
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an
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e

se
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t
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.
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re
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re
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w
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-
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1.
In

tro
d
u
ction

substructure.
T

his
m

eans
that

the
am

ount
of

com
putational

resources
(i.e.

tim
e

and
space)

that
is

needed
for

applying
the

rules
is

bounded.
T

his
is

achieved
by

having
only

tw
o

kinds
kinds

of
rules

in
the

system
:

–
E

ither
a

rule
operates

only
on

atom
s,

i.e.
no

generic
structures

are
involved,

–
or

a
rule

only
rearranges

substructures
ofa

structure,w
ithout

duplicating,delet-
ing,

or
com

paring
the

contents
of

a
substructure.

T
his

m
eans

in
particular,

that
there

are
no

rules
like

the
generic

contraction
rule

�
?A

,?A
,Φ

? c
�

?A
,Φ

,

w
hich

requires
to

duplicate
a

form
ula

ofunbounded
size

w
hile

going
up

in
a

derivation.
In

fact,
it

has
been

show
n

in
[B

rü02b]that
in

the
sequent

calculus
it

is
im

possible
to

restrict
contraction

to
an

atom
ic

version.

•
D

ecom
p
osition

.
For

linear
logic

and
its

fragm
ents,

I
show

several
decom

position
theorem

s.
In

general,
decom

position
is

the
property

of
being

able
to

separate
any

given
derivation

or
proofinto

severalphases,each
of

w
hich

consists
of

applications
of

rules
com

ing
from

m
utually

disjoint
fragm

ents
of

a
given

logical
system

.
In

principle,decom
position

is
not

a
new

property
in

prooftheory.
For

exam
ple,in

naturaldeduction
one

can
decom

pose
any

derivation
into

an
‘introduction’phase

and
an

‘elim
ination’phase,and

this
corresponds

to
a

proofin
norm

alform
.

In
the

sequent
calculus,

an
exam

ple
of

a
decom

position
result

is
H

erbrand’s
theorem

that
allow

s
a

separation
betw

een
the

rules
for

the
quantifiers

and
the

rules
for

the
connectives.

B
ut

apart
from

these
rather

sim
ple

consequences
of

norm
alisation

and
cut

elim
ination,

decom
position

does
not

receive
m

uch
attention.

H
ow

ever,
in

the
calculus

of
structures,

decom
position

reaches
an

unprecedented
level

of
detail.

For
exam

ple,
in

the
case

of
m

ultiplicative
exponential

linear
logic

( M
E
L
L

),
it

is
possible

to
separate

seven
disjoint

subsystem
s.

T
he

decom
position

theorem
s

can
be

considered
as

the
m

ost
fundam

ental
results

of
this

thesis,for
the

follow
ing

three
reasons:

–
T

hey
em

body
a

new
kind

of
norm

al
form

for
proofs

and
derivations.

Further-
m

ore,
because

of
the

new
top-dow

n
sym

m
etry

of
the

calculus,
they

are
not

restricted
to

derivations
w

ithout
nonlogicalaxiom

s
(as

it
is

the
case

for
cut

elim
-

ination),but
they

do
hold

for
arbitrary

derivations,w
here

proper
hypotheses

are
present.

–
T

hey
stand

in
a

close
relationship

to
cut

elim
ination.

M
ore

precisely,
cut

elim
i-

nation
can

be
proved

by
using

decom
position.

In
this

case
the

hyperexponential
blow

-up
ofthe

proofis
caused

by
obtaining

the
decom

position
(i.e.a

certain
nor-

m
alform

ofthe
proofin

w
hich

the
cut

is
stillpresent),and

not
by

the
elim

ination
of

the
cut

afterw
ards.

–
T

hey
show

that
the

calculus
of

structures
is

m
ore

pow
erful

than
other

proof
theoretical

form
alism

s
because

it
allow

s
to

state
properties

of
logical

system
s

that
are

not
observable

in
other

form
alism

s.

2.2.
R

u
les

an
d

D
erivation

s
1
9

2.2.2
D

efi
n
ition

A
derivation

∆
in

a
system

S
is

a
tree

w
here

the
nodes

are
sequents

to
w

hich
a

finite
num

ber
(possibly

zero)
ofinstances

ofthe
inference

rules
in

S
are

applied.
T

he
sequents

in
the

leaves
of

∆
are

called
prem

ises,
and

the
sequent

in
the

root
is

the
conclusion

.
A

derivation
w

ith
no

prem
ises

is
a

proof,
denoted

w
ith

Π
.

A
sequent�

Φ
is

provable
in

S
if

there
is

a
proof

Π
w

ith
conclusion

�
Φ

.

Som
etim

es
in

the
discussion

only
the

prem
ises

and
the

conclusion
of

a
derivation

are
of

im
portance.

In
this

case,
a

derivation
in

the
sequent

calculus
is

depicted
in

the
follow

ing
w

ay:
�

Φ
1
···

�
Φ

n

� � � � � � � � � � � � �
������������� ∆

�
Φ

,

w
here

the
sequents�

Φ
1 ,

...,�
Φ

n
are

the
prem

ises
and
�

Φ
is

the
conclusion.

A
proof

is
then

depicted
as

follow
s:

� � � � � � � � � � � � �
������������� Π

�
Φ

.

L
et

m
e

now
inspect

the
rules

for
linear

logic.

2.2.3
D

efi
n
ition

T
he

tw
o

rules

id�
A

,A
⊥

and
�

A
,Φ

�
A

⊥
,Ψ

cu
t

�
Φ

,Ψ

are
called

identity
and

cut,respectively.

T
he

rules
identity

and
cut

form
the

so-called
identity

group.
T

hey
are

of
im

portance
in

m
ost

sequent
calculus

system
s.

T
he

identity
rule

expresses
the

fact
that

from
A

w
e

can
conclude

A
.

T
he

rule
is

necessary
for

observing
proofs

because
it

allow
s

us
to

close
a

branch
in

the
tree.

T
he

cut
rule

expresses
the

transitivity
of

the
logical

consequence
relation

and
is

therefore
necessary

for
using

lem
m

ata
inside

a
proof.

O
pposed

to
the

identity
group

stands
the

so
called

logicalgroup,w
hich

contains
for

each
connective,

m
odality

or
constant

one
or

m
ore

logical
rules.

In
the

case
of

linear
logic,

this
group

is
subdivided

into
the

m
ultiplicative,

additive
and

exponential
groups.

2.2.4
D

efi
n
ition

T
he

m
ultiplicative

group
contains

the
rules

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

,
�

A
,B

,Φ
�

�
A

�
B

,Φ
,

�
Φ

⊥
�
⊥

,Φ
,
1�
1

,

w
hich

are
called

tim
es,par,bottom

,and
one,respectively.

T
he

additive
group

contains
the

rules

�
A

,Φ
�

B
,Φ

�

�
A

�
B

,Φ
,

�
A

,Φ
�

1�
A

�
B

,Φ
,

�
B

,Φ
�

2�
A

�
B

,Φ
,
�
�
�

,Φ
,
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2.
L
in

ea
r

L
og

ic
an

d
th

e
S
eq

u
en

t
C

al
cu

lu
s

w
it
h,

re
sp

ec
ti

ve
ly

)
an

d
th

e
m

od
al

it
ie

s
!a

nd
?

(c
al

le
d

of
-c

ou
rs

e
an

d
w
hy

-n
ot

,
re

sp
ec

ti
ve

ly
).

L
in

ea
r
ne

ga
ti
on

is
th

e
ex

te
ns

io
n

of
th

e
fu

nc
ti

on
(·)

⊥
to

al
lf

or
m

ul
ae

by
D

e
M

or
ga

n
eq

ua
ti

on
s:

(A
�

B
)⊥

:=
A

⊥
�

B
⊥

,
(A

�
B

)⊥
:=

A
⊥

�
B

⊥
,

(A
�

B
)⊥

:=
A

⊥
�

B
⊥

,
(A

�
B

)⊥
:=

A
⊥

�
B

⊥
,

(!
A

)⊥
:=

?A
⊥

,
(?

A
)⊥

:=
!A

⊥
.

L
in

ea
r

im
pl

ic
at

io
n
−◦

is
de

fin
ed

by
A
−◦

B
=

A
⊥

�
B

.

2.
1.

2
R

em
ar

k
I

w
ill

sa
y

fo
rm

ul
a

in
st

ea
d

of
L
L

fo
rm

ul
a

if
no

am
bi

gu
it

y
is

po
ss

ib
le

.
H

ow
ev

er
,

si
nc

e
m

or
e

lo
gi

cs
w

ill
be

di
sc

us
se

d
in

th
is

th
es

is
,

I
w

ill
ha

ve
to

de
fin

e
di

ffe
re

nt
no

ti
on

s
of

fo
rm

ul
a.

T
he

n,
I

w
ill

sa
y
L
L

fo
rm

ul
a

in
or

de
r

to
av

oi
d

am
bi

gu
it

ie
s.

2.
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3
R

em
ar

k
Si

nc
e

fo
r

al
l

at
om

s
w

e
ha

ve
a

=
a
⊥
⊥

,
it

fo
llo

w
s

im
m

ed
ia

te
ly

fr
om

D
ef

-
in

it
io

n
2.

1.
1

(b
y

in
du

ct
io

n
on

fo
rm

ul
ae

an
d

a
ca

se
an

al
ys

is
)

th
at

al
so

A
=

A
⊥
⊥

fo
r

ev
er

y
fo

rm
ul

a
A

.

2.
1.

4
D

efi
n
it

io
n

T
he

co
nn

ec
ti

ve
s

�
an

d
�

,
to

ge
th

er
w

it
h

th
e

co
ns

ta
nt

s
⊥

an
d
1
,

re
-

sp
ec

ti
ve

ly
,a

re
ca

lle
d

m
ul

ti
pl

ic
at

iv
es

.
T

he
co

nn
ec

ti
ve

s
�

an
d

�
,t

og
et

he
r

w
it

h
th

e
co

ns
ta

nt
s

0
an

d
�,

re
sp

ec
ti

ve
ly

,
ar

e
ca

lle
d

ad
di

ti
ve

s.
T

he
m

od
al

it
ie

s
?

an
d

!
ar

e
ca

lle
d

ex
po

ne
nt

ia
ls
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en
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an
ex

pr
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th

e
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�

A
1
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..
,A

h
,

w
he

re
h

�
0

an
d

th
e

co
m

m
a

be
tw

ee
n

th
e

fo
rm

ul
ae

A
1
,.

..
,A

h
st

an
ds

fo
r

m
ul

ti
se
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un

io
n.

M
ul

ti
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ts
of
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rm

ul
ae
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e
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te
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h
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d

Ψ
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O
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T
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in
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t

ca
lc
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us

is
in
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pe

nd
en

t
fr

om
th
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lo
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ec
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ed
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Fo
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,
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ill
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1
D

efi
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it

io
n

A
n

(i
nf

er
en
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)
ru

le
in

th
e

se
qu

en
t

ca
lc

ul
us

is
a

sc
he

m
e

of
th

e
sh

ap
e

�
Φ

1
�

Φ
2

..
.
�

Φ
n

ρ
�

Φ
,

fo
r

so
m

e
n

�
0,

w
he

re
�

Φ
is

ca
lle

d
th

e
co

nc
lu

si
on

an
d
�

Φ
1
,
�

Φ
2
,

..
.,
�

Φ
n

ar
e

th
e
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em
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th

e
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n
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fe
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e
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d
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1.
In

tro
d
u
ction

cut
elim

ination
based

on
rule

perm
utation.

A
s

a
consequence,I

w
illobtain

an
interpolation

theorem
for

m
ultiplicative

exponential
linear

logic.
R

eferring
to

F
igure

1.1,
the

system
s

M
E
L
L

and
E
L
S

are
investigated

in
this

chapter.
In

C
hapter

5,I
w

illpresent
system

L
L
S,the

localsystem
for

linear
logic.

In
particular,

I
w

ill
explain,

how
contraction

can
be

reduced
to

an
atom

ic
version.

Furtherm
ore,

I
w

ill
show

several
decom

position
results

for
L
L
S.

T
he

reader
w

ho
is

only
interested

in
locality

can
just

read
Sections

3.1
to

3.3,
Section

3.5,
and

C
hapter

5.
O

n
the

other
hand,

if
the

reader
is

not
interested

in
locality,

he
can

skip
this

chapter
entirely.

In
C

hapter
6,

I
w

ill
m

ove
the

focus
from

the
left-hand

side
of

F
igure

1.1
to

the
right-

hand
side.

M
ore

precisely,I
study

the
system

s
E
L
S ◦

and
S ◦,w

hich
m

eans
that

I
show

how
the

rules
m

ix
and

nullary
m

ix
are

incorporated
in

the
calculus

of
structures.

F
inally,

system
N
E
L

is
investigated

in
C

hapter
7.

I
w

ill
show

that
it

is
a

conservative
extension

of
E
L
S ◦

and
B
V

.
T

hen,Iw
illextend

the
tw

o
decom

position
theorem

s
ofC

hapter
4

to
system

N
E
L

.
Further,I

w
illpresent

the
cut

elim
ination

prooffor
N
E
L

based
on

splitting.
F

inally,
the

undecidability
of
N
E
L

is
show

n
via

an
encoding

of
tw

o
counter

m
achines.

T
he

results
of

C
hapter

4
have

partially
been

published
in

[G
S01,

Str01],
the

results
of

C
hapters

3
and

5
have

partially
been

published
in

[Str02],and
the

results
of

C
hapter

7
can

be
found

in
[G

S02a,G
S02b]and

[Str03a,
Str03b].

2L
in

ear
L
o
g
ic

a
n
d

th
e

S
eq

u
en

t
C
a
lcu

lu
s

T
he

sequent
calculus

has
been

introduced
by

G
.

G
entzen

in
[G

en34,
G

en35]
as

a
tool

to
reason

about
proofs

as
m

athem
atical

ob
jects

and
to

m
anipulate

them
.

It
has

been
used

since
then

by
proof

theorists
as

one
of

the
m

ain
tools

to
describe

logical
system

s
and

to
study

their
properties.

In
this

chapter,I
w

illdefine
linear

logic,introduced
by

J.-Y
.G

irard
in

[G
ir87a],in

the
form

alism
ofthe

sequent
calculus.

B
y

exploiting
the

D
e

M
organ

dualities,
I

w
ill

restrict
m

yself
to

the
one-sided

sequent
calculus

[Sch50].
T

he
reader

w
ho

is
already

fam
iliar

w
ith

linear
logic

is
invited

to
skip

this
chapter.

2
.1

F
o
rm

u
la

e
a
n
d

S
eq

u
en

ts

A
s

the
nam

e
suggests,

in
the

sequent
calculus,

rules
operate

on
sequents.

Sequents
are,

in
the

general
case,

syntactic
expressions

built
from

form
ulae,

w
hich

in
turn

are
syntactic

expressions
built

from
atom

s
by

m
eans

of
the

connectives
of

the
logic

to
be

studied.
Since

in
this

thesis
I

w
ill

discuss
only

propositional
logics,

the
atom

s
are

the
sm

allest
syntactic

entities
to

be
considered,i.e.there

are
no

term
s

and
relation

sym
bols

from
w

hich
atom

s
are

built.H
ere,

I
w

illstudy
linear

logic,
w

hose
atom

s
and

form
ulae

are
defined

as
follow

s.

2.1.1
D

efi
n
ition

T
here

are
countably

m
any

atom
s,

denoted
by

a
,b,c,...

T
he

set
of

atom
s,

denoted
by
A

,
is

equipped
w

ith
a

bijective
function

(·) ⊥
:A
→
A

,
such

that
for

every
a∈
A

,w
e

have
a ⊥

⊥
=

a
and

a ⊥
�=

a.
T

here
are

four
selected

atom
s,called

constants,
w

hich
are

denoted
by⊥

,
1,
0,and

�
(called

bottom
,one,zero,and

top,respectively).
T

he
function

(·) ⊥
is

defined
on

them
as

follow
s:

1 ⊥
:=
⊥

,
⊥

⊥
:=
1

,
�

⊥
:=
0

,
0 ⊥

:=
�

.

T
he

form
ulae

of
linear

logic,
or
L
L

form
ulae,

are
denoted

w
ith

A
,B

,C
,...,

and
are

built
from

atom
s

by
m

eans
ofthe

(binary)
connectives

�
,
�

,
�

,and
�

(called
par,tim

es,plus,and

1
7
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

•
If

�
A

,Φ
�

B
,Φ

�

�
A

�
B

,Φ
is

th
e

la
st

ru
le

ap
pl

ie
d

in
Π

,
th

en
th

er
e

ar
e

by
in

du
ct

io
n

hy
-

po
th

es
is

tw
o

de
ri

va
ti

on
s

1
∆

1
‖SL
S

[A
S
,Φ

S
]

an
d

1
∆

2
‖SL
S

[B
S
,Φ

S
]

.
L

et
Π
S

be
th

e
pr

oo
f

1
↓
1

=
(• 1

,1
)•

∆
1

∥ ∥ SLS
(• [

A
S
,Φ

S
],
1
)•

∆
2

∥ ∥ SLS
(• [

A
S
,Φ

S
],

[B
S
,Φ

S
])•

d
↓

[(•
A
S
,B

S
)• ,

[• Φ
S
,Φ

S
]• ]

c↓
.

[(•
A
S
,B

S
)• ,

Φ
S
]

•
If

�
A

,Φ
�

1
�

A
�

B
,Φ

is
th

e
la

st
ru

le
ap

pl
ie

d
in

Π
,t

he
n

le
t

Π
S

be
th

e
pr

oo
f

−
Π

′∥ ∥ SLS
∪{
1↓

}
[A
S
,Φ

S
]

=
[[•

A
S
,0

]• ,
Φ
S
]

t↓
,

[[•
A
S
,B

S
]• ,

Φ
S
]

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.

•
T

he
ca

se
fo

r
th

e
ru

le
�

B
,Φ

�
2
�

A
�

B
,Φ

is
si

m
ila

r.

•
If

Π
is
�
�
�,

Φ
,

th
en

le
t

Π
S

be
th

e
pr

oo
f

1
↓
1

ai
↓ [�

,0
]

t↓
.

[�
,Φ

S
]

•
If

�
A

,Φ
?d
�

?A
,Φ

is
th

e
la

st
ru

le
ap

pl
ie

d
in

Π
,t

he
n

le
t

Π
S

be
th

e
pr

oo
f

−
Π

′∥ ∥ SLS
∪{
1↓

}
[A
S
,Φ

S
]

w
↓ [?

A
S
,A

S
,Φ

S
]

b
↓

,
[?

A
S
,Φ

S
]

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.
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em
di

sc
us

se
d

in
th

e
pr

ev
io

us
ch

ap
te

r.
In

Se
ct

io
n

3.
4,

I
w

ill
sh

ow
ho

w
on

e
ca

n
pr

ov
e

cu
t

el
im

in
at

io
n

w
it

hi
n

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

,w
it

ho
ut

us
in

g
th

e
se

qu
en

t
ca

lc
ul

us
or

se
m

an
ti

cs
.

F
in

al
ly

,S
ec

ti
on

3.
5

co
nt

ai
ns

a
di

sc
us

si
on

on
so

m
e

in
te

re
st

in
g

fe
at

ur
es

of
th

e
ne

w
sy

st
em

fo
r

lin
ea

r
lo

gi
c

an
d

it
s

m
aj

or
di

ffe
re

nc
es

to
th

e
se

qu
en

t
sy

st
em

.

3
.1

S
tr

u
ct

u
re

s
fo

r
L
in

ea
r

L
o
g
ic

In
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
,

ru
le

s
op

er
at

e
on

st
ru

ct
ur

es
,

w
hi

ch
ar

e
sy

nt
ac

ti
c

ex
pr

es
si

on
s

in
te

rm
ed

ia
te

be
tw

ee
n

fo
rm

ul
ae

an
d

se
qu

en
ts

.
M

or
e

pr
ec

is
el

y,
st

ru
ct

ur
es

ca
n

be
se

en
as

eq
ui

va
le

nc
e

cl
as

se
s

of
fo

rm
ul

ae
,

w
he

re
th

e
eq

ui
va

le
nc

e
re

la
ti

on
is

ba
se

d
on

la
w

s
lik

e
as

so
-

ci
at

iv
it

y
an

d
co

m
m

ut
at

iv
it

y
w

hi
ch

ar
e

us
ua

lly
im

po
se

d
on

se
qu

en
ts

.
In

th
is

se
ct

io
n

I
w

ill
de

fin
e

th
e

st
ru

ct
ur

es
fo

r
lin

ea
r

lo
gi

c.
In

la
te

r
ch

ap
te

rs
I

w
ill

di
sc

us
s

ot
he

r
lo

gi
cs

,
an

d
th

er
ef

or
e,

sh
al

l
de

fin
e

ne
w

st
ru

ct
ur

es
.

St
ru

ct
ur

es
ar

e
bu

ilt
fr

om
at

om
s,

in
th

e
sa

m
e

w
ay

as
th

e
fo

rm
ul

ae
de

fin
ed

in
th

e
pr

ev
io

us
ch

ap
te

r.
H

ow
ev

er
,h

er
e

I
w

ill
us

e
th

e
ba

r
·̄t

o
de

no
te

ne
ga

ti
on

.
In

st
ea

d
of

us
in

g
th

e
in

fix
no

ta
ti

on
fo

r
bi

na
ry

co
nn

ec
ti

ve
s,

as
it

is
do

ne
in

fo
rm

ul
ae

,I
w

ill
em

pl
oy

th
e

co
m

m
a

as
it

is
do

ne
in

se
qu

en
ts

.
Fo

r
ex

am
pl

e,
th

e
st

ru
ct

ur
e

[R
1
,.

..
,R

h
]

co
rr

e-
sp

on
ds

to
a

se
qu

en
t
�

R
1
,.

..
,R

h
in

lin
ea

r
lo

gi
c,

w
ho

se
fo

rm
ul

ae
ar

e
es

se
nt

ia
lly

co
nn

ec
te

d
by

pa
rs

.
Fo

r
th

e
ot

he
r

co
nn

ec
ti

ve
s,

I
w

ill
do

th
e

sa
m

e.
I

or
de

r
to

di
st

in
gu

is
h

be
tw

ee
n

th
e

co
nn

ec
ti

ve
s,

di
ffe

re
nt

pa
ir

s
of

pa
re

nt
he

se
s

ar
e

us
ed

.

3.
1.

1
D

efi
n
it

io
n

L
et
A

be
a

co
un

ta
bl

e
se

t
eq

ui
pp

ed
w

it
h

a
bi

je
ct

iv
e

fu
nc

ti
on
·̄:
A
→

A,
su

ch
th

at
¯̄ a

=
a

an
d

ā
�=

a
fo

r
ev

er
y

a
∈
A.

T
he

el
em

en
ts

of
A

ar
e

ca
lle

d
at

om
s

(d
en

ot
ed

2
5
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

A
sso

ciativ
ity

[R
,[T

,U
]]

=
[[R

,T
],U

]
(R

,(T
,U

))
=

((R
,T

),U
)

[ •R
,[ •T

,U
] •] •

=
[ •[ •R

,T
] •,U

] •

( •R
,( •T

,U
) •) •

=
( •( •R

,T
) •,U

) •

C
om

m
u
tativ

ity

[R
,T

]
=

[T
,R

]
(R

,T
)

=
(T

,R
)

[ •R
,T

] •
=

[ •T
,R

] •

( •R
,T

) •
=

( •T
,R

) •

E
x
p
on

en
tials

??R
=

?R
!!R

=
!R

U
n
its

[⊥
,R

]
=

R

( 1
,R

)
=

R

[ •0
,R

] •
=

R

( •�
,R

) •
=

R

[ •⊥
,⊥

] •
=
⊥

=
?⊥

( •1
,1) •

=
1

=
!1

N
egation

[R
,T

]
=

(R̄
,T̄

)

(R
,T

)
=

[R̄
,T̄

]

[ •R
,T

] •
=

( •R̄
,T̄

) •

( •R
,T

) •
=

[ •R̄
,T̄

] •

?R
=

!R̄
!R

=
?R̄

¯̄R
=

R

F
igure

3.1:
B

asic
equations

for
the

syntactic
congruence

for
L
S

structures

w
ith

a,
b,

c,
...).

T
he

setA
contains

four
selected

elem
ents,

called
constants,

w
hich

are
denoted

by⊥
,
1,
0,and�

(called
bottom

,one,zero,and
top,respectively).

T
he

function
·̄

is
defined

on
them

as
follow

s:

1̄
:=
⊥

,
⊥̄

:=
1

,
�̄

:=
0

,
0̄

:=
�

.

L
etR

be
the

set
of

expressions
generated

by
the

follow
ing

syntax:

R
::=

a|[R
,R

]|(R
,R

)|
[ •R

,R
] •|( •R

,R
) •|!R

|?R
|
R̄

,

w
here

a
stands

for
any

atom
.

O
n

the
setR

,
the

relation
=

is
defined

to
be

the
sm

allest
congruence

relation
induced

by
the

equations
show

n
in

F
igure

3.1.
A

n
L
S

structure
(denoted

by
P

,
Q

,
R

,
S

,
...)

is
an

elem
ent

ofR
/=

,
i.e.

an
equivalence

class
of

expressions.
For

a
given

L
S

structure
R

,the
L
S

structure
R̄

is
called

its
negation

.

3.1.2
R

em
ark

T
o

be
form

ally
precise,

the
set

of
equations

show
n

in
F

igure
3.1

should
also

contain
the

equation
ā

=
ā,

w
here

the
·̄

on
the

left-hand
side

stands
for

the
syntactic

negation
and

the
·̄

on
the

right-hand
side

for
the

involution
function

defined
on

atom
s.

In
other

w
ords,on

atom
s

the
negation

is
defined

to
be

the
involution.

3.1.3
R

em
ark

T
he

set
of

equations
show

n
in

F
igure

3.1
is

not
m

inim
al.

It
w

as
not

m
y

goal
to

produce
a

m
inim

al
set

because
in

this
case

m
inim

ality
does

not
contribute

to
clarity.

3.1.4
N

otation
In

order
to

denote
a

structure,
I

w
ill

pick
one

expression
from

the
equivalence

class.
B

ecause
of

the
associativity,

superfluous
parentheses

can
be

om
itted.

For
exam

ple,
[a

,b,c,d]
w

ill
be

w
ritten

for
[[[a

,b],c],d]
and

[[a
,b],[c,d]].

T
his

notation

3.3.
E

q
u
ivalen

ce
to

th
e

S
eq

u
en

t
C

alcu
lu

s
S
y
stem

3
9

•
If

�
A

,Φ
�

A
⊥
,Ψ

cu
t

�
Φ

,Ψ
is

the
last

rule
applied

in
Π

,
then

there
are

by
induction

hypothesis
tw

o
derivations

1
∆

1 ‖
SL
S

[A
S ,Φ

S ]
and

1
∆

2 ‖
SL
S

[A
S ,Ψ

S ]
.L

et
Π
S

be
the

proofobtained
via

P
roposition

3.2.16
from

1↓
1

∆
1 ∥∥
SL
S

[A
S ,Φ

S ]
=

([A
S ,Φ

S ],1)
∆

2 ∥∥
SL
S

([A
S ,Φ

S ],[A
S ,Ψ

S ])
s

[([A
S ,Φ

S ],A
S ),Ψ

S ]
s

[(A
S ,A

S ),Φ
S ,Ψ

S ]
i↑

[⊥
,Φ

S ,Ψ
S ]

=
.

[Φ
S ,Ψ

S ]

•
If

�
A

,B
,Φ

�

�
A

�
B

,Φ
is

the
last

rule
applied

in
Π

,then
let

Π
S

be
the

proofof
[A
S ,B

S ,Φ
S ]

that
exists

by
induction

hypothesis.

•
If

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

is
the

last
rule

applied
in

Π
,

then
there

are
by

induction
hy-

pothesis
tw

o
derivations

1
∆

1 ‖
SL
S

[A
S ,Φ

S ]
and

1
∆

2 ‖
SL
S

[B
S ,Ψ

S ]
.

L
et

Π
S

be
the

proof

1↓
1

∆
1 ∥∥
SL
S

[A
S ,Φ

S ]
=

([A
S ,Φ

S ],1)
∆

2 ∥∥
SL
S

([A
S ,Φ

S ],[B
S ,Ψ

S ])
s

[([A
S ,Φ

S ],B
S ),Ψ

S ]
s

.
[ (A

S ,B
S ),Φ

S ,Ψ
S ]

•
If

�
Φ

⊥
�
⊥

,Φ
is

the
last

rule
applied

in
Π

,then
let

Π
S

be
the

proofof�
Φ
S

that
exists

by
induction

hypothesis
(since�

⊥
,Φ

S
=
�

Φ
S ).

•
If

Π
is
1�
1

,
then

let
Π
S

be
1↓
1

.
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

•
Fo

r
th

e
ru

le
s
p
↓a

nd
p
↑:

id
�

R
⊥
,R

id
�

T
⊥
,T

�

�
R

⊥
�

T
⊥

,R
,T

?d
�

?(
R

⊥
�

T
⊥

),
R

,T
?d
�

?(
R

⊥
�

T
⊥

),
?R

,T
! �

?(
R

⊥
�

T
⊥

),
?R

,!
T

�
.

�
?(

R
⊥

�
T
⊥

),
?R

�
!T

•
Fo

r
th

e
ru

le
s
w
↓a

nd
w
↑:

1
�
1

?w
,

�
1
,?

R

•
Fo

r
th

e
ru

le
s
b
↓a

nd
b
↓:

id
�

!R
⊥
,?

R

id
�

R
⊥
,R

?d
�

R
⊥
,?

R
�

�
!R

⊥
�

R
⊥

,?
R

,?
R

?c
.

�
!R

⊥
�

R
⊥
,?

R

T
hi

s
m

ea
ns

th
at

fo
r

an
y

co
nt

ex
t

S
{
},

w
e

al
so

ha
ve

th
at

S
{W
} L
−◦

S
{Z
} L

is
a

th
eo

re
m

in
L
L

,i
.e

.�
(S
{W
} L

)⊥
,S
{Z
} L

ha
s

a
pr

oo
fΠ

′ i
n
L
L

.
B

y
in

du
ct

io
n

hy
po

th
es

is
w

e
al

so
ha

ve
a

pr
oo

f
Π

′′ L
of
�

S
{W
} L

in
L
L

.
B

y
ap

pl
yi

ng
th

e
cu

t
ru

le

��
��

��
� �

� �
� �Π

′′

�
S
{W
} L

��
��

��
� �

� �
� �Π

′

�
(S
{W
} L

)⊥
,S
{Z
} L

cu
t

,
�

S
{Z
} L

w
e

ge
t

a
pr

oo
f

Π
L

of
�

S
{Z
} L

.
��

3.
3.

2
T

h
eo

re
m

(a
)

If
a

gi
ve

n
se

qu
en

t
�

Φ
is

pr
ov

ab
le

in
L
L

(w
it
h

cu
t)

,
th

en
th

e
st

ru
c-

tu
re
�

Φ
S

is
pr

ov
ab

le
in

sy
st

em
SL
S
∪
{1
↓}

.
(b

)
If

a
gi

ve
n

se
qu

en
t
�

Φ
is

cu
t-
fr
ee

pr
ov

ab
le

in
L
L
,
th

en
th

e
st

ru
ct

ur
e
�

Φ
S
is

pr
ov

ab
le

in
sy

st
em
L
S
.

P
ro

of
:

L
et

Π
be

th
e

pr
oo

f
of
�

Φ
in
L
L

.
B

y
st

ru
ct

ur
al

in
du

ct
io

n
on

Π
,

w
e

w
ill

co
ns

tr
uc

t
a

pr
oo

f
Π
S

of
�

Φ
S

in
sy

st
em
SL
S
∪
{1
↓}

(o
r

in
sy

st
em
L
S

if
Π

is
cu

t-
fr

ee
).

•
If

Π
is
id
�

A
,A

⊥
fo

r
so

m
e

fo
rm

ul
a

A
,t

he
n

le
t

Π
S

be
th

e
pr

oo
fo

bt
ai

ne
d

vi
a

P
ro

po
-

si
ti

on
3.

2.
16

fr
om

1
↓
1

i↓
.

[A
S
,A

S
]

3.
1.

S
tr

u
ct

u
re

s
fo

r
L
in

ea
r

L
og

ic
2
7

is
cl

os
er

to
th

e
no

ta
ti

on
fo

r
se

qu
en

ts
th

an
to

th
e

no
ta

ti
on

fo
r

fo
rm

ul
ae

.
B

ec
au

se
of

th
is

no
ta

ti
on

,
it

w
as

un
de

r
co

ns
id

er
at

io
n

to
us

e
[]

,
()

,
[• ]•

an
d

(• )•
in

st
ea

d
of
⊥,
1
,
0

an
d
�,

re
sp

ec
ti

ve
ly

,
to

de
no

te
th

e
un

it
s.

B
ut

fo
r

th
e

fo
llo

w
in

g
tw

o
re

as
on

s
I

ch
os

e
no

t
to

do
so

:
F

ir
st

,
G

ir
ar

d’
s

no
ta

ti
on

fo
r

th
e

un
it

s
is

no
w

st
an

da
rd

an
d

I
di

d
no

t
w

an
t

to
m

ak
e

th
e

lif
e

of
th

e
re

ad
er

ev
en

m
or

e
di

ffi
cu

lt
,

an
d

se
co

nd
,

fo
r

re
as

on
s

of
pe

rs
on

al
ta

st
e,

I
pr

ef
er

no
t

to
de

no
te

a
un

it
by

tw
o

se
pa

ra
te

sy
m

bo
ls

.

3.
1.

5
R

em
ar

k
B

ec
au

se
of

th
e

eq
ua

ti
on

al
th

eo
ry

,
th

er
e

ar
e

m
an

y
(i

n
fa

ct
,

co
un

ta
bl

e
m

an
y)

ex
pr

es
si

on
s

de
no

ti
ng

th
e

sa
m

e
st

ru
ct

ur
e.

T
hi

s
is

no
t

pr
ob

le
m

at
ic

be
ca

us
e

on
e

ca
n

co
ns

id
er

st
ru

ct
ur

es
to

be
in

a
ce

rt
ai

n
no

rm
al

fo
rm

,
w

he
re

ne
ga

ti
on

is
pu

sh
ed

to
th

e
at

om
s

an
d

su
pe

rfl
uo

us
un

it
s

an
d

pa
re

nt
he

se
s

ar
e

om
it

te
d.

Fo
r

ex
am

pl
e,

th
e

ex
pr

es
si

on
s

[a
,⊥

,b̄
],

([
⊥,

b̄]
,
[• ā

,0
]• )

an
d

(ā
,1

,b
)

de
no

te
th

e
sa

m
e

st
ru

ct
ur

e,
bu

t
no

ne
of

th
em

is
in

no
rm

al
fo

rm
.

T
he

tw
o

ex
pr

es
si

on
s

(ā
,b

)
an

d
(b

,ā
)

ar
e

bo
th

eq
ui

va
le

nt
to

th
e

pr
ev

io
us

th
re

e
an

d
bo

th
ar

e
in

no
rm

al
fo

rm
.

O
bs

er
ve

th
at

be
ca

us
e

of
co

m
m

ut
at

iv
it

y
th

e
no

rm
al

fo
rm

is
no

t
ne

ce
ss

ar
ily

un
iq

ue
,b

ut
th

er
e

is
on

ly
fin

it
e

nu
m

be
r

of
th

em
fo

r
a

gi
ve

n
st

ru
ct

ur
e.

3.
1.

6
D

efi
n
it

io
n

A
st

ru
ct

ur
e

[R
1
,.

..
,R

h
]

is
ca

lle
d

a
pa

r
st

ru
ct

ur
e,

(R
1
,.

..
,R

h
)

is
ca

lle
d

a
ti
m

es
st

ru
ct

ur
e,

[• R
1
,.

..
,R

h
]•

is
ca

lle
d

a
pl

us
st

ru
ct

ur
e,

(• R
1
,.

..
,R

h
)•

is
ca

lle
d

a
w
it
h

st
ru

ct
ur

e,
!R

is
ca

lle
d

an
of

-c
ou

rs
e

st
ru

ct
ur

e,
an

d
?R
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ca

lle
d

a
w
hy
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ur

e.
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L
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ts

,t
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L
S
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ru
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h
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ho

le
.

Fo
rm
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ly
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th

ey
ar
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ge

ne
ra
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.
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ar
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R
em

ar
k
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1.

2
do

es
al

so
ap

pl
y

he
re

:
I

w
ill

us
e

th
e

te
rm

st
ru

ct
ur

e
(o

r
co

nt
ex

t)
if

no
am

bi
gu

it
y

is
po

ss
ib

le
,b

ut
I

w
ill

sa
y
L
S

st
ru

ct
ur

e
(o

r
L
S

co
nt

ex
t)

to
di

st
in

gu
is

h
be

tw
ee

n
ot

he
r

ty
pe

s
of

st
ru

ct
ur

es
or

co
nt

ex
ts

to
be

de
fin

ed
in

la
te

r
ch

ap
te

rs
.

B
ec

au
se

of
th

e
D

e
M

or
ga

n
la

w
s

th
er

e
is

no
ne

ed
to

in
cl

ud
e

th
e

ne
ga

ti
on

in
to

th
e

de
fin

it
io

n
of

th
e

co
nt

ex
t,

w
hi

ch
m

ea
ns

th
at

th
e

st
ru

ct
ur

e
th

at
is

pl
ug

ge
d

in
to

th
e

ho
le

of
a

co
nt

ex
t

w
ill

al
w

ay
s

be
po

si
ti

ve
.

C
on

te
xt

s
w

ill
be

de
no

te
d

w
it

h
S
{
},

T
{
},

..
..

T
he

n,
S
{R
}d

en
ot

es
th

e
st

ru
ct

ur
e

th
at

is
ob

ta
in

ed
by

re
pl

ac
in

g
th

e
ho

le
{
}i

n
th

e
co

nt
ex

t
S
{
}b

y
th

e
st

ru
ct

ur
e

R
.

T
he

st
ru

ct
ur

e
R

is
a

su
bs

tr
uc

tu
re

of
S
{R
}a

nd
S
{
}i

s
it

s
co

nt
ex

t.
Fo

r
a

be
tt

er
re

ad
ab

ili
ty

,
I

w
ill

om
it

th
e

co
nt

ex
t

br
ac

es
if

no
am

bi
gu

it
y

is
po

ss
ib

le
,

e.
g.

I
w

ill
w

ri
te

S
[R

,T
]

in
st

ea
d

of
S
{[

R
,T

]}.
3.

1.
9

E
x
am

p
le

L
et

S
{
}=

[(
a
,!

[{
},

?a
],

b̄)
,b

]
an

d
R

=
c

an
d

T
=

(b̄
,c̄

).
T

he
n

S
[R

,T
]=

[(
a
,!

[c
,(

b̄,
c̄)

,?
a

],
b̄)

,b
]

.
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D

efi
n
it

io
n

T
he

fu
nc

ti
on
· S

de
fin

es
th

e
ob

vi
ou

s
tr

an
sl

at
io

n
fr

om
L
L

fo
rm

ul
ae

in
to
L
S

st
ru

ct
ur

es
:

⊥ S
=
⊥

,
A

�
B
S

=
[A
S
,B

S
]

,
a
S

=
a

,

1
S

=
1

,
A

�
B
S

=
(A

S
,B

S
)

,
?A

S
=

?A
S

,

0
S

=
0

,
A

�
B
S

=
[• A
S
,B

S
]•

,
!A
S

=
!A
S

,

� S
=
�

,
A

�
B
S

=
(• A

S
,B

S
)•

,
A

⊥
S

=
A
S

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

T
he

dom
ain

of·
S

is
extended

to
sequents

by

�
S

=
⊥

and
�

A
1 ,...,A

h
S

=
[A

1
S ,...,A

h
S ]

,
for

h
�

0
.

3
.2

R
u
les

a
n
d

D
eriva

tio
n
s

In
this

section,
I

w
ill

define
the

general
notions

of
rules,

derivations
and

proofs.
T

hose
definitions

are
independent

from
linear

logic
and

are
the

sam
e

for
alllogical

system
s

in
the

calculus
of

structures
discussed

in
this

thesis.
A

fterw
ards,I

w
ill

show
the

rules
for

linear
logic.

3.2.1
D

efi
n
ition

In
the

calculus
ofstructures,an

inference
rule

is
a

schem
e

ofthe
kind

T
ρ

R
,

w
here

ρ
is

the
nam

e
of

the
rule,

T
is

its
prem

ise
and

R
is

its
conclusion

.
A

n
inference

rule
is

called
an

axiom
if

its
prem

ise
is

em
pty,i.e.

the
rule

is
of

the
shape

ρ
R

.

3.2.2
R

em
ark

A
typical

rule
has

the
shape

S{T}
ρ

S{R}
and

specifies
a

step
of

rew
riting

inside
a

generic
context

S{
}.

B
ut

in
general

it
is

not
forbidden

to
put

constraints
on

the
context.

In
particular,

it
is

possible
to

have
rules

w
ithout

context.
T

his
w

ould
then

correspond
to

the
to

the
case

of
the

sequent
calculus.

3.2.3
R

em
ark

It
has

already
been

m
entioned

in
the

introduction
that

it
is

not
(triv-

ially)
possible

to
present

the
calculus

of
structures

in
general

in
the

term
inology

of
term

rew
riting.

A
t

this
point

I
w

ill
explain

the
reasons

in
m

ore
detail.

•
T

here
are

logical
system

s
in

the
calculus

of
structures,

w
here

the
rules

are
not

in-
dependent

from
the

context
S{
}.

For
exam

ple,
one

could
im

agine
a

quantifier
rule

like
S{R}

∀
S{∀

x
.R}

,

w
here

x
is

not
allow

ed
to

be
free

in
the

context
S{
}.

It
is

also
possible,to

translate
sequent

calculus
rules

directly
into

the
calculus

of
structures,w

hich
w

ould
yield

rules
w

ithout
generic

context.
For

exam
ple

(Φ
∨

A
)∧

(Φ
∨

B
)

∧
Φ
∨

(A
∧

B
)

.

B
oth

cases
are

diffi
cult

to
accom

m
odate

in
a

general
term

rew
riting

system
.

3.3.
E

q
u
ivalen

ce
to

th
e

S
eq

u
en

t
C

alcu
lu

s
S
y
stem

3
7

B
ase

case:
Π

is
1↓
1

:
L

et
Π
L

be
the

proof
1
�
1

.

In
d
u
ctive

case:
Suppose

Π
is

−Π
′ ∥∥
SL
S∪{
1↓}

S{W
}

ρ
.

S{Z}

In
other

w
ords,

S{W
}

ρ
S{Z}

is
the

last
rule

applied
in

Π
.

T
he

follow
ing
L
L

proofs
show

that

�
(W

L ) ⊥
,Z

L
is

provable
in
L
L

for
every

rule
S{W

}
ρ

S{Z}
in
SL
S,

i.e.
W
L −◦

Z
L

is
a

theorem

in
L
L

:

•
For

the
rules

ai↓
and
ai↑:

id�
a
,a ⊥

�

�
a

�
a ⊥

⊥
.

�
⊥

,a
�

a ⊥

•
For

the
rule
s:

id�
R

⊥
,R

id�
T
⊥
,T

�

�
R

⊥
,T

⊥
,R

�
T

id�
U

⊥
,U

�

�
R

⊥
�

U
⊥

,T
⊥
,R

�
T

,U
�

�
R

⊥
�

U
⊥
,T

⊥
,(R

�
T

)
�

U
�

.
�

(R
⊥

�
U

⊥
)

�
T
⊥

,(R
�

T
)
�

U

•
For

the
rules

d↓
and
d↑:

id�
R

⊥
,R

id�
U

⊥
,U

�

�
R

⊥
�

U
⊥

,R
,U

�

�
R

⊥
�

U
⊥
,R

,U
�

V
�

�
(R

⊥
�

U
⊥

)
�

(T
⊥

�
V

⊥
),R

,U
�

V

id�
T
⊥
,T

id�
V

⊥
,V

�

�
T
⊥

�
V

⊥
,T

,V
�

�
T
⊥

�
V

⊥
,T

,U
�

V
�

�
(R

⊥
�

U
⊥

)
�

(T
⊥

�
V

⊥
),T

,U
�

V
�

�
(R

⊥
�

U
⊥

)
�

(T
⊥

�
V

⊥
),R

�
T

,U
�

V
�

.
�

(R
⊥

�
U

⊥
)

�
(T

⊥
�

V
⊥

),(R
�

T
)
�

(U
�

V
)

•
For

the
rules

t↓
and
t↑:

�
.

�
�

,R

•
For

the
rules

c↓
and
c↑:

id�
R

⊥
,R

id�
R

⊥
,R

�
.

�
R

⊥
�

R
⊥

,R
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th
e

tw
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e
ca
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us
of

st
ru
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ur
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ow
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in
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e
pr

ev
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e

pr
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el
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ev
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y

pr
oo

f
in
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em
SL
S
∪
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ha
s

a
tr

an
sl

at
io

n
in

sy
st

em
L
L

,
an

d
ev

er
y

cu
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fr
ee

pr
oo

f
in
L
L

ha
s

a
tr

an
sl

at
io

n
in
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st

em
L
S
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A
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co
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as
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oo
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∪
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e

lo
gi

ca
l

eq
ui

va
le

nc
es

of
lin

ea
r
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th
e

fu
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· S,

w
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ch
is

do
ne

by
th

e
fu

nc
ti

on
· L

:

⊥ L
=
⊥

,

1 L
=
1

,

0 L
=
0

,

� L
=
�

,

[R
,T

] L
=

R
L

�
T
L

,

(R
,T

) L
=

R
L

�
T
L

,

[• R
,T

]• L
=

R
L

�
T
L

,

(• R
,T

)• L
=

R
L

�
T
L

,

a
L

=
a

,

?R
L

=
?R

L
,

!R
L

=
!R
L

,

R̄
L

=
(R

L
)⊥

.
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s
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at
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a
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S
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w
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w
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e
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c
co

nt
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n
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∨

R
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lo
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du
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y
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T

o
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,
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e
w
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nd
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le
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•
A

m
or

e
di

ffi
cu
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ob
ab
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th

e
no
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on
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ne
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ti

on
.

T
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fir
st

ob
se
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at
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m
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th
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ne
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ti
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ca
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ot

si
m
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y
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en
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de

d
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un
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y
fu

nc
ti
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sy

m
bo

l
no

t(
·),

be
ca

us
e

in
th

e
ru

le
sc

he
m

e
S
{T
}

ρ
S
{R
}

,

th
e

re
w

ri
ti

ng
is

no
t

al
lo

w
ed
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be

in
si

de
a

ne
ga

ti
on

.
T

hi
s

co
nd

it
io

n
w

ou
ld

be
di
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cu

lt
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ch
ec

k
in

a
te

rm
re

w
ri
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ng

sy
st

em
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O
n
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e

ot
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r
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in
m
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sy
st

em
s
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th

e
ca
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ul
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st
ru

ct
ur
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n
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ar

,i
n

al
ls

ys
te

m
s

di
sc
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se

d
in

th
is

th
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is
)

ne
ga

ti
on

is
vi

a
th

e
D

e
M
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ga

n
la

w
s

pu
sh

ed
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th
e

at
om

s.
So
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ne

co
ul

d
im

ag
in

e
to

ha
ve

po
si

ti
ve

an
d

ne
ga

ti
ve

at
om

s.
B

ut
th

en
,

it
be

co
m

es
di

ffi
cu

lt
to

tr
an

sl
at

e
th

e
ge

ne
ri

c
id

en
ti

ty
ru

le
S
{t

ru
e}

id
S
{A
∨

Ā
}

,

w
he

re
Ā

st
an

ds
fo

r
th

e
ne

ga
ti

on
of

A
.

H
ow

ev
er

,
it

is
po

ss
ib

le
to

tr
an

sl
at

e
so

m
e

sy
st

em
s

in
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
in

to
te

rm
re

w
ri

ti
ng

sy
st

em
s.
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2.

4
D

efi
n
it

io
n

A
(f
or

m
al

)
sy

st
em

S
is

a
se

t
of

in
fe

re
nc

e
ru

le
s.

3.
2.

5
D

efi
n
it

io
n

A
de

ri
va

ti
on

∆
in

a
ce

rt
ai

n
fo

rm
al

sy
st

em
is

a
fin

it
e

ch
ai

n
of

in
st

an
ce

s
of

in
fe

re
nc

e
ru

le
s

in
th

e
sy

st
em

:
R

ρ
R

′
ρ
′

. . .
ρ
′′

.
R

′′

A
de

ri
va

ti
on

ca
n

co
ns

is
t

of
ju

st
on

e
st

ru
ct

ur
e.

T
he

to
pm

os
t

st
ru

ct
ur

e
in

a
de

ri
va

ti
on

,
if

pr
es

en
t,

is
ca

lle
d

th
e

pr
em

is
e

of
th

e
de

ri
va

ti
on

,
an

d
th

e
bo

tt
om

m
os

t
st

ru
ct

ur
e

is
ca

lle
d

it
s

co
nc

lu
si

on
.

A
de

ri
va

ti
on

∆
w

ho
se

pr
em

is
e

is
T

,w
ho

se
co

nc
lu

si
on

is
R

,a
nd

w
ho

se
in

fe
re

nc
e

ru
le

s
ar

e
in

S
w

ill
be

in
di

ca
te

d
w

it
h

T
∆
‖S

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

A
proof

Π
in

the
calculus

of
structures

is
a

derivation
w

hose
topm

ost
inference

rule
is

an
axiom

.
It

w
illbe

denoted
by

−Π‖
S

.
R

T
he

length
of

a
derivation

∆
is

the
num

ber
of

instances
of

inference
rules

used
in

∆
.

It
is

denoted
by

length(∆
).

T
he

length
of

a
proof

Π
,

denoted
by

length(Π
),

is
defined

in
the

sam
e

w
ay.

3.2.6
D

efi
n
ition

A
rule

ρ
is

derivable
in

a
system

S
if

ρ
/∈

S
and

for
every

instance

of
T

ρ
R

,
there

is
a

derivation
T

∆‖
S

R
.

3.2.7
D

efi
n
ition

T
w

o
system

s
S

and
S

′are
strongly

equivalent
iffor

every
derivation

T
∆‖

S

R
there

is
a

derivation
T

∆
′‖

S
′

R
,and

vice
versa.

3.2.8
D

efi
n
ition

A
rule

ρ
is

adm
issible

for
a

system
S

if
ρ

/∈
S

and
for

every
proof

−Π‖
S

∪{
ρ}

R
there

is
a

proof
−Π ′‖

S

R
.

3.2.9
D

efi
n
ition

T
w

o
system

s
S

and
S

′
are

(w
eakly)

equivalent
if

for
every

proof
−Π‖

S

R
there

is
a

proof
−Π ′‖

S
′

R
,

and
vice

versa.

In
the

follow
ing,

I
w

ill
show

the
inference

rules
for

linear
logic

in
the

calculus
of

struc-
tures.

T
he

proof
of

the
equivalence

to
the

rules
in

the
sequent

calculus,
w

hich
have

been
presented

in
the

previous
chapter,

w
ill

follow
in

Section
3.3.

B
efore

I
start,

let
m

e
recall

that
in

the
sequent

calculus,
rules

can
be

divided
into

three
groups:

identity
rules,

logical
rules

and
structural

rules.
B

ecause
there

is
no

longer
a

difference
betw

een
form

ulae
and

sequents,
there

is
also

no
difference

betw
een

structural
and

logical
rules.

T
herefore,

there
are

only
tw

o
groups

of
rules

in
the

calculus
of

structures:
the

so
called

interaction
rules,

w
hich

correspond
to

the
identity

rules
in

the
sequent

calculus,
and

the
structural

rules,
w

hich
correspond

to
the

structural
and

logical
rules

in
the

sequent
calculus.

L
et

m
e

now
begin

w
ith

the
interaction

rules.

3.2.10
D

efi
n
ition

T
he

rulesS{ 1}
i↓

S
[R

,R̄
]

and
S

(R
,R̄

)
i↑

S{⊥}
are

called
interaction

and
cut

(or
cointeraction

),
respectively.

T
hese

rules
correspond

to
the

identity
and

cut
rule

in
the

sequent
calculus

(the
technical

details
of

this
correspondence

are
show

n
in

the
proof

of
T

heorem
3.3.2

on
page

38).
B

ut
in

the
calculus

of
structures,

the
duality

betw
een

the
tw

o
rules

is
m

ore
obvious

than
in

the
sequent

calculus.
Furtherm

ore,
in

the
calculus

of
structures,

the
duality

betw
een

tw
o

rules
can

be
defined

form
ally

in
the

follow
ing

w
ay:

A
rule

ρ ′
is

dual
to

a
rule

ρ
if

it
is

the
contrapositive

of
ρ,

i.e.
it

is
obtained

from
ρ

by
exchanging

and
negating

prem
ise

and
conclusion.

3.2.
R

u
les

an
d

D
erivation

s
3
5

S{1}
ai↓

S
[a

,ā]

S
(a

,ā)
ai↑

S{⊥}

}
Interaction

S
([R

,U
],T

)
s

S
[(R

,T
),U

]

}
M

ultiplicatives

S
( •[R

,U
],[T

,V
]) •

d↓
S

[( •R
,T

) •,[ •U
,V

] •]

S
([ •R

,U
] •,( •T

,V
) •)

d↑
S

[ •(R
,T

),(U
,V

)] •

S{0}
t↓

S{R}
S{R}

t↑
S{�}



A
dditives

S
[ •R

,R
] •

c↓
S{R}

S{R}
c↑

S
( •R

,R
) •

S{![R
,T

]}
p↓

S
[!R

,?T
]

S
(?R

,!T
)

p↑
S{?(R

,T
)}

S{⊥}
w↓

S{?R}
S{!R}

w↑
S{1}



E
xponentials

S
[?R

,R
]

b↓
S{?R}

S{!R}
b↑

S
(!R

,R
)

F
igure

3.2:
System

SL
S

3.2.20
D

efi
n
ition

T
he

system
{1↓

,ai↓,s,d↓
,t↓,c↓

,p↓,w↓
,b↓},

show
n

in
F

igure
3.3,

that
is

obtained
from

the
dow

n
fragm

ent
of

system
SL
S

together
w

ith
the

axiom
,

is
called

linear
logic

in
the

calculus
of

structures,
or

system
L
S.

T
he

restriction
to

the
m

ultiplica-
tive

additive
fragm

ent
{ 1↓

,ai↓,s,d↓
,t↓,c↓}

is
called

system
A
L
S,

the
restriction

to
the

m
ultiplicative

exponential
fragm

ent{ 1↓
,ai↓,s,p↓

,w↓
,b↓}

is
called

system
E
L
S,

and
the

restriction
to

the
m

ultiplicative
fragm

ent{1↓,ai↓,s}
is

called
system

S.

In
every

proof
in

system
L
S,

the
rule

1↓
occurs

exactly
once,

nam
ely

as
the

topm
ost

rule
of

the
proof.

T
he

follow
ing

theorem
says,that

the
general

cut
rule
i↑

is
as

pow
erfulas

the
w

hole
up

fragm
ent

of
the

system
SL
S,and

vice
versa.

3.2.21
T

h
eorem

T
he

system
s
SL
S∪
{1↓}

and
L
S∪
{i↑}

are
strongly

equivalent.

P
ro

of:
Im

m
ediate

consequence
of

P
ropositions

3.2.16
and

3.2.12.
��
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

•
R

=
(• P

,Q
)• ,

w
he

re
P
�=
�
�=

Q
:

Si
m

ila
r

to
th

e
pr

ev
io

us
ca

se
.

•
R

=
?P

,w
he

re
P
�=
⊥:

A
pp

ly
th

e
in

du
ct

io
n

hy
po

th
es

is
to

S
{1
}

=
S
{!1
}

i↓
S
{!

[P
,P̄

]}
p
↓

.
S

[?
P

,!
P̄

]

•
R

=
!P

,w
he

re
P
�=
1
:

Si
m

ila
r

to
th

e
pr

ev
io

us
ca

se
.

T
he

se
co

nd
st

at
em

en
t

is
du

al
to

th
e

fir
st

.
��

3.
2.

17
D

efi
n
it

io
n

T
he

sy
st

em

{a
i↓,
ai
↑,
s,
d
↓,
d
↑,
t↓

,t
↑,
c↓

,c
↑,
p
↓,
p
↑,
w
↓,
w
↑,
b
↓,
b
↑}

,

sh
ow

n
in

F
ig

ur
e

3.
2,

is
ca

lle
d

sy
m

m
et

ri
c

(o
r

se
lf-

du
al

)
lin

ea
r

lo
gi

c
in

th
e

ca
lc
ul

us
of

st
ru

c-
tu

re
s,

or
sy

st
em
SL
S
.

T
he

se
t
{a
i↓,
s,
d
↓,
t↓

,c
↓,
p
↓,
w
↓,
b
↓}

is
ca

lle
d

th
e

do
w
n

fr
ag

m
en

t
an

d
{a
i↑,
s,
d
↑,
t↑

,c
↑,
p
↑,
w
↑,
b
↑}

is
ca

lle
d

th
e

up
fr
ag

m
en

t.
Fu

rt
he

r,
th

e
su

bs
ys

te
m

{a
i↓,
ai
↑,
s,
d
↓,
d
↑,
t↓

,t
↑,
c↓

,c
↑}

is
ca

lle
d

th
e

m
ul

ti
pl

ic
at

iv
e

ad
di

ti
ve

fr
ag

m
en

t,
or

sy
st

em
S
A
L
S
.

Si
m

ila
rl

y,
th

e
sy

st
em

{a
i↓,
ai
↑,
s,
p
↓,
p
↑,
w
↓,
w
↑,
b
↓,
b
↑}

is
ca

lle
d

th
e

m
ul

ti
pl

ic
at

iv
e

ex
po

ne
nt

ia
l
fr
ag

m
en

t,
or

sy
st

em
S
E
L
S
.

T
he

sy
st

em

{a
i↓,
ai
↑,
s}

is
ca

lle
d

th
e

m
ul

ti
pl

ic
at

iv
e

fr
ag

m
en

t,
or

sy
st

em
S
S
.

Sy
st

em
S
E
L
S

w
ill

be
in

ve
st

ig
at

ed
in

m
or

e
de

ta
il

in
C

ha
pt

er
4.

O
bs

er
ve

th
at

in
P

ro
po

si
ti

on
3.

2.
16

on
ly

th
e

ru
le

s
s,
d
↓,
d
↑,
p
↓a

nd
p
↑a

re
us

ed
to

re
du

ce
th

e
ge

ne
ra

li
nt

er
ac

ti
on

an
d

th
e

ge
ne

ra
lc

ut
to

th
ei

r
at

om
ic

ve
rs

io
ns

,w
he

re
as

al
lo

th
er

ru
le

s
ar

e
no

t
us

ed
.

T
hi

s
m

ot
iv

at
es

th
e

fo
llo

w
in

g
de

fin
it

io
n.

3.
2.

18
D

efi
n
it

io
n

T
he

co
re

of
a

sy
st

em
in

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

is
th

e
se

t
of

st
ru

c-
tu

ra
l

ru
le

s,
th

at
ar

e
ne

ed
ed

to
re

du
ce

in
te

ra
ct

io
n

an
d

cu
t

to
at

om
ic

fo
rm

.
A

ll
ot

he
r

st
ru

c-
tu

ra
l

ru
le

s
ar

e
ca

lle
d

no
nc

or
e.

In
sy

st
em
SL
S
,

th
e

co
re

is
th

e
se

t
{s

,d
↓,
d
↑,
p
↓,
p
↑}

an
d

is
de

no
te

d
by
S
L
S
c.

So
fa

r
w

e
ar

e
on

ly
ab

le
to

w
ri

te
de

ri
va

ti
on

s.
In

or
de

r
to

pr
es

en
t

pr
oo

fs
,

w
e

ne
ed

an
ax

io
m

.

3.
2.

19
D

efi
n
it

io
n

T
he

fo
llo

w
in

g
ru

le
is

ca
lle

d
on

e:

1
↓
1

.

In
th

e
la

ng
ua

ge
of

th
e

se
qu

en
t

ca
lc

ul
us

it
si

m
pl

y
sa

ys
th

at
�
1

is
pr

ov
ab

le
.

I
w

ill
pu

t
th

is
ru

le
to

th
e

do
w

n
fr

ag
m

en
t

of
sy

st
em
SL
S

an
d

by
th

is
br

ea
k

th
e

to
p-

do
w

n
sy

m
m

et
ry

of
de

ri
va

ti
on

s
an

d
ob

se
rv

e
pr

oo
fs

.

3.
2.

R
u
le

s
an

d
D

er
iv

at
io

n
s

3
1

3.
2.

11
D

efi
n
it

io
n

T
he

st
ru

ct
ur

al
ru

le S
([

R
,U

],
T

)
s
S

[(
R

,T
),

U
]

is
ca

lle
d

sw
it
ch

.

O
bs

er
ve

th
at

th
e

sw
it

ch
ru

le
is

se
lf-

du
al

,i
.e

.
if

pr
em

is
e

an
d

co
nc

lu
si

on
ar

e
ne

ga
te

d
an

d
ex

ch
an

ge
d,

w
e

ob
ta

in
ag

ai
n

an
in

st
an

ce
of

sw
it

ch
.

T
hi

s
ca

n
be

se
en

ea
si

ly
as

fo
llo

w
s:

S
[(

R
,T

),
U

]
=

S
′ {[

(R
,T

),
U

]}
,

fo
r

so
m

e
co

nt
ex

t
S
′ {
}

=
S
′ (

(R
,T

),
Ū

)
=

S
′ (

[R̄
,T̄

],
Ū

)
=

S
′ (

[R
′ ,

U
′ ]
,T

′ )
,

fo
r

so
m

e
st

ru
ct

ur
es

R
′ ,

T
′ a

nd
U

′
.

Si
m

ila
rl

y,
w

e
ca

n
ge

t
S

([
R

,U
],

T
)

=
S
′ [

(R
′ ,

T
′ )
,U

′ ]
fo

r
th

e
sa

m
e

co
nt

ex
t

S
′ {
}a

nd
st

ru
c-

tu
re

s
R

′ ,
T
′ a

nd
U

′ .
T

he
sw

it
ch

ru
le

st
an

ds
fo

r
th

e
lin

ea
r

im
pl

ic
at

io
n

A
�

(B
�

C
)−
◦(

A
�

B
)�

C
,w

hi
ch

is
al

so
kn

ow
n

as
w

ea
k

di
st

ri
bu

ti
vi

ty
[C

S9
7]

.
In

[G
ug

99
],

th
e

sw
it

ch
ru

le
ha

s
be

en
co

nc
ei

ve
d

by
en

fo
rc

in
g

cu
t

el
im

in
at

io
n

in
a

ce
rt

ai
n

co
m

bi
na

to
ri

al
co

m
pu

ta
ti

on
al

m
od

el
,

en
ti

re
ly

in
-

de
pe

nd
en

t
fr

om
w

ea
kl

y
di

st
ri

bu
ti

ve
ca

te
go

ri
es

.
T

he
tw

o
in

te
ra

ct
io

n
ru

le
s

an
d

th
e

sw
it

ch
ru

le
ha

ve
to

ge
th

er
a

re
m

ar
ka

bl
e

pr
op

er
ty

(a
s

al
re

ad
y

ob
se

rv
ed

in
[G

ug
99

])
,n

am
el

y
th

at
th

ey
m

ak
e

fo
r

ev
er

y
ru

le
ρ

it
s

du
al

ru
le

de
ri

va
bl

e.

3.
2.

12
P

ro
p
os

it
io

n
Le

t
ρ

an
d

ρ
′
be

tw
o

ru
le

s
th

at
ar

e
du

al
to

ea
ch

ot
he

r.
T

he
n

ρ
′
is

de
ri

va
bl

e
in
{i↓

,i
↑,
s,

ρ
}.

B
ef

or
e

I
w

ill
sh

ow
th

e
pr

oo
f,

le
t

m
e

in
tr

od
uc

e
tw

o
no

ta
ti

on
al

co
nv

en
ti

on
s

w
ho

se
so

le
ly

pu
rp

os
e

is
to

ea
se

th
e

ch
ec

ki
ng

of
su

ch
pr

oo
fs

fo
r

th
e

re
ad

er
:

(1
)

So
m

et
im

es
I

w
ill

in
se

rt
th

e
(p

se
ud

o-
)r

ul
e

T
=

R
,

w
he

re
R

=
T

.
T

hi
s

w
ill

he
lp

ch
ec

ki
ng

th
e

co
rr

ec
tn

es
s

of
a

de
ri

va
ti

on
w

he
n

R
an

d
T

ar
e

qu
it

e
di

ffe
re

nt
ex

pr
es

si
on

s
fo

r
th

e
sa

m
e

st
ru

ct
ur

e.

(2
)

So
m

et
im

es
I

w
ill

us
e

a
lig

ht
gr

ey
ba

ck
gr

ou
nd

to
m

ar
k

th
e

pl
ac

e
of

th
e

re
de

x
of

a
re

w
ri

ti
ng

st
ep

w
he

n
th

e
de

ri
va

ti
on

is
re

ad
bo

tt
om

-u
p.

(T
he

no
ti

on
of

re
de

x
w

ill
be

de
fin

ed
pr

ec
is

el
y

in
Se

ct
io

n
4.

2,
w

he
n

th
e

pe
rm

ut
at

io
n

of
ru

le
s

is
st

ud
ie

d.
)

A
lt

ho
ug

h
de

ri
va

ti
on

s
ar

e
to

p-
do

w
n

sy
m

m
et

ri
c

ob
je

ct
s

th
at

ca
n

be
re

ad
to

p-
do

w
n

as
w

el
l

as
bo

tt
om

-u
p,

th
e

re
ad

er
is

th
er

ef
or

e
ad

vi
se

d
to

re
ad

th
em

bo
tt

om
-u

p
in

ca
se

he
w

an
ts

to
ve

ri
fy

th
em

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

P
ro

of
of

P
rop

osition
3.2.12:

L
et

S{P}
ρ

S{Q}
be

given.
T

hen
any

instance
of

S{Q̄}
ρ ′

S{P̄}
can

be
replaced

by
the

follow
ing

derivation:S{Q̄}
=

S
(Q̄

,1)
i↓

S
(Q̄

,[P
,P̄

])
s
S

[(Q̄
,P

),P̄
]

ρ
S

[(Q̄
,Q

),P̄
]

i↑
S

[⊥
,P̄

]
=

.
S{P̄}

��

3.2.13
D

efi
n
ition

T
he

structuralrules

S
( •[R

,U
],[T

,V
]) •

d↓
S

[( •R
,T

) •,[ •U
,V

] •]
,

S
([ •R

,U
] •,( •T

,V
) •)

d↑
S

[ •(R
,T

),(U
,V

)] •
,

S{ 0}
t↓

S{R}
,

S{R}
t↑

S{�}
,

S
[ •R

,R
] •

c↓
S{R}

,
S{R}

c↑
S

( •R
,R

) •

are
called

additive
(d↓),

coadditive
(d↑),

thinning
(t↓),

cothinning
(t↑),

contraction
(c↓),

and
cocontraction

( c↑),
respectively.

T
hey

form
the

additive
group.

A
lthough

those
rules

and
the

rules
for

the
additives

in
the

sequent
calculus

(see
C

hap-
ter

2)
have

a
very

different
shape,they

are
equivalent.

T
his

is
show

n
in

detailin
Section

3.3.

3.2.14
D

efi
n
ition

T
he

exponential
group

is
form

ed
by

the
structuralrules

S{![R
,T

]}
p↓

S
[!R

,?T
]

,
S

(?R
,!T

)
p↑

S{?(R
,T

)}
,

S{⊥}
w↓

S{?R}
,

S{!R}
w↑

S{1}
,

S
[?R

,R
]

b↓
S{?R}

,
S{!R}

b↑
S

(!R
,R

)
,

w
hich

are
called

prom
otion

( p↓),
coprom

otion
(p↑),

w
eakening

(w↓),
cow

eakening
(w↑),

absorption
( b↓),

and
coabsorption

(b↑),respectively.

T
hese

rules
capture

exactly
the

behaviour
ofthe

rules
for

the
exponentials

in
the

sequent
calculus.

For
the

w
eakening

and
absorption

rules
this

is
not

surprising.
T

he
surprising

fact
is,that

the
prom

otion
rule

is
no

longer
global,

i.e.it
does

not
need

to
check

an
unbounded

num
ber

of
form

ulae
in

the
context.

A
gain,

the
exact

correspondence
is

show
n

in
in

Sec-
tion

3.3.
A

s
in

the
sequent

system
for

linear
logic,

there
is

also
a

m
ultiplicative

group:
its

only
m

em
ber

is
the

sw
itch

rule.

3.2.
R

u
les

an
d

D
erivation

s
3
3

Since
for

every
rule

in
the

calculus
of

structures
w

e
can

give
a

dual
rule,

w
e

can
also

give
for

every
derivation

a
dualderivation.

For
exam

ple,

( •[a
,b̄],1) •

i↓
( •[a

,b̄],[b,b̄]) •
d↓

[( •a
,b) •,[ •b̄,b̄] •]

c↓
[( •a

,b) •,b̄]
w↓

is
dualto

[( •a
,b) •,?c̄,b̄]

([ •ā
,b̄] •,!c,b)

w↑
([ •ā

,b̄] •,b)
c↑

([ •ā
,b̄] •,( •b,b) •)

d↑
[ •(ā

,b),(b̄,b)] •
i↑

.
[ •(ā

,b),⊥
] •

3.2.15
D

efi
n
ition

T
he

rulesS{ 1}
ai↓

S
[a

,ā]
and

S
(a

,ā)
ai↑

S{⊥}
are

called
atom

ic
interaction

and
atom

ic
cut

(or
atom

ic
cointeraction

),
respectively.

T
he

rules
ai↓

and
ai↑

are
obviously

instances
of

the
rules

i↓
and

i↑
above.

It
is

w
ell

know
n

that
in

m
any

system
s

in
the

sequent
calculus,

the
identity

rule
can

be
reduced

to
its

atom
ic

version.
In

the
calculus

of
structures

w
e

can
do

the
sam

e.
B

ut
furtherm

ore,
by

duality,w
e

can
do

the
sam

e
to

the
cut

rule,w
hich

is
im

possible
in

the
sequent

calculus
(see

R
em

ark
2.2.8).

3.2.16
P

rop
osition

T
he

rule
i↓

is
derivable

in
the

system
{ai↓,s,d↓

,p↓}.
D

ually,
the

rule
i↑

is
derivable

in
{ai↑,s,d↑

,p↑}.

P
ro

of:
For

a
given

application
of

S{ 1}
i↓

S
[R

,R̄
]

,by
structuralinduction

on
R

,Iw
illconstruct

an
equivalent

derivation
that

contains
only

ai↓,
s,
d↓

and
p↓.

•
R

is
an

atom
:

T
hen

the
given

instance
of
i↓

is
an

instance
of
ai↓.

•
R

=
[P

,Q
],

w
here

P
�=
⊥
�=

Q
:

A
pply

the
induction

hypothesis
to

S{ 1}
i↓

S
[Q

,Q̄
]

=
S

(1
,[Q

,Q̄
])

i↓
S

([P
,P̄

],[Q
,Q̄

])
s
S

[P
,(P̄

,[Q
,Q̄

])]
s

.
S

[P
, Q

,(P̄
,Q̄

)]

•
R

=
(P

,Q
),

w
here

P
�=
1�=

Q
:

Sim
ilar

to
the

previous
case.

•
R

=
[ •P

,Q
] •,

w
here

P
�=
0�=

Q
:

A
pply

the
induction

hypothesis
to

S{ 1}
=

S
( •1

,1) •
i↓

S
( •1

,[Q
,Q̄

]) •
i↓

S
( •[P

,P̄
],[Q

,Q̄
]) •

d↓
.

S
[[ •P

,Q
] •,( •P̄

,Q̄
) •]
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

W
e

ca
n

no
w

ob
ta

in
th

e
pr

oo
f

−∥ ∥ LS′
\{
cb
↓}

(• [
R

,(
P

1
,P

2
),

P
3
,0

,�
],

..
.,

[R
,(

P
1
,P

2
),

P
3
,0

,�
],

[R
,(

P
1
,P

2
),

P
3
,Q

1
1
,Q

2
1
],

..
.,

[R
,(

P
1
,P

2
),

P
3
,Q

1
n
,Q

2
n

])•
∥ ∥ {cd

′ ↓}
[R

,(
P

1
,P

2
),

P
3
,(•

[0
,�

],
..

.,
[0

,�
],

[Q
1
1
,Q

2
1
],

..
.,

[Q
1
n
,Q

2
n

])•
]

∆
P

∥ ∥ LS′
\{
cb
↓}

[R
,(

P
1
,P

2
),

P
3
,P

4
]

=
.

[R
,P

]

Si
m

ila
rl

y,
w

e
ca

n
ge

t
a

pr
oo

f
of

[T
,P

].

(i
i)

ρ
=
cd

′ ↓
an

d
P

=
[(•

P
1
,P

2
)• ,

P
3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(•
[(•

R
,T

)• ,
P

1
,P

3
],

[(•
R

,T
)• ,

P
2
,P

3
])•

,P
4
]

cd
′ ↓

.
[(•

R
,T

)• ,
(• P

1
,P

2
)• ,

P
3
,P

4
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t
−

Π
1
‖L
S
′ \{
cb
↓}

[(•
R

,T
)• ,

P
1
,P

3
,P

4
]

an
d

−
Π

2
‖L
S
′ \{
cb
↓}

[(•
R

,T
)• ,

P
2
,P

3
,P

4
]

.

A
pp

ly
in

g
th

e
in

du
ct

io
n

hy
po

th
es

is
ag

ai
n

to
Π

1
an

d
Π

2
yi

el
ds

th
e

fo
ur

pr
oo

fs
:

− ‖L
S
′ \{
cb
↓}

[R
,P

1
,P

3
,P

4
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
,P

1
,P

3
,P

4
]

an
d

− ‖L
S
′ \{
cb
↓}

[R
,P

2
,P

3
,P

4
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
,P

2
,P

3
,P

4
]

.

W
e

ca
n

no
w

ob
ta

in
−∥ ∥ LS′

\{
cb
↓}

(• [
R

,P
1
,P

3
,P

4
],

[R
,P

2
,P

3
,P

4
])•

cd
′ ↓

[R
,(•

P
1
,P

2
)• ,

P
3
,P

4
]

=
,

[R
,P

]

an
d

a
si

m
ila

r
pr

oo
f

fo
r

[T
,P

].

(i
ii)

ρ
=
t′ ↓

an
d

P
=

[P
1
,P

2
]

an
d

Π
is
−

Π
′∥ ∥ LS′

\{
cb
↓}

[0
,P

2
]

t′ ↓
.

[(•
R

,T
)• ,

P
1
,P

2
]

W
e

ca
n

ge
t:

− ‖L
S
′ \{
cb
↓}

[0
,P

2
]

t′ ↓
[R

,P
1
,P

2
]

an
d

− ‖ L
S
′ \{
cb
↓}

[0
,P

2
]

t′ ↓
.

[T
,P

1
,P

2
]

3.
4.

C
u
t

E
li
m

in
at

io
n

4
1

•
If

�
?A

,?
A

,Φ
? c

�
?A

,Φ
is

th
e

la
st

ru
le

ap
pl

ie
d

in
Π

,
th

en
le

t
Π
S

be
th

e
pr

oo
f

−
Π

′∥ ∥ SLS
∪{
1↓

}
[?

A
S
,?

A
S
,Φ

S
]

=
[?

?A
S
,?

A
S
,Φ

S
]

b
↓

[?
?A

S
,Φ

S
]

=
,

[?
A
S
,Φ

S
]

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.

•
If

�
Φ

?w
�

?A
,Φ

is
th

e
la

st
ru

le
ap

pl
ie

d
in

Π
,

th
en

le
t

Π
S

be
th

e
pr

oo
f

−
Π

′∥ ∥ SLS
∪{
1↓

}
Φ
S

=
[⊥

,Φ
S
]

w
↓

,
[?

A
S
,Φ

S
]

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.

•
If

�
A

,?
B

1
,.

..
,?

B
n

! �
!A

,?
B

1
,.

..
,?

B
n

is
th

e
la

st
ru

le
ap

pl
ie

d
in

Π
,

th
en

th
er

e
ex

is
ts

by
in

du
ct

io
n

hy
po

th
es

is
a

de
ri

va
ti

on
1

∆
‖SL
S

[A
S
,?

B
1
S
,.

..
,?

B
n
S
]

.
N

ow
le

t
Π
S

be
th

e
pr

oo
f

1
↓
1

=
!1

∆
∥ ∥ SLS

![
A
S
,?

B
1
S
,.

..
,?

B
n
S
]

p
↓

. . .
p
↓ [!

[A
S
,?

B
1
S
],

??
B

2
S
,.

..
,?

?B
n
S
]

p
↓

[!
A
S
,?

?B
1
S
,?

?B
2
S
,.

..
,?

?B
n
S
]

=
.

[!A
S
,?

B
1
S
,?

B
2
S
,.

..
,?

B
n
S
]

��

3
.4

C
u
t

E
li
m

in
a
ti
o
n

O
ne

of
th

e
re

as
on

s
fo

r
do

in
g

cu
t

el
im

in
at

io
n

in
th

e
se

qu
en

t
ca

lc
ul

us
is

to
el

im
in

at
e

th
e

on
ly

ru
le

th
at

vi
ol

at
es

th
e

su
bf

or
m

ul
a

pr
op

er
ty

.
Si

nc
e

in
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
w

e
do

no
lo

ng
er

di
st

in
gu

is
h

be
tw

ee
n

se
qu

en
ts

an
d

fo
rm

ul
ae

,i
t

is
no

lo
ng

er
cl

ea
r

w
ha

t
th

e
su

bf
or

m
ul

a
pr

op
er

ty
is

.
In

th
e

se
qu

en
t

ca
lc

ul
us

,
th

e
m

os
t

im
po

rt
an

t
co

ns
eq

ue
nc

e
of

th
e

su
bf

or
m

ul
a

pr
op

er
ty

is
th

at
fo

r
ev

er
y

ru
le

(e
xc

ep
t

th
e

cu
t)

th
er

e
is

,
fo

r
a

gi
ve

n
se

qu
en

t,
on

ly
a

fin
it

e
nu

m
be

r
of

po
ss

ib
ili

ti
es

to
ap

pl
y

th
at

ru
le

.
T

hi
s

pr
op

er
ty

is
st

ill
pr

es
en

t
in

th
e

ca
lc

ul
us

of
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ctu
res

structures.
H

ence,in
the

calculus
ofstructures

the
subform

ula
property

could
be

form
ulated

as
follow

s:
A

rule
has

the
subform

ula
property

if
its

prem
ise

is
built

of
substructures

of
its

conclusion,
such

that
there

is
only

a
finite

num
ber

of
possibilities

to
apply

the
rule

(in
a

nontrivial
w

ay).
T

his
property

holds
for

m
ost

of
the

rules
of

system
SL
S∪
{1↓}.

T
he

only
rules

w
hich

violate
this

property
are

the
rules

ai↑,
t↑

and
w↑.

It
w

ould
therefore

be
suffi

cient
to

elim
inate

those
three

rules
in

order
to

get
a

system
in

w
hich

each
rule

enjoys
the

subform
ula

property,
w

hich
essentially

w
ould

be
a

cut
elim

ination
result.

B
ut

w
e

can
get

m
ore.

W
e

can
show

that
the

w
hole

up
fragm

ent
of

system
SL
S

is
adm

issible.
T

his
section

contains
tw

o
very

different
proofs

of
this

fact.
T

he
first

uses
the

cut
elim

ination
proof

for
L
L

in
the

sequent
calculus:

3.4.1
T

h
eorem

(C
u
t
E
lim

in
ation

)
System

L
S

is
equivalent

to
every

subsystem
ofthe

system
SL
S∪
{1↓}

containing
L
S.

P
ro

of:
G

iven
a

proofin
SL
S∪{1↓},transform

it
into

a
proofin

L
L

(by
T

heorem
3.3.1),to

w
hich

w
e

can
apply

the
cut

elim
ination

procedure
in

the
sequent

calculus
(T

heorem
2.3.1).

T
he

cut-free
proof

in
L
L

can
then

be
transform

ed
into

a
proof

in
system

L
S

by
T

heo-
rem

3.3.2.
��

3.4.2
C

orollary
T

he
rule

i↑
is

adm
issible

for
system

L
S.

P
ro

of:
Im

m
ediate

consequence
of

T
heorem

s
3.2.21

and
3.4.1.

��

A
nother

im
m

ediate
consequence

ofthe
cut

elim
ination

theorem
is

the
follow

ing
corollary,

that
m

akes
explicit

the
relation

betw
een

derivations
and

proofs.
In

particular,it
show

s
that

system
SL
S

can
be

seen
as

a
system

for
derivations

and
L
S

as
a

system
for

proofs.

3.4.3
C

orollary
Let

R
and

T
be

tw
o

structures.
T

hen
w
e

have

T‖
SL
S

R
if

and
only

if
−‖
L
S

[T̄
,R

]
.

P
ro

of:
For

the
first

direction,
perform

the
follow

ing
transform

ations:

T
∆‖
SL
S

R

1�

[T̄
,T

]
∆‖
SL
S

[T̄
,R

]

2�

1↓
1

i ↓
[T̄

,T
]

∆‖
SL
S

[T̄
,R

]

3�
−Π‖
L
S

[T̄
,R

]
.

In
the

first
step

w
e

replace
each

structure
S

occurring
inside

∆
by

[T̄
,S

],
w

hich
is

then
transform

ed
into

a
proof

by
adding

an
instance

of
i↓

and
1↓.

T
hen

w
e

apply
P

roposi-
tion

3.2.16
and

cut
elim

ination
(T

heorem
3.4.1)

to
obtain

a
proof

in
system

L
S.

For
the

other
direction,

let
−Π‖
L
S

[T̄
,R

]
be

given.
T

hen
there

is
a

derivation
1

∆‖
L
S\{
1↓}

[T̄
,R

]
,

from
w

hich

3.4.
C

u
t

E
lim

in
ation

5
5

B
y

applying
the

induction
hypothesis,w

e
get

−‖
L
S ′\{
cb↓}

[R
′,P

]
and

−‖
L
S ′\{
cb↓}

[T
,P

]
,

from
w

hich
w

e
get

− ∥∥
L
S ′\{
cb↓}

[R
′,P

]
ρ

.
[R

,P
]

(2)
T

he
substructure

( •R
,T

) •
is

inside
the

redex
of

ρ,
but

the
application

of
ρ

does
not

decom
pose

the
structure

( •R
,T

) •.
W

e
have

the
follow

ing
subcases:

(i)
ρ

=
s ′and

P
=

[(P
1 ,P

2 ),P
3 ,P

4 ]
(and

P
1 �=
1�=

P
2 )

and
Π

is

−Π
′ ∥∥
L
S ′\{
cb↓}

[([( •R
,T

) •,P
1 ,P

3 ],P
2 ),P

4 ]
s ′

.
[ ( •R

,T
) •,(P

1 ,P
2 ),P

3 ,P
4 ]

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get
an

n
�

0
and

structures
Q

1
1 ,...,Q

1
n

and
Q

2
1 ,...,Q

2
n ,

such
that

( •[0
,�

],...,[0
,�

],[Q
1
1 ,Q

2
1 ],...,[Q

1
n
,Q

2
n ]) •

∆
P ‖
L
S ′\{
cb↓}

P
4

and

−
Π

1
i ‖
L
S ′\{
cb↓}

[( •R
,T

) •,P
1 ,P

3 ,Q
1
i ]

and
−

Π
2
i ‖
L
S ′\{
cb↓}

[P
2 ,Q

2
i ]

for
every

i∈
{1,...,n}.

B
y

applying
the

induction
hypothesis

again
to

Π
1
i ,

w
e

get

−
Π

R
i ‖
L
S ′\{
cb↓}

[R
,P

1 ,P
3 ,Q

1
i ]

and
−

Π
T

i ‖
L
S ′\{
cb↓}

[T
,P

1 ,P
3 ,Q

1
i ]

.

From
w

hich
w

e
can

build
for

every
i∈
{1,...,n}:

−
Π

R
i ∥∥
L
S ′\{
cb↓}

[R
,P

1 ,P
3 ,Q

1
i ]

Π
2
i ∥∥
L
S ′\{
cb↓}

[R
,(P

1 ,[P
2 ,Q

2
i ]),P

3 ,Q
1
i ]

s ′
and

[R
, (P

1 ,P
2 ),P

3 ,Q
1
i ,Q

2
i ]

−
Π

T
i ∥∥
L
S ′\{
cb↓}

[T
,P

1 ,P
3 ,Q

1
i ]

Π
2
i ∥∥
L
S ′\{
cb↓}

[T
,(P

1 ,[P
2 ,Q

2
i ]),P

3 ,Q
1
i ]

s ′
.

[T
, (P

1 ,P
2 ),P

3 ,Q
1
i ,Q

2
i ]
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

(e
)

If
[?

R
,P

]
is

pr
ov

ab
le

in
L
S
′ \
{c
b
↓}

,
th

en
ei

th
er

P
is

pr
ov

ab
le

in
L
S
′ \
{c
b
↓}

,
or

th
er

e
ar

e
n

�
0

an
d

k
�

n
an

d
st

ru
ct

ur
es

P
R

1
,.

..
,P

R
n
,
su

ch
th

at

(• [
0
,�

],
..

.,
[0

,�
],

!P
R

1
,.

..
,!

P
R

k
,P

R
k
+

1
,.

..
,P

R
n
)•

‖L
S
′ \{
cb
↓}

P
an

d

− ‖L
S
′ \{
cb
↓}

[R
,P

R
i
]

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}.

(f
)

If
[a

,P
]
is

pr
ov

ab
le

in
L
S
,
th

en
th

er
e

is
a

de
ri

va
ti
on

(• [
0
,�

],
..

.,
[0

,�
],

ā
,.

..
,ā

)•
‖L
S
′ \{
cb
↓}

P
.

P
ro

of
:

A
ll

si
x

st
at

em
en

ts
ar

e
pr

ov
ed

si
m

ul
ta

ne
ou

sl
y

by
th

e
in

du
ct

io
n

on
th

e
si

ze
of

th
e

pr
oo

fa
s

de
fin

ed
be

fo
re

.
W

ha
t

fo
llo

w
s

is
a

ca
se

an
al

ys
is

w
hi

ch
is

co
nc

ep
tu

al
ly

si
m

ila
r

to
th

e
cu

t
el

im
in

at
io

n
pr

oo
f

in
th

e
se

qu
en

t
ca

lc
ul

us
.

(a
)

I
w

ill
co

ns
id

er
on

ly
th

e
ca

se
w

he
re

R
�=
�
�=

T
(o

th
er

w
is

e
th

e
st

at
em

en
t

is
tr

iv
ia

lly
tr

ue
).

O
bs

er
ve

th
at

al
so

in
th

e
ca

se
R

=
1

=
T

th
e

st
at

em
en

t
is

tr
iv

ia
lly

tr
ue

.
C

on
si

de
r

no
w

th
e

bo
tt

om
m

os
t

ru
le

in
st

an
ce

ρ
in

th
e

pr
oo

f
−

Π
‖L
S
′ \{
cb
↓}

[(•
R

,T
)• ,

P
]

.
W

it
ho

ut

lo
ss

of
ge

ne
ra

lit
y,

w
e

ca
n

as
su

m
e

th
at

th
e

ap
pl

ic
at

io
n

of
ρ

is
no

nt
ri

vi
al

.
A

s
in

th
e

sp
lit

ti
ng

pr
oo

f
in

C
ha

pt
er

7,
w

e
ca

n
di

st
in

gu
is

h
be

tw
ee

n
th

re
e

co
nc

ep
tu

al
ly

di
ffe

re
nt

ca
se

s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

(2
)

T
he

su
bs

tr
uc

tu
re

(• R
,T

)•
is

in
si

de
th

e
re

de
x

of
ρ
,

bu
t

th
e

ap
pl

ic
at

io
n

of
ρ

do
es

no
t

de
co

m
po

se
th

e
st

ru
ct

ur
e

(• R
,T

)• .

(3
)

T
he

ap
pl

ic
at

io
n

of
ρ

de
co

m
po

se
s

th
e

su
bs

tr
uc

tu
re

(• R
,T

)• .

C
as

e
(2

)
ca

n
be

co
m

pa
re

d
to

a
co

m
m

ut
at

iv
e

ca
se

in
a

cu
t

el
im

in
at

io
n

pr
oo

f
in

th
e

se
qu

en
t

ca
lc

ul
us

(s
ee

Se
ct

io
n

2.
3)

,
an

d
ca

se
(3

)
to

a
ke

y
ca

se
.

C
as

e
(1

)
ha

s
no

co
un

-
te

rp
ar

t
in

th
e

se
qu

en
t

ca
lc

ul
us

be
ca

us
e

th
er

e
is

no
po

ss
ib

ili
ty

of
de

ep
in

fe
re

nc
e.

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

T
he

n
th

er
e

ar
e

th
re

e
su

bc
as

es
of

w
hi

ch
I

sh
ow

on
ly

th
e

fir
st

,t
he

ot
he

r
tw

o
be

in
g

si
m

ila
r

(c
om

pa
re

th
e

pr
oo

fo
fL

em
m

a
7.

3.
5

on
pa

ge
21

7)
.

(i
)

T
he

re
de

x
of

ρ
is

in
si

de
R

.
T

he
n

th
e

pr
oo

f
Π

ha
s

th
e

sh
ap

e

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(•
R

′ ,
T

)• ,
P

]
ρ

.
[(•

R
,T

)• ,
P

]

3.
4.

C
u
t

E
li
m

in
at

io
n

4
3

w
e

ca
n

co
ns

tr
uc

t
th

e
de

ri
va

ti
on

T
=

(T
,1

)
∆
∥ ∥ LS\

{1
↓}

(T
,[

T̄
,R

])
s

[(
T

,T̄
),

R
]

i↑
[⊥

,R
]

=
R

,

to
w

hi
ch

w
e

ap
pl

y
P

ro
po

si
ti

on
3.

2.
16

to
ge

t
a

de
ri

va
ti

on
T ‖S
L
S

R
.

��

3.
4.

4
R

em
ar

k
Fr

om
C

or
ol

la
ry

3.
4.

3,
w

e
im

m
ed

ia
te

ly
ge

t
th

e
co

rr
es

po
nd

en
ce

be
tw

ee
n

de
ri

va
bi

lit
y

in
sy

st
em
SL
S

an
d

lin
ea

r
im

pl
ic

at
io

n.
Fo

r
an

y
tw

o
fo

rm
ul

ae
A

an
d

B
,w

e
ha

ve
th

at
A
S ‖SL
S

B
S

if
an

d
on

ly
if

A
−◦

B
.

T
he

se
co

nd
pr

oo
fo

fc
ut

el
im

in
at

io
n

w
ill

be
ca

rr
ie

d
ou

t
in

si
de

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

,
co

m
pl

et
el

y
in

de
pe

nd
en

t
fr

om
th

e
se

qu
en

t
ca

lc
ul

us
,

an
d

by
us

in
g

m
et

ho
ds

th
at

ar
e

no
t

av
ai

la
bl

e
in

th
e

se
qu

en
t

ca
lc

ul
us

.
B

ef
or

e
I

w
ill

go
in

to
th

e
de

ta
ils

of
th

is
pr

oo
f,

le
t

m
e

ex
pl

ai
n

w
hy

it
is

in
de

ed
a

ch
al

le
ng

e
to

pr
ov

e
cu

t
el

im
in

at
io

n
in

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

an
d

w
hy

th
e

m
et

ho
ds

of
th

e
se

qu
en

t
ca

lc
ul

us
ca

nn
ot

be
ap

pl
ie

d.
In

th
e

cu
t

el
im

in
at

io
n

pr
oc

es
s

in
th

e
se

qu
en

t
ca

lc
ul

us
(s

ee
Se

ct
io

n
2.

3)
,w

e
kn

ow
at

ea
ch

st
ep

w
he

th
er

w
e

ha
ve

a
co

m
m

ut
at

iv
e

ca
se

or
a

ke
y

ca
se

,a
nd

if
w

e
ha

ve
a

ke
y

ca
se

,w
e

kn
ow

(b
ec

au
se

of
th

e
pr

in
ci

pl
e

of
th

e
m

ai
n

co
nn

ec
ti

ve
)

ho
w

to
de

co
m

po
se

th
e

cu
t

fo
rm

ul
a

an
d

re
du

ce
th

e
ra

nk
of

th
e

cu
t.

B
ec

au
se

th
er

e
is

no
m

ai
n

co
nn

ec
ti

ve
in

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

an
d

ru
le

s
ca

n
ap

pl
ie

d
an

yw
he

re
de

ep
in

si
de

st
ru

ct
ur

es
,

w
e

ca
nn

ot
ea

si
ly

pe
rm

ut
e

up
th

e
cu

t.
Fo

r
in

st
an

ce
,

if
in

a
de

ri
va

ti
on

Q
ρ

S
(R

,R̄
)

i↑
S
{⊥
}

th
e

ru
le

ρ
m

od
ifi

es
so

m
e

su
bs

tr
uc

tu
re

of
R

,
w

e
do

no
t
kn

ow
ho

w
de

ep
in

si
de

R
th

e
ru

le
is

ap
pl

ie
d.

Fu
rt

he
rm

or
e,

th
er

e
is

no
re

as
on

to
as

su
m

e
th

at
an

y
ru

le
ρ
′ a

bo
ve

ρ
do

es
th

e
ex

ac
t

du
al

of
ρ

in
si

de
th

e
st

ru
ct

ur
e

R̄
.

O
n

th
e

ot
he

r
ha

nd
,a

gr
ea

t
si

m
pl

ifi
ca

ti
on

is
m

ad
e

po
ss

ib
le

in
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
by

th
e

re
du

ct
io

n
of

cu
t

to
it

s
at

om
ic

fo
rm

.
T

he
re

m
ai

ni
ng

di
ffi

cu
lt

y
is

ac
tu

al
ly

un
de

rs
ta

nd
in

g
w

ha
t

ha
pp

en
s,

w
hi

le
go

in
g

up
in

a
pr

oo
f,

ar
ou

nd
th

e
at

om
s

pr
od

uc
ed

by
an

at
om

ic
cu

t.
T

he
tw

o
at

om
s

of
an

at
om

ic
cu

t
ca

n
be

pr
od

uc
ed

in
si

de
an

y
st

ru
ct

ur
e,

an
d

th
ey

do
no

t
be

lo
ng

to
di

st
in

ct
br

an
ch

es
,a

s
in

th
e

se
qu

en
t

ca
lc

ul
us

.
T

hi
s

m
ea

ns
th

at
co

m
pl

ex
in

te
ra

ct
io

ns
w

it
h

th
ei

r
co

nt
ex

t
ar

e
po

ss
ib

le
.

A
s

a
co

ns
eq

ue
nc

e,
th

e
te

ch
ni

qu
es

fo
r

sh
ow

in
g

cu
t

el
im

in
at

io
n

in
si

de
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
ar

e
qu

it
e

di
ffe

re
nt

fr
om

th
e

tr
ad

it
io

na
l

on
es

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

In
the

follow
ing,

I
w

ill
present

a
proof

of
T

heorem
3.4.1,

that
uses

the
techniques

of
splitting

and
context

reduction
that

have
been

introduced
in

[G
ug02e].

B
ecause

the
w

hole
proof

is
rather

long
and

technical
and

uses
som

e
concepts

that
are

introduced
only

in
later

chapters,
the

reader
is

invited
to

skip
it

in
the

first
reading

and
jum

p
im

m
ediately

to
Section

3.5
on

page
80.

Furtherm
ore,

this
thesis

contains
in

C
hapter

7
another

cut
elim

ination
proofbased

on
splitting,w

hich
is

m
uch

sim
pler.

T
herefore

the
reader

interested
in

splitting
is

strongly
advised

not
to

read
the

splitting
proof

in
this

chapter
until

he
has

m
astered

the
proof

in
Section

7.3.
For

that
reason

I
also

postponed
the

introductory
notes

on
splitting

and
context

reduction
to

that
section,

w
here

I
w

ill
explain

the
basic

ideas
on

an
inform

allevel.

3
.4

.1
S
p
littin

g

In
this

section,
I

w
ill

prove
the

splitting
lem

m
a

for
system

L
S,

w
hich

is
stated

as
follow

s:

3.4.5
L
em

m
a

(S
p
littin

g)
Let

R
,
T

,
P

be
any

structures,
and

let
a

be
an

atom
.

(a)
If

[( •R
,T

) •,P
]
is

provable
in
L
S,

then

−‖
L
S

[R
,P

]
and

−‖
L
S

[T
,P

]
.

(b)
If

[[ •R
,T

] •,P
]
is

provable
in
L
S,

then
there

are
structures

P
R

and
P

T ,
such

that

( •P
R
,P

T ) •
‖
L
S

P
and

−‖
L
S

[R
,P

R
]

and
−‖
L
S

[T
,P

T
]

.

(c)
If

[(R
,T

),P
]

is
provable

in
L
S,

then
there

is
an

n
�

0
and

there
are

structures
P

R
1 ,...,P

R
n

and
P

T
1 ,...,P

T
n ,

such
that

( •[0
,�

],...,[0
,�

],[P
R

1 ,P
T

1 ],...,[P
R

n
,P

T
n ]) •

‖
L
S

P
and

−‖
L
S

[R
,P

R
i ]

and
−‖
L
S

[T
,P

T
i ]

for
every

i∈
{1,...,n}.

(d)
If

[!R
,P

]
is

provable
in
L
S,

then
there

are
n

�
0

and
k

1 ,...,k
n

�
0

and
structures

P
R

1
1 ,...,P

R
1
k
1 ,P

R
2
1 ,...,P

R
2
k
2 ,...,P

R
n
1 ,...,P

R
n
k

n ,
such

that

( •[0
,�

],...,[0
,�

],[?P
R

1
1 ,...,?P

R
1
k
1 ],...,[?P

R
n
1 ,...,?P

R
n
k

n ]) •
‖
L
S

P
and

−‖
L
S

[R
,P

R
i1 ,...,P

R
ik

i ]

for
every

i∈
{1,...,n}.

3.4.
C

u
t

E
lim

in
ation

5
3

3.4.18
L
em

m
a

Let
R

be
any

structures.
T

hen
[R

,0
,�

]
is

provable
in
L
S.

P
ro

of:
U

se
1↓
1

ai ↓
[0

,�
]

t↓
.

[R
,0

,�
]

��

O
bserve

that
L

em
m

ata
3.4.16

to
3.4.18

do
also

hold
for

system
L
S ′\{cb↓}.

It
follow

s
the

splitting
lem

m
a

for
the

system
L
S ′\{cb↓}.

Its
proofis

essentially
the

sam
e

as
the

proof
of

splitting
for

system
N
E
L
m

in
C

hapter
7.

B
ut

in
the

presence
of

the
additives,

the
cases

are
m

ore
com

plex.

3.4.19
L
em

m
a

Let
R

,
T

,
P

be
any

structures,
and

let
a

be
an

atom
.

(a)
If

[( •R
,T

) •,P
]
is

provable
in
L
S ′\{cb↓},

then

−‖
L
S ′\{
cb↓}

[R
,P

]
and

−‖
L
S ′\{
cb↓}

[T
,P

]
.

(b)
If

[[ •R
,T

] •,P
]

is
provable

in
L
S ′\{cb↓},

then
there

are
structures

P
R

and
P

T ,
such

that
( •P

R
,P

T ) •
‖
L
S ′\{
cb↓}

P
and

−‖
L
S ′\{
cb↓}

[R
,P

R
]

and
−‖
L
S ′\{
cb↓}

[T
,P

T
]

.

(c)
If

[(R
,T

),P
]
is

provable
in
L
S ′\{cb↓},

then
there

is
an

n
�

0
and

there
are

structures
P

R
1 ,...,P

R
n

and
P

T
1 ,...,P

T
n ,

such
that

( •[0
,�

],...,[0
,�

],[P
R

1 ,P
T

1 ],...,[P
R

n
,P

T
n ]) •

‖
L
S ′\{
cb↓}

P
and

−‖
L
S ′\{
cb↓}

[R
,P

R
i ]

and
−‖
L
S ′\{
cb↓}

[T
,P

T
i ]

,

for
every

i∈
{1,...,n}.

(d)
If

[!R
,P

]
is

provable
in
L
S ′\{cb↓},

then
there

are
n

�
0

and
k

1 ,...,k
n

�
0

and
structures

P
R

1
1 ,...,P

R
1
k
1 ,P

R
2
1 ,...,P

R
2
k
2 ,...,P

R
n
1 ,...,P

R
n
k

n ,
such

that

( •[0
,�

],...,[0
,�

],[?P
R

1
1 ,...,?P

R
1
k
1 ],...,[?P

R
n
1 ,...,?P

R
n
k

n ]) •
‖
L
S ′\{
cb↓}

P
and

−‖
L
S ′\{
cb↓}

[R
,P

R
i1 ,...,P

R
ik

i ]

for
every

i∈
{1,...,n}.
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

If
R

,
P

1
,
P

2
,P

3
,
Q

an
d

S
{
}a

re
gi

ve
n

su
ch

th
at

P
1
�=
1
�=

P
2

an
d

S
{Q
}
‖L
S
′ \{
cb
↓}

P
3

,
th

en

si
ze

( [R
,P

1
,Q

]) <
si

ze
( [R

,(
P

1
,P

2
),

P
3
]) .

T
he

fu
ll

in
du

ct
io

n
m

ea
su

re
in

th
e

pr
oo

f
of

L
em

m
a

3.
4.

19
w

ill
be

th
e

si
ze

of
th

e
pr

oo
fs

,
w

hi
ch

is
de

fin
ed

as
fo

llo
w

s:

3.
4.

14
D

efi
n
it

io
n

T
he

si
ze

of
a

pr
oo

f
−

Π
‖ R

is
th

e
pa

ir

si
ze

( Π
) =

〈 si
ze

( R
) ,l

en
gt

h(
Π

)〉 .

G
iv

en
tw

o
pr

oo
fs
−

Π
‖ R

an
d

−
Π

′ ‖ R
′

,
th

en
de

fin
e

si
ze

( Π
) <

si
ze

( Π
′)
⇐⇒

si
ze

( R
) <

si
ze

( R
′)

or
si

ze
( R

) =
si

ze
( R

′)
an

d
le

ng
th

(Π
)

<
le

ng
th

(Π
′ )

.

I
w

ill
m

ak
e

he
av

y
us

e
of

th
e

fo
llo

w
in

g
le

m
m

at
a

(w
it

ho
ut

ex
pl

ic
it

ly
m

en
ti

on
in

g
th

em
al

l
th

e
ti

m
e)

.

3.
4.

15
L
em

m
a

Le
tn

,m
�

0
an

d
le

tR
1
,.

..
,R

n
an

d
T

1
,.

..
,T

m
be

an
y

st
ru

ct
ur

es
.

T
he

n
th

er
e

is
ar

e
de

ri
va

ti
on

s

(• [
R

1
,T

1
],

[R
1
,T

2
],

..
.,

[R
1
,T

m
],

..
.,

[R
n
,T

1
],

[R
n
,T

2
],

..
.,

[R
n
,T

m
])•

∆
∥ ∥ {c↓

,d
↓}

[(•
R

1
,.

..
,R

n
)• ,

(• T
1
,.

..
,T

m
)• ]

an
d

(• [
R

1
,T

1
],

[R
1
,T

2
],

..
.,

[R
1
,T

m
],

..
.,

[R
n
,T

1
],

[R
n
,T

2
],

..
.,

[R
n
,T

m
])•

∆
′∥ ∥ {cd

′ ↓}
[(•

R
1
,.

..
,R

n
)• ,

(• T
1
,.

..
,T

m
)• ]

.

P
ro

of
:

T
he

de
ri

va
ti

on
∆

co
ns

is
ts

of
(n
−

1)
(m
−

1)
in

st
an

ce
s

of
c↓

an
d
d
↓.

��

3.
4.

16
L
em

m
a

Le
t

n
�

0
an

d
le

t
R

1
,.

..
,R

n
st

ru
ct

ur
es

th
at

ar
e

pr
ov

ab
le

in
L
S
.

T
he

n
(• R

1
,.

..
,R

n
)•

is
al

so
pr

ov
ab

le
in
L
S
.

P
ro

of
:

Im
m

ed
ia

te
fr

om
th

e
de

fin
it

io
ns

(u
se

(• 1
,1

)•
=
1
).

��

3.
4.

17
L
em

m
a

Le
t

n
,m

�
0

an
d

le
t

R
1
,.

..
,R

n
an

d
T

1
,.

..
,T

m
be

an
y

st
ru

ct
ur

es
.

If
fo

r
ev

er
y

i
∈
{1

,.
..

,n
}

an
d

j
∈
{1

,.
..

,m
},

th
e

st
ru

ct
ur

e
[R

i,
T

j
]

is
pr

ov
ab

le
in
L
S
,
th

en
[(•

R
1
,.

..
,R

n
)• ,

(• T
1
,.

..
,T

m
)• ]

is
al

so
pr

ov
ab

le
in
L
S
.

P
ro

of
:

Im
m

ed
ia

te
co

ns
eq

ue
nc

e
of

th
e

pr
ev

io
us

tw
o

le
m

m
at

a.
��

3.
4.

C
u
t

E
li
m

in
at

io
n

4
5

(f
)

If
[a

,P
]
is

pr
ov

ab
le

in
L
S
,
th

en
th

er
e

is
a

de
ri

va
ti
on

(• [
0
,�

],
..

.,
[0

,�
],

ā
,.

..
,ā

)•
‖L
S

P
.

3.
4.

6
R

em
ar

k
In

th
e

st
at

em
en

t
of

L
em

m
a

3.
4.

5,
th

e
st

ru
ct

ur
e

(• [
0
,�

],
..

.,
[0

,�
])•

co
n-

si
st

s
of

an
ar

bi
tr

ar
y

nu
m

be
r

(i
nc

lu
di

ng
ze

ro
)

of
co

pi
es

of
th

e
st

ru
ct

ur
e

[0
,�

].
In

ot
he

r
w

or
ds

,(•
[0

,�
],

..
.,

[0
,�

])•
ca

n
st

an
d

fo
r

an
y

of
th

e
st

ru
ct

ur
es

�
,

[0
,�

]
,

(• [
0
,�

],
[0

,�
])•

,
(• [
0
,�

],
[0

,�
],

[0
,�

])•
,

..
.

T
hi

s
co

nv
en

ti
on

is
us

ed
th

ro
ug

ho
ut

th
e

re
m

ai
nd

er
of

th
is

ch
ap

te
r.

T
he

pr
oo

f
of

th
e

sp
lit

ti
ng

le
m

m
a

is
ra

th
er

te
ch

ni
ca

l.
B

ef
or

e
st

ud
yi

ng
it

,
th

e
re

ad
er

sh
ou

ld
ha

ve
de

ve
lo

pe
d

so
m

e
fa

m
ili

ar
it

y
w

it
h

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

.
In

pa
rt

ic
ul

ar
,

th
e

re
ad

er
sh

ou
ld

ha
ve

m
as

te
re

d
at

le
as

t
Se

ct
io

ns
4.

2
an

d
7.

3.
Si

nc
e

th
is

is
th

e
on

ly
pl

ac
e

in
th

is
th

es
is

w
he

re
I

us
e

co
nc

ep
ts

th
at

I
in

tr
od

uc
e

on
ly

la
te

r,
on

e
m

ig
ht

ar
gu

e
ab

ou
t

pu
tt

in
g

th
is

pr
oo

f
in

to
an

ap
pe

nd
ix

.
T

hi
s

is
no

t
do

ne
fo

r
th

e
fo

llo
w

in
g

re
as

on
s:

(1
)

co
nc

ep
tu

al
ly

th
is

pr
oo

f
be

lo
ng

s
to

th
is

ch
ap

te
r,

an
d

(2
)

fo
r

re
as

on
s

of
pe

rs
on

al
ta

st
e

I
do

no
t

lik
e

th
e

id
ea

of
pu

tt
in

g
pr

oo
fs

in
to

an
ap

pe
nd

ix
.

A
s

m
en

ti
on

ed
in

Se
ct

io
n

7.
3.

1,
th

e
bi

gg
es

t
di

ffi
cu

lt
y

in
pr

ov
in

g
th

e
sp

lit
ti

ng
le

m
m

a
is

fin
di

ng
th

e
ri

gh
t

in
du

ct
io

n
m

ea
su

re
.

T
he

pr
es

en
ce

of
th

e
ru

le
s
c↓

an
d
b
↓m

ak
es

th
is

ev
en

m
or

e
di

ffi
cu

lt
fo

r
sy

st
em
L
S
.

In
or

de
r

to
si

m
pl

ify
th

e
si

tu
at

io
n,

th
e

fo
llo

w
in

g
ru

le
s

ar
e

in
tr

od
uc

ed
:

S
(• [

R
,U

],
[T

,U
])•

cd
↓

S
[(•

R
,T

)• ,
U

]
,

S
[?

R
,?

R
]

cb
↓

S
{?

R
}

an
d

S
{R
}

cr
↓ S
{?

R
}

.

T
he

fo
llo

w
in

g
de

ri
va

ti
on

s
sh

ow
th

at
th

e
ru

le
s
cd
↓,
cb
↓,

an
d
cr
↓,

ar
e

al
l

de
ri

va
bl

e
in
L
S
.

S
(• [

R
,U

],
[T

,U
])•

d
↓ S

[(•
R

,T
)• ,

[• U
,U

]• ]
c↓

,
S

[(•
R

,T
)• ,

U
]

S
[?

R
,?

R
]

=
S

[?
?R

,?
R

]
b
↓

S
{?

?R
}

=
an

d
S
{?

R
}

S
{R
}

w
↓ S

[?
R

,R
]

b
↓

.
S
{?

R
}

T
he

ru
le
cd
↓

w
ill

si
m

pl
ify

th
e

ca
se

an
al

ys
is

be
ca

us
e

it
ca

nn
ot

be
ap

pl
ie

d
as

fr
ee

ly
as

th
e

ru
le
c↓

ca
n.

T
hr

ou
gh

th
e

pr
es

en
ce

of
th

e
ru

le
cb
↓t

he
in

du
ct

io
n

m
ea

su
re

ca
n

be
si

m
pl

ifi
ed

be
ca

us
e
cb
↓c

an
be

pe
rm

ut
ed

do
w

n
(w

hi
ch

w
ill

be
sh

ow
n

in
L

em
m

a
3.

4.
9)

bu
t
b
↓c

an
no

t.
A

no
th

er
(t

ec
hn

ic
al

)
di

ffi
cu

lt
y

fo
r

de
te

rm
in

in
g

th
e

pr
op

er
in

du
ct

io
n

m
ea

su
re

is
ca

us
ed

by
th

e
pr

es
en

ce
of

th
e

co
ns

ta
nt

s.
Fo

r
th

at
re

as
on

,
th

e
ru

le
s
cd

′ ↓
an

d
s′

ar
e

in
tr

od
uc

ed
,

w
hi

ch
ar

e
id

en
ti

ca
l

to
cd
↓a

nd
s,

re
sp

ec
ti

ve
ly

,
w

it
h

th
e

di
ffe

re
nc

e
th

at
in

th
e

ca
se

of
cd

′ ↓
w

e
ha

ve
R
�=
�
�=

T
,

an
d

in
th

e
ca

se
of
s′

w
e

ha
ve

th
at

R
�=
1
.

T
he

tw
o

ru
le

s
ar

e
sp

ec
ia

l
ca

se
s

of
cd
↓a

nd
s,

re
sp

ec
ti

ve
ly

,a
nd

th
er

ef
or

e
de

ri
va

bl
e

in
L
S
.

L
em

m
a

3.
4.

8
w

ill
sh

ow
th

at
co

m
pl

et
en

es
s

is
no

t
lo

st
w

he
n

th
ey

re
pl

ac
e

th
e

ge
ne

ra
l

ru
le

s.
It

w
ill

al
so

be
ne

ce
ss

ar
y

to
re

st
ri

ct
th

e
ap

pl
ic

ab
ili

ty
of

th
e

ru
le
t↓

.
L

et

S
[0

,T
]

t′ ↓
S

[R
,T

]
(w

he
re

R
�=
⊥
�=

T
)

an
d

S
{T
}

t′′
↓ S

[• R
,T

]•
(w

he
re

T
�=
0
)

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

1↓
1

�↓
�

S{1}
ai↓

S
[a

,ā]

S
( •[R

,U
],[T

,U
]) •

cd ′↓
S

[( •R
,T

) •,U
]

(w
here

R
�=
�
�=

T
)

S
([R

,U
],T

)
s ′

S
[(R

,T
),U

]
(w

here
R
�=
1)

S
[0

,T
]

t ′↓
S

[R
,T

]
(w

here
R
�=
⊥
�=

T
)

S{T}
t ′′↓

S
[ •R

,T
] •

(w
here

T
�=
0)

S{![R
,T

]}
p↓

S
[!R

,?T
]

S{⊥}
w↓

S{?R}
S

[?R
,?R

]
cb↓

S{?R}
S{R}

cr↓
S{?R}

F
igure

3.4:
System

L
S ′

both
are

derivable
in
L
S

because
they

are
special

cases
of
t↓.

H
ow

ever,
if

they
are

used
to

replace
t↓,

then
com

pleteness
is

lost,
but

can
be

regained
by

adding
another

axiom

�↓
,

�

w
hich

is
derivable

in
L
S:

1↓
1

ai ↓
[0

,�
]

t↓
[⊥

,�
]

=
.

�
3.4.7

D
efi

n
ition

T
he

system
{ 1↓

,�↓,ai↓,s ′,cd ′↓,t ′↓,t ′′↓,p↓
,w↓

,cb↓,cr↓},
show

n
in

F
igure

3.4,
is

called
system

L
S ′.

It
should

be
obvious

that
system

L
S ′

is
equivalent

to
L
S

because
its

rules
are

closer
to

the
sequent

system
L
L

for
linear

logic.
T

he
precise

relation
betw

een
system

L
S ′

and
system

L
S

is
given

by
the

follow
ing

lem
m

a.

3.4.8
L
em

m
a

Let
R

and
T

be
structures.

(a)
If

there
is

a
derivation

T
∆

′‖
L
S ′

R
,
then

there
is

a
derivation

T
∆‖
L
S

R
.

(b)
If

there
is

a
proof

−Π‖
L
S

R
,
then

there
is

a
proof

−Π ′‖
L
S ′

R
.

P
ro

of:
(a)

A
s

m
entioned

before,the
rules�↓,

cd ′↓,
s ′,
t ′↓,
t ′′↓,
cb↓

and
cr↓

are
allderivable

in
L
S.

3.4.
C

u
t

E
lim

in
ation

5
1

O
n

the
set

of
m

ultisets
of

natural
num

bers,let
m

e
define

the
binary

relation
<

as
follow

s:
W

e
have

M
<

N
iff

there
exists

an
injective

f
:
M
→

N
such

that
for

all
n
∈

M
w

e
have

m
�

f(m
)

and
there

is
an

n
∈

N
such

that
f −

1(n)
is

undefined
or

f −
1(n)

<
n.

T
ransitivity

of
<

is
obvious.

Since
w

e
consider

only
finite

m
ultisets,

<
is

also
irreflexive.

H
ence

<
is

a
strict

partial
order.

T
hat

<
is

w
ell-founded

follow
s

im
m

ediately.
I

w
ill

w
rite

M
�

N
if

M
<

N
or

M
=

N
.

In
the

follow
ing,I

w
illdefine

the
size

of
a

structure
to

be
a

m
ultiset

ofnaturalnum
bers

(or,
equivalently,

an
elem

ent
of

the
free

com
m

utative
m

onoid
generated

by
N

).
For

this,
I

consider
structures

to
be

in
norm

al
form

(see
R

em
ark

3.1.5),
in

particular,
superfluous

units
are

om
itted.

T
he

size
ofan

L
S

structure
R

,denoted
by

size (R ),is
inductively

defined
as

follow
s:

size (a )
=
{1}

(for
every

atom
,

including⊥
,
1,
0,and

�
)

,

size ([R
,T

] )
=

size (R )
+

size (T )
,

size ((R
,T

) )
=

size (R )∪
size (T )

,
size ([ •R

,T
] • )

=
size (R )∪

size (T )
,

size (( •R
,T

) • )
=

size (R )∪
size (T )

,
size (!R )

=
size (R )

,
size (?R )

=
size (R )

.

3.4.10
E
x
am

p
le

L
et

R
=

[!( 1
,a

,[c,c̄],( •?ā
,�

,b,⊥
) •),c].

T
hen

w
e

have
that

R
=

[!(a
,[c,c̄],( •?ā

,b,⊥
) •),c],

w
hich

has

size (R )
=

({1}∪
({1}

+
{1})∪

{1}∪
{1}∪

{1})
+
{1}

=
{2,3,2,2,2}

.

3.4.11
O

b
servation

L
et

T
ρ

R
be

an
application

of
a

rule
ρ
∈
L
S ′\{cb↓}.

T
hen

w
e

have
size (T )

�
size (R ).

T
his

is
the

reason,
w

hy
the

rule
s ′and

cd ′↓
have

been
introduced

and
the

restriction
of

R
�=
⊥

has
been

put
on
t ′↓.

3.4.12
O

b
servation

L
et

R
and

T
be

structures
and

S{
}

be
a

context.
If

size (T )
<

size (R ),then
size (S{T} )

<
size (S{R} ).

(T
his

follow
s

im
m

ediately
from

the
definitions

by
using

induction
on

S{
}).

3.4.13
O

b
servation

L
et

R
and

T
be

structures.
If

T
is

a
proper

substructure
of

R
(i.e.

R
=

S{T}
for

som
e

nontrivialcontext
S{
}),

then
size (T )

<
size (R ).

O
bservations

3.4.11
to

3.4.13
ensure

that
in

the
proofofL

em
m

a
3.4.19,w

hich
w

illfollow
below

,the
induction

hypothesis
can

indeed
be

applied
in

every
case

w
here

it
is

applied.
L

et
m

e
use

tw
o

typical
exam

ples.
If

R
,
P

1 ,
P

2
and

P
3

are
given

such
that

P
1 �=
�
�=

P
2 ,then

size ([R
,P

1 ,P
3 ] )

<
size ([R

,( •P
1 ,P

2 ) •,P
3 ] )

and
size ([R

,P
2 ,P

3 ] )
<

size ([R
,( •P

1 ,P
2 ) •,P

3 ] )
.
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

fo
r

so
m

e
st

ru
ct

ur
e

R
′ .

P
ro

of
:

A
ll

in
st

an
ce

of
th

e
ru

le
cb
↓c

an
be

pe
rm

ut
ed

do
w

n.
T

o
se

e
th

is
,c

on
si

de
r

S
[?

Z
,?

Z
]

cb
↓

S
{?

Z
}

ρ
,

P

w
he

re
ρ
∈
L
S
′ \
{c
b
↓}

an
d
cb
↓a

re
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
th

e
ca

se
an

al
ys

is
in

4.
2.

3,
w

e
ha

ve
th

e
fo

llo
w

in
g

ca
se

s
to

co
ns

id
er

(4
)

T
he

re
de

x
?Z

of
cb
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

co
nt

ra
ct

um
of

ρ
.

T
hi

s
is

on
ly

po
ss

ib
le

if
ρ

=
cd

′ ↓
an

d
w

e
ha

ve S
(• [

R
,U

[?
Z

,?
Z

]]
,[

T
,U
{?

Z
}]

)•
cb
↓

S
(• [

R
,U
{?

Z
}]

,[
T

,U
{?

Z
}]

)•
cd

′ ↓
,

S
[(•

R
,T

)• ,
U
{?

Z
}]

w
hi

ch
ca

n
be

re
pl

ac
ed

by

S
(• [

R
,U

[?
Z

,?
Z

]]
,[

T
,U
{?

Z
}]

)•
w
↓ S

(• [
R

,U
[?

Z
,?

Z
]]

,
[T

,U
[?

Z
,?

Z
]]

)•
cd

′ ↓
S

[(•
R

,T
)• ,

U
[?

Z
,?

Z
]]

cb
↓

.
S

[(•
R

,T
)• ,

U
{?

Z
}]

(5
)

T
he

co
nt

ra
ct

um
of

ρ
is

in
si

de
th

e
re

de
x

?Z
of
cb
↓.

T
he

n
w

e
ha

ve

S
[?

Z
,?

Z
]

cb
↓

S
{?

Z
}

ρ
,

w
hi

ch
ca

n
be

re
pl

ac
ed

by
S
{?

Z
′ }

S
[?

Z
,?

Z
]

ρ
S

[?
Z

,?
Z

′ ]
ρ

S
[?

Z
′ ,

?Z
′ ]

cb
↓

.
S
{?

Z
′ }

(6
)

T
he

re
de

x
?Z

of
cb
↓a

nd
th

e
co

nt
ra

ct
um

of
ρ

ov
er

la
p.

T
hi

s
is

im
po

ss
ib

le
.

A
cc

or
di

ng
to

th
is

,
al

l
in

st
an

ce
s

of
cb
↓c

an
be

pe
rm

ut
ed

do
w

n
un

ti
l

th
e

de
ri

va
ti

on
ha

s
th

e
de

si
re

d
sh

ap
e.

��
In

th
e

fo
llo

w
in

g,
I

w
ill

sh
ow

th
e

sp
lit

ti
ng

le
m

m
a

fo
r

sy
st

em
L
S
′ \
{c
b
↓}

(L
em

m
a

3.
4.

19
),

fr
om

w
hi

ch
th

e
sp

lit
ti

ng
le

m
m

a
fo

r
sy

st
em
L
S

(L
em

m
a

3.
4.

5)
w

ill
ea

si
ly

fo
llo

w
.

B
ef

or
e

I
sh

ow
th

e
(r

at
he

r
te

ch
ni

ca
l)

pr
oo

f
of

sp
lit

ti
ng

,
le

t
m

e
ex

pl
ai

n
th

e
in

du
ct

io
n

m
ea

su
re

.
C

on
si

de
r

th
e

fin
it

e
m

ul
ti

se
ts

of
na

tu
ra

l
nu

m
be

rs
,

or
eq

ui
va

le
nt

ly
,

th
e

el
em

en
ts

of
th

e
fr

ee
co

m
m

ut
at

iv
e

m
on

oi
d

ge
ne

ra
te

d
by

N
.

L
et

M
an

d
N

be
tw

o
su

ch
m

ul
ti

se
ts

.
T

he
n

de
fin

e
M

+
N

=
{n

+
m
|n
∈

N
an

d
m
∈

N
}

.

T
hi

s
su

m
is

th
e

su
m

of
th

e
fr

ee
co

m
m

ut
at

iv
e

m
on

oi
d,

an
d

di
st

ri
bu

te
s

ov
er

th
e

un
io

n:
G

iv
en

th
re

e
su

ch
m

ul
ti

se
ts

M
,
N

,
an

d
O

,
th

en

(M
∪

N
)

+
O

=
(M

+
O

)∪
(N

+
O

)
.

3.
4.

C
u
t

E
li
m

in
at

io
n

4
7

(b
)

A
gi

ve
n

pr
oo

f
Π

in
L
S

w
ill

be
tr

an
sf

or
m

ed
in

to
a

pr
oo

f
Π

′
in
L
S
′

ac
co

rd
in

g
to

th
e

fo
llo

w
in

g
st

ep
s.

F
ir

st
re

pl
ac

e
al

li
ns

ta
nc

es
of

th
e

ru
le

s
d
↓a

nd
b
↓b

y
th

e
fo

llo
w

in
g

de
ri

va
ti

on
s:

S
(• [

R
,U

],
[T

,V
])•

t↓
S

(• [
R

,U
],

[T
,[•

U
,V

]• ]
)•

t↓
S

(• [
R

,[•
U

,V
]• ]

,
[T

,[•
U

,V
]• ]

)•
cd
↓

an
d

S
[(•

R
,T

)• ,
[• U

,V
]• ]

S
[?

R
,R

]
cr
↓ S

[?
R

,?
R

]
cb
↓

.
S
{?

R
}

In
th

e
se

co
nd

st
ep

,
th

e
in

st
an

ce
s

of
t↓

ar
e

pe
rm

ut
ed

up
un

ti
l

th
ey

di
sa

pp
ea

r
or

be
co

m
e

in
st

an
ce

s
of
t′ ↓

or
t′′
↓.

Fo
llo

w
in

g
th

e
ca

se
an

al
ys

is
in

4.
2.

3,
w

e
ha

ve
th

at
th

e
ca

se
s

(1
)

to
(3

)
ar

e
tr

iv
ia

l,
an

d
ca

se
s

(4
)

an
d

(6
)

ar
e

im
po

ss
ib

le
.

If
ca

se
(5

)
oc

cu
rs

w
e

ha
ve

on
e

of
th

e
fo

llo
w

in
g:

(i
)

T
he

in
st

an
ce

of
t↓

is
du

pl
ic

at
ed

by
an

in
st

an
ce

of
cd
↓,
c↓

or
cb
↓,

or
it

is
el

im
in

at
ed

by
w
↓,
t′ ↓

or
t′′
↓.

(i
i)

T
he
0

in
th

e
co

nt
ra

ct
um

of
t↓

ap
pe

ar
s

ac
ti

ve
ly

in
th

e
re

de
x

of
th

e
ru

le
ab

ov
e

(a
s

in
ca

se
(5

)
in

th
e

pr
oo

f
of

L
em

m
a

5.
3.

18
).

T
he

n
w

e
ha

ve
al

re
ad

y
an

in
st

an
ce

of
t′′
↓.

(i
ii)

T
he
0

in
th

e
co

nt
ra

ct
um

of
t↓

ap
pe

ar
s

in
th

e
re

de
x

of
i↑.

T
he

n
w

e
ei

th
er

ha
ve

al
re

ad
y

an
in

st
an

ce
of
t′ ↓

,
or

w
e

ha
ve

th
e

si
tu

at
io

n

S
{1
}

ai
↓ S

[0
,�

]
t↓

.
S

[⊥
,�

]

In
th

is
ca

se
re

m
ov

e
th

e
su

bd
er

iv
at

io
n

an
d

re
pl

ac
e

th
e
1

oc
cu

rr
in

g
in

th
e

pr
em

is
e

ev
er

yw
he

re
by
�,

w
hi

ch
ei

th
er

di
sa

pp
ea

rs
so

m
ew

he
re

as
un

it
in

a
co

nt
ex

t
(• .

..
)•

or
re

m
ai

ns
un

ti
lt

he
ve

ry
to

p
of

th
e

pr
oo

f
w

he
re

th
e

ru
le
�↓

ca
n

be
us

ed
.

In
th

e
th

ir
d

st
ep

,
el

im
in

at
e

al
l

in
st

an
ce

s
of
cd
↓t

ha
t

ar
e

no
t

in
st

an
ce

s
of
cd

′ ↓,
i.e

.
th

ey
ar

e
of

th
e

fo
rm

S
(• [

R
,U

],
[�

,U
])•

cd
↓

.
S

[R
,U

]

C
on

si
de

r
th

e
to

pm
os

t
su

ch
in

st
an

ce
an

d
re

pl
ac

e
th

e
su

bs
tr

uc
tu

re
[�

,U
]

ev
er

yw
he

re
ab

ov
e

by
�.

(B
y

th
is

ev
er

y
ru

le
m

od
ify

in
g

[�
,U

]
be

co
m

es
tr

iv
ia

l
an

d
w

ill
be

el
im

in
at

ed
to

o.
)

R
ep

ea
t

th
is

fo
r

ev
er

y
in

st
an

ce
of
cd
↓t

ha
t

is
no

t
an

in
st

an
ce

of
cd

′ ↓.
N

ow
,a

ll
in

st
an

ce
s

of
s

th
at

ar
e

no
t

in
st

an
ce

s
of
s′

ar
e

el
im

in
at

ed
.

Fo
r

th
is

,c
on

si
de

r
th

e
to

pm
os

t
in

st
an

ce
of

S
([
1
,U

],
T

)
s

,
S

[T
,U

]

w
hi

ch
ca

n
be

pe
rm

ut
ed

up
in

th
e

pr
oo

fu
nt

il
it

di
sa

pp
ea

rs
(i

.e
.U

=
⊥

or
T

=
1
).

A
s

be
fo

re
,

fo
llo

w
4.

2.
3.

T
he

si
tu

at
io

n
S

([
1
,U

,W
],

T
)

s′
S

[(
[1

,U
],

T
),

W
]

s
,

S
[T

,U
,W

]
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

w
hich

can
occur

in
case

(5),
is

replaced
by

S
([ 1

,U
,W

],T
)

s
.

S
[T

,U
,W

]

It
rem

ains
to

elim
inate

the
rule
c↓.

For
doing

so,
let

m
e

introduce
the

super
rule

S
[ •R

1 ,R
2 ] •

sc↓
S{R}

,
w

here
there

are
derivations

R
1

∆
1 ‖
L
S ′

R

and
R

2
∆

2 ‖
L
S ′

R

.

O
bserve

that
c↓

is
an

instance
of
sc↓.

I
w

ill
now

show
that

the
rule

sc↓
is

adm
issible

for
L
S ′.

T
his

w
illbe

done
by

perm
uting

allinstances
of
sc↓

to
the

top
w

here
they

disappear
eventually.

M
ore

precisely,
if

an
instance

of
sc↓

appears
at

the
top

of
a

proof,
i.e.

w
e

have
the

situation
1↓

S
[ •R

1 ,R
2 ] •

sc↓
,

S{R}
then

S
[ •R

1 ,R
2 ] •

=
1.

T
herefore

one
of

R
1

and
R

2
m

ust
be

equal
to
0.

W
ithout

loss
of

generality,
assum

e
R

1
=
0.

T
hen

w
e

can
replace

the
derivation

by
1↓

S{R
2 }

∆
2 ‖
L
S ′

S{R}
.

N
ow

consider
Q

π
S

[ •R
1 ,R

2 ] •
sc↓

,
S{R}

w
here

π
∈
L
S ′is

nontrivial.
A

ccording
to

4.2.3,
there

are
the

follow
ing

cases
to

consider

(4)
T

he
redex

of
π

is
inside

an
active

structure
of

the
contractum

of
sc↓.

W
e

have
the

follow
ing

subcases:

(i)
T

he
redex

of
π

is
inside

R
1 .

T
hen

S
[ •R

′1 ,R
2 ] •

π
S

[ •R
1 ,R

2 ] •
sc↓

yields
S{

R}
S

[ •R
′1 ,R

2 ] •
sc↓

,
S{

R}

because
there

is
a

derivation
R

′1
‖
L
S ′

R

.

(ii)
T

he
redex

of
π

is
inside

R
2 .

T
his

is
sim

ilar
to

(i).

(iii)
T

he
redex

of
π

overlaps
w

ith
both,

R
1

and
R

2 .
T

hen
π

=
t ′′↓

and
R

1
=

[ •R
′1 ,R

′′1 ] •
and

R
2

=
[ •R

′2 ,R
′′2 ] •.

W
e

have

S
[ •R

′1 ,R
′′2 ] •

t ′′↓
S

[ •R
′1 ,R

′′1 ,R
′2 ,R

′′2 ] •
sc↓

yields
S{

R}
S

[ •R
′1 ,R

′′2 ] •
sc↓

.
S{

R}

3.4.
C

u
t

E
lim

in
ation

4
9

(5)
T

he
contractum

of
sc↓

is
inside

an
active

structure
of

the
redex

of
π.

T
here

are
four

subcases:

(i)
π

=
cd↓

and
the

contractum
[ •R

1 ,R
2 ] •

of
sc↓

occurs
inside

the
substructure

w
hich

is
duplicated

in
the

instance
of
cd↓.

In
other

w
ords,w

e
have

S
( •[V

,U
[ •R

1 ,R
2 ] •],[T

,U
[ •R

1 ,R
2 ] •]) •

cd↓
S

[( •V
,T

) •,U
[ •R

1 ,R
2 ] •]

sc↓
,

S
[( •V

,T
) •,U{

R}]

w
hich

can
be

replaced
byS

( •[V
,U

[ •R
1 ,R

2 ] •],[T
,U

[ •R
1 ,R

2 ] •]) •
sc↓

S
( •[V

,U
[ •R

1 ,R
2 ] •],[T

,U{
R}]) •

sc↓
S

( •[V
,U{

R}],[T
,U{R}]) •

cd↓
.

S
[( •V

,T
) •,U{R}]

(ii)
π

=
cb↓.

Sim
ilar

to
(i).

(iii)
π

=
t ′↓

or
π

=
t ′′↓.

T
hen

S{ 0}
t ′↓

S{
U

[ •R
1 ,R

2 ] •}
sc↓

yields
S{U{

R}}
S{0}

t ′↓
.

S{
U{R}}

(iv)
π

=
w↓.

Sim
ilar

to
(iii).

(6)
T

he
redex

of
π

and
the

contractum
[ •R

1 ,R
2 ] •

of
sc↓

overlap.
T

his
is

only
possible,

if
π

=
t ′′↓.

In
the

m
ost

general
case

w
e

have
S{
}

=
S
′[ •{
},T

] •
and

R
1

=
[ •R

′1 ,R
′′1 ] •

and
R

2
=

[ •R
′2 ,R

′′2 ] •.
T

hen

S
′[ •R

′1 ,R
′′2 ] •

t ′′↓
S
′[ •R

′1 ,R
′′1 ,R

′2 ,R
′′2 ,T

] •
sc↓

yields
S
′[ •R

,T
] •

S
[ •R

′1 ,R
′′2 ] •

sc↓
S{

R}
t ′′↓

,
S
′[ •R

,T
] •

w
hich

is
sim

ilar
to

case
(4.iii).

��
T

he
follow

ing
lem

m
a

says
that

the
rule

cb↓
can

be
separated

from
the

other
rules

in
system

L
S ′.

T
his

property
contributes

considerably
for

sim
plifying

the
induction

m
easure

for
the

proof
of

the
splitting

lem
m

a
because

it
w

ill
suffi

ce
to

find
a

induction
m

easure
for

the
system

L
S ′\{cb↓}.

3.4.9
L
em

m
a

For
every

proof
−‖
L
S ′

R
,
there

is
a

proof

−‖
L
S ′\{
cb↓}

R
′‖{
cb↓}

R

,
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

w
he

re
W

j
is

a
w

oo
st

ru
ct

ur
e

ov
er

th
e

se
t

{ [X
,P

R
j1

],
..

.,
[X

,P
R

jn
j
]} .

N
ow

le
t

W
=

(• 1
,!

W
1
,.

..
,!

W
h
)•

an
d

n
=

n
1

+
··
·+

n
h

an
d

bu
ild

:

(• 1
,!

W
1
,.

..
,!

W
h
)•

∥ ∥ LS
(• 1

,!
[S

′′ {
X
},

P
S

1
1
,.

..
,P

S
1
k
1
],

..
.,

![
S
′′ {

X
},

P
S

h
1
,.

..
,P

S
h
k

h
])•

∥ ∥ {p↓
}

(• 1
,[

!S
′′ {

X
},

?P
S

1
1
,.

..
,?

P
S

1
k
1
],

..
.,

[!
S
′′ {

X
},

?P
S

h
1
,.

..
,?

P
S

h
k

h
])•

∥ ∥ {ai↓
,t
↓}

(•
[!
S
′′ {

X
},
0
,�

],
..

.,
[!S

′′ {
X
},
0
,�

],
[!S

′′ {
X
},

?P
S

1
1
,.

..
,?

P
S

1
k
1
],

..
.,

[!
S
′′ {

X
},

?P
S

h
1
,.

..
,?

P
S

h
k

h
])•

∥ ∥ {d↓
,c
↓}

[!S
′′ {

X
},

(• [
0
,�

],
..

.,
[0

,�
],

[?
P

S
1
1
,.

..
,?

P
S

1
k
1
],

..
.,

[?
P

S
h
1
,.

..
,?

P
S

h
k

h
])•

]
.

∆
P

∥ ∥ LS
[!
S
′′ {

X
},

P
]

(3
)

S
{
}=

(• S
′ {
},

T
)•

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
T
�=
�.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.ii

)
fo

r
P

=
⊥.

(4
)

S
{
}=

[• S
′ {
},

T
]•

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
T
�=
0
.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.ii

i)
fo

r
P

=
⊥.

(5
)

S
{
}=

(S
′ {
},

T
)

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
T
�=
1
.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.iv

)
fo

r
P

=
⊥.

(6
)

S
{
}=

!S
′ {
}f

or
so

m
e

co
nt

ex
t

S
′ {
}.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.v

)
fo

r
P

=
⊥.

��

3
.4

.3
E
lim

in
a
ti
o
n

o
f
th

e
U

p
F
ra

g
m

en
t

In
th

is
se

ct
io

n,
I

w
ill

fir
st

sh
ow

a
se

ri
es

of
le

m
m

at
a,

w
hi

ch
ar

e
al

l
ea

sy
co

ns
eq

ue
nc

es
of

sp
lit

ti
ng

an
d

w
hi

ch
sa

y
th

at
th

e
up

ru
le

s
of

sy
st

em
SL
S

ar
e

ad
m

is
si

bl
e

if
th

ey
ar

e
ap

pl
ie

d
in

a
sh

al
lo

w
co

nt
ex

t
[{
},

P
].

T
he

n
I

w
ill

sh
ow

ho
w

co
nt

ex
t

re
du

ct
io

n
is

us
ed

to
ex

te
nd

th
es

e
le

m
m

at
a

to
an

y
co

nt
ex

t.
A

s
a

re
su

lt
w

e
ge

t
a

m
od

ul
ar

pr
oo

f
of

cu
t

el
im

in
at

io
n.

3.
4.

23
L
em

m
a

Le
t

P
be

a
st

ru
ct

ur
e

an
d

le
t

a
be

an
at

om
.

If
[(

a
,ā

),
P

]
is

pr
ov

ab
le

in
L
S
,
th

en
P

is
al

so
pr

ov
ab

le
in
L
S
.

P
ro

of
:

A
pp

ly
sp

lit
ti

ng
(L

em
m

a
3.

4.
5)

to
th

e
pr

oo
f

− ‖L
S

[(
a
,ā

),
P

]
.

W
e

ge
t

an
n

�
0

an
d

st
ru

ct
ur

es
P

a
1
,.

..
,P

a
n

an
d

P
ā
1
,.

..
,P

ā
n
,

su
ch

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[P
a
1
,P

ā
1
],

..
.,

[P
a
n
,P

ā
n

])•
∆

P
‖L
S

P
an

d
−

Π
1
‖L
S

[a
,P

a
i
]

an
d

−
Π

2
‖L
S

[ā
,P

ā
i]

3.
4.

C
u
t

E
li
m

in
at

io
n

5
7

(3
)

T
he

ap
pl

ic
at

io
n

of
ρ

de
co

m
po

se
s

th
e

su
bs

tr
uc

tu
re

(• R
,T

)• .
T

hi
s

ca
se

is
th

e
cr

uc
ia

l
on

e.
W

e
ha

ve
on

ly
on

e
su

bc
as

e:

(i
)

ρ
=
cd

′ ↓
an

d
R

=
(• R

1
,R

2
)•

an
d

T
=

(• T
1
,T

2
)•

an
d

P
=

[P
1
,P

2
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(•
[(•

R
1
,T

1
)• ,

P
1
],

[(•
R

2
,T

2
)• ,

P
1
])•

,P
2
]

cd
′ ↓

.
[(•

R
1
,R

2
,T

1
,T

2
)• ,

P
1
,P

2
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t

−
Π

1
‖L
S
′ \{
cb
↓}

[(•
R

1
,T

1
)• ,

P
1
,P

2
]

an
d

−
Π

2
‖L
S
′ \
{c
b
↓}

[(•
R

2
,T

2
)• ,

P
1
,P

2
]

.

A
pp

ly
in

g
th

e
in

du
ct

io
n

hy
po

th
es

is
ag

ai
n

to
Π

1
an

d
Π

2
yi

el
ds

th
e

fo
ur

pr
oo

fs
:

− ‖L
S
′ \{
cb
↓}

[R
1
,P

1
,P

2
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
1
,P

1
,P

2
]

an
d

− ‖L
S
′ \{
cb
↓}

[R
2
,P

1
,P

2
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
2
,P

1
,P

2
]

.

W
e

ca
n

no
w

ob
ta

in

−∥ ∥ LS′
\{
cb
↓}

(• [
R

1
,P

1
,P

2
],

[R
2
,P

1
,P

2
])•

cd
′ ↓

[(•
R

1
,R

2
)• ,

P
1
,P

2
]

=
,

[R
,P

]

an
d

a
si

m
ila

r
pr

oo
f

fo
r

[T
,P

].

(b
)

I
w

ill
co

ns
id

er
on

ly
th

e
ca

se
w

he
re

R
�=
0
�=

T
be

ca
us

e
ot

he
rw

is
e

th
e

st
at

em
en

t
is

tr
iv

ia
lly

tr
ue

.
(I

f
R

=
0

le
t

P
R

=
�.

)
A

ls
o

th
e

ca
se

w
he

re
R

=
⊥

=
T

is
tr

iv
ia

lly
tr

ue
(l

et
P

R
=

P
T

=
1
).

C
on

si
de

r
no

w
th

e
bo

tt
om

m
os

t
ru

le
in

st
an

ce
ρ

in
th

e
pr

oo
f

−
Π
‖L
S
′ \{
cb
↓}

[[•
R

,T
]• ,

P
]

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

ρ

is
no

nt
ri

vi
al

.
A

s
in

ca
se

(a
),

w
e

ca
n

di
st

in
gu

is
h

be
tw

ee
n

th
e

fo
llo

w
in

g
th

re
e

ca
se

s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

T
hi

s
is

si
m

ila
r

to
ca

se
(a

.i)
.

(2
)

T
he

su
bs

tr
uc

tu
re

[• R
,T

]•
is

in
si

de
th

e
re

de
x

of
ρ
,

bu
t

th
e

ap
pl

ic
at

io
n

of
ρ

do
es

no
t

de
co

m
po

se
th

e
st

ru
ct

ur
e

[• R
,T

]• .
T

hi
s

ca
se

is
al

so
si

m
ila

r
to

(a
),

bu
t

th
er

e
ar

e
so

m
e

di
ffe

re
nc

es
.

(i
)

ρ
=
s′

an
d

P
=

[(
P

1
,P

2
),

P
3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(
[[•

R
,T

]• ,
P

1
,P

3
],

P
2
),

P
4
]

s′
.

[[•
R

,T
]• ,

(P
1
,P

2
),

P
3
,P

4
]
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get
an

n
�

0
and

structures
Q

1
1 ,...,Q

1
n

and
Q

2
1 ,...,Q

2
n ,

such
that

( •[0
,�

],...,[0
,�

],[Q
1
1 ,Q

2
1 ],...,[Q

1
n
,Q

2
n ]) •

∆
P ‖
L
S ′\{
cb↓}

P
4

and

−
Π

1
i ‖
L
S ′\{
cb↓}

[[ •R
,T

] •,P
1 ,P

3 ,Q
1
i ]

and
−

Π
2
i ‖
L
S ′\{
cb↓}

[P
2 ,Q

2
i ]

for
every

i∈
{1,...,n}.

B
y

applying
the

induction
hypothesis

again
to

Π
1
i ,

w
e

get
structures

P
R

i
and

P
T

i ,
such

that

( •P
R

i ,P
T

i ) •
∆

Q
i ‖
L
S ′\{
cb↓}

[P
1 ,P

3 ,Q
1
i ]

and
−‖
L
S ′\{
cb↓}

[R
,P

R
i ]

and
−‖
L
S ′\{
cb↓}

[T
,P

T
i ]

.

N
ow

let
P

R
=

( •P
R

1 ,...,P
R

n ) •
and

P
T

=
( •P

T
1 ,...,P

T
n
,[0

,�
],...,[0

,�
]) •,

and
build

( •P
R
,P

T
) •

=
( •[0

,�
],...,[0

,�
],P

R
1 ,P

T
1 ,...,P

R
n
,P

T
n ) •

∆
Q

i ∥∥
L
S ′\{
cb↓}

( •[0
,�

],...,[0
,�

],[P
1 ,P

3 ,Q
1
1 ]) •,...,[P

1 ,P
3 ,Q

1
n ]

Π
2
i ∥∥
L
S ′\{
cb↓}

( •[0
,�

],...,[0
,�

],[(P
1 ,[P

2 ,Q
2
1 ],P

3 ,Q
1
1 )],...,[(P

1 ,[P
2 ,Q

2
n ],P

3 ,Q
1
n )]) •

∥∥{
t ′↓

,s ′}
( •[(P

1 ,P
2 ),P

3 ,0
,�

],...,[(P
1 ,P

2 ),P
3 ,0

,�
],

[(P
1 ,P

2 ),P
3 ,Q

1
1 ,Q

2
1 ],...,[(P

1 ,P
2 ),P

3 ,Q
1
n
,Q

2
n ]) •

∥∥{
cd ′↓}

[(P
1 ,P

2 ),P
3 ,( •[0

,�
],...,[0

,�
],[Q

1
1 ,Q

2
1 ],...,[Q

1
n
,Q

2
n ]) •]

∆
P ∥∥
L
S ′\{
cb↓}

[(P
1 ,P

2 ),P
3 ,P

4 ]
=

P

and
− ∥∥
L
S ′\{
cb↓}

( •[R
,P

R
1 ],...,[R

,P
R

n ]) •
∥∥{
cd ′↓}

[R
,( •P

R
1 ,...,P

R
n ) •]

=
[R

,P
R

]

and
− ∥∥
L
S ′\{
cb↓}

( •[T
,P

T
1 ],...,[T

,P
T

n ],[T
,0

,�
],...,[T

,0
,�

]) •
∥∥{
cd ′↓}

[T
,( •P

T
1 ,...,P

T
n
,[0

,�
],...,[0

,�
]) •]

=
.

[T
,P

T
]

3.4.
C

u
t

E
lim

in
ation

7
1

for
every

j∈
{1,...,h}.

B
y

applying
the

induction
hypothesis

to
every

Π
S

j ,w
e

get
n

j
�

0
and

P
R

j1 ,...,P
R

jn
j

such
that

−‖
L
S

[R
,P

R
ji ]

for
every

i∈
{1,...,n

j }

and
for

every
X

W
j

‖
L
S

[S
′′{X
},P

S
j ]

.

w
here

W
j

is
a

w
oo

structure
over

the
set {

[X
,P

R
j1 ],...,[X

,P
R

jn
j ] }.

N
ow

let
W

=
( •1

,W
1 ,...,W

h ) •
and

n
=

n
1

+
···+

n
h

and
build:

( •1
,W

1 ,...,W
h ) •

∥∥
L
S

( •1
,[S

′′{X
},P

S
1 ],...,[S

′′{X
},P

S
h ]) •

Π
T

1
,...,Π

T
h ∥∥
L
S

( •1
,[(S

′′{X
},[T

,P
T

1 ]),P
S

1 ],...,[(S
′′{X
},[T

,P
T

h ]),P
S

h ]) •
∥∥{
s}

( •1
,[(S

′′{X
},T

),P
T

1 ,P
S

1 ],...,[(S
′′{X
},T

),P
T

h ,P
S

h ]) •
∥∥{
ai↓

,t↓}
( •

[(S
′′{X
},T

),0
,�

],...,[(S
′′{X
},T

),0
,�

],
[(S

′′{X
},T

),P
T

1 ,P
S

1 ],...,[(S
′′{X
},T

),P
T

h
,P

S
h ]) •

∥∥{
d↓

,c↓}
[(S

′′{X
},T

),( •[0
,�

],...,[0
,�

],[P
S

1 ,P
T

1 ],...,[P
S

h ,P
T

h ]) •]
.

∆
P ∥∥
L
S

[(S
′′{X
},T

),P
]

(v)
S
′{
}

=
!S

′′{
}

for
som

e
context

S
′′{
}.

T
hen

w
e

can
apply

the
splitting

lem
m

a
(L

em
m

a
3.4.5)

to
the

proof
of

[!S
′′{R},P

]
and

get:
h

�
0

and
k

1 ,...,k
h

�
0

and
structures

P
S

1
1 ,...,P

S
1
k
1 ,P

S
2
1 ,...,P

S
2
k
2 ,...,P

S
h
1 ,...,P

S
h
k

h ,
such

that

( •[0
,�

],...,[0
,�

],[?P
S

1
1 ,...,?P

S
1
k
1 ],...,[?P

S
h
1 ,...,?P

S
h
k

h ]) •
‖
L
S

P
and

−
Π

S
j ‖
L
S

[S
′′{R},P

S
j1 ,...,P

S
jk

j ]
.

for
every

j
∈
{1,...,h}.

B
y

applying
the

induction
hypothesis

to
every

Π
S

j

w
e

get
w

e
get

n
j

�
0

and
P

R
j1 ,...,P

R
jn

j
such

that
−‖
L
S

[R
,P

R
ji ]

for
every

i∈

{1,...,n
j }

and
for

every
X

W
j

‖
L
S

[S
′′{X
},P

S
j1 ,...,P

S
jk

j ]
.
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

w
he

re
W

′
is

a
w

oo
st

ru
ct

ur
e

ov
er

th
e

se
t

{ [X
,P

R
1
],

..
.,

[X
,P

R
n

]} .
N

ow
le

t
W

=
(• W

′ ,
1
)•

an
d

bu
ild

:

(• W
′ ,
1
)• ∥ ∥ LS

(• [
S
′′ {

X
},

P
],
1
)•

Π
T

∥ ∥ LS
(• [

S
′′ {

X
},

P
],

[T
,P

])•
d
↓ [(•

S
′′ {

X
},

T
)• ,

[• P
,P

]• ]
c↓

[(•
S
′′ {

X
},

T
)• ,

P
]

.

(i
ii)

S
′ {
}=

[• S
′′ {
};

T
]•

fo
r

so
m

e
co

nt
ex

t
S
′′ {
}a

nd
st

ru
ct

ur
e

T
�=
0
.

T
he

n
w

e
ca

n
ap

pl
y

sp
lit

ti
ng

(L
em

m
a

3.
4.

5)
to

th
e

pr
oo

f
of

[[•
S
′′ {

R
};

T
]• ,

P
]

an
d

ge
t:

(• P
S
,P

T
)•

∆
P
‖L
S

P
an

d
−

Π
S
‖L
S

[S
′′ {

R
},

P
S

]
an

d
−

Π
T
‖L
S

[T
,P

T
]

.

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

S
w

e
ge

t
n

�
0

an
d

P
R

1
,.

..
,P

R
n

su
ch

th
at

− ‖L
S

[R
,P

R
i
]

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}a

nd
fo

r
ev

er
y

X

W
′ ‖L
S

[S
′′ {

X
},

P
]

.

w
he

re
W

′
is

a
w

oo
st

ru
ct

ur
e

ov
er

th
e

se
t

{ [X
,P

R
1
],

..
.,

[X
,P

R
n

]} .
N

ow
le

t
W

=
(• W

′ ,
1
)•

an
d

bu
ild

:

(• W
′ ,
1
)• ∥ ∥ LS

(• [
S
′′ {

X
},

P
],
1
)•

Π
T

∥ ∥ LS
(• [

S
′′ {

X
},

P
S

],
[T

,P
T

])•
d
↓

.
[[•

S
′′ {

X
},

T
]• ,

(• P
S
,P

T
)• ]

∆
P

∥ ∥ LS
[[•

S
′′ {

X
},

T
]• ,

P
]

(i
v)

S
′ {
}=

(S
′′ {
},

T
)

fo
r

so
m

e
co

nt
ex

t
S
′′ {
}a

nd
st

ru
ct

ur
e

T
�=
1
.

T
he

n
w

e
ca

n
ap

pl
y

sp
lit

ti
ng

(L
em

m
a

3.
4.

5)
to

th
e

pr
oo

fo
f

[(
S
′′ {

R
},

T
),

P
]

an
d

ge
t:

an
h

�
0

an
d

st
ru

ct
ur

es
P

S
1
,.

..
,P

S
h

an
d

P
T

1
,.

..
,P

T
h
,

su
ch

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[P
S

1
,P

T
1
],

..
.,

[P
S

h
,P

T
h
])•

‖L
S

P
an

d

−
Π

S
j
‖L
S

[S
′′ {

R
},

P
S

j
]

an
d

−
Π

T
j
‖L
S

[T
,P

T
j
]

.

3.
4.

C
u
t

E
li
m

in
at

io
n

5
9

(i
i)

ρ
=
cd

′ ↓
an

d
P

=
[(•

P
1
,P

2
)• ,

P
3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(•
[[•

R
,T

]• ,
P

1
,P

3
],

[[•
R

,T
]• ,

P
2
,P

3
])•

,P
4
]

cd
′ ↓

.
[[•

R
,T

]• ,
(• P

1
,P

2
)• ,

P
3
,P

4
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t
−

Π
1
‖L
S
′ \{
cb
↓}

[[•
R

,T
]• ,

P
1
,P

3
,P

4
]

an
d

−
Π

2
‖L
S
′ \
{c
b
↓}

[[•
R

,T
]• ,

P
2
,P

3
,P

4
]

.

A
pp

ly
in

g
th

e
in

du
ct

io
n

hy
po

th
es

is
ag

ai
n

to
Π

1
an

d
Π

2
yi

el
ds

st
ru

ct
ur

es
P

R
1
,

P
R

2
,P

T
1
,

an
d

P
T

2
,

su
ch

th
at

(• P
R

1
,P

T
1
)•

‖L
S
′ \{
cb
↓}

[P
1
,P

3
,P

4
]

an
d

− ‖ L
S
′ \{
cb
↓}

[R
,P

R
1
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
,P

T
1
]

an
d

(• P
R

2
,P

T
2
)•

‖L
S
′ \{
cb
↓}

[P
2
,P

3
,P

4
]

an
d

− ‖ L
S
′ \{
cb
↓}

[R
,P

R
2
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
,P

T
2
]

.

N
ow

le
t

P
R

=
(• P

R
1
,P

R
2
)•

an
d

P
T

=
(• P

T
1
,P

T
2
)• ,

an
d

bu
ild

(• P
R
,P

T
)•

=
(• P

R
1
,P

T
1
,P

R
2
,P

T
2
)•

∥ ∥ LS′
\{
cb
↓}

(• [
P

1
,P

3
,P

4
],

[P
2
,P

3
,P

4
])•

cd
′ ↓

[(•
P

1
,P

2
)• ,

P
3
,P

4
]

=
P

an
d

−∥ ∥ LS′
\{
cb
↓}

(• [
R

,P
R

1
],

[R
,P

R
2
])•

cd
′ ↓

[R
,(•

P
R

1
,P

R
2
)• ]

=
an

d
[R

,P
R

]

−∥ ∥ LS′
\{
cb
↓}

(• [
T

,P
T

1
],

[T
,P

T
2
])•

cd
′ ↓

[T
,(•

P
T

1
,P

T
2
)• ]

=
.

[T
,P

T
]

(i
ii)

ρ
=
t′ ↓

an
d

P
=

[P
1
,P

2
]

an
d

Π
is
−

Π
′∥ ∥ LS′

\{
cb
↓}

[0
,P

2
]

t′ ↓
.

[[•
R

,T
]• ,

P
1
,P

2
]

N
ow

le
t

P
R

=
P

=
[P

1
,P

2
]

an
d

P
T

=
�.

W
e

ca
n

ge
t:

(• P
R
,P

T
)•

=
an

d
P

−∥ ∥ LS′
\{
cb
↓}

[0
,P

2
]

t′ ↓
an

d
[R

,P
1
,P

2
]

1
↓
1

ai
↓ [0

,�
]

t′ ↓
.

[T
,�

]
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0

3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

(R
em

ark:
If

[R
,P

1 ]
=
⊥

then
exchange

P
R

and
P

T .
If

T
=
⊥

,then
use

the
axiom

�↓
for

proving
[T

,�
].

It
cannot

be
the

case
that

[R
,P

1 ]
=
⊥

=
T

because
then

[[ •R
,T

] •,P
1 ]

=
⊥

.)

(3)
T

he
application

of
ρ

decom
poses

the
substructure

[ •R
,T

] •.
A

gain,
w

e
have

only
one

possible
case:

(i)
ρ

=
t ′′↓

and
R

=
[ •R

1 ,R
2 ] •

and
T

=
[ •T

1 ,T
2 ] •

and
Π

is

−Π
′ ∥∥
L
S ′\{
cb↓}

[[ •R
1 ,T

1 ] •,P
]

t ′′↓
.

[[ •R
1 ,R

2 ,T
2 ,T

1 ] •,P
]

B
y

applying
the

induction
hypothesis

to
Π

′,
w

e
get

structures
P

R
and

P
T

,
such

that( •P
R
,P

T
) •

‖
L
S ′\{
cb↓}

P
and

−
Π

R
1 ‖
L
S ′\{
cb↓}

[R
1 ,P

R
]

and
−

Π
T
1 ‖
L
S ′\{
cb↓}

[T
1 ,P

T
]

.

In
the

case
w

here
R

1 �=
0

w
e

can
get− ∥∥

L
S ′\{
cb↓}

[R
1 ,P

R
]

t ′′↓
.

[[ •R
1 ,R

2 ] •,P
R

]

If
R

1
=
0

and
R

2 �=
⊥

,then
use

− ∥∥
L
S ′\{
cb↓}

[R
1 ,P

R
]

t ′↓
.

[[ •R
1 ,R

2 ] •,P
R

]

If
R

1
=
0

and
R

2
=
⊥

,
then

apply
the

induction
hypothesis

to
Π

R
1 ,

w
hich

yields
( •[0

,�
],...,[0

,�
],�

,...,�
) •

‖
L
S ′\{
cb↓}

P
R

,

from
w

hich
w

e
can

get

− ∥∥
L
S ′\{
cb↓}

( •[0
,�

],...,[0
,�

],�
,...,�

) •
∥∥
L
S ′\{
cb↓}

P
R

=
[[ •0

,⊥
] •,P

R
]

=
.

[[ •R
1 ,R

2 ] •,P
R

]

Sim
ilarly,w

e
get

a
proof

of
[T

,P
T

].

3.4.
C

u
t

E
lim

in
ation

6
9

3.4.20
D

efi
n
ition

L
etS

be
a

finite
(possibly

em
pty)

set
of

structures.
T

he
setW

of
w
oo

structures
overS

is
the

sm
allest

set
such

that

•
1∈
W

,

•
if

R
∈
S

,then
R
∈
W

,

•
if

R
1 ,R

2 ∈
W

,
then

( •R
1 ,R

2 ) •∈
W

,

•
if

R
∈
W

,then
!R
∈
W

.

T
he

nam
e

w
oo

com
es

from
w¯

ith,o¯ f-course
and

o¯ ne.
T

he
follow

ing
lem

m
a

show
s

a
crucial

property
of

w
oo

structures.

3.4.21
L
em

m
a

LetS
be

a
set

of
structures

and
letW

be
the

set
of

w
oo

structures
over

S
.

If
for

every
R
∈
S

there
is

a
proof

−‖
L
S

R
,
then

for
every

T
∈
W

there
is

a
proof

−‖
L
S

T
.

P
ro

of:
Im

m
ediate

from
the

definition
and

the
fact

that
( •1

,1) •=
1

=
!1.

��
3.4.22

L
em

m
a

(C
on

tex
t

R
ed

u
ction

)
Let

R
be

a
structure

and
S{
}

be
a

context
w
here

the
hole

is
not

inside
a

w
hy-not

structure.
If

S{R}
is

provable
in
L
S,

then
there

is
an

n
�

0
and

structures
P

R
1 ,...,P

R
n ,

such
that

such
that

[R
,P

R
i ]

is
provable

in
L
S

for
every

i∈
{1,...,n},

and
and

such
that

for
every

structure
X

,
w
e

have

W‖
L
S

S{X
}

,

w
here

W
is

a
w
oo

structure
over

the
set {

[X
,P

R
1 ],...,[X

,P
R

n ] }.

P
ro

of:
T

he
proof

w
illbe

carried
out

by
induction

on
the

context
S{
}.

(1)
S{
}

=
{
}.

T
hen

the
lem

m
a

is
trivially

true
for

n
=

1,
P

R
1

=
⊥

and
W

=
[X

,⊥
].

(2)
S{
}

=
[S

′{
},P

]
for

som
e

P
,

such
that

S{R}
is

not
a

proper
par

structure.

(i)
S
′{
}

=
{
}.

T
hen

the
lem

m
a

is
trivially

true
for

n
=

1
and

P
R

1
=

P
and

W
=

[X
,⊥

].

(ii)
S
′{
}

=
( •S

′′{
},T

) •
for

som
e

context
S
′′{
}

and
structure

T
�=
�

.
T

hen
w

e
can

apply
splitting

(L
em

m
a

3.4.5)
to

the
proof

of
[( •S

′′{R},T
) •,P

]
and

get:

−
Π

S ‖
L
S

[S
′′{R},P

]
and

−
Π

T ‖
L
S

[T
,P

]
.

B
y

applying
the

induction
hypothesis

to
Π

S
w

e
get

n
�

0
and

P
R

1 ,...,P
R

n
such

that
−‖
L
S

[R
,P

R
i ]

for
every

i∈
{1,...,n}

and
for

every
X

W
′

‖
L
S

[S
′′{X
},P

]
.
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

fo
r

so
m

e
st

ru
ct

ur
e

U
.

Si
nc

e
th

e
re

de
x

of
cb
↓i

s
al

w
ay

s
a

w
hy

-n
ot

st
ru

ct
ur

e,
w

e
ha

ve
th

at
U

=
[[•

R
′ ,

T
′ ]•
,P

′ ]
fo

r
so

m
e

st
ru

ct
ur

es
R

′ ,
T
′ a

nd
P

′ ,
su

ch
th

at

R
′ ‖{
cb
↓}

R
an

d
T
′ ‖{
cb
↓}

T
an

d
P

′ ‖{
cb
↓}

P
.

W
e

ca
n

no
w

ap
pl

y
sp

lit
ti

ng
fo

r
L
S
′ \
{c
b
↓}

(L
em

m
a

3.
4.

19
).

T
hi

s
yi

el
ds

st
ru

ct
ur

es
P

R

an
d

P
T

,s
uc

h
th

at

(• P
R
,P

T
)•

‖L
S
′ \{
cb
↓}

P
′

an
d

− ‖L
S
′ \{
cb
↓}

[R
′ ,

P
R

]
an

d
− ‖ L
S
′ \{
cb
↓}

[T
′ ,

P
T

]
.

w
it

h
th

e
de

ri
va

ti
on

s
ab

ov
e,

w
e

ge
t

(• P
R
,P

T
)•

‖L
S
′ \{
cb
↓}

P
′ ‖{
cb
↓}

P

an
d

− ‖ L
S
′ \{
cb
↓}

[R
′ ,

P
R

]
‖{
cb
↓}

[R
,P

R
]

an
d

− ‖ L
S
′ \{
cb
↓}

[T
′ ,

P
T

]
‖{
cb
↓}

[T
,P

T
]

.

B
y

ap
pl

yi
ng

L
em

m
a

3.
4.

8
w

e
ge

t

(• P
R
,P

T
)•

‖L
S

P
an

d
− ‖ L
S

[R
,P

R
]

an
d

− ‖ L
S

[T
,P

T
]

.
��

T
he

sp
lit

ti
ng

le
m

m
a

ca
n

al
so

be
pr

ov
ed

di
re

ct
ly

fo
r

sy
st

em
L
S
,w

it
ho

ut
in

tr
od

uc
in

g
L
S
′ .

In
th

is
pr

es
en

ta
ti

on
I

us
ed

th
e

de
to

ur
ov

er
sy

st
em
L
S
′ f

or
th

e
fo

llo
w

in
g

re
as

on
s:

(1
)

Fo
r

sy
st

em
L
S

th
e

in
du

ct
io

n
m

ea
su

re
is

m
or

e
co

m
pl

ic
at

ed
be

ca
us

e
it

ha
s

to
be

de
fin

ed
su

ch
th

at
si

ze
( [?

R
,R

]) �
si

ze
( ?R

) .

(2
)

B
ec

au
se

of
th

e
be

ha
vi

ou
r

of
th

e
un

it
s,

th
e

si
ze

of
a

st
ru

ct
ur

e
m

us
t

be
su

ch
th

at
si

ze
( a

) =
0

fo
r

a
∈
{⊥

,0
,1

,�
}.

T
hi

s
ca

us
es

so
m

e
pr

ob
le

m
s

in
th

e
ap

pl
ic

ab
ili

ty
of

th
e

in
du

ct
io

n
hy

po
th

es
is

.

(3
)

B
ec

au
se

of
th

e
ru

le
c↓

,
th

e
ca

se
an

al
ys

is
fo

r
sy

st
em
L
S

is
m

or
e

te
di

ou
s

th
an

fo
r

L
S
′ \
{c
b
↓}

in
th

e
pr

oo
f

of
L

em
m

a
3.

4.
19

.

(4
)

I
w

as
no

t
ab

le
to

fin
d

th
e

ri
gh

t
sp

lit
ti

ng
st

at
em

en
t

fo
r

w
hy

-n
ot

st
ru

ct
ur

es
fo

r
sy

s-
te

m
L
S
,

as
it

ha
s

be
en

do
ne

fo
r
L
S
′ \
{c
b
↓}

(c
as

e
(e

)
in

L
em

m
a

3.
4.

19
).

B
ut

su
ch

a
st

at
em

en
t

is
ne

ed
ed

fo
r

th
e

el
im

in
at

io
n

of
th

e
ru

le
p
↑(

se
e

Se
ct

io
n

3.
4.

3)
.

T
he

re
fo

re
,

sp
lit

ti
ng

fo
r
L
S
′ \
{c
b
↓}

is
em

pl
oy

ed
.

3
.4

.2
C
o
n
te

xt
R
ed

u
ct

io
n

T
he

id
ea

of
co

nt
ex

t
re

du
ct

io
n

is
to

re
du

ce
a

pr
ob

le
m

th
at

co
nc

er
ns

an
ar

bi
tr

ar
y

(d
ee

p)
co

nt
ex

t
S
{
}

to
a

pr
ob

le
m

th
at

co
nc

er
ns

on
ly

a
sh

al
lo

w
co

nt
ex

t
[{
},

P
].

In
th

e
ca

se
of

cu
t

el
im

in
at

io
n,

fo
r

ex
am

pl
e,

w
e

w
ill

th
en

be
ab

le
to

ap
pl

y
sp

lit
ti

ng
.

D
ue

to
th

e
pr

es
en

ce
of

th
e

ad
di

ti
ve

s
an

d
th

e
ex

po
ne

nt
ia

ls
,t

he
si

tu
at

io
n

is
no

t
as

si
m

pl
e

as
in

[G
ug

02
e]

.

3.
4.

C
u
t

E
li
m

in
at

io
n

6
1

(c
)

I
w

ill
co

ns
id

er
on

ly
th

e
ca

se
w

he
re

R
�=
1
�=

T
be

ca
us

e
ot

he
rw

is
e

th
e

st
at

em
en

t
is

tr
iv

ia
lly

tr
ue

.
(I

f
R

=
1
,

le
t

n
=

1
an

d
P

R
1

=
⊥

an
d

P
T

1
=

P
.

Fo
r

T
=
1

th
e

si
tu

at
io

n
is

si
m

ila
r.

)
A

s
be

fo
re

,c
on

si
de

r
th

e
bo

tt
om

m
os

t
ru

le
in

st
an

ce
ρ

in
th

e
pr

oo
f

−
Π
‖L
S
′ \{
cb
↓}

[(
R

,T
),

P
]

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

ρ

is
no

nt
ri

vi
al

.
A

s
in

ca
se

(a
),

w
e

ca
n

di
st

in
gu

is
h

be
tw

ee
n

th
e

fo
llo

w
in

g
th

re
e

ca
se

s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

T
hi

s
is

si
m

ila
r

to
ca

se
(a

.i)
.

(2
)

T
he

su
bs

tr
uc

tu
re

(R
,T

)
is

in
si

de
th

e
re

de
x

of
ρ
,

bu
t

th
e

ap
pl

ic
at

io
n

of
ρ

do
es

no
t

de
co

m
po

se
th

e
st

ru
ct

ur
e

(R
,T

).
A

ga
in

,
th

is
ca

se
is

si
m

ila
r

to
(a

),
bu

t
th

er
e

ar
e

so
m

e
di

ffe
re

nc
es

.

(i
)

ρ
=
s′

an
d

P
=

[(
P

1
,P

2
),

P
3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(
[(

R
,T

),
P

1
,P

3
],

P
2
),

P
4
]

s′
.

[(
R

,T
),

(P
1
,P

2
),

P
3
,P

4
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t
an

h
�

0
an

d
st

ru
ct

ur
es

Q
1
1
,.

..
,Q

1
n

an
d

Q
2
1
,.

..
,Q

2
h
,s

uc
h

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[Q
1
1
,Q

2
1
],

..
.,

[Q
1
h
,Q

2
h
])•

∆
P
‖L
S
′ \{
cb
↓}

P
4

an
d

−
Π

1
i
‖L
S
′ \{
cb
↓}

[(
R

,T
),

P
1
,P

3
,Q

1
i
]

an
d

−
Π

2
i
‖L
S
′ \{
cb
↓}

[P
2
,Q

2
i
]

fo
r

ev
er

y
i
∈
{1

,.
..

,h
}.

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

ag
ai

n
to

Π
1
i,

w
e

ge
t

an
m

i
�

0
an

d
st

ru
ct

ur
es

P
R

i1
,.

..
,P

R
im

i
an

d
P

T
i1

,.
..

,P
T

im
i
,

su
ch

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[P
R

i1
,P

T
i1

],
..

.,
[P

R
im

i
,P

T
im

i
])•

∆
Q

i
‖L
S
′ \{
cb
↓}

[P
1
,P

3
,Q

1
i
]

an
d

− ‖L
S
′ \{
cb
↓}

[R
,P

R
ij

]
an

d
− ‖ L
S
′ \{
cb
↓}

[T
,P

T
ij

]
,



6
2

3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

for
every

j∈
{1,...,m

i }.
N

ow
let

n
=

m
1

+
···+

m
h .

W
e

can
get

( •[0
,�

],...,[0
,�

],[P
R

1
1 ,P

T
1
1 ],...,[P

R
1
m

1 ,P
T

1
m

1 ],...,
[P

R
h
1 ,P

T
h
1 ],...,[P

R
h
m

h
,P

T
h
m

h ]) •
∆

Q
i ∥∥
L
S ′\{
cb↓}

( •[0
,�

],...,[0
,�

],[P
1 ,P

3 ,Q
1
1 ],...,[P

1 ,P
3 ,Q

1
h ]) •

Π
2
i ∥∥
L
S ′\{
cb↓}

( •[0
,�

],...,[0
,�

],[(P
1 ,[P

2 ,Q
2
1 ]),P

3 ,Q
1
1 ],...,[(P

1 ,[P
2 ,Q

2
h ]),P

3 ,Q
1
h ]) •

∥∥{
t ′↓

,s ′}
( •[(P

1 ,P
2 ),P

3 ,0
,�

],...,[(P
1 ,P

2 ),P
3 ,0

,�
],

[(P
1 ,P

2 ),P
3 ,Q

1
1 ,Q

2
1 ],...,[(P

1 ,P
2 ),P

3 ,Q
1
h ,Q

2
h ]) •

∥∥{
cd ′↓}

[(P
1 ,P

2 ),P
3 ,( •[0

,�
],...,[0

,�
],[Q

1
1 ,Q

2
1 ],...,[Q

1
h ,Q

2
h ]) •]

∆
P ∥∥
L
S ′\{
cb↓}

[(P
1 ,P

2 ),P
3 ,P

4 ]
=

.
P

(ii)
ρ

=
cd ′↓

and
P

=
[( •P

1 ,P
2 ) •,P

3 ,P
4 ]

and
Π

is

−Π
′ ∥∥
L
S ′\{
cb↓}

[( •[(R
,T

),P
1 ,P

3 ],[(R
,T

),P
2 ,P

3 ]) •,P
4 ]

cd ′↓
.

[(R
,T

),( •P
1 ,P

2 ) •,P
3 ,P

4 ]

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get

−Π1 ‖
L
S ′\{
cb↓}

[(R
,T

),P
1 ,P

3 ,P
4 ]

and
−Π2 ‖
L
S ′\{
cb↓}

[(R
,T

),P
2 ,P

3 ,P
4 ]

.

A
pplying

the
induction

hypothesis
again

to
Π

1
and

Π
2

yields
an

h
�

0
and

structures
P

R
1 ,...,P

R
h

and
P

T
1 ,...,P

T
h ,

such
that

( •[0
,�

],...,[0
,�

],[P
R

1 ,P
T

1 ],...,[P
R

h
,P

T
h ]) •

∆
P

1 ‖
L
S ′\{
cb↓}

[P
1 ,P

3 ,P
4 ]

and

−‖
L
S ′\{
cb↓}

[R
,P

R
i ]

and
−‖
L
S ′\{
cb↓}

[T
,P

T
i ]

,

for
every

i∈
{1,...,h},

and
an

h ′
�

0
and

structures
P

′R
1 ,...,P

′R
h ′

and
P

′T
1 ,...,P

′T
h ′ ,such

that

( •[0
,�

],...,[0
,�

],[P
′R
1 ,P

′T
1 ],...,[P

′R
h ′ ,P

′T
h ′ ]) •

∆
P

2 ‖
L
S ′\{
cb↓}

[P
1 ,P

3 ,P
4 ]

and

−‖
L
S ′\{
cb↓}

[R
,P

′R
j ]

and
−‖
L
S ′\{
cb↓}

[T
,P

′T
j ]

,

3.4.
C

u
t

E
lim

in
ation

6
7

(1)
T

he
redex

of
ρ

is
inside

P
.

T
his

is
sim

ilar
to

case
(a.i).

(2)
T

he
atom

a
is

inside
the

redex
of

ρ,butthe
application

of
ρ

does
not

“decom
pose”

the
atom

a.
A

s
before,

this
is

sim
ilar

to
(c.2).

(3)
T

he
application

of
ρ

“decom
poses”

the
atom

a:
In

other
w

ords,
a

is
used

in
an

application
of

the
rule
ai↓,i.e.

there
is

only
one

case:

(i)
ρ

=
ai↓,

P
=

[ā
,P

1 ]
and

Π
is

−Π
′ ∥∥
L
S ′\{
cb↓}

[1
,P

1 ]
ai↓

.
[ a

,ā
,P

1 ]

B
y

applying
the

induction
hypothesis

to
Π

′,
w

e
get

( •[0
,�

],...,[0
,�

],⊥
,...,⊥

) •
∆

P ‖
L
S ′\{
cb↓}

P
1

From
this

w
e

can
get

( •[0
,�

],...,[0
,�

],ā
...,ā) •

∥∥{
t ′↓}

( •[ā
,0

,�
],...,[ā

,0
,�

],[ā
,⊥

],...,[ā
,⊥

]) •
∥∥{
cd ′↓}

[ā
,( •[0

,�
],...,[0

,�
],⊥

,...,⊥
) •]

.
∆

P ∥∥
L
S ′\{
cb↓}

[ā
,P

1 ]
=

P
��

From
splitting

for
L
S ′\{cb↓},w

e
can

im
m

ediately
obtain

a
proof

of
the

splitting
state-

m
ent

for
system

L
S:

P
ro

of
of

L
em

m
a

3.4.5:
I

w
illshow

only
the

case
(c).

T
he

others
are

sim
ilar.

L
et

−‖
L
S

[[ •R
,T

] •,P
]

be
given.

B
y

L
em

m
a

3.4.8
there

is
a

proof

−‖
L
S ′

[[ •R
,T

] •,P
]

,

w
hich

can
by

L
em

m
a

3.4.9
be

decom
posed

into

−‖
L
S ′\{
cb↓}

U‖ {
cb↓}

[[ •R
,T

] •,P
]

,
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3.
L
in

ea
r

L
og

ic
an

d
th

e
C

al
cu

lu
s

of
S
tr

u
ct

u
re

s

(i
)

ρ
=
w
↓,

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

P
w
↓

.
[?

R
,P

]

T
he

n
P

is
pr

ov
ab

le
in
L
S
′ \
{c
b
↓}

.

(i
i)

ρ
=
cr
↓,

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[R
,P

]
cr
↓

.
[?

R
,P

]

T
he

n
le

t
n

=
1

an
d

k
=

0
an

d
P

R
1

=
P

.

(i
ii)

ρ
=
p
↓,

P
=

[!
P

1
,P

2
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[!
[R

,P
1
],

P
2
]

p
↓

.
[?

R
,!

P
1
,P

2
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t
n

�
0

an
d

l 1
,.

..
,l

n
�

0
an

d
st

ru
ct

ur
es

P
R

1
1
,.

..
,P

R
1
l 1

,P
R

2
1
,.

..
,P

R
2
l 2

,.
..

,P
R

n
1
,.

..
,P

R
n
l n

,
su

ch
th

at

(• [
0
,�

],
..

.,
[0

,�
],

[?
P

R
1
1
,.

..
,?

P
R

1
l 1

],
..

.,
[?

P
R

n
1
,.

..
,?

P
R

n
l n

])•
∆

P
‖L
S
′ \{
cb
↓}

P
2

an
d

− ‖L
S
′ \{
cb
↓}

[R
,P

1
,P

R
i1

,.
..

,P
R

il
i
]

,

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}.

N
ow

le
t

k
=

n
an

d
P

R
i

=
[P

1
,P

R
i1

,.
..

,?
P

R
il

i
].

W
e

ca
n

ge
t

(• [
0
,�

],
..

.,
[0

,�
],

![
P

1
,P

R
1
1
,.

..
,?

P
R

1
l 1

],
..

.,
![

P
1
,P

R
n
1
,.

..
,?

P
R

n
l n

])•
∥ ∥ {t′ ↓

,p
↓}

(• [
!P

1
,0

,�
],

..
.,

[!
P

1
,0

,�
],

[!
P

1
,?

P
R

1
1
,.

..
,?

P
R

1
l 1

],
..

.,
[!
P

1
,?

P
R

n
1
,.

..
,?

P
R

n
l n

])•
∥ ∥ {cd

′ ↓}
[!P

1
,(•

[0
,�

],
..

.,
[0

,�
],

[?
P

R
1
1
,.

..
,?

P
R

1
l 1

],
..

.,
[?

P
R

n
1
,.

..
,?

P
R

n
l n

])•
]

.
∆

P

∥ ∥ LS′
\{
cb
↓}

[!
P

1
,P

2
]

=
P

(f
)

C
on

si
de

r
th

e
bo

tt
om

m
os

t
ru

le
in

st
an

ce
ρ

in
th

e
pr

oo
f
−

Π
‖L
S
′ \{
cb
↓}

[a
,P

]
.

W
it

ho
ut

lo
ss

of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

ρ
is

no
nt

ri
vi

al
.

A
s

in
ca

se
(a

),
w

e
ca

n
di

st
in

gu
is

h
be

tw
ee

n
th

e
fo

llo
w

in
g

th
re

e
ca

se
s:

3.
4.

C
u
t

E
li
m

in
at

io
n

6
3

fo
r

ev
er

y
j
∈
{1

,.
..

,h
′ }.

N
ow

le
t

n
=

h
+

h
′ ,

w
e

ca
n

ge
t

(• [
0
,�

],
..

.,
[0

,�
],

[P
R

1
,P

T
1
],

..
.,

[P
R

h
,P

T
h

],
[P

′ R
1
,P

′ T
1
],

..
.,

[P
′ R
h
′,

P
′ T
h
′]

)•
∆

P
1
,∆

P
2

∥ ∥ LS′
\{
cb
↓}

(• [
P

1
,P

3
,P

4
],

[P
2
,P

3
,P

4
])•

cd
′ ↓

[(•
P

1
,P

2
)• ,

P
3
,P

4
]

=
.

P

(i
ii)

ρ
=
t′ ↓

an
d

P
=

[P
1
,P

2
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[0
,P

2
]

t′ ↓
.

[(
R

,T
),

P
1
,P

2
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t

(• [
0
,�

],
..

.,
[0

,�
],
�,

..
.,
�)

•

‖L
S
′ \{
cb
↓}

P
2

,

fr
om

w
hi

ch
w

e
ca

n
ge

t
th

e
fo

llo
w

in
g

(l
et

n
=

0)
:

(• [
0
,�

],
..

.,
[0

,�
])•

∥ ∥ {t′ ↓
}

(• [
P

1
,0

,�
],

..
.,

[P
1
,0

,�
])•

∥ ∥ {cd′
↓}

[P
1
,(•

[0
,�

],
..

.,
[0

,�
])•

]
=

.
[P

1
,(•

[0
,�

],
..

.,
[0

,�
],
�,

..
.,
�)

• ]
∥ ∥ LS′

\{
cb
↓}

[P
1
,P

2
]

=
,

P

(3
)

T
he

ap
pl

ic
at

io
n

of
ρ

de
co

m
po

se
s

th
e

su
bs

tr
uc

tu
re

(R
,T

).
A

s
be

fo
re

,t
hi

s
ca

se
is

th
e

cr
uc

ia
l

on
e

an
d

th
er

e
is

on
e

su
bc

as
e:

(i
)

ρ
=
s′

an
d

R
=

(R
1
,R

2
)

an
d

T
=

(T
1
,T

2
)

an
d

P
=

[P
1
,P

2
]

an
d

Π
is

−
Π

′∥ ∥ LS′
\{
cb
↓}

[(
[(

R
1
,T

1
),

P
1
],

R
2
,T

2
),

P
2
]

s′
.

[(
R

1
,R

2
,T

1
,T

2
),

P
1
,P

2
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t
an

h
�

0
an

d
st

ru
ct

ur
es

Q
1
1
,.

..
,Q

1
h

an
d

Q
2
1
,.

..
,Q

2
h
,s

uc
h

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[Q
1
1
,Q

2
1
],

..
.,

[Q
1
h
,Q

2
h
])•

∆
P
‖L
S
′ \{
cb
↓}

P
2

an
d
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4

3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

−
Π

1
i ‖
L
S ′\{
cb↓}

[(R
1 ,T

1 ),P
1 ,Q

1
i ]

and
−

Π
2
i ‖
L
S ′\{
cb↓}

[(R
2 ,T

2 ),Q
2
i ]

for
every

i∈
{1,...,h}.

A
pplying

the
induction

hypothesis
again

to
Π

1
i

and
Π

2
i yields

an
m

i �
0

and
structures

P
R

i1 ,...,P
R

im
i and

P
T

i1 ,...,P
T

im
i ,

such
that

( •[0
,�

],...,[0
,�

],[P
R

i1 ,P
T

i1 ],...,[P
R

im
i ,P

T
im

i ]) •
∆

Q
1
i ‖
L
S ′\{
cb↓}

[P
1 ,Q

1
i ]

and

−‖
L
S ′\{
cb↓}

[R
,P

R
ij ]

and
−‖
L
S ′\{
cb↓}

[T
,P

T
ij ]

,

for
every

j∈
{1,...,m

i },and
an

m
′i �

0
and

structures
P

′R
i1 ,...,P

′R
im

′i
and

P
′T
i1 ,...,P

′T
im

′i ,such
that

( •[0
,�

],...,[0
,�

],[P
′R
i1 ,P

′T
i1 ],...,[P

′R
im

′i ,P
′T
im

′i ]) •

∆
Q

2
i ‖
L
S ′\{
cb↓}

Q
2
i

and

−‖
L
S ′\{
cb↓}

[R
,P

′R
ik ]

and
−‖
L
S ′\{
cb↓}

[T
,P

′T
ik ]

,

for
every

k∈
{1,...,m

′i }.
N

ow
let

n
=

m
1 m

′1
+
···+

m
h m

′h .
W

e
can

get

( •[0
,�

],...,[0
,�

],
[P

R
1
1 ,P

′R
1
1 ,P

T
1
1 ,P

′T
1
1 ],...,[P

R
1
m

1 ,P
′R
1
m

′1 ,P
T

1
m

1 ,P
′T
1
m

′1 ],...,
[P

R
h
1 ,P

′R
h
1 ,P

T
h
1 ,P

′T
h
1 ],...,[P

R
h
m

h ,P
′R
h
m

′h
,P

T
h
m

h ,P
′T
h
m

′h ]) •
∥∥{
t ′↓

,cd ′↓}
( •[0

,�
],...,[0

,�
],

[( •[0
,�

],...,[0
,�

],[P
R

1
1 ,P

T
1
1 ],...,[P

R
1
m

1 ,P
T

1
m

1 ]) •,
( •[0

,�
],...,[0

,�
],[P

′R
1
1 ,P

′T
1
1 ],...,[P

′R
1
m

′1 ,P
′T
1
m

′1 ]) •],...,
[( •[0

,�
],...,[0

,�
],[P

R
h
1 ,P

T
h
1 ],...,[P

R
h
m

h ,P
T

h
m

h ]) •,
( •[0

,�
],...,[0

,�
],[P

′R
h
1 ,P

′T
h
1 ],...,[P

′R
h
m

′h ,P
′T
h
m

′h ]) •]) •

∆
Q

1
i ,∆

Q
2
i ∥∥
L
S ′\{
cb↓}

( •[P
1 ,0

,�
],...,[P

1 ,0
,�

],[P
1 ,Q

1
1 ,Q

2
1 ],...,[P

1 ,Q
1
h ,Q

2
h ]) •

.
∥∥{
cd ′↓}

[P
1 ,( •[0

,�
],...,[0

,�
],[Q

1
1 ,Q

2
1 ],...,[Q

1
h ,Q

2
h ]) •]

∆
P ∥∥
L
S ′\{
cb↓}

[P
1 ,P

2 ]
=

P

(d)
C

onsider
the

bottom
m

ost
rule

instance
ρ

in
the

proof
−Π‖
L
S ′\{
cb↓}

[!R
,P

]
.

W
ithout

loss
of

generality,
w

e
can

assum
e

that
the

application
of

ρ
is

nontrivial.
A

s
in

case
(a),

w
e

can
distinguish

betw
een

the
follow

ing
three

cases:

3.4.
C

u
t

E
lim

in
ation

6
5

(1)
T

he
redex

of
ρ

is
inside

R
or

P
.

T
his

is
sim

ilar
to

case
(a.i).

(2)
T

he
substructure

!R
is

inside
the

redex
of

ρ,
but

the
application

of
ρ

does
not

decom
pose

the
structure

!R
.

T
his

case
is

sim
ilar

to
(c.2).

(3)
T

he
application

of
ρ

decom
poses

the
substructure

!R
.

T
his

is
only

possible
if

ρ
=
p↓.

H
ence,

there
is

only
one

subcase:

(i)
ρ

=
p↓,

P
=

[?P
1 ,P

2 ]
and

Π
is

−Π
′ ∥∥
L
S ′\{
cb↓}

[![R
,P

1 ],P
2 ]

p↓
.

[!R
,?P

1 ,P
2 ]

B
y

applying
the

induction
hypothesis

to
Π

′,
w

e
get

n
�

0
and

l1 ,...,ln
�

0
and

structures
P

R
1
1 ,...,P

R
1
l1 ,P

R
2
1 ,...,P

R
2
l2 ,...,P

R
n
1 ,...,P

R
n
ln ,

such
that

( •[0
,�

],...,[0
,�

],[?P
R

1
1 ,...,?P

R
1
l1 ],...,[?P

R
n
1 ,...,?P

R
n
ln ]) •

∆
P ‖
L
S ′\{
cb↓}

P
2

and
−‖
L
S ′\{
cb↓}

[R
,P

1 ,P
R

i1 ,...,P
R

ili ]
,

for
every

i∈
{1,...,n}.

N
ow

let
k

i =
li +

1
and

P
R

ik
i

=
P

1 .
W

e
can

get

( •[0
,�

],...,[0
,�

],[?P
R

1
1 ,...,?P

R
1
k
1 ],...,[?P

R
n
1 ,...,?P

R
n
k

n ]) •
∥∥{
t ′↓}

( •[?P
1 ,0

,�
],...,[?P

1 ,0
,�

],
[?P

1 ,?P
R

1
1 ,...,?P

R
1
l1 ],...,[?P

1 ,?P
R

n
1 ,...,?P

R
n
ln ]) •

∥∥{
cd ′↓}

[?P
1 ,( •[0

,�
],...,[0

,�
],[?P

R
1
1 ,...,?P

R
1
l1 ],...,[?P

R
n
1 ,...,?P

R
n
ln ]) •]

.
∆

P ∥∥
L
S ′\{
cb↓}

[?P
1 ,P

2 ]
=

P

(e)
C

onsider
the

bottom
m

ost
rule

instance
ρ

in
the

proof
−Π‖
L
S ′\{
cb↓}

[?R
,P

]
.

W
ithout

loss
of

generality,
w

e
can

assum
e

that
the

application
of

ρ
is

nontrivial.
A

s
in

case
(a),

w
e

can
distinguish

betw
een

the
follow

ing
three

cases:

(1)
T

he
redex

of
ρ

is
inside

R
or

P
.

T
his

is
sim

ilar
to

case
(a.i).

(2)
T

he
substructure

?R
is

inside
the

redex
of

ρ,
but

the
application

of
ρ

does
not

decom
pose

the
structure

?R
.

A
s

in
the

previous
case,

this
is

sim
ilar

to
(c.2).

(3)
T

he
application

of
ρ

decom
poses

the
substructure

?R
.

W
e

have
the

follow
ing

subcases:
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

ρ
π

(I
)

π ρ
(I

I)
π ρ

(I
II

)
π ρ

(I
V

)
π ρ

F
ig

ur
e

4.
5:

P
os

si
bl

e
in

te
rf

er
en

ce
s

of
re

de
x

an
d

co
nt

ra
ct

um
of

tw
o

co
ns

ec
ut

iv
e

ru
le

s

In
p
↓,

th
e

re
de

x
is

[!
R

,?
T

]
an

d
th

e
co

nt
ra

ct
um

is
![
R

,T
];

th
e

st
ru

ct
ur

es
R

an
d

T
ar

e
pa

ss
iv

e;
th

e
st

ru
ct

ur
es

[!R
,?

T
],

!R
an

d
?T

ar
e

ac
ti

ve
in

th
e

re
de

x;
an

d
th

e
st

ru
ct

ur
es

![
R

,T
]

an
d

[R
,T

]
ar

e
ac

ti
ve

in
th

e
co

nt
ra

ct
um

.
In
b
↓

th
er

e
ar

e
no

pa
ss

iv
e

st
ru

ct
ur

es
;

in
th

e
re

de
x

th
e

st
ru

ct
ur

es
?R

an
d

R
ar

e
ac

ti
ve

an
d

in
th

e
co

nt
ra

ct
um

[?
R

,R
],

?R
,R

an
d

R
ar

e
ac

ti
ve

(i
.e

.
bo

th
oc

cu
rr

en
ce

s
of

th
e

st
ru

ct
ur

e
R

ar
e

ac
ti

ve
).

4.
2.

2
D

efi
n
it

io
n

A
n

ap
pl

ic
at

io
n

of
a

ru
le

T
ρ

R
w

ill
be

ca
lle

d
tr

iv
ia

li
fR

=
T

.
O

th
er

w
is

e,
it

is
ca

lle
d

no
nt

ri
vi

al
.

Fo
r

ex
am

pl
e,

an
ap

pl
ic

at
io

n
of

th
e

ru
le S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]

be
co

m
es

tr
iv

ia
l

if
R

=
1

an
d

T
=
⊥,

be
ca

us
e

th
en

S
[!
R

,?
T

]=
S
{1
}=

S
{![

R
,T

]}.
4.

2.
3

C
as

e
A

n
al

y
si

s
In

or
de

r
to

fin
d

ou
t

w
he

th
er

a
ru

le
ρ

pe
rm

ut
es

ov
er

a
ru

le
π

,w
e

ha
ve

to
co

ns
id

er
al

l
po

ss
ib

ili
ti

es
of

in
te

rf
er

en
ce

of
th

e
re

de
x

of
π

an
d

th
e

co
nt

ra
ct

um
of

ρ
in

a
si

tu
at

io
n

Q
π

U
ρ

.
P

It
ca

n
ha

pp
en

th
at

on
e

is
in

si
de

th
e

ot
he

r,
th

at
th

ey
ov

er
la

p
or

th
at

th
ey

ar
e

in
de

pe
nd

en
t.

T
he

fo
ur

po
ss

ib
le

in
te

rf
er

en
ce

s
ar

e
sh

ow
n

F
ig

ur
e

4.
5.

A
lt

ho
ug

h
th

e
si

tu
at

io
n

is
sy

m
m

et
ri

c
w

it
h

re
sp

ec
t

to
ρ

an
d

π
,

in
m

os
t

ca
se

s
th

e
si

tu
at

io
n

to
be

co
ns

id
er

ed
w

ill
be

of
th

e
sh

ap
e

Q
π

S
{W
}

ρ
,

S
{Z
}

3.
4.

C
u
t

E
li
m

in
at

io
n

7
3

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}.

B
y

ap
pl

yi
ng

sp
lit

ti
ng

to
Π

1
an

d
Π

2
,w

e
ob

ta
in

(• [
0
,�

],
..

.,
[0

,�
],

ā
,.

..
,ā

)•
‖L
S

P
a
i

an
d

(• [
0
,�

],
..

.,
[0

,�
],

a
,.

..
,a

)•
‖L
S

P
ā
i

.

Fr
om

th
is

w
e

ca
n

bu
ild

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}(

by
ap

pl
yi

ng
L

em
m

at
a

3.
4.

17
an

d
3.

4.
18

):

−∥ ∥ LS
[(•

[0
,�

],
..

.,
[0

,�
],

ā
,.

..
,ā

)• ,
(• [
0
,�

],
..

.,
[0

,�
],

a
,.

..
,a

)• ]
∥ ∥ LS

[P
a
i,

P
ā
i
]

.

P
lu

gg
in

g
th

is
in

to
th

e
de

ri
va

ti
on

∆
P

yi
el

ds
a

pr
oo

f
of

P
.

��

3.
4.

24
L
em

m
a

Le
t

R
,T

,U
,V

an
d

P
be

st
ru

ct
ur

es
.

If
[(

[• R
,U

]• ,
(• T

,V
)• )

,P
]

is
pr

ov
ab

le
in
L
S
,
th

en
[[•

(R
,T

),
(U

,V
)]•

,P
]
is

al
so

pr
ov

ab
le

in
L
S
.

P
ro

of
:

A
pp

ly
sp

lit
ti

ng
(L

em
m

a
3.

4.
5)

to
th

e
pr

oo
f

− ‖L
S

[(
[• R

,U
]• ,

(• T
,V

)• )
,P

]
.

W
e

ge
t

an
n

�
0

an
d

st
ru

ct
ur

es
P

R
U

1
,.

..
,P

R
U

n
an

d
P

V
T

1
,.

..
,P

V
T

n
,s

uc
h

th
at

(• [
0
,�

],
..

.,
[0

,�
],

[P
R

U
1
,P

V
T

1
],

..
.,

[P
R

U
n
,P

V
T

n
])•

∆
P
‖L
S

P
an

d

−
Π

R
U

i
‖L
S

[[•
R

,U
]• ,

P
R

U
i
]

an
d

−
Π

T
V

i
‖L
S

[(•
T

,V
)• ,

P
T

V
i]

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}.

B
y

ap
pl

yi
ng

sp
lit

ti
ng

ag
ai

n
to

ev
er

y
Π

R
U

i
an

d
Π

T
V

i,
w

e
ge

t

(• P
R

i,
P

U
i)•

∆
R

U
i
‖L
S

P
R

U
i

an
d

−
Π

R
i
‖L
S

[R
,P

R
i
]

an
d

−
Π

U
i
‖L
S

[U
,P

U
i]

an
d

−
Π

V
i
‖L
S

[V
,P

T
V

i
]

an
d

−
Π

T
i
‖L
S

[T
,P

T
V

i]
.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

From
this

w
e

can
build

for
every

i∈
{1,...,n}:

−
Π

V
i ,Π

T
i ∥∥
L
S

( •[T
,P

T
V

i ],[V
,P

T
V

i ]) •
Π

R
i ,Π

U
i ∥∥
L
S

( •[([R
,P

R
i ],T

),P
T

V
i ],[([U

,P
U

i ],V
),P

T
V

i ]) •
s

( •[([R
,P

R
i ],T

),P
T

V
i ],[(U

,V
),P

U
i ,P

T
V

i ]) •
s

( •[(R
,T

),P
R

i ,P
T

V
i ],[(U

,V
),P

U
i ,P

T
V

i ]) •
d↓

[[ •(R
,T

),(U
,V

)] •,( •[P
R

i ,P
T

V
i ],[P

U
i ,P

T
V

i ]) •]
d↓

[[ •(R
,T

),(U
,V

)] •,( •P
R

i ,P
U

i ) •,[ •P
T

V
i ,P

T
V

i ] •]
c↓

.
[[ •(R

,T
),(U

,V
)] •,( •P

R
i ,P

U
i ) •,P

T
V

i ]
∆

R
U

i ∥∥
L
S

[[ •(R
,T

),(U
,V

)] •,P
R

U
i ,P

T
V

i ]

N
ow

w
e

can
build

(by
applying

L
em

m
a

3.4.15
and

L
em

m
a

3.4.18):
− ∥∥
L
S

( •[[ •(R
,T

),(U
,V

)] •,0
,�

],...,[[ •(R
,T

),(U
,V

)] •,0
,�

],
[[ •(R

,T
),(U

,V
)] •,P

R
U

1 ,P
V

T
1 ],...,[[ •(R

,T
),(U

,V
)] •,P

R
U

n
,P

V
T

n ]) •
∥∥{
c↓

,d↓}
[[ •(R

,T
),(U

,V
)] •,( •[0

,�
],...,[0

,�
],[P

R
U

1 ,P
V

T
1 ],...,[P

R
U

n
,P

V
T

n ]) •]
.

∆
P ∥∥
L
S

[[ •(R
,T

),(U
,V

)] •,P
]

��
3.4.25

L
em

m
a

Let
R

and
P

be
structures.

If
[R

,P
]
is

provable
in
L
S,

then
[�

,P
]
and

[( •R
,R

) •,P
]
are

also
provable

in
L
S.

P
ro

of:
U

se
the

proofs

1↓
1

ai↓
[�

,0]
t↓

and
[�

, P
]

− ∥∥
L
S

( •[R
,P

],[R
,P

]) •
d↓

[( •R
,R

) •,[ •P
,P

] •]
c↓

.
[( •R

,R
) •,P

]
��

3.4.26
L
em

m
a

Let
R

and
P

be
structures.

If
[!R

,P
]
is

provable
in
L
S,

then
[1

,P
]
and

[(!R
,R

),P
]
are

also
provable

in
L
S.

P
ro

of:
A

pply
splitting

(L
em

m
a

3.4.5)
to

the
proof
−‖
L
S

[!R
,P

]
.

W
e

get
an

n
�

0
and

k
1 ,...,k

n
�

0,
and

structures
P

R
1
1 ,...,P

R
1
k
1 ,

P
R

2
1 ,...,P

R
2
k
2 ,

...,
P

R
n
1 ,...,P

R
n
k

n ,such
that

( •[0
,�

],...,[0
,�

],[?P
R

1
1 ,...,?P

R
1
k
1 ],...,[?P

R
n
1 ,...,?P

R
n
k

n ]) •
∆

P ‖
L
S

P

4.2.
P
erm

u
tation

of
R

u
les

8
7

application
of

several
rules

(that
perm

ute
over

each
other)

in
parallel.

For
exam

ple
the

developm
ent

of
ludics

in
[G

ir01]
has

been
influenced

by
this

idea.
T

he
top-dow

n
sym

m
etry

of
derivations

in
the

calculus
of

structures
enables

us
to

study
the

m
utual

perm
utability

of
rules

in
a

very
natural

w
ay.

T
his

is
the

starting
point

for
the

investigation
of

several
properties

of
logical

system
s

in
the

calculus
of

structures.
If

w
e

have,for
exam

ple,a
system

w
ith

three
rule

ρ,
π

and
σ,and

w
e

know
that

ρ
perm

utes
over

π
and

σ,
then

w
e

can
transform

every
derivation

T‖{
ρ
,π

,σ}
R

into
a

derivation
T‖ {

ρ}
T
′‖{
π
,σ}

R

for
som

e
structure

T
′.

T
his

is
the

basis
for

m
ost

of
the

decom
position

theorem
s

in
this

thesis
(see

Sections
4.3,

5.3
and

7.2).
A

lso
the

cut
elim

ination
proof

of
Section

4.4
is

based
on

the
perm

utability
of

rules.

4.2.1
D

efi
n
ition

A
rule

ρ
perm

utes
over

a
rule

π
(or

π
perm

utes
under

ρ)
if

for
every

derivation

Q
π

U
ρ

P

there
is

a
derivation

Q
ρ

V
π

P

for
som

e
structure

V
.

In
order

to
study

the
perm

utation
properties

ofrules,som
e

m
ore

definitions
are

needed.
T

he
inference

rules
of

the
system

s
SL
S,
S
E
L
S

(show
n

in
F

igures
3.2

and
4.3,

respectively)
and

allother
system

s
in

the
calculus

of
structures,that

w
illbe

discussed
in

this
thesis,are

of
the

kind
S{W

}
ρ

S{Z}
,

w
here

the
structure

Z
is

called
the

redex
and

W
the

contractum
of

the
rule’s

instance.
A

substructure
that

occurs
exactly

once
in

the
redex

as
w

ell
as

in
the

contractum
of

a
rule

w
ithout

changing
is

called
passive,and

allsubstructures
of

redexes
and

contracta,that
are

not
passive,(i.e.that

change,disappear
or

are
duplicated)

are
called

active.
M

ore
precisely,

let
R

be
a

substructure
of

both,
Z

and
W

,
i.e.

w
e

have
that

Z
=

Z
′{R}

and
W

=
W

′{R}
for

som
e

contexts
Z

′{
}

and
W

′{
}.

T
hen

R
is

called
passive,if

for
every

structure
X

,w
e

have
that

S{W
′{X
}}

ρ
S{Z

′{X
}}

is
a

valid
instance

of
the

rule
ρ.

O
therw

ise
R

is
called

active.
C

onsider
for

exam
ple

the
rules

S{![R
,T

]}
p↓

S
[!R

,?T
]

and
S

[?R
,R

]
b↓

S{?R}
.
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

S
{1
}

ai
↓ S

[a
,ā

]

S
(a

,ā
)

ai
↑

S
{⊥
}

S
([

R
,U

],
T

)
s
S

[(
R

,T
),

U
]

S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]

S
(?

R
,!

T
)

p
↑ S
{?

(R
,T

)}

S
{⊥
}

w
↓ S
{?

R
}

S
{!R
}

w
↑

S
{1
}

S
[?

R
,R

]
b
↓

S
{?

R
}

S
{!R
}

b
↑ S

(!
R

,R
)

F
ig

ur
e

4.
3:

Sy
st

em
S
E
L
S

1
↓
1

S
{1
}

ai
↓ S

[a
,ā

]

S
([

R
,U

],
T

)
s

S
[(

R
,T

),
U

]

S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]

S
{⊥
}

w
↓ S
{?

R
}

S
[?

R
,R

]
b
↓

S
{?

R
}

F
ig

ur
e

4.
4:

Sy
st

em
E
L
S

4.
1.

10
C

or
ol

la
ry

Le
t

R
an

d
T

be
tw

o
st

ru
ct

ur
es

.
T

he
n

w
e

ha
ve

T ‖S
E
L
S

R
if

an
d

on
ly

if
− ‖ E
L
S

[T̄
,R

]
.

4
.2

P
er

m
u
ta

ti
o
n

o
f
R
u
le

s

V
ar

io
us

ap
pl

ic
at

io
ns

of
pr

oo
f

th
eo

ry
ar

e
ba

se
d

on
th

e
pe

rm
ut

ab
ili

ty
of

ru
le

s
[C

ur
52

].
Fo

r
ex

am
pl

e
th

e
id

ea
of

fo
cu

si
ng

pr
oo

fs
[A

nd
92

]r
el

ie
s

on
it

.
In

th
e

ca
se

of
F
or
um

[M
il9

4,
M

il9
6]

,
a

lo
gi

c
pr

og
ra

m
m

in
g

la
ng

ua
ge

ba
se

d
on

lin
ea

r
lo

gi
c,

th
e

pe
rm

ut
ab

ili
ty

of
ru

le
s

ha
s

be
en

us
ed

fo
r

ad
ap

ti
ng

th
e

no
ti

on
of

un
ifo

rm
pr

oo
f

to
m

ul
ti

pl
e

co
nc

lu
si

on
se

qu
en

ts
.

T
he

ob
se

rv
at

io
n,

th
at

so
m

e
ru

le
s

pe
rm

ut
e

ov
er

ea
ch

ot
he

r
an

d
ot

he
rs

do
no

t,
off

er
s

th
e

po
ss

ib
ili

ty
of

de
fin

in
g

ne
w

in
fe

re
nc

e
ru

le
s

of
a

la
rg

er
gr

an
ul

ar
it

y,
w

ho
se

ap
pl

ic
at

io
n

ca
n

th
en

be
se

en
as

th
e

3.
4.

C
u
t

E
li
m

in
at

io
n

7
5

− ‖ L
S

[R
,P

R
i1

,.
..

,P
R

ik
i
]

fo
r

ev
er

y
i
∈
{1

,.
..

,n
}.

W
e

ca
n

bu
ild

:

1
↓
1 ∥ ∥ {w↓

}
[1

,?
P

R
i1

,.
..

,?
P

R
ik

i
]

an
d

−∥ ∥ LS
(!

[R
,P

R
i1

,.
..

,P
R

ik
i
],

[R
,P

R
i1

,.
..

,P
R

ik
i
])

∥ ∥ {p↓
}

([
!R

,?
P

R
i1

,.
..

,?
P

R
ik

i
],

[R
,P

R
i1

,.
..

,P
R

ik
i
])

∥ ∥ {s}
[(

!R
,R

),
?P

R
i1

,P
R

i1
,.

..
,?

P
R

ik
i
,P

R
ik

i
]

∥ ∥ {b↓
}

[(
!R

,R
),

?P
R

i1
,.

..
,?

P
R

ik
i
]

.

Fr
om

th
is

w
e

ge
t:

−∥ ∥ LS
(• [
1
,0

,�
],

..
.,

[1
,0

,�
],

[1
,?

P
R

1
1
,.

..
,?

P
R

1
k
1
],

..
.,

[1
,?

P
R

n
1
,.

..
,?

P
R

n
k

n
])•

∥ ∥ {c↓
,d
↓}

[1
,(•

[0
,�

],
..

.,
[0

,�
],

[?
P

R
1
1
,.

..
,?

P
R

1
k
1
],

..
.,

[?
P

R
n
1
,.

..
,?

P
R

n
k

n
])•

]
∆

P

∥ ∥ LS
[1

,P
]

an
d

−∥ ∥ LS
(• [

(!
R

,R
),
0
,�

],
..

.,
[(

!R
,R

),
0
,�

],
[(

!R
,R

),
?P

R
1
1
,.

..
,?

P
R

1
k
1
],

..
.,

[(
!R

,R
),

?P
R

n
1
,.

..
,?

P
R

n
k

n
])•

∥ ∥ {c↓
,d
↓}

[(
!R

,R
),

(• [
0
,�

],
..

.,
[0

,�
],

[?
P

R
1
1
,.

..
,?

P
R

1
k
1
],

..
.,

[?
P

R
n
1
,.

..
,?

P
R

n
k

n
])•

]
.

∆
P

∥ ∥ LS
[(

!R
,R

),
P

]
��

3.
4.

27
L
em

m
a

Le
t

R
,T

an
d

P
be

st
ru

ct
ur

es
.

If
[(

?R
,!

T
),

P
]

is
pr

ov
ab

le
in
L
S
,

th
en

[?
(R

,T
),

P
]
is

al
so

pr
ov

ab
le

in
L
S
.

A
lt

ho
ug

h
th

e
st

at
em

en
t

an
d

th
e

pu
rp

os
e

of
th

is
le

m
m

a
is

qu
it

e
si

m
ila

r
to

th
e

pr
ev

io
us

le
m

m
at

a,
it

s
pr

oo
f

is
a

lit
tl

e
di

ffe
re

nt
be

ca
us

e
in

th
e

ca
se

of
sy

st
em
L
S

w
e

do
no

t
ha

ve
a

sp
lit

ti
ng

st
at

em
en

t
fo

r
w

hy
-n

ot
st

ru
ct

ur
es

(c
as

e
(e

)
is

m
is

si
ng

in
L

em
m

a
3.

4.
5)

.
H

ow
ev

er
,

w
e

ha
ve

su
ch

a
st

at
em

en
t

fo
r

sy
st

em
L
S
′ \
{c
b
↓}

(s
ee

ca
se

(e
)

in
L

em
m

a
3.

4.
19

).
T

hi
s

w
ill

be
em

pl
oy

ed
he

re
.

3.
4.

28
L
em

m
a

Le
t
h

�
0

an
d

le
t
R

,
T

,
P

,
an

d
V

1
,.

..
,V

h
be

st
ru

ct
ur

es
.

If
[?

R
,P

]
an

d
[T

,V
1
,.

..
,V

h
]

ar
e

pr
ov

ab
le

in
L
S
′ \
{c
b
↓}

,
th

en
[?

(R
,T

),
P

,?
V

1
,.

..
,?

V
h
]

is
al

so
pr

ov
ab

le
in
L
S
′ \
{c
b
↓}

.
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

P
ro

of:
B

y
applying

splitting
for
L
S ′\{cb↓}

(L
em

m
a

3.4.19)
to

the
proof

of
[?R

,P
],

w
e

either
have

that
P

is
provable

in
L
S ′\{cb↓},or

w
e

get
som

e
n

�
0

and
k

�
n

and
structures

P
R

1 ,...,P
R

n
such

that

( •[0
,�

],...,[0
,�

],!P
R

1 ,...,!P
R

k ,P
R

k
+

1 ,...,P
R

n ) •
‖
L
S ′\{
cb↓}

P
and

−‖
L
S ′\{
cb↓}

[R
,P

R
i ]

for
every

i
=

1,...,n.
If

w
e

have
a

proof
of

P
,

then
w

e
can

obtain

−‖
L
S ′\{
cb↓}

P‖ {
w↓}

[?(R
,T

),P
,?V

1 ,...,?V
h ]

.

O
therw

ise
w

e
can

obtain− ∥∥
L
S ′\{
cb↓}

[T
,V

1 ,...,V
h ]

∥∥
L
S ′\{
cb↓}

[([R
,P

R
j ],T

),V
1 ,...,V

h ]
s

and
[(R

,T
),P

R
j ,V

1 ,...,V
h ]

∥∥{
cr↓}

[?(R
,T

),P
R

j ,?V
1 ,...,?V

h ]

1↓
!1∥∥
L
S ′\{
cb↓}

![T
,V

1 ,...,V
h ]

∥∥
L
S ′\{
cb↓}

![([R
,P

R
i ],T

),V
1 ,...,V

h ]
s

,
![(R

,T
),P

R
i ,V

1 ,...,V
h ]

∥∥{
p↓}

[?(R
,T

),!P
R

i ,?V
1 ,...,?V

h ]

for
every

i
=

1,...,k
and

j
=

k
+

1,...,n.
From

this
w

e
can

build
the

follow
ing

proof,
w

here
?V

stands
for

[?V
1 ,...,?V

h ]:

− ∥∥
L
S ′\{
cb↓}

( •[?(R
,T

),?V
,0

,�
],...,[?(R

,T
),?V

,0
,�

],
[?(R

,T
),!P

R
1 ,?V

],...,[?(R
,T

),!P
R

k ,?V
],

[?(R
,T

),P
R

k
+

1 ,?V
],...,[?(R

,T
),P

R
n
,?V

]) •
∥∥{
cd↓}

[?(R
,T

),( •[0
,�

],...,[0
,�

],!P
R

1 ,...,!P
R

k ,P
R

k
+

1 ,...,P
R

n ) •,?V
]

.
∥∥
L
S ′\{
cb↓}

[?(R
,T

),P
,?V

]
��

3.4.29
L
em

m
a

Let
h

�
0

and
let

R
,
T

,
P

,
and

V
1 ,...,V

h
be

structures.
If

[?R
,P

]
and

[T
,V

1 ,...,V
h ]

are
provable

in
L
S,

then
[?(R

,T
),P

,?V
1 ,...,?V

h ]
is

also
provable

in
L
S.

P
ro

of:
B

y
L

em
m

a
3.4.8

(b)
and

L
em

m
a

3.4.9,
there

is
a

proof

−‖
L
S ′\{
cb↓}

U‖ {
cb↓}

[?R
,P

]

,

4.1.
S
eq

u
en

ts,
S
tru

ctu
res

an
d

R
u
les

8
5

A
sso

ciativ
ity

[R
,[T

,U
]]

=
[[R

,T
],U

]
(R

,(T
,U

))
=

((R
,T

),U
)

C
om

m
u
tativ

ity

[R
,T

]
=

[T
,R

]
(R

,T
)

=
(T

,R
)

E
x
p
on

en
tials

??R
=

?R
!!R

=
!R

U
n
its

[⊥
,R

]
=

R

( 1
,R

)
=

R

?⊥
=
⊥

! 1
=
1

N
egation

[R
,T

]
=

(R̄
,T̄

)

(R
,T

)
=

[R̄
,T̄

]

?R
=

!R̄
!R

=
?R̄

¯̄R
=

R

F
igure

4.2:
B

asic
equations

for
the

syntactic
congruence

of
E
L
S

structures

4.1.6
T

h
eorem

If
a

given
structure

R
is

provable
in

system
S
E
L
S∪
{1↓},

then
its

translation
�

R
L

is
provable

in
M
E
L
L

(w
ith

cut).

P
ro

of:
T

he
proofis

literally
the

sam
e

as
the

proofofT
heorem

3.3.1,except
that

the
cases

for
the

rules
d↓,
d↑,
t↓,
t↑,
c↓

and
c↑

are
not

needed,w
hich

m
eans

that
the

sequent
calculus

rules
for

�
,
�

and
�

are
not

needed.
��

4.1.7
T

h
eorem

(a)
If

a
given

sequent�
Φ

is
provable

in
M
E
L
L

(w
ith

cut),
then

the
structure

�
Φ
S

is
provable

in
system

S
E
L
S∪
{1↓}.

(b)
If

a
given

sequent�
Φ

is
cut-free

provable
in
M
E
L
L
,
then

the
structure�

Φ
S
is

provable
in

system
E
L
S.

P
ro

of:
T

he
proofis

literally
the

sam
e

as
the

proofofT
heorem

3.3.2,except
that

the
cases

for
the

rules
�

,
�

1 ,
�

2
and
�

are
om

itted,
w

hich
m

eans
that

the
rules

d↓,
t↓,

and
c↓

are
not

needed.
��

A
s

a
consequence

w
e

have
already

tw
o

different
proofs

for
the

cut
elim

ination
theorem

for
system

E
L
S

at
hand.

4.1.8
T

h
eorem

(C
u
t

E
lim

in
ation

)
System

E
L
S

is
equivalent

to
every

subsystem
of

the
system

S
E
L
S∪
{1↓}

containing
E
L
S.

T
he

first
proof

uses
the

translation
to

the
sequent

calculus
system

,and
the

second
one

uses
the

technique
of

splitting
and

context
reduction

(see
Section

3.4,
observe

that
the

statem
ents

of
splitting

and
context

reduction
becom

e
m

uch
sim

pler
in

the
case

of
E
L
S).

In
this

chapter,
in

Section
4.4,

I
w

ill
present

a
third

proof
of

the
sam

e
theorem

,
using

the
techniques

of
decom

position
and

perm
utation.

W
e

im
m

ediately
get

the
follow

ing
tw

o
corollaries,

w
hose

proofs
are

the
sam

e
as

for
full

linear
logic.

4.1.9
C

orollary
T

he
rule

i↑
is

adm
issible

for
system

E
L
S.
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

id
�

A
,A

⊥
�

A
,Φ

�
A

⊥
,Ψ

cu
t

�
Φ

,Ψ

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

�
A

,B
,Φ

�

�
A

�
B

,Φ

�
Φ

⊥
�
⊥,

Φ
1
�
1

�
A

,Φ
?d
�

?A
,Φ

�
?A

,?
A

,Φ
? c

�
?A

,Φ

�
Φ

? w
�

?A
,Φ

�
A

,?
B

1
,.

..
,?

B
n

! �
!A

,?
B

1
,.

..
,?

B
n

(n
�

0)

F
ig

ur
e

4.
1:

Sy
st

em
M
E
L
L

in
th

e
se

qu
en

t
ca

lc
ul

us

4.
1.

1
D

efi
n
it

io
n

A
M
E
L
L

fo
rm

ul
a

is
an
L
L

fo
rm

ul
a

th
at

do
es

no
t

co
nt

ai
n

an
ad

di
ti

ve
co

nn
ec

ti
ve

�
,�

,o
r

co
ns

ta
nt
0
,�

.
T

he
ru

le
s

fo
r

sy
st

em
M
E
L
L

ar
e

sh
ow

n
in

F
ig

ur
e

4.
1.

O
f

co
ur

se
,

th
e

cu
t

el
im

in
at

io
n

re
su

lt
do

es
al

so
ho

ld
fo

r
M
E
L
L

.
T

hi
s

ca
n

be
se

en
as

a
co

ns
eq

ue
nc

e
of

th
e

cu
t

el
im

in
at

io
n

re
su

lt
fo

r
fu

ll
lin

ea
r

lo
gi

c
(T

he
or

em
2.

3.
1)

be
ca

us
e

th
e

ru
le

s
fo

r
th

e
ad

di
ti

ve
s,

w
hi

ch
ar

e
m

is
si

ng
in

sy
st

em
M
E
L
L

ar
e

no
t

ne
ed

ed
in

a
cu

t-
fr

ee
pr

oo
f

of
a
M
E
L
L

fo
rm

ul
a

in
w

hi
ch

th
e

ad
di

ti
ve

co
nn

ec
ti

ve
s

do
no

t
oc

cu
r.

B
ut

it
is

al
so

ea
si

ly
po

ss
ib

le
to

ob
ta

in
a

di
re

ct
pr

oo
f

fr
om

th
e

pr
oo

f
of

th
e

cu
t

el
im

in
at

io
n

re
su

lt
fo

r
fu

ll
lin

ea
r

lo
gi

c
by

om
it

ti
ng

al
l

th
e

ca
se

s
th

at
in

vo
lv

e
th

e
ad

di
ti

ve
s.

4.
1.

2
T

h
eo

re
m

(C
u
t

E
li
m

in
at

io
n
)

E
ve

ry
pr

oo
f

Π
of

a
se

qu
en

t
�

Φ
in

sy
st

em
M
E
L
L

ca
n

be
tr
an

sf
or

m
ed

in
to

a
cu

t-
fr
ee

pr
oo

f
Π

′ i
n

sy
st

em
M
E
L
L

of
th

e
sa

m
e

se
qu

en
t.

In
th

e
ca

lc
ul

us
of

st
ru

ct
ur

es
th

e
si

tu
at

io
n

is
si

m
ila

r.

4.
1.

3
D

efi
n
it

io
n

A
n
E
L
S

st
ru

ct
ur

e
is

an
L
S

st
ru

ct
ur

e
th

at
do

es
no

t
co

nt
ai

n
th

e
co
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L
in
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L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

N
ow

w
e

can
build

for
every

i
∈
{1,...,n}

the
follow

ing
proof,

w
here

?V
ij

stands
for

[?V
ij1 ,...,?V

ijk
ij ].

− ∥∥
L
S

( •[?(R
,T

),P
R

i ,0
,�

],...,[?(R
,T

),P
R

i ,0
,�

],[?(R
,T

),P
R

i ,?V
i1 ],...,[?(R

,T
),P

R
i ,?V

im
i ]) •

∥∥{
c↓

,d↓}
[?(R

,T
),P

R
i ,( •[0

,�
],...,[0

,�
],?V

i1 ,...,?V
im

i ) •]
.

∆
T

i ∥∥
L
S

[?(R
,T

),P
R

i ,P
T

i ]

From
this

w
e

can
now

build:
− ∥∥
L
S

( •[?(R
,T

),0
,�

],...,[?(R
,T

),0
,�

],[?(R
,T

),P
R

1 ,P
T

1 ],...,[?(R
,T

),P
R

n
,P

T
n ]) •

∥∥{
c↓

,d↓}
[?(R

,T
),( •[0

,�
],...,[0

,�
],[P

R
1 ,P

T
1 ],...,[P

R
n
,P

T
n ]) •]

.
∆

P ∥∥
L
S

[?(R
,T

),P
]

��
3.4.30

L
em

m
a

Let
ρ∈
{ ai↑,d↑,t↑

,c↑,p↑
,w↑

,b↑}
be

one
of

the
up

rules
in

system
SL
S

and
let

S{
}

be
a

context
in

w
hich

the
hole

does
not

occur
inside

a
w
hy-not

structure.
T

hen

for
every

proof

−‖
L
S

S{V}
ρ

S{Z}
,

there
is

a
proof

−‖
L
S

S{Z}
.

P
ro

of:
A

pply
context

reduction
to

the
proof−‖

L
S

S{V}
.

T
his

yields
som

e
n

�
0

and
structures

P
V

1 ,...,P
V

n ,such
that

for
every

i∈
{1,...,n},the

structure
[V

,P
V

i ]
is

provable
in
L
S,

and
such

that
there

is
a

derivation

W‖
L
S

S{Z}
,

w
here

W
is

a
w

oo
structure

over
the

set {
[Z

,P
V

1 ],...,[Z
,P

V
n ] }.

B
y

L
em

m
ata

3.4.23
to

3.4.26,w
e

have
that

[Z
,P

V
i ]is

provable
in
L
S

for
every

i∈
{1,...,n}.

B
y

L
em

m
a

3.4.21,
the

structure
W

is
also

provable
in
L
S.

H
ence,

w
e

have
−‖
L
S

W‖
L
S

S{Z}

.

��
Itrem

ains
to

show
how

to
handle

the
situation

w
hen

an
up

rule
that

should
be

elim
inated

is
applied

inside
a

w
hy-not

structure.
T

his
is

the
purpose

of
the

follow
ing

definition
and

lem
m

a.

4T
h
e

M
u
ltip

lica
tive

E
xp

o
n
en

tia
l

F
ra

g
m

en
t

o
f
L
in

ear
L
o
g
ic

A
s

the
nam

e
suggests,

the
m

ultiplicative
exponential

fragm
ent

of
linear

logic
(M
E
L
L

)
is

the
restriction

of
linear

logic
to

the
m

ultiplicatives
and

the
exponentials.

T
his

fragm
ent

deserves
particular

attention
because,on

one
hand,it

incorporates
the

resource
sensitiveness

oflinear
logic

w
ith

a
controlled

w
ay

ofcontraction,w
hich

m
akes

it
suitable

to
a

w
ide

range
of

applications,and
on

the
other

hand,it
is

the
only

fragm
ent

oflinear
logic

w
hose

decidability
is

still
not

know
n.

In
the

first
section

ofthis
chapter,I

w
illshow

system
M
E
L
L

in
the

sequent
calculus

and
then

discuss
the

tw
o

system
s
S
E
L
S

and
E
L
S

in
the

calculus
of

structures
that

have
already

been
defined

in
Section

3.2.
T

hen,in
Section

4.2,I
w

illshow
som

e
perm

utation
results

that
w

ill
be

needed
in

the
other

sections
and

also
in

later
chapters.

In
Section

4.3,
I

w
ill

show
tw

o
decom

position
theorem

s
for

system
S
E
L
S.

T
hese

tw
o

theorem
s

can
be

seen
as

the
central

results
of

this
chapter

(and,
in

som
e

sense,
also

of
this

thesis).
Section

4.3
is

rather
long

because
of

the
technical

effort
that

has
to

be
m

ade
to

prove
the

decom
position

theorem
s.

T
he

im
patient

reader
w

ho
is

not
interested

in
the

proofs
m

ight
read

only
the

introductory
part

of
this

section,
w

hich
also

gives
a

sketch
of

the
proofs.
Section

4.4,contains
another

proofofthe
cut

elim
ination

theorem
for

system
E
L
S.

T
his

proof
w

ill
be

based
on

decom
position

and
the

perm
utation

of
rules.

U
sing

the
perm

uta-
tion

of
rules

for
proving

cut
elim

ination
is

conceptually
sim

ilar
to

the
sequent

calculus.
H

ow
ever,due

to
the

new
top-dow

n
sym

m
etry

of
the

calculus
of

structures,it
is

possible
to

obtain
an

interpolation
theorem

,w
hich

can
be

seen
as

a
top-dow

n
sym

m
etric

version
ofcut

elim
ination.

T
his

interpolation
theorem

is
discussed

in
Section

4.5.

4
.1

S
eq

u
en

ts,
S
tru

ctu
res

a
n
d

R
u
les

In
this

section,
I

w
illdefine

the
system

s
for
M
E
L
L

in
the

sequent
calculus

and
the

calculus
ofstructures.

T
hey

w
ill,in

fact,be
restrictions

ofthe
system

s
already

defined
in

C
hapters

2
and

3.

8
3
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w
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la
bl

e
in

th
e

se
qu

en
t

ca
lc

ul
us

.

3.
4.

C
u
t

E
li
m

in
at

io
n

7
9

3.
4.

31
D

efi
n
it

io
n

A
n

ap
pl

ic
at

io
n

of
a

ru
le

S
{T
}

ρ
S
{R
}

is
ca

lle
d

se
m

is
ha

llo
w

,
if

th
e

ho
le

of
th

e
co

nt
ex

t
S
{
}

do
es

no
t

oc
cu

r
in

si
de

a
w

hy
-n

ot
st

ru
ct

ur
e

(i
.e

.
th

er
e

ar
e

no
co

nt
ex

ts
S
′ {
}

an
d

S
′′ {
},

su
ch

th
at

S
{
}

=
S
′ {?

S
′′ {
}}

.
A

de
ri

va
ti

on
∆

is
ca

lle
d

se
m

is
ha

llo
w

,
ev

er
y

ru
le

ap
pl

ic
at

io
n

oc
cu

rr
in

g
in

∆
is

se
m

is
ha

llo
w

.
A

pr
oo

f
Π

is
ca

lle
d

se
m

is
ha

llo
w

,
ev

er
y

ru
le

ap
pl

ic
at

io
n

oc
cu

rr
in

g
in

Π
,

ex
ce

pt
th

e
ax

io
m

,
is

se
m

is
ha

llo
w

.

3.
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e

pr
oo

fs
fo

r
sp

lit
ti

ng
an

d
co

nt
ex

t
re

du
ct

io
n

sh
ow

s
th

at
th
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pr
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er
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e
pr
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in

g
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m
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llo

w
.

M
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e
pr

ec
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em

m
a
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5)
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co
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m
a
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ho
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m
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L
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L
S

w
he

re
ea

ch
ru

le
is
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ed
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m
is
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w
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L
em

m
a

Le
t
ρ
∈
{a
i↑,
d
↑,
t↑

,c
↑,
p
↑,
w
↑,
b
↑}

be
on

e
of

th
e

up
ru

le
s

in
sy

st
em
SL
S

an
d

le
t

S
{
}b

e
an

ar
bi

tr
ar

y
co

nt
ex

t.
T

he
n

fo
r

ev
er

y
pr

oo
f

− ‖L
S

S
{V
}

ρ
S
{Z
}

,
th

er
e

is
a

se
m

is
ha

llo
w

pr
oo

f
−

Π
‖L
S
∪{

ρ
}

S
{Z
}

.

P
ro

of
:

T
he

pr
oo

fΠ
ca

n
be

ob
ta

in
ed

by
si

m
pl

e
pe

rm
ut

at
io

n
of

ru
le

s,
i.e

.a
ll

no
ns

em
is

ha
llo

w
ru

le
s

ar
e

pe
rm

ut
ed

up
un

ti
l

th
ey

di
sa

pp
ea

r
or

be
co

m
e

se
m

is
ha

llo
w

.
T

o
se

e
th

is
,

co
ns

id
er

th
e

to
pm

os
t

in
st

an
ce

of
a

ru
le

σ
th

at
is

no
t

se
m

is
ha

llo
w

:

Q
π

S
{W
}

σ
,

S
{P
}

w
he

re
π
∈
L
S
∪{

ρ
}i

s
se

m
is

ha
llo

w
an

d
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
4.

2.
3,

th
e

ca
se

s
to

co
ns

id
er

ar
e: (4

)
T

he
re

de
x

of
π

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

co
nt

ra
ct

um
of

σ
.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
π

is
se

m
is

ha
llo

w
an

d
σ

is
no

t.

(5
)

T
he

co
nt

ra
ct

um
of

σ
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
re

de
x

of
π

.
Si

nc
e

π
is

se
m

is
ha

llo
w

an
d

σ
is

no
t,

on
ly

th
e

fo
llo

w
in

g
fo

ur
ca

se
s

ar
e

po
ss

ib
le

:

(i
)

π
=
c↓

.
T

he
n

S
[• R
{W
},

R
{W
}]•

c↓
S
{R
{W
}}

σ
yi

el
ds

S
{R
{P
}}

S
[• R
{W
},

R
{W
}]•

σ
S

[• R
{W
},

R
{P
}]•

σ
S

[• R
{P
},

R
{P
}]•

c↓
.

S
{R
{P
}}

(i
i)

π
=
b
↓.

Si
m

ila
r

to
(i

).

(i
ii)

π
=
t↓.

T
he

n
S
{0
}

t↓
S
{R
{W
}}

σ
yi

el
ds

S
{R
{P
}}

S
{ 0
}

t↓
.

S
{R
{P
}}
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3.
L
in

ear
L
ogic

an
d

th
e

C
alcu

lu
s

of
S
tru

ctu
res

(iv)
π

=
w↓.

Sim
ilar

to
(iii).

(6)
T

he
redex

of
π

and
the

contractum
of

σ
(properly)

overlap.
T

his
is

im
possible

because
π

is
sem

ishallow
and

σ
is

not.

T
he

follow
ing

lem
m

a
says

that
L

em
m

a
3.4.30

does
also

hold
for

arbitrary
contexts

S{
}.

3.4.34
L
em

m
a

Let
ρ∈
{ ai↑,d↑,t↑

,c↑,p↑
,w↑

,b↑}
be

one
of

the
up

rules
in

system
SL
S

and
let

S{
}

be
a

context.
T

hen

for
every

proof

−‖
L
S

S{V}
ρ

S{Z}
,

there
is

a
proof

−‖
L
S

S{Z}
.

P
ro

of:
L

et
−‖
L
S

S{V}
ρ

S{Z}
be

given.
T

ransform
it

into
a

sem
ishallow

proof

−Π‖
L
S∪{

ρ}
S{Z}

,

w
hich

exists
by

L
em

m
a

3.4.33.
From

Π
elim

inate
all

instances
of

ρ,
starting

w
ith

the
topm

ost
one,by

repeatedly
applying

L
em

m
a

3.4.30.
��

T
he

cut
elim

ination
result

is
now

an
easy

consequence.

P
ro

of
of

T
h
eorem

3.4.1:
L

et

−Π‖
SL
S∪{
1↓}

R

be
given.

R
em

ove
each

instance
of

an
up

rule
inside

Π
(starting

w
ith

the
topm

ost)
by

applying
L

em
m

a
3.4.34.

T
he

result
is

a
proof

−‖
L
S

R
.

��

3
.5

D
iscu

ssio
n

T
he

m
ain

purpose
of

this
chapter

w
as

to
introduce

the
calculus

of
structures

and
to

show
that

linear
logic

can
benefit

from
its

presentation
in

the
calculus

ofstructures.
In

particular,
there

are
the

follow
ing

surprising
phenom

ena
to

observe:

•
T

he
global

prom
otion

rule
in

the
sequent

calculus

�
A

,?B
1 ,...,?B

n
!�

!A
,?B

1 ,...,?B
n

(for
n

�
0)

,

3.5.
D

iscu
ssion

8
1

has
been

replaced
by

a
local

version

S{![R
,T

]}
p↓

S
[!R

,?T
]

,

in
the

sense
that

is
is

no
longer

necessary
to

check
a

context
of

unbounded
size.

T
his

show
s

that
it

is
not

linear
logic

that
causes

the
!-rule

to
be

global,but
the

restrictions
of

the
sequent

calculus.
(See

also
the

introductory
part

of
C

hapter
5

for
a

discussion
on

locality.)

•
T

he
rule

for
the

additive
conjunction

in
the

sequent
calculus

�
A

,Φ
�

B
,Φ

�

�
A

�
B

,Φ

has
been

replaced
by

tw
o

rules,

–
the

rule
S

( •[R
,U

],[T
,V

]) •
d↓

S
[( •R

,T
) •,[ •U

,V
] •]

,

w
hich

is
purely

m
ultiplicative,

in
the

sense
that

no
context

or
substructure

is
shared

or
duplicated,

–
and

a
contraction

rule
S

[ •R
,R

] •
c↓

S{R}
,

w
hich

is
responsible

for
the

duplication.

T
his

m
eans

that
the

distinction
betw

een
additive

and
m

ultiplicative
context

treatm
ent

is
intrinsically

connected
to

the
sequent

calculus
and

not
to

the
connectives

of
linear

logic.

•
T

he
rule

for
the

m
ultiplicative

conjunction
in

the
sequent

calculus

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

has
from

the
point

of
view

of
proof

search
the

problem
that

one
has

to
decide

how
to

split
the

context
of

the
form

ula
A

�
B

at
the

m
om

ent
the

rule
is

applied.
For

n
form

ulas
in

Φ
,Ψ

,
there

are
2

n
possibilities.

O
f

course,
there

are
m

ethods,
like

lazy
evaluation,

that
can

circum
vent

this
problem

inside
an

im
plem

entation
[H

M
94],

but
the

sw
itch

rule
S

([R
,U

],T
)

s
S

[(R
,T

),U
]

is
able

to
handle

this
problem

inside
the

logicalsystem
,as

already
observed

in
[G

ug99].

•
T

he
duality

betw
een

the
tw

o
rules

id�
A

,A
⊥

and
�

A
,Φ

�
A

⊥
,Ψ

cu
t

�
Φ

,Ψ
,
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R
=
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th
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RRR
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RRR
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=

S
′′ [

?U
{!R
},

U
{!!!�
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↓
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ā
]

[(
b,

!a
),
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re
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E
x
am

p
le

T
he

fo
llo

w
in

g
de

ri
va

ti
on

sh
ow

s
a

!-c
ha

in
w

it
h

ta
il

!!!�
(b

,?
a
)

(b
,?

a
)

(b
,?

a
)

an
d

he
ad

!!!�
bbb

:

(!!!
� bbb

,!
c)

b
↑

(4
.ii

)
(!!!
� bbb

,b
,!

c)
=

(!!!
� bbb

,!
c,

b)
ai
↓

(3
)

(!!!
� (

b,
[a

,ā
]

[a
,ā

]
[a

,ā
])

(b
,
[a

,ā
]

[a
,ā

]
[a

,ā
])

(b
,
[a

,ā
]

[a
,ā

]
[a

,ā
])

,!
c,

b)
w
↓

(3
)

(!!!
� (

b,
[?

a?a?a
,a

,ā
])

(b
,
[?

a?a?a
,a

,ā
])

(b
,[

?a?a?a
,a

,ā
])

,!
c,

b)
s

(3
)

(!!!
� [

(b
,[

?a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

]
[(

b,
[?

a
,a

])
,ā

],
!c

,b
)

b
↓

(3
)

(!!!
� [

(b
,?

a?a?a
),

ā
]

[(
b,

?a?a?a
),

ā
]

[(
b,

?a?a?a
),

ā
],

!c
,b

)
p
↓

(4
.i)

([
!!!�

(b
,?

a
)

(b
,?

a
)

(b
,?

a
),

?ā
],

!c
,b

)
s

(2
)

([
!!!�

(b
,?

a
)

(b
,?

a
)

(b
,?

a
),

(?
ā
,!

c)
],

b)
p
↑

(1
)

.
([

!!!�
(b

,?
a
)

(b
,?

a
)

(b
,?

a
),

?(
ā
,c

)]
,b

)
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w
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.
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rt
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ul

ar
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?-
ch
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e

m
ar

ke
d
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ki

ng
ev

er
y

lin
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th

e
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ai

n
by

???�
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I
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8
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ho

w
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lin
ks
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te
d

in
si

de
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?-
ch

ai
n.

O
bs

er
ve

th
at

ca
se

s
(4

.i)
an

d
(4

.ii
)

ar
e

th
e

on
ly

ca
se

s
in

w
hi

ch
bo

th
si

de
s

di
ffe

r.
T

he
ca

se
s

(1
)

to
(3

)
ar

e
ex

ac
tl

y
th

e
sa

m
e

on
bo

th
si

de
s.

T
he

ca
se

s
(4

.ii
i)

an
d

(4
.v

)
as

w
el

la
s

th
e

ca
se

s
(4

.iv
)

an
d

(4
.v

i)
ar

e
ex

ch
an

ge
d

in
or

de
r

to
m

ai
nt

ai
n

th
e

du
al

it
y.

4.
2.

P
er

m
u
ta

ti
on

of
R

u
le

s
8
9

(1
)

( 1
,d

,
[a

,c
],

b)
ai
↓ ([

b,
b̄]

,d
,
[a

,c
],

b)
s

([
b,

b̄]
,d

,
[(

a
,b

),
c]

)

(2
)

(!
(a

, 1
,c

),
[ā

,d
])

s
[ā

,(
!(
a
,1

,c
),

d
)]

ai
↓ [ā

,(
!(
a
,
[b

,b̄
],

c)
,d

)]

(3
)

([
a
,1

,c
],

b)
ai
↓ ([

(a
,
[b

,b̄
])

,c
],

b)
s

[(
a
,[

b,
b̄]

,b
),

c]

(4
)

(a
,!

[b
,(

c,
d
)]

)
p
↓ (a

,
[!
b,

?(
c,

d
)]

)
s

[(
a
,!

b)
,?

(c
,d

)]

(5
)

[a
,b

,⊥
]

w
↓ [a

,b
,?

[(
c,

c̄)
,ā

]]
ai
↑

[a
,b

,?
[⊥

,ā
]]

(6
)

[?
[a

,b
],

a
,(

[b
,c

],
d
)]

s
[?

[a
,b

],
a
,b

,(
c,

d
)]

b
↓

[?
[a

,b
],

(c
,d

)]

F
ig

ur
e

4.
6:

E
xa

m
pl

es
fo

r
in

te
rf

er
en

ce
s

be
tw

ee
n

tw
o

co
ns

ec
ut

iv
e

ru
le

s

w
he

re
th

e
re

de
x

Z
an

d
th

e
co

nt
ra

ct
um

W
of

ρ
ar

e
kn

ow
n

an
d

w
e

ha
ve

to
m

ak
e

a
ca

se
an

al
ys

is
fo

r
th

e
po

si
ti

on
of

th
e

re
de

x
of

π
in

si
de

th
e

st
ru

ct
ur

e
S
{W
}.

T
he

re
ar

e
al

to
ge

th
er

si
x

ca
se

s,
w

hi
ch

ar
e

lis
te

d
be

lo
w

.
F

ig
ur

e
4.

6
sh

ow
s

an
ex

am
pl

e
fo

r
ea

ch
ca

se
.

In
F

ig
ur

e
4.

5
on

ly
fo

ur
ca

se
s

oc
cu

r
be

ca
us

e
th

e
th

er
e

is
no

di
st

in
ct

io
n

be
tw

ee
n

ac
ti

ve
an

d
pa

ss
iv

e
st

ru
ct

ur
es

.

(1
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ex

t
S
{
}

of
ρ
.

T
hi

s
co

rr
es

po
nd

s
to

ca
se

(I
)

in
F

ig
ur

e
4.

5.

(2
)

T
he

co
nt

ra
ct

um
W

of
ρ

is
in

si
de

a
pa

ss
iv

e
st

ru
ct

ur
e

of
th

e
re

de
x

of
π

.
T

hi
s

is
a

su
bc

as
e

of
(I

I)
in

F
ig

ur
e

4.
5.

(3
)

T
he

re
de

x
of

π
is

in
si

de
a

pa
ss

iv
e

st
ru

ct
ur

e
of

th
e

co
nt

ra
ct

um
W

of
ρ
.

T
hi

s
is

a
su

bc
as

e
of

(I
II

)
in

F
ig

ur
e

4.
5.

(4
)

T
he

re
de

x
of

π
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
co

nt
ra

ct
um

W
of

ρ
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

is
a

su
bc

as
e

of
(I

II
)

in
F

ig
ur

e
4.

5.

(5
)

T
he

co
nt

ra
ct

um
W

of
ρ

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

is
a

su
bc

as
e

of
(I

I)
in

F
ig

ur
e

4.
5.

(6
)

T
he

co
nt

ra
ct

um
W

of
ρ

an
d

th
e

re
de

x
of

π
(p

ro
pe

rl
y)

ov
er

la
p.

T
hi

s
co

rr
es

po
nd

s
to

ca
se

(I
V

)
in

F
ig

ur
e

4.
5.

O
bs

er
ve

th
at

th
is

ca
se

ca
n

ha
pp

en
be

ca
us

e
of

as
so

ci
at

iv
it

y.

In
th

e
fir

st
tw

o
ca

se
s,

w
e

ha
ve

th
at

Q
=

S
′ {W
}f

or
so

m
e

co
nt

ex
t

S
′ {
}.

T
hi

s
m

ea
ns

th
at

th
e

de
ri

va
ti

on
ab

ov
e

is
of

th
e

sh
ap

e

S
′ {W
}

π
S
{W
}

ρ
,

S
{Z
}



9
0

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

w
here

w
e

can
perm

ute
ρ

over
π

as
follow

s

S
′{W
}

ρ
S
′{Z}

π
.

S{Z}

In
the

third
case,

w
e

have
that

Z
=

Z
′{R}

and
W

=
W

′{R}
for

som
e

contexts
Z

′{
}

and
W

′{
}

and
som

e
structure

R
,and

Q
=

S{W
′{R

′}}
for

som
e

structure
R

′.
T

his
m

eans
the

derivation
is

S{W
′{R

′}}
π

S{W
′{

R}}
ρ

,
S{

Z
′{R}}

w
here

R
is

passive
for

ρ,
and

w
e

can
perm

ute
ρ

over
π

as
follow

s

S{W
′{R

′}}
ρ

S{
Z

′{R
′}}

π
.

S{Z
′{

R}}

T
his

m
eans

that
in

a
proof

of
a

perm
utation

result
the

cases
(1)

to
(3)

are
alw

ays
trivial,

w
hereas

for
the

rem
aining

cases
(4)

to
(6),

m
ore

elaboration
w

ill
be

necessary.
In

every
proof

concerning
a

perm
utation

result,
I

w
illfollow

this
schem

e.

In
the

rem
ainder

ofthis
section,Iw

illshow
som

e
perm

utation
results

that
w

illbe
needed

for
the

decom
position

theorem
s

of
the

next
section.

4.2.4
L
em

m
a

T
he

rule
w↓

perm
utes

over
the

rules
ai↓,ai↑,p↓

and
w↑.

P
ro

of:
C

onsider
a

derivation
Q

π
S{⊥}

w↓
,

S{?Z}
w

here
π
∈
{ ai↓,ai↑,p↓,w↑}.

W
ithout

loss
of

generality,
assum

e
that

the
application

of
π

is
nontrivial.

A
ccording

to
the

case
analysis

4.2.3,
there

are
six

cases,
w

here
the

first
three

do
not

need
to

be
considered.

T
he

rem
aining

cases
are:

(4)
T

he
redex

of
π

is
inside

(an
active

structure
of)

the
contractum

⊥
of
w↓.

T
his

is
im

possible
because⊥

cannot
have

a
proper

substructure.
If

the
redex

of
π

is
equal

to⊥
,then

this
case

can
be

reduced
to

case
(1)

by
using

the
fact

that⊥
=

[⊥
,⊥

].

(5)
T

he
contractum

⊥
of
w↓

is
inside

an
active

structure
of

the
redex

of
π

but
not

inside
a

passive
one.

T
his

case
is

im
possible,as

the
follow

ing
case

analysis
show

s:

(i)
If

π
is
w↑

then
the

redex
is
1,and

⊥
cannot

be
inside

it.

(ii)
If

π
is
ai↑

then
the

redex
is⊥

,
and

w
e

can
reduce

this
case

to
case

(1)
by

using
the

fact
that⊥

=
[⊥

,⊥
].

4.3.
D

ecom
p
osition

1
0
3

S
′{!!! �R

′
R

′
R

′}
=

S
′′{!!! �RRR

}{W
}

for
som

e
context

S
′′{
}{
},w

here
Z

and
W

are
redex

and
contractum

of
ρ:

S
′′{!!! �RRR

}{W
}

ρ
S
′′{!!! �RRR

}{
Z}

.

(2)
T

he
link

!!! �RRR
is

inside
a

passive
structure

of
the

redex
of

ρ,i.e.
R

=
R

′and
there

are
contexts

S
′′{
},

Z
′{
}

and
W

′{
}

such
that

S{!!! �RRR
}

=
S
′′{Z{!!! �RRR

}}
and

S
′{!!! �R

′
R

′
R

′}
=

S
′′{W

{!!! �RRR
}},

w
here

Z{!!! �RRR
}

and
W
{!!! �RRR

}
are

redex
and

contractum
of

ρ:

S
′′{W

{!!! �RRR
}}

ρ
S
′′{

Z{!!! �RRR
}}

.

(3)
T

he
redex

of
ρ

is
inside

R
,

i.e.
S{
}

=
S
′{
}

and
there

is
a

context
R

′′{
}

such
that

S{!!! �RRR
}

=
S{!!! �R

′′{Z}
R

′′{Z}
R

′′{Z}}
and

S
′{!!! �R

′
R

′
R

′}
=

S{!!! �R
′′{W

}
R

′′{W
}

R
′′{W

}},
w

here
Z

and
W

are
redex

and
contractum

of
ρ:

S{!!! �R
′′{W

}
R

′′{W
}

R
′′{W

}}
ρ

S{!!! �R
′′{

ZZZ}
R

′′{
ZZZ}

R
′′{

ZZZ}}
.

(4)
T

he
link

!!! �RRR
is

inside
an

active
structure

of
the

redex
of

ρ,
but

not
inside

a
passive

one.
T

hen
six

subcases
are

possible:

(i)
ρ

=
p↓

and
there

is
a

structure
T

such
that

w
e

have
S{!!! �RRR

}
=

S
′[!!! �RRR

,?T
]

and
S
′{!!! �R

′
R

′
R

′}
=

S
′{!!! �[R

,T
]

[R
,T

]
[R

,T
]},

i.e.
R

′=
[R

,T
]:

S
′{!!! �[R

,T
]

[R
,T

]
[R

,T
]}

p↓
S
′[!!! �RRR

,?T
]

.

(ii)
ρ

=
b↑,

R
=

R
′,

S{!!! �RRR
}

=
S
′(!!! �RRR

,R
)

and
S
′{!!! �R

′
R

′
R

′}
=

S
′{!!! �RRR

}:
S
′{!!! �RRR

}
b↑

S
′(!!! �RRR

,R
)

.

(iii)
ρ

=
b↑,

R
=

R
′and

there
are

contexts
S
′′{
}

and
V{
}

such
that

S{!!! �RRR
}

=
S
′′(!V{!!! �RRR

},V{!R})
and

S
′{!!! �R

′
R

′
R

′}
=

S
′′{!V{!!! �RRR

}}:
S
′′{!V{!!! �RRR

}}
b↑

S
′′(!V{!!! �RRR

},V{!R})
.

(iv)
ρ

=
b↑,

R
=

R
′and

there
are

contexts
S
′′{
}

and
V{
}

such
that

S{!!! �RRR
}

=
S
′′(!V{!R},V{!!! �RRR

})
and

S
′{!!! �R

′
R

′
R

′}
=

S
′′{!V{!!! �RRR

}}:
S
′′{!V{!!! �RRR

}}
b↑

S
′′(!V{!R},V{!!! �RRR

})
.

(v)
ρ

=
b↓,

R
=

R
′and

there
are

contexts
S
′′{
}

and
U{
}

such
that

S{!!! �RRR
}

=
S
′′{?U{!!! �RRR

}}
and

S
′{!!! �R

′
R

′
R

′}
=

S
′′[?U{!!! �RRR

},U{!R}]:
S
′′[?U{!!! �RRR

},U{!R}]
b↓

S
′′{?U{!!! �RRR

}}
.



1
0
2

4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

(1
)

S
{!!!�

RRR
}{

W
}

ρ
S
{!!!�

RRR
}{

Z
}

S
{???
� TTT
}{

W
}

ρ
S
{???
� TTT
}{

Z
}

(2
)

S
{W
{!!!�

RRR
}}

ρ
S
{Z
{!!!�

RRR
}}

S
{W
{???
� TTT
}}

ρ
S
{Z
{???
� TTT
}}

(3
)

S
{!!!�

R
{W
}

R
{W
}

R
{W
}}

ρ
S
{!!!�

R
{ZZZ
}

R
{ZZZ
}

R
{ZZZ
}}

S
{???
� T
{W
}

T
{W
}

T
{W
}}

ρ
S
{???
� T
{ZZZ
}

T
{ZZZ
}

T
{ZZZ
}}

(4
.i)

S
{!!!�

[R
,T

]
[R

,T
]

[R
,T

]}
p
↓

S
[!!!
� RRR

,?
T

]

S
(!

R
,???
� TTT

)
p
↑ S
{???
� (

R
,T

)
(R

,T
)

(R
,T

)}

(4
.ii

)
S
{!!!�

RRR
}

b
↑ S

(!!!
� RRR

,R
)

S
(???
� TTT

,T
)

b
↑

S
{???
� TTT
}

(4
.ii

i)
S
{!V
{!!!�

RRR
}}

b
↑ S

(!
V
{!!!�

RRR
},

V
{!R
})

S
[?

U
{???
� TTT
},

U
{?

T
}]

b
↓

S
{?

U
{???
� TTT
}}

(4
.iv

)
S
{!V
{!!!�

RRR
}}

b
↑ S

(!
V
{!R
},

V
{!!!�

RRR
})

S
[?

U
{?

T
},

U
{???
� TTT
}]

b
↓

S
{?

U
{???
� TTT
}}

(4
.v

)
S

[?
U
{!!!�

RRR
},

U
{!R
}]

b
↓

S
{?

U
{!!!�

RRR
}}

S
{!V
{???
� TTT
}}

b
↑ S

(!
V
{???
� TTT
},

V
{?

T
})

(4
.v

i)
S

[?
U
{!R
},

U
{!!!�

RRR
}]

b
↓

S
{?

U
{!!!�

RRR
}}

S
{!V
{???
� TTT
}}

b
↑ S

(!
V
{?

T
},

V
{???
� TTT
})

F
ig

ur
e

4.
8:

C
on

ne
ct

io
n

of
!-l

in
ks

an
d

?-
lin

ks

4.
3.

5
D

efi
n
it

io
n

T
w

o
!-l

in
ks

!!!�
RRR

an
d

!!!�
R

′
R

′
R

′
in

si
de

a
de

ri
va

ti
on

∆
ar

e
co

nn
ec

te
d

if
th

ey
oc

cu
r

in
tw

o
co

ns
ec

ut
iv

e
st

ru
ct

ur
es

,i
.e

.
∆

is
of

th
e

sh
ap

e

P ‖
S
′ {!!!
� R

′
R

′
R

′ }
ρ

,
S
{!!!�

RRR
}

‖ Q

an
d

on
e

of
th

e
fo

llo
w

in
g

ca
se

s
ho

ld
s:

(1
)

T
he

lin
k

!!!�
RRR

is
in

si
de

th
e

co
nt

ex
t

of
ρ
,

i.e
.
R

=
R

′ a
nd

S
{!!!�

RRR
}=

S
′′ {

!!!�
RRR
}{

Z
}a

nd

4.
2.

P
er

m
u
ta

ti
on

of
R

u
le

s
9
1

(i
ii)

If
π

is
p
↓,

th
en

th
e

ac
ti

ve
st

ru
ct

ur
es

of
th

e
re

de
x

ar
e

[!R
,?

T
],

!R
an

d
?T

.
If
⊥

is
in

si
de

!R
or

?T
,t

he
n

it
ca

n
be

co
ns

id
er

ed
in

si
de

R
or

T
,r

es
pe

ct
iv

el
y,

w
hi

ch
ar

e
pa

ss
iv

e.
H

en
ce

,t
hi

s
is

co
ve

re
d

by
ca

se
(2

).
If
⊥

is
in

si
de

[!R
,?

T
]

bu
t

no
t

in
si

de
!R

or
?T

,t
he

n
w

e
ca

n
us

e
[!
R

,⊥
,?

T
]=

[[
!R

,?
T

],
⊥]

to
re

du
ce

th
is

ca
se

to
(1

).

(i
v)

Fo
r

π
=
ai
↓,

th
e

si
tu

at
io

n
is

si
m

ila
r.

T
he

ac
ti

ve
st

ru
ct

ur
es

of
th

e
re

de
x

ar
e

[a
,ā

],
a

an
d

ā
.

If
⊥

is
in

si
de

[a
,ā

],
th

en
us

e
[a

,⊥
,ā

]
=

[[
a
,ā

],
⊥]

to
re

du
ce

th
is

ca
se

to
(1

).
If

on
e

of
a

or
ā

is
⊥,

th
en

th
e

ap
pl

ic
at

io
n

of
ai
↓i

s
tr

iv
ia

l.

(6
)

T
he

co
nt

ra
ct

um
⊥

of
w
↓a

nd
th

e
re

de
x

of
π

ov
er

la
p.

T
hi

s
ca

se
is

im
po

ss
ib

le
be

ca
us

e
th

e
st

ru
ct

ur
e
⊥

ca
nn

ot
pr

op
er

ly
ov

er
la

p
w

it
h

an
y

ot
he

r
st

ru
ct

ur
e.

��

4.
2.

5
L
em

m
a

T
he

ru
le
w
↑p

er
m

ut
es

un
de

r
th

e
ru

le
s
ai
↓,
ai
↑,
p
↑a

nd
w
↓.

P
ro

of
:

D
ua

l
to

L
em

m
a

4.
2.

4.
��

4.
2.

6
L
em

m
a

T
he

ru
le
ai
↓p

er
m

ut
es

ov
er

th
e

ru
le

s
ai
↑,
s,
p
↑a

nd
w
↑.

P
ro

of
:

C
on

si
de

r
a

de
ri

va
ti

on
Q

π
S
{1
}

ai
↓

,
S

[a
,ā

]

w
he

re
π
∈
{a
i↑,
s,
p
↑,
w
↑}

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

π
is

no
nt

ri
vi

al
.

A
ga

in
,

fo
llo

w
4.

2.
3:

(4
)

T
he

re
de

x
of

π
is

in
si

de
(a

n
ac

ti
ve

st
ru

ct
ur

e
of

)
th

e
co

nt
ra

ct
um
1

of
ai
↓.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
1

ca
nn

ot
ha

ve
a

pr
op

er
su

bs
tr

uc
tu

re
.

If
th

e
re

de
x

of
π

is
eq

ua
lt

o
1
,

th
en

th
is

ca
se

ca
n

be
re

du
ce

d
to

ca
se

(1
)

by
us

in
g

th
e

fa
ct

th
at
1

=
(1

,1
).

(5
)

T
he

co
nt

ra
ct

um
1

of
ai
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
,b

ut
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

ca
se

is
no

t
po

ss
ib

le
.

T
hi

s
ca

n
be

se
en

fr
om

a
si

m
ila

r
an

al
ys

is
as

in
th

e
pr

oo
f

of
L

em
m

a
4.

2.
4.

(6
)

T
he

co
nt

ra
ct

um
1

of
ai
↓a

nd
th

e
re

de
x

of
π

ov
er

la
p.

T
hi

s
ca

se
is

im
po

ss
ib

le
be

ca
us

e
th

e
st

ru
ct

ur
e
1

ca
nn

ot
pr

op
er

ly
ov

er
la

p
w

it
h

an
y

ot
he

r
st

ru
ct

ur
e.

��

4.
2.

7
L
em

m
a

T
he

ru
le
ai
↑p

er
m

ut
es

un
de

r
th

e
ru

le
s
ai
↓,
s,
p
↓a

nd
w
↓.

P
ro

of
:

D
ua

l
to

L
em

m
a

4.
2.

6.
��

O
bs

er
ve

th
at

th
e

ru
le
w
↓d

oe
s

no
t

pe
rm

ut
e

ov
er
p
↑.

Fo
r

ex
am

pl
e

in
th

e
de

ri
va

ti
on

S
(?

R
,!

T
)

p
↑ S
{?

(R
,T

)}
=

S
{?

[(
R

,T
),
⊥]
}

w
↓

.
S
{?

[(
R

,T
),

?Z
]}



9
2

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

it
is

unclear
how

the
instance

of
w↓

could
be

perm
uted

up.
H

ow
ever,

w
ith

the
help

of
the

sw
itch

rule,
w

e
can

get
S

(?R
,!T

)
=

S
(?R

,![T
,⊥

])
w↓

S
(?R

,![T
,?Z

])
p↑

S{?(R
,[T

,?Z
])}

s
.

S{?[(R
,T

),?Z
]}

In
other

w
ords,

the
sw

itch
is

used
to

m
ove

the
structure

?Z
inside

a
passive

structure
of

the
redex

of
p↑.

For
the

rules
ai↓

and
p↓

the
situation

is
sim

ilar:

S
′{![R

,T
]}

p↓
S
′[!R

,?T
]

=
S
′[(!R

,1),?T
]

ai↓
yields

S
′[(!R

,[a
,ā]),?T

]

S
′{![R

,T
]}

=
S
′(![R

,T
],1)

ai↓
S
′(![R

,T
],[a

,ā])
p↓

S
′([!R

,?T
],[a

,ā])
s

.
S
′[(!R

,[a
,ā]),?T

]

T
his

tim
e

the
sw

itch
is

used
to

m
ove

the
disturbing

structure
[a

,ā]
outside

the
redex

of
p↓.

A
nother

exam
ple

is
the

situation

S{⊥}
w↓

S{?(a
,b)}

=
S{?(a

,1
,b)}

ai↓
,

S{?(a
,[c,c̄],b)}

w
here

it
is

unclear,
how

the
rule

ai↓
could

be
perm

uted
over

w↓.
B

ut
w

e
can

replace
the

w
hole

derivation
by

a
single

application
of
w↓:

S{⊥}
w↓

.
S{ ?(a

,[c,c̄],b)}

T
his

leads
to

the
follow

ing
definition.

4.2.8
D

efi
n
ition

A
rule

ρ
perm

utes
over

a
rule

π
by

a
rule

σ
if

for
every

derivation

Q
π

U
ρ

P

,

there
exists

one
of

the
derivations

Q
ρ

V
π

P

,

Q
ρ

V
π

V
′

σ
P

,
Q

π
P

,
Q

ρ
P

or
Q

σ
P

,

4.3.
D

ecom
p
osition

1
0
1

T
his

has
now

to
be

replaced
by

S
(!R

,[?T
,T

])
b↑

S
(!R

,R
,[?T

,T
])

s
S

([(!R
,?T

),T
],R

)
s
S

[(!R
,?T

),(R
,T

)]
p↑

S
[?(R

,T
),(R

,T
)]

b↓
,

S{ ?(R
,T

)}

w
hich

introduces
a

new
instance

of
b↑.

A
nd

so
on.

T
he

problem
is

to
show

that
this

cannot
run

forever,but
m

ust
term

inate
eventually

(see
F

igure
4.7).

In
order

to
do

so,
w

e
have

to
inspect

the
“path”

that
is

taken
by

an
instance

of
b↑

w
hile

it
m

oves
up

to
the

top
and

the
“path”

taken
by

a
b↓

w
hile

it
m

oves
dow

n.
T

his
is

the
m

otivation
for

the
definition

of!-chains
and

?-chains.
T

hese
chains

can
be

com
posed

to
give

com
plex

chains.
I

w
ill

show
that

in
the

process
described

above,
the

instances
of

b↑
and
b↓

travel
up

and
dow

n
along

such
chains.

Further,
the

process
w

ill
not

term
inate

if
such

a
chain

has
the

form
of

a
cycle.

T
he

purpose
of

this
section

is
to

show
that

there
is

no
such

cycle.
In

D
efinition

3.1.7,
I

introduced
the

concept
of

a
context

as
a

structure
w

ith
a

hole,
and

then
used

S{R}
for

denoting
a

structure
w

ith
a

substructure
R

.
In

this
section,

I
also

need
to

denote
structures

w
ith

m
ore

than
one

distinctive
substructure.

For
exam

ple,
I

w
ill

w
rite

S{R
1 }{R

2 }
to

denote
a

structure
w

ith
tw

o
independent

substructures
R

1
and

R
2 .

M
ore

generally,
S{R

1 }
...{R

n }
has

R
1 ,...,R

n
as

substructures.
R

em
oving

those
substructures

and
replacing

them
by{

},yields
an

n-ary
context

S{
}
...{

}.
For

exam
ple,

[!{
},(a

,{
},b)]

is
a

binary
context.

4.3.3
D

efi
n
ition

L
et

∆
be

a
derivation.

A
!-link

in
∆

is
any

!-structure
!R

that
occurs

as
substructure

of
a

structure
S

inside
a

derivation.

T
he

purpose
of

the
definition

of
a

!-link
is

to
define

!-chains,
w

hich
consist

of
!-links.

In
general,

in
a

given
derivation

∆
,

m
ost

of
the

!-links
in

∆
do

not
belong

to
a

!-chain.
L

ater,
I

w
ill

m
ark

those
!-links

that
belong

to
a

!-chain
or

that
are

for
other

reason
under

discussion
w

ith
a

!!! �
.

4.3.4
E
x
am

p
le

T
he

derivation

(!!! �[(b,!a),ā]
[(b,!a),ā]
[(b,!a),ā],!c)

p↓
([!!! �(b,!a)

(b,!a)
(b,!a),?ā],!c)

s
[!(b,!!! �aaa

),(?ā
,!!! �ccc)]

p↑
[!(b,!a),?(ā

,c)]

contains
m

any
!-links,

but
only

four
of

them
are

m
arked.

(So
far,

there
is

no
relation

betw
een

m
arkings

and
chains.)
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

T
he

fir
st

an
d

th
e

la
st

st
ep

ar
e

ex
ac

tl
y

th
e

sa
m

e
as

fo
r

th
e

fir
st

de
co

m
po

si
ti

on
.

In
th

e
se

co
nd

st
ep

,
w

e
ha

ve
to

pe
rm

ut
e

th
e

ru
le
w
↑u

p
an

d
th

e
ru

le
w
↓d

ow
n.

W
he

n
pe

rm
ut

in
g
w
↑u

p,
th

e
pr

ob
le

m
at

ic
ca

se
is

w
he

n

S
{![

R
,T

]}
p
↓

S
[!
R

,?
T

]
w
↑

is
re

pl
ac

ed
by

S
[1

,?
T

]

S
{![

R
,T

]}
w
↑

S
{1
}

=
S

[1
,⊥

]
w
↓

,
S

[1
,?

T
]

be
ca

us
e

a
ne

w
in

st
an

ce
of
w
↓i

s
in

tr
od

uc
ed

.
A

ft
er

al
lw
↑h

av
e

re
ac

he
d

th
e

to
p

of
th

e
de

ri
va

-
ti

on
,

th
e

in
st

an
ce

s
of
w
↓

ar
e

pe
rm

ut
ed

do
w

n
by

th
e

du
al

pr
oc

ed
ur

e,
w

he
re

ne
w

in
st

an
ce

s
of
w
↑

m
ig

ht
be

in
tr

od
uc

ed
;

an
d

so
on

.
T

hi
s

m
ea

ns
th

at
th

er
e

is
th

e
sa

m
e

te
rm

in
at

io
n

pr
ob

le
m

as
fo

r
th

e
se

pa
ra

ti
on

of
ab

so
rp

ti
on

in
th

e
fir

st
st

ep
.

H
ow

ev
er

,s
in

ce
th

e
w

ea
ke

ni
ng

ru
le

de
le

te
s

m
at

er
ia

li
ns

te
ad

of
du

pl
ic

at
in

g
it

,t
er

m
in

at
io

n
w

ill
be

m
uc

h
ea

si
er

to
sh

ow
th

an
fo

r
th

e
se

pa
ra

ti
on

of
ab

so
rp

ti
on

.

4
.3

.1
C
h
a
in

s
a
n
d

C
yc

le
s

in
D

er
iv

a
ti
o
n
s

In
th

is
se

ct
io

n,
Iw

ill
pr

ov
id

e
a

to
ol

fo
r

de
al

in
g

w
it

h
th

e
ru

le
s
b
↓a

nd
b
↑i

n
th

e
de

co
m

po
si

ti
on

th
eo

re
m

s.
T

he
go

al
is

to
pe

rm
ut

e
in

an
y

de
ri

va
ti

on
al

li
ns

ta
nc

es
of
b
↑u

p
to

th
e

to
p

an
d

al
l

in
st

an
ce

s
of
b
↓d

ow
n

to
th

e
bo

tt
om

.
If

w
e

tr
y

to
pe

rm
ut

e
th

e
ru

le
b
↑o

ve
r

th
e

ot
he

r
ru

le
s

in
sy

st
em
S
E
L
S

ap
pl

yi
ng

th
e

sc
he

m
a

in
4.

2.
3,

w
e

en
co

un
te

r
(a

m
on

g
ot

he
rs

)
th

e
fo

llo
w

in
g

ca
se

:
S
{![

R
,T

]}
p
↓

S
[!
R

,?
T

]
b
↑

,
S

[(
!R

,R
),

?T
]

w
he

re
it

is
un

cl
ea

r,
ho

w
th

e
in

st
an

ce
of
b
↑c

ou
ld

be
pe

rm
ut

ed
ov

er
p
↓.

B
ut

th
e

de
ri

va
ti

on
ca

n
be

re
pl

ac
ed

by
S
{![

R
,T

]}
b
↑ S

(!
[R

,T
],

[R
,T

])
p
↓ S

([
!R

,?
T

],
[R

,T
])

s
S

[(
[!
R

,?
T

],
R

),
T

]
s

S
[(

!R
,R

),
?T

,T
]

b
↓

.
S

[(
!R

,R
),

?T
]

T
hi

s
se

em
s

to
so

lv
e

th
e

pr
ob

le
m

be
ca

us
e

no
w

th
e

in
st

an
ce

of
b
↑

is
ab

ov
e

th
e

in
st

an
ce

of
p
↓.

H
ow

ev
er

,
th

er
e

is
no

w
a

ne
w

in
st

an
ce

of
b
↓w

hi
ch

ne
ed

s
to

be
pe

rm
ut

ed
do

w
n

to
th

e
bo

tt
om

of
th

e
de

ri
va

ti
on

.
A

pp
ly

in
g

th
e

sc
he

m
a

in
4.

2.
3

ag
ai

n,
w

e
en

co
un

te
r

th
e

du
al

ca
se

:

S
(!
R

,[
?T

,T
])

b
↓

S
(!

R
,?

T
)

p
↑

.
S
{?

(R
,T

)}

4.
2.

P
er

m
u
ta

ti
on

of
R

u
le

s
9
3

fo
r

so
m

e
st

ru
ct

ur
es

V
an

d
V

′ .
D

ua
lly

,
a

ru
le

π
pe

rm
ut

es
un

de
r

a
ru

le
ρ

by
a

ru
le

σ
if

fo
r

ev
er

y
de

ri
va

ti
on

Q
π

U
ρ

P

,

th
er

e
ex

is
ts

on
e

of
fo

llo
w

in
g

th
e

de
ri

va
ti

on
s

(f
or

so
m

e
st

ru
ct

ur
es

V
an

d
V

′ )
:

Q
ρ

V
π

P

,

Q
σ

V
ρ

V
′

π
P

,
Q

π
P

,
Q

ρ
P

or
Q

σ
P

.

4.
2.

9
L
em

m
a

(a
)

T
he

ru
le
w
↓p

er
m

ut
es

ov
er
p
↑a

nd
s

by
s.

(b
)

T
he

ru
le
w
↑p

er
m

ut
es

un
de

r
p
↓

an
d
s

by
s.

(c
)

T
he

ru
le
ai
↓

pe
rm

ut
es

ov
er
p
↓

an
d
w
↓

by
s.

(d
)

T
he

ru
le
ai
↑

pe
rm

ut
es

un
de

r
p
↑a

nd
w
↑

by
s.

P
ro

of
:

(a
)

C
on

si
de

r
a

de
ri

va
ti

on
Q

π
S
{⊥
}

w
↓

,
S
{?

Z
}

w
he

re
π
∈
{p
↑,
s}

is
no

nt
ri

vi
al

.
T

he
n

th
e

ca
se

s
(1

)–
(4

)
an

d
(6

)
ar

e
as

in
th

e
pr

oo
f

of
L

em
m

a
4.

2.
4.

T
he

re
m

ai
ni

ng
ca

se
is

:

(5
)

T
he

co
nt

ra
ct

um
⊥

of
w
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

he
n

th
er

e
ar

e
tw

o
su

bc
as

es

(i
)

If
π

=
p
↑,

th
en

th
e

re
de

x
is

?(
R

,T
).

T
he

ac
ti

ve
st

ru
ct

ur
es

ar
e

?(
R

,T
)

an
d

(R
,T

).
T

he
re

ar
e

se
ve

ra
l

po
ss

ib
ili

ti
es

fo
r
⊥

to
be

in
si

de
.

T
he

y
ar

e
al

l
co

ve
re

d
by

th
e

ge
ne

ra
l

ca
se

w
he

re
R

=
(R

1
,R

2
)

an
d

T
=

(T
1
,T

2
),

fo
r

so
m

e
R

1
,
R

2
,
T

1
,

an
d

T
2
,a

nd
w

e
ha

ve

?(
R

,T
)

=
?(

R
1
,R

2
,T

1
,T

2
)

=
?(

R
1
,[

(R
2
,T

1
),
⊥]

,T
2
)

.

In
th

e
si

tu
at

io
n

ab
ov

e,
w

e
th

en
ge

t
S
{⊥
}=

S
′ {?

(R
1
,[

(R
2
,T

1
),
⊥]

,T
2
)}

fo
r

so
m

e
co

nt
ex

t
S
′ {
}.

T
he

n

S
′ (

?(
R

1
,R

2
),

!(
T

1
,T

2
))

p
↑

S
′ {?

(R
1
,R

2
,T

1
,T

2
)}

=
S
′ {?

(R
1
,
[(

R
2
,T

1
),
⊥]

,T
2
)}

w
↓

yi
el

ds
S
′ {?

(R
1
,[

(R
2
,T

1
),

?Z
],

T
2
)}

S
′ (

?(
R

1
,R

2
),

!(
T

1
,T

2
))

=
S
′ (

?(
R

1
,
[R

2
,⊥

])
,!

(T
1
,T

2
))

w
↓ S

′ (
?(

R
1
,[

R
2
,?

Z
])

,!
(T

1
,T

2
))

p
↑

S
′ {?

(R
1
,[

R
2
,?

Z
],

T
1
,T

2
)}

s
.

S
′ {?

(R
1
,
[(

R
2
,T

1
),

?Z
],

T
2
)}

(i
i)

If
π

=
s,

th
e

si
tu

at
io

n
is

si
m

ila
r.

T
he

m
os

t
ge

ne
ra

lc
as

e
fo

r
⊥

oc
cu

rr
in

g
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
[(

R
,T

),
U

]
is

w
he

n
R

=
(R

1
,R

2
)

an
d

T
=

(T
1
,T

2
),

fo
r

so
m

e
R

1
,R

2
,T

1
,

an
d

T
2
,a

nd

[(
R

,T
),

U
]

=
[(

R
1
,R

2
,T

1
,T

2
),

U
]

=
[(

R
1
,[

(R
2
,T

1
),
⊥]

,T
2
),

U
]

.
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4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

T
hen

w
e

have
S{⊥}

=
S
′[(R

1 ,[(R
2 ,T

1 ),⊥
],T

2 ),U
]

for
som

e
context

S
′{
}

:

S
′([(R

1 ;R
2 ),U

],T
1 ,T

2 )
s

S
′[(R

1 ,R
2 ,T

1 ,T
2 ),U

]
=

S
′[(R

1 ,[(R
2 ,T

1 ),⊥
],T

2 ),U
]

w↓
yields

S
′[(R

1 ,[(R
2 ,T

1 ),?Z
],T

2 ),U
]

S
′([(R

1 ;R
2 ),U

],T
1 ,T

2 )
=

S
′([(R

1 ,[R
2 ,⊥

]),U
],T

1 ,T
2 )

w↓
S
′([(R

1 ,[R
2 ,?Z

]),U
],T

1 ,T
2 )

s
S
′[(R

1 ,[R
2 ,?Z

],T
1 ,T

2 ),U
]

s
.

S
′[(R

1 ,[(R
2 ,T

1 ),?Z
],T

2 ),U
]

(b)
D

ual
to

(a).
(c)

C
onsider

a
derivation

Q
π

S{1}
ai↓

,
S

[a
,ā]

w
here

π
∈
{ p↓,w↓}

is
nontrivial.

T
he

cases
(1)–(4)

and
(6)

are
as

in
the

proof
of

L
em

m
a

4.2.6.
T

he
rem

aining
case

is:

(5)
T

he
contractum

1
of
ai↓

is
inside

an
active

structure
of

the
redex

of
π,but

not
inside

a
passive

one.
T

here
are

the
follow

ing
subcases:

(i)
It

π
=
p↓,

then
the

redex
is

[!R
,?T

].
T

he
possibilities

for
1

to
occur

inside
are

[(!R
, 1),?T

]
and

[!R
,(?T

,1)].
B

oth
are

sim
ilar

and
I

show
only

the
first,w

here
S{ 1}

=
S
′[(!R

,1),?T
]

for
som

e
S
′{
}.

T
hen

S
′{![R

,T
]}

p↓
S
′[!R

,?T
]

=
S
′[(!R

,1),?T
]

ai↓
yields

S
′[(!R

,[a
,ā]),?T

]

S
′{![R

,T
]}

=
S
′(![R

,T
],1)

ai↓
S
′(![R

,T
],[a

,ā])
p↓

S
′([!R

,?T
],[a

,ā])
s

.
S
′[(!R

,[a
,ā]),?T

]

(ii)
If

π
=
w↓,

then
the

redex
is

?R
.

If
1

occurs
inside,

w
e

have
?R

=
?R

′{1}
for

som
e

context
R

′{
}.

T
hen

S{1}
=

S
′{?R

′{1}}
for

som
e

S
′{
},

and

S
′{⊥}

w↓
S
′{?R

′{1}}
ai↓

yields
S
′{?R

′[a
,ā]}

S
′{⊥}

w↓
.

S
′{?R

′[a
,ā]}

(d)
D

ual
to

(c).
��

T
his

is
suffi

cient
to

show
that

in
any

derivation
that

does
not

contain
the

rules
b↓

and
b↑,w

e
can

perm
ute

allinstances
of
w↓

and
ai↓

to
the

top
ofthe

derivation
and

allinstances
of
w↑

and
ai↑

to
the

bottom
.

4.3.
D

ecom
p
osition

9
9

T‖
S
E
L
S

R
�

T‖{
b↑}

T
1‖S
E
L
S\{
b↑}

R

�

T‖{
b↑}

T
1‖S
E
L
S\{
b↓}

R
1

‖{
b↓}

R

�

T‖ {
b↑}

T
2‖S
E
L
S\{
b↑}

R
1

‖{
b↓}

R

�

T‖ {
b↑}

T
2‖S
E
L
S\{
b↓}

R
2

‖{
b↓}

R

�
...

�

T‖ {
b↑}

T
k‖S
E
L
S\{
b↓

,b↑}
R

h

‖{
b↓}

R

F
igure

4.7:
P

erm
uting

b↑
up

and
b↓

dow
n

because
a

new
instance

of
b↓

is
introduced.

A
fter

all
b↑

have
reached

the
top

ofthe
deriva-

tion,
the

instances
of
b↓

are
perm

uted
dow

n
by

the
dual

procedure,
w

here
new

instances
of
b↑

m
ight

be
introduced;and

so
on.

T
he

problem
is

to
show

that
this

process,
visualised

in
F

igure
4.7,

does
term

inate
eventually.

T
his

is
done

as
follow

s:
I

w
ill

introduce
the

notion
of

a
certain

type
of

cycle
inside

a
derivation.

T
hen,

I
w

ill
show

that
the

assum
ption

of
a

nonterm
ination

can
be

reduced
to

the
existence

of
such

a
cycle.

From
a

derivation
that

contains
such

a
cycle,

I
w

ill
extract

a
derivation

([!R
1 ,?T

1 ],[!R
2 ,?T

2 ],...[!R
n
,?T

n ])
∆ ∥∥{

s}
[(!R

2 ,?T
1 ),(!R

3 ,?T
2 ),...(!R

1 ,?T
n )]

,

for
som

e
n

�
1

and
structures

R
1 ,...,R

n
and

T
1 ,...,T

n .
T

hen,
I

w
ill

show
that

such
a

derivation
cannot

exist.
T

his
w

ill
prove

the
term

ination.
In

fact,
the

nonexistence
of

such
a

derivation
is

the
deep

reason
behind

the
decom

position
theorem

s,
and

the
only

purpose
of

allthe
effort

m
ade

in
Sections

4.3.1
and

4.3.2
is

to
carry

out
the

technicaldetails.
(H

ere
w

e
have

another
exam

ple
w

here
syntax

seem
s

to
be

the
enem

y
of

proof
theory.)

T
he

proof
of

the
second

decom
position

is
also

done
in

three
steps:

T
∆‖
S
E
L
S

R

1�

T
∆

1 ‖{
b↑}

T
1

∆
′‖
S
E
L
S\{
b↓

,b↑}
R

1

∆
7 ‖{
b↓}

R

2�

T
∆

1 ‖{
b↑}

T
1

∆
2 ‖{
w↑}

T
2

∆
′′‖{
ai↓

,ai↑
,s,p↓

,p↑}
R

2

∆
6 ‖{
w↓}

R
1

∆
7 ‖{
b↓}

R

3�

T
∆

1 ‖{
b↑}

T
1

∆
2 ‖{
w↑}

T
2

∆
3 ‖{
ai↓}

T
3

∆
4 ‖{
s,p↓

,p↑}
R

3

∆
5 ‖{
ai↓}

R
2

∆
6 ‖{
w↓}

R
1

∆
7 ‖{
b↓}

R

.
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

fiv
e

su
bs

ys
te

m
s:

T ∥ ∥ non
co

re
(u

p
)

T
′ ∥ ∥ inte

ra
ct

io
n

(d
ow

n
)

T
′′ ∥ ∥ cor

e
(u

p
a
n
d

d
ow

n
)

R
′′ ∥ ∥ inte

ra
ct

io
n

(u
p
)

R
′ ∥ ∥ non

co
re

(d
ow

n
)

R

.

T
hi

s
de

co
m

po
si

ti
on

w
ill

al
so

co
ns

id
er

ab
ly

si
m

pl
ify

th
e

cu
t

el
im

in
at

io
n

ar
gu

m
en

t
be

ca
us

e
w

e
no

lo
ng

er
ha

ve
to

de
al

w
it

h
th

e
no

nc
or

e
ru

le
s

(u
p

an
d

do
w

n)
w

hi
ch

us
ua

lly
m

ak
e

th
e

cu
t

el
im

in
at

io
n

pr
oo

f
ha

rd
.

In
th

e
fo

llo
w

in
g,

I
w

ill
fir

st
gi

ve
on

ly
a

sk
et

ch
of

th
e

pr
oo

fs
of

th
e

de
co

m
po

si
ti

on
th

eo
-

re
m

s,
an

d
th

en
th

e
de

ta
ile

d
pr

oo
fs

w
ill

fo
llo

w
in

Se
ct

io
ns

4.
3.

1
an

d
4.

3.
2.

T
he

fir
st

de
co

m
po

si
ti

on
is

ob
ta

in
ed

in
th

re
e

st
ep

s
as

fo
llo

w
s:

T
∆
‖S
E
L
S

R

1 �

T
∆

1
‖{
b
↑}

T
1

∆
′ ‖S
E
L
S
\{
b
↓,b

↑}
R

1

∆
7
‖{
b
↓}

R

2 �

T
∆

1
‖{
b
↑}

T
1

∆
2
‖{
w
↓}

T
2

∆
′′ ‖

{a
i↓,
ai
↑,s

,p
↓,p

↑}
R

2

∆
6
‖{
w
↑}

R
1

∆
7
‖{
b
↓}

R

3 �

T
∆

1
‖{
b
↑}

T
1

∆
2
‖{
w
↓}

T
2

∆
3
‖{
ai
↓}

T
3

∆
4
‖{
s,
p
↓,p

↑}
R

3

∆
5
‖{
ai
↓}

R
2

∆
6
‖{
w
↑}

R
1

∆
7
‖{
b
↓}

R

.

T
he

se
co

nd
an

d
th

ir
d

st
ep

ar
e

re
al

is
ed

by
th

e
re

su
lt

s
of

Se
ct

io
n

4.
2:

w
e

ca
n

us
e

P
ro

po
si

-
ti

on
4.

2.
10

to
ge

th
er

w
it

h
R

em
ar

k
4.

2.
11

.
T

he
fir

st
st

ep
is

m
or

e
di

ffi
cu

lt
.

T
he

ba
si

c
id

ea
is

to
pe

rm
ut

e
th

e
in

st
an

ce
s

of
b
↑o

ve
r

al
lt

he
ot

he
r

ru
le

s.
T

he
m

os
t

pr
ob

le
m

at
ic

ca
se

is
w

he
n

S
{![

R
,T

]}
p
↓

S
[!
R

,?
T

]
b
↑

is
re

pl
ac

ed
by

S
[(

!R
,R

),
?T

]

S
{![

R
,T

]}
b
↑ S

(!
[R

,T
],

[R
,T

])
p
↓ S

([
!R

,?
T

],
[R

,T
])

s
S

[(
[!
R

,?
T

],
R

),
T

]
s

S
[(

!R
,R

),
?T

,T
]

b
↓

,
S

[(
!R

,R
),

?T
]

4.
2.

P
er

m
u
ta

ti
on

of
R

u
le

s
9
5

4.
2.

10
P

ro
p
os

it
io

n
Fo

r
ev

er
y

de
ri

va
ti
on

T
∆
‖S
E
L
S
\{
b
↓,b

↑}
R

th
er

e
ar

e
st

ru
ct

ur
es

T
′
an

d

R
′ a

nd
de

ri
va

ti
on

s
∆

1
,

∆
2
,
an

d
∆

3
,
su

ch
th

at T
∆

1
‖{
ai
↓,w

↓}
T
′

∆
2
‖{
s,
p
↓,p

↑}
R

′

∆
3
‖{
ai
↑,w

↑}
R

.

4.
2.

11
R

em
ar

k
T

he
st

at
em

en
t

of
P

ro
po

si
ti

on
4.

2.
10

ca
n

be
st

re
ng

th
en

ed
be

ca
us

e
th

e

de
ri

va
ti

on
T

∆
1
‖{
ai
↓,w

↓}
T
′

ca
n

be
fu

rt
he

r
de

co
m

po
se

d
in

to

T ‖{
ai
↓}

T
′′ ‖{
w
↓}

T
′

an
d

T ‖ {
w
↓}

T
′′′ ‖{
ai
↓}

T
′

,

fo
r

so
m

e
T
′′

an
d

T
′′′

.
D

ua
lly

,
th

e
de

ri
va

ti
on

R
′

∆
3
‖{
ai
↑,w

↑}
R

ca
n

be
be

de
co

m
po

se
d

in
to

R
′ ‖{
ai
↑}

R
′′ ‖{
w
↑}

R

an
d

R
′ ‖{
w
↑}

R
′′′ ‖{
ai
↑}

R

,

fo
r

so
m

e
st

ru
ct

ur
es

R
′′

an
d

R
′′′

.

P
ro

po
si

ti
on

4.
2.

10
gi

ve
s

a
fir

st
id

ea
of

ho
w

a
de

co
m

po
si

ti
on

th
eo

re
m

do
es

lo
ok

lik
e.

Fo
r

th
e

fu
ll

de
co

m
po

si
ti

on
th

eo
re

m
s

fo
r

sy
st

em
S
E
L
S

to
be

di
sc

us
se

d
in

th
e

fo
llo

w
in

g
se

ct
io

n,
it

is
ne

ce
ss

ar
y

to
ha

nd
le

th
e

ru
le

s
b
↓

an
d
b
↑.

U
nf

or
tu

na
te

ly
,

th
is

is
im

po
ss

ib
le

w
it

h
su

ch
ea

sy
pe

rm
ut

at
io

n
ar

gu
m

en
ts

th
at

ha
ve

be
en

sh
ow

n
in

th
is

se
ct

io
n.

Fo
r

ex
am

pl
e,

pe
rm

ut
in

g
b
↑o

ve
r

an
ot

he
r

ru
le

π
ca

n
ca

us
e

th
e

du
pl

ic
at

io
n

of
π

:

S
{!R

′ }
π

S
{!R
}

b
↑

�
S

(!
R

,R
)

S
{!R

′ }
b
↑ S

(!
R

′ ,
R

′ )
π

S
(!

R
′ ,

R
)

π
.

S
(!

R
,R

)
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4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

P
erm

uting
b↑

under
another

rule
ρ

is
im

possible.
T

his
can

be
seen

from
the

derivation

S{!R}
b↑

S
(!R

,R
)

ρ
,

S
(!R

, R
′)

w
here

b↑
cannot

be
applied

to
(!R

,R
′)

because
R

and
R

′are
in

general
not

equal.
For
b↓,

the
situation

is
dual.

4
.3

D
eco

m
p
o
sitio

n

T
he

new
top-dow

n
sym

m
etry

of
derivations

in
the

calculus
of

structures
allow

s
to

study
properties

that
are

not
observable

in
the

sequent
calculus.

T
he

m
ost

rem
arkable

results
so

far
are

decom
position

theorem
s.

In
general,

a
decom

position
theorem

says
that

a
given

system
S

can
be

divided
into

n
pairw

ise
disjoint

subsystem
s

S
1 ,

...,
S

n
such

that
every

derivation
∆

in
system

S
can

be
rearranged

as
com

position
of

n
derivations

∆
1 ,

...,
∆

n ,
w

here
∆

i
uses

only
rules

of
S

i ,for
every

1
�

i�
n.

In
this

section,
I

w
ill

state
and

prove
tw

o
such

decom
position

theorem
s

for
derivations

in
system

S
E
L
S.

B
oth

of
them

allow
a

decom
position

of
system

S
E
L
S

into
seven

disjoint
subsystem

s.

4.3.1
T

h
eorem

(F
irst

D
ecom

p
osition

)
For

every
derivation

T
∆‖
S
E
L
S

R
there

are
struc-

tures
T

1 ,T
2 ,T

3 ,R
1 ,R

2 ,R
3 ,

and
derivations

∆
1 ,...,∆

7 ,
such

that

T

∆
1 ∥∥{
b↑}

T
1

∆
2 ∥∥{
w↓}

T
2

∆
3 ∥∥{
ai↓}

T
3

∆
4 ∥∥{
s,p↓

,p↑}
R

3

∆
5 ∥∥{
ai↑}

R
2

∆
6 ∥∥{
w↑}

R
1

∆
7 ∥∥{
b↓}

R

.

A
part

from
a

decom
position

into
seven

subsystem
s,the

first
decom

position
theorem

can
also

be
read

as
a

decom
position

into
three

subsystem
s

that
can

be
called

creation
,m

erging,
and

destruction
.

In
the

creation
subsystem

,
each

rule
increases

the
size

of
the

structure;
in

the
m

erging
system

,each
rule

does
som

e
rearranging

of
substructures,w

ithout
changing

4.3.
D

ecom
p
osition

9
7

the
size

of
the

structures;and
in

the
destruction

system
,each

rule
decreases

the
size

of
the

structure.
In

a
decom

posed
derivation,the

m
erging

part
is

in
the

m
iddle

of
the

derivation,
and

(depending
on

your
preferred

reading
of

a
derivation)

the
creation

and
destruction

are
at

the
top

and
at

the
bottom

:

TT
′

crea
tio

n

�

�

d
estru

ctio
n

R
′ ��
m

erg
in

g
��R

d
estru

ctio
n

�
crea

tio
n

�

.

In
system

S
E
L
S

the
m

erging
part

contains
the

rules
s,
p↓

and
p↑.

In
the

top-dow
n

reading
of

a
derivation,

the
creation

part
(w

here
the

size
of

the
structure

is
increased)

contains
the

rules
b↑,
w↓

and
ai↓,

and
the

destruction
part

(w
here

the
size

of
the

structure
is

decreased)
consists

of
b↓,
w↑

and
ai↑.

In
the

bottom
-up

reading,
creation

and
destruction

are
exchanged.
T

he
second

decom
position

is
alm

ost
the

sam
e

statem
ent,

w
ith

the
only

difference
that

the
rules

w↓
and
w↑

are
exchanged.

4.3.2
T

h
eorem

(S
econ

d
D

ecom
p
osition

)
For

every
derivation

T
∆‖
S
E
L
S

R
there

are

structures
T

1 ,T
2 ,T

3 ,R
1 ,R

2 ,R
3 ,

and
derivations

∆
1 ,...,∆

7 ,
such

that

T

∆
1 ∥∥{
b↑}

T
1

∆
2 ∥∥{
w↑}

T
2

∆
3 ∥∥{
ai↓}

T
3

∆
4 ∥∥{
s,p↓

,p↑}
R

3

∆
5 ∥∥{
ai↑}

R
2

∆
6 ∥∥{
w↓}

R
1

∆
7 ∥∥{
b↓}

R

.

T
he

second
decom

position
theorem

allow
s

a
separation

betw
een

core
and

noncore
ofthe

system
,

such
that

the
up

fragm
ent

and
the

dow
n

fragm
ent

of
the

noncore
are

not
m

erged,
as

it
is

the
case

in
the

first
decom

position.
M

ore
precisely,

w
e

can
separate

the
follow

ing
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T

h
e

M
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ca
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x
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t
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L
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r
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T

h
eo

re
m

T
he

re
ex

is
ts

no
de

ri
va

ti
on

co
nt

ai
ni

ng
a

no
nf

or
ke

d
pr

om
ot

io
n

cy
cl

e.

P
ro

of
:

B
y

w
ay

of
co

nt
ra

di
ct

io
n,

su
pp

os
e

th
er

e
is

a
de

ri
va

ti
on

∆
co

nt
ai

ni
ng

a
no

nf
or

ke
d

pr
om

ot
io

n
cy

cl
e

χ
.

B
y

P
ro

po
si

ti
on

4.
3.

22
,

th
er

e
is

a
de

ri
va

ti
on

co
nt

ai
ni

ng
a

pu
re

cy
cl

e
χ
′ .

L
et

n
be

it
s

ch
ar

ac
te

ri
st

ic
nu

m
be

r.
B

y
L

em
m

a
4.

3.
24

th
er

e
is

a
de

ri
va

ti
on

([
!R

1
,?

T
1
],

[!
R

2
,?

T
2
],

..
.,

[!R
n
,?

T
n

])
∆
‖{
s}

[(
!R

2
,?

T
1
),

(!
R

3
,?

T
2
),

..
.,

(!
R

1
,?

T
n
)]

.

fo
r

so
m

e
st

ru
ct

ur
es

R
1
,.

..
,R

n
,T

1
,.

..
,T

n
.

T
hi

s
is

a
co

nt
ra

di
ct

io
n

to
L

em
m

a
4.

3.
25

.
��

4.
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C

or
ol

la
ry

T
he

re
ex

is
ts

no
de

ri
va

ti
on

co
nt

ai
ni

ng
a

no
nf

or
ke

d
cy

cl
e.

P
ro

of
:

A
ny

(n
on

fo
rk

ed
)

cy
cl

e
ca

n
ea

si
ly

be
tr

an
sf

or
m

ed
in

to
a

(n
on

fo
rk

ed
)

pr
om

ot
io

n
cy

cl
e

by
ad

di
ng

in
st

an
ce

s
of
p
↓a

nd
p
↑.

��

4
.3

.2
S
ep

ar
a
ti
o
n

o
f
A

b
so

rp
ti
o
n

a
n
d

W
ea

ke
n
in

g

T
he

pr
oc

es
s

of
pe

rm
ut

in
g

up
al

l
in

st
an

ce
s

of
b
↑

in
a

gi
ve

n
de

ri
va

ti
on

T
∆
‖S
E
L
S

R
is

re
al

is
ed

by
th

e
pr

oc
ed

ur
e
b
↑u
p
:

4.
3.

28
A

lg
or

it
h
m
b
↑u
p

fo
r

p
er

m
u
ti

n
g

co
ab

so
rp

ti
on

u
p

C
on

si
de

r
th

e
to

pm
os

t
oc

-
cu

rr
en

ce
of

a
su

bd
er

iv
at

io
n

Q
π

S
{!R
}

b
↑

,
S

(!
R

,R
)

w
he

re
π
�=
b
↑.

A
cc

or
di

ng
to

4.
2.

3
th

er
e

ar
e

th
e

fo
llo

w
in

g
ca

se
s

(c
as

es
(3

)
an

d
(6

)
ar

e
im

po
ss

ib
le

):

(1
)

If
th

e
re

de
x

of
π

is
in

si
de

S
{
},

or

(2
)

if
th

e
co

nt
ra

ct
um

!R
of
b
↑i

s
in

si
de

a
pa

ss
iv

e
st

ru
ct

ur
e

of
th

e
re

de
x

of
π

,t
he

n
re

pl
ac

e

S
′ {!

R
}

π
S
{!R
}

b
↑

by
S

(!
R

,R
)

S
′ {!

R
}

b
↑ S

′ (
!R

,R
)

π
.

S
(!
R

,R
)

(4
)

If
th

e
re

de
x

of
π

is
in

si
de

th
e

co
nt

ra
ct

um
!R

of
b
↑,

th
en

re
pl

ac
e

S
{!R

′ }
π

S
{!R
}

b
↑

by
S

(!
R

,R
)

S
{!R

′ }
b
↑ S

(!
R

′ ,
R

′ )
π

S
(!
R

′ ,
R

)
π

.
S

(!
R

,R
)

(5
)

If
th

e
co

nt
ra

ct
um

!R
of
b
↑i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e,
th

en
th

er
e

ar
e

th
re

e
su

bc
as

es
:

4.
3.

D
ec

om
p
os

it
io

n
1
0
5

4.
3.

10
E
x
am

p
le

T
he

fo
llo

w
in

g
de

ri
va

ti
on

sh
ow

s
an

ex
am

pl
e

fo
r

a
?-

ch
ai

n
w

it
h

ta
il

???�
aaa

an
d

he
ad

???�
(a

,c
)

(a
,c

)
(a

,c
):

![
!c

,(
???�

aaa
,!

c)
,1

]
p
↓

(2
)

[?
!c

,!
[(

???�
aaa

,!
c)

,1
]]

=
[?

!(
[⊥

,1
],

!c
),

![
(???
� aaa

,!
c)

,1
]]

w
↓

(1
)

[?
!(

[?
a
,1

],
!c

),
![

(???
� aaa

,!
c)

,1
]]

s
(1

)
[?

![
(?

a
,!

c)
,1

],
![

(???
� aaa

,!
c)

,1
]]

b
↓

(4
.iv

)
?!

[(
???�

aaa
,!

c)
,1

]
ai
↓

(1
)

?!
[(

???�
aaa

,!
c)

,b
,b̄

]
p
↓

(2
)

?[
![

(???
� aaa

,!
c)

,b
],

?b̄
]

b
↑

(4
.v

)
?[

(!
[(

???�
aaa

,!
c)

,b
],

[(
?a

,!
c)

,b
])

,?
b̄]

p
↑

(4
.i)

.
?[

(!
[???
� (

a
,c

)
(a

,c
)

(a
,c

),
b]

,[
(?

a
,!

c)
,b

])
,?

b̄]

A
ga

in
,

I
in

di
ca

te
d

on
th

e
ri

gh
t-

ha
nd

si
de

of
th

e
de

ri
va

ti
on

th
e

ca
se

s
by

w
hi

ch
th

e
lin

ks
ar

e
co

nn
ec

te
d.

4.
3.

11
D

efi
n
it

io
n

L
et

∆
be

a
de

ri
va

ti
on

.
A

n
up

pe
r

lin
k

in
∆

is
an

y
st

ru
ct

ur
e

[!
R

,?
T

]
th

at
oc

cu
rs

as
su

bs
tr

uc
tu

re
of

a
st

ru
ct

ur
e

S
in

si
de

∆
.

D
ua

lly
,a

lo
w
er

lin
k

is
an

y
st

ru
ct

ur
e

(?
T

,!
R

)
th

at
oc

cu
rs

as
su

bs
tr

uc
tu

re
of

a
st

ru
ct

ur
e

S
in

si
de

∆
.

Si
m

ila
r

to
th

e
m

ar
ki

ng
of

!-
lin

ks
an

d
?-

lin
ks

,I
w

ill
m

ar
k

up
pe

r
lin

ks
as

[[[!!!
� RRR

,???
� TTT

]]]
an

d
lo

w
er

lin
ks

as
(((???
� TTT

,!!!
� RRR

))).

4.
3.

12
D

efi
n
it

io
n

L
et

∆
be

a
de

ri
va

ti
on

.
T

he
se

t
X

(∆
)

of
ch

ai
ns

in
∆

is
de

fin
ed

in
du

ct
iv

el
y

as
fo

llo
w

s:

(1
)

Fo
r

ev
er

y
!-c

ha
in

χ
in

∆
,

w
e

ha
ve

χ
∈

X
(∆

).

(2
)

Fo
r

ev
er

y
?-

ch
ai

n
χ

in
∆

,w
e

ha
ve

χ
∈

X
(∆

).

(3
)

If
∆

co
nt

ai
ns

tw
o

ch
ai

ns
χ

1
an

d
χ

2
an

d
an

up
pe

r
lin

k
[[[!!!
� RRR

,???
� TTT

]]]
su

ch
th

at
!!!�

RRR
is

th
e

he
ad

of
χ

1
an

d
???�

TTT
is

th
e

ta
il

of
χ

2
,t

he
n

th
e

co
nc

at
en

at
io

n
of

χ
1

an
d

χ
2

fo
rm

s
a

ch
ai

n
χ

3
∈

X
(∆

).
T

he
ta

il
of

χ
3

is
th

e
ta

il
of

χ
1

an
d

th
e

he
ad

of
χ

3
is

th
e

he
ad

of
χ

2
.

(4
)

If
∆

co
nt

ai
ns

tw
o

ch
ai

ns
χ

1
an

d
χ

2
an

d
a

lo
w

er
lin

k
(((???
� TTT

,!!!
� RRR

)))
su

ch
th

at
???�

TTT
is

th
e

he
ad

of
χ

1
an

d
!!!�

RRR
is

th
e

ta
il

of
χ

2
,

th
en

th
e

co
nc

at
en

at
io

n
of

χ
1

an
d

χ
2

fo
rm

s
a

ch
ai

n
χ

3
∈

X
(∆

).
T

he
ta

il
of

χ
3

is
th

e
ta

il
of

χ
1

an
d

th
e

he
ad

of
χ

3
is

th
e

he
ad

of
χ

2
.

(5
)

T
he

re
ar

e
no

ot
he

r
ch

ai
ns

in
X

(∆
).

4.
3.

13
D

efi
n
it

io
n

T
he

le
ng

th
of

a
ch

ai
n

χ
is

th
e

nu
m

be
r

of
!-c

ha
in

s
an

d
?-

ch
ai

ns
it

is
co

m
po

se
d

of
.



1
0
6

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

(![c,d],!a
,?b)

p↓
([[[!!! �ccc

,??? �ddd
]]],!a

,?b)
s

([!!! �ccc
,(!a

,??? �ddd
)],?b)

s
[(!!! �ccc

,?b),(!a
,??? �ddd

)]
w↓

[?(!c,[[[!!! �aaa
,??? �bbb]]],?d),(!!! �ccc

,?b),(!a
,??? �ddd

)]
s

[?(!c,[(!!! �aaa
,?d),??? �bbb]),(!!! �ccc

,?b),(!a
,??? �ddd

)]
s

[?[(!!! �aaa
,?d)],(!c,??? �bbb),(!!! �ccc

,?b),(!a
,??? �ddd

)]
b↓

?[(((??? �bbb
,!!! �ccc))),(!!! �aaa

,??? �ddd
)]

p↑
?[?(b,c),(((!!! �aaa

,??? �ddd
)))]

w↑
?[?(b,c),?d]

F
igure

4.9:
A

cycle
χ

w
ith

n(χ
)

=
2

4.3.14
E
x
am

p
le

H
ere

are
tw

o
exam

ples
of

chains
in

derivations
(for

TE X
nical

reasons
the

redices
of

the
rule

applications
are

no
longer

m
arked):

(![a
,(c,c̄),b], !!! �ccc)

p↓
([![a

,(c,c̄)],?b],!!! �ccc)
ai↑

([[[!!! �aaa
,??? �bbb]]],!!! �ccc)

s
[!!! �aaa

,(((??? �bbb
,!!! �ccc)))]

p↑
[!!! �aaa

,?(b,c)]
ai↓

and
[!!! �(a

,[d
,d̄])

(a
,[d

,d̄])
(a

,[d
,d̄])

,?(b,c)]

(a
,![c,d])

p↓
(a

,[[[!!! �ccc
,??? �ddd

]]])
s

[(a
,!!! �ccc),??? �ddd

]
w↓

[([a
,??? �bbb],!!! �ccc),??? �ddd

]
s

[a
,(((??? �bbb

,!!! �ccc))),??? �ddd
]

w↑
[a

,?b,??? �ddd
]

b↓
.

[?b,??? �ddd
]

In
the

first
chain,the

tailis
!!! �(a

,[d
,d̄])

(a
,[d

,d̄])
(a

,[d
,d̄])

and
the

head
is

!!! �ccc.
In

the
second

exam
ple

the
tail

is
??? �bbb

and
the

head
is

??? �ddd
.

B
oth

have
length

l=
3.

4.3.15
D

efi
n
ition

L
et

∆
be

a
derivation.

A
chain

χ
∈

X
(∆

)
is

called
a

cycle
if

∆
contains

an
upper

link
[[[!!! �RRR

,??? �TTT
]]]

such
that

!!! �RRR
is

the
head

of
χ

and
??? �TTT

is
the

tail
of

χ
,

or
∆

contains
a

low
er

link
(((??? �TTT

,!!! �RRR
)))

such
that

??? �TTT
is

the
head

of
χ

and
!!! �RRR

its
tail.

In
other

w
ords,a

cycle
can

be
seen

as
a

chain
w

ithout
head

or
tail.

F
igure

4.9
show

s
an

exam
ple

for
a

cycle.
O

bserve
that

for
every

cycle
χ

there
is

a
num

ber
n

=
n(χ

)
�

1
such

that
χ

consists
of

n
!-chains,

n
?-chains,

n
upper

links
and

n
low

er
links.

I
w

ill
call

this
n(χ

)
the

characteristic
num

ber
of

χ
.

For
the

exam
ple

in
F

igure
4.9,

w
e

have
n

=
2.

4.3.16
D

efi
n
ition

A
cycle

χ
is

called
a

prom
otion

cycle
ifevery

upper
link

of
χ

is
redex

of
a
p↓-rule

(called
link

prom
otion

)
and

every
low

er
link

of
χ

is
contractum

of
a
p↑-rule

(called
link

coprom
otion

).

T
he

exam
ple

in
F

igure
4.9

is
not

a
prom

otion
cycle

because
the

upper
link

[[[!!! �aaa
,??? �bbb]]]

is
not

redex
of

a
p↓-rule

and
the

low
er

link
(((!!! �aaa

,??? �ddd
)))

is
not

contractum
of

a
p↑-rule.

4.3.
D

ecom
p
osition

1
1
9

B
ase

case:
L

et
n

=
1.

T
hen

it
is

easy
to

see
that

there
is

no
derivation

[!R
1 ,?T

1 ]
∆‖{

s}
(!R

1 ,?T
1 )

because
a

tim
es-relation

can
never

becom
e

a
par-relation

w
hile

going
up

in
a

deriva-
tion.

In
d
u
ctive

case:
B

y
w

ay
of

contradiction
suppose

there
is

a
derivation

([!R
1 ,?T

1 ],[!R
2 ,?T

2 ],...,[!R
n
,?T

n ])
∆‖{

s}
[(!R

2 ,?T
1 ),(!R

3 ,?T
2 ),...,(!R

1 ,?T
n )]

.

N
ow

consider
the

bottom
m

ost
instance

of

S
([R̃

,Ũ
],T̃

)
s
S

[(R̃
,T̃

),Ũ
]

in
∆

.
W

ithout
loss

of
generality

w
e

can
assum

e
that

R̃
=

!R
2

and
T̃

=
?T

1 .
(T

he
case

w
here

R̃
=

?T
1

and
T̃

=
!R

2
is

sim
ilar.)

For
m

atching
Ũ

,w
e

have

Ũ
=

[(!R
k
1
+

1 ,?T
k
1 ),(!R

k
2
+

1 ,?T
k
2 ),...,(!R

k
m

+
1 ,?T

k
m

)]
,

for
som

e
m

and
k

1 ,...,k
m

.
H

ence,
w

e
get:

([!R
1 ,?T

1 ],[!R
2 ,?T

2 ],...[!R
n
,?T

n ])
∆

′ ∥∥{
s}

[([!R
2 ,(!R

k
1
+

1 ,?T
k
1 ),...,(!R

k
m

+
1 ,?T

k
m

)],?T
1 ),...,(!R

1 ,?T
n )]

s
.

[(!R
2 ,?T

1 ),(!R
3 ,?T

2 ),(!R
4 ,?T

3 ),...(!R
1 ,?T

n )]

Inside
∆

′the
structures

!R
1 ,...,!R

n
,?T

1 ,...,?T
n

occur
only

inside
passive

structures
of

instances
of
s.

T
herefore,

if
w

e
replace

inside
∆

′
any

structure
!R

j
or

?T
j

by
som

e
other

structure
V

,
then

the
derivation

∆
′

m
ust

rem
ain

valid.
W

ithout
loss

of
generality,

assum
e

that
k

1
<

k
2

<
...

<
k

m
and

for
every

i
=

2,...,k
m

replace
inside

∆
′the

structures
!R

i
by⊥

and
the

structures
?T

i
by
1,w

hich
yields

a
derivation

([!R
1 ,?T

1 ],[!R
k

m
+

1 ,?T
k

m
+

1 ],...,[!R
n
,?T

n ])
=

([!R
1 ,?T

1 ],[⊥
,1],...,[⊥

,1],[!R
k

m
+

1 ,?T
k

m
+

1 ],...,[!R
n
,?T

n ])
∆

′′ ∥∥{
s}

[([⊥
,(⊥

,1),...,(⊥
,1),(!R

k
m

+
1 ,1)],?T

1 ),...,(!R
1 ,?T

n )]
=

,
[(!R

k
m

+
1 ,?T

1 ),(!R
k

m
+

2 ,?T
k

m
+

1 ),...,(!R
1 ,?T

n )]

w
hich

cannot
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entioned

before,the
property

of
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sw
itch

rule
described
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em
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4.3.25
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to
be

at
the

heart
of

the
decom

position
theorem
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I

w
illcom

e
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to
this

property
of

the
sw

itch
in

Section
6.2.
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h
e
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ltip

licativ
e

E
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p
on

en
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F
ragm

en
t

of
L
in

ear
L
ogic

i.e.
the

hole
does

not
occur

inside
an

!-
or

?-structure,then
it

is
called

a
basic

context.

4.3.19
E
x
am

p
le

T
he

contexts
[a

,b,(ā
,[c,d

,b̄,{
},a],?c)]and

([!(b,?a),{
}],b)

are
ba-

sic,
w

hereas
([!({

},?a),?(ā
,c)],b)

is
not

basic.

4.3.20
L
em

m
a

Let
S{
}

be
a

basic
context

and
R

and
T

be
structures.

T
hen

there
is

a
derivation

S
[R

,T
]

∆‖{
s}

[S{R},T
]

.

P
ro

of:
B

y
structuralinduction

on
S{
}.

•
S

=
{
}.

T
his

case
is

trivial
because

S
[R

,T
]

=
[R

,T
]

=
[S{R},T

].

•
S

=
[S

′,S
′′{
}]

for
som

e
structure

S
′and

context
S
′′{
}.

T
hen

by
induction

hypoth-
esis

w
e

have
[S

′,S
′′[R

,T
]]

∆‖{
s}

[S
′,S

′′{R},T
]

.

•
S

=
(S

′,S
′′{
})

for
som

e
structure

S
′and

context
S
′′{
}.

T
hen

let
∆

be

(S
′,S

′′[R
,T

])
∆

′‖{
s}

(S
′,[S

′′{R},T
])

s
,

[(S
′,S

′′{R}),T
]

w
here

∆
′exists

by
induction

hypothesis.
��

4.3.21
D

efi
n
ition

A
cycle

χ
is

called
pure

if

(i)
for

each
!-chain

and
each

?-chain
that

is
contained

in
χ

,head
and

tail
are

equal,and

(ii)
all

upper
links

occur
in

the
sam

e
structure

and
all

low
er

links
occur

in
the

sam
e

structure.

For
exam

ple,
the

tw
o

cycles
in

F
igures

4.9
and

4.10
are

not
pure.

A
lthough

in
both

cases
condition

(i)
is

fulfilled,condition
(ii)

is
not.

F
igure

4.11
show

s
an

exam
ple

for
a

pure
cycle.If

a
derivation

P
∆‖
S
E
L
S

Q

contains
a

pure
cycle

then
there

are
structures

R
1 ,...,R

n
and

T
1 ,...,T

n
(for

som
e

n
�

1)
and

tw
o

n-ary
contexts

S{
}
...{

}
and

S
′{
}
...{

},
such

that
∆

is
of

the
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P
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4.3.
D

ecom
p
osition

1
1
7

(5)
T

he
contractum

!!! �[R
,T

]
[R

,T
]

[R
,T

]
of
p↓ �

is
inside

an
active

structure
of

the
redex

of
π

but
not

inside
a

passive
one.

T
his

is
im

possible
because

then
π

w
ere
p̂↓ �

or
p↓ �.

(6)
T

he
contractum

of
p↓ �

and
the

redex
of

π
overlap.

A
s

before,this
is

im
pos-

sible.

(d)
D

ual
to

(c).

N
ow

it
only

rem
ains

to
show

that
the

subderivation

P̃
∆̃‖{

ρ ◦}
Q̃

obtained
in

the
last

step
has

indeed
the

desired
properties

(i.e.
contains

a
pure

cycle
and

consists
only

of
the

rules
ai↓,ai↑

and
s).

O
bserve

that
all

rules
ρ∈
{p↓,p↑

,w↓
,w↑

,b↓
,b↑}

in
∆•

either
have

been
transform

ed
into

ρ̂
in

Step
II

and
then

been
rem

oved
in

the
Steps

III,
IV

and
V

,

•
or

rem
ained

unchanged
in

Step
II

(because
they

occurred
inside

a
m

arked
!!! �

-
or

??? �
-structure)

and
have

then
been

m
arked

as
ρ �

or
ρ �

and
rem

oved
in

Step
V

.

T
his

m
eans

that
only

the
rules

ai↓,ai↑
and
s

are
left

inside
∆̃

.
N

ow
consider

the
prem

ise
P̃

of
∆̃

.
Since

it
is

also
the

conclusion
of

∆̂
′′2

w
hich

consists
only

of
p↓ �,

it
is

of
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shape
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]

for
som

e
structures

R
1 ,...,R

n
,T

1 ,...,T
n

and
som

e
n-ary

context
S{
}{
}
...{

}.
Sim

i-
larly,

w
e

have
that
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=

S
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R
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R
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′1
T
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T
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′2
,??? �T

′2
T
′2

T
′2 )

...(!!! �R
′n

R
′n

R
′n
,??? �T

′n
T
′n

T
′n
)

for
som

e
structures

R
′1 ,...,R

′n
,T

′1 ,...,T
′n

and
som

e
n-ary

context
S
′{
}{
}
...{

}.
Since

no
transform

ation
in

Steps
IIto

V
destroyed

the
cycle,it

m
ust

stillbe
present

in
∆̃

.
Since

∆̃
contains

no
rule

that
operates

inside
a

!!! �
-

or
??? �

-structure,w
e

have
that

R
′1

=
R

2 ,
R

′2
=

R
3 ,

...,
R

′n
=

R
1

and
T
′1

=
T

1 ,
T
′2

=
T

2 ,...,
T
′n

=
T

n .
T

his
m

eans
that

∆̃
does

indeed
contain

a
pure

cycle.
��

4.3.23
D

efi
n
ition

L
et

S
be

a
structure

and
R

and
T

be
substructures

of
S

.
T

hen
the

structures
R

and
T

are
in

par-relation
in

S
if

there
are

contexts
S
′{
},

S
′′{
}

and
S
′′′{
}

such
that

S
=

S
′[S

′′{R},S
′′′{T}].

Sim
ilarly,

R
and

T
are

in
tim

es-relation
in

S
if

S
=

S
′(S

′′{R},S
′′′{T})

for
som

e
contexts

S
′{
},

S
′′{
}

and
S
′′′{
}.

4.3.24
L
em

m
a

If
there

is
a

derivation
P

∆‖{
ai↓

,ai↑
,s}

Q
that

contains
a

pure
cycle

χ
,
then

there
is

a
derivation

([!R
1 ,?T

1 ],[!R
2 ,?T

2 ],...,[!R
n
,?T

n ])
∆̃‖{

s}
[(!R

2 ,?T
1 ),(!R

3 ,?T
2 ),...,(!R

1 ,?T
n )]

,



1
1
6

4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

A
ll

fo
ur

st
at

em
en

ts
ar

e
pr

ov
ed

ac
co

rd
in

g
to

th
e

sc
he

m
e

di
sc

us
se

d
in

Se
ct

io
n

4.
2.

(a
)

C
on

si
de

r
Q

π
S
{W
}

ρ
�

,
S
{Z
}

w
he

re
π

is
no

t
m

ar
ke

d
as

π
�

an
d

no
nt

ri
vi

al
.

A
cc

or
di

ng
to

4.
2.

3
th

e
ca

se
s

to
co

ns
id

er
ar

e:

(4
)

T
he

re
de

x
of

π
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
co

nt
ra

ct
um

W
of

ρ
�
.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e

(i
)

if
th

e
re

de
x

of
ρ

�
is

in
si

de
a

!!!�
-s

tr
uc

tu
re

,
th

en
th

e
co

nt
ra

ct
um

of
ρ

�

is
al

so
in

si
de

a
!!!�

-s
tr

uc
tu

re
,

an
d

he
nc

e,
th
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;
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�
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.
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� [

R
,T

1
,T

2
]

[R
,T

1
,T

2
]

[R
,T

1
,T

2
]}

p̂
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ra
ct

um
W

of
ρ
◦

an
d

th
e

re
de

x
of

π
ov

er
la

p.
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Q
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[[[!!!
� RRR
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???�

TTT
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w
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re
π
∈
{ρ

◦ ,
p
↑�
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s
no
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ri

vi
al
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in
si

de
a

!!!�
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.
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F
igure

4.12:
E

xam
ple

(w
ith

n(χ
)

=
3)

for
the

m
arking

inside
∆

T
his

m
eans

that
a

cycle
cannot

be
destroyed

by
sim

ple
rule

perm
utations.

4.3.22
P

rop
osition

If
there

is
a

derivation
P

∆‖
S
E
L
S

Q
that

contains
a

nonforked
pro-

m
otion

cycle,
then

there
is

a
derivation

P̃
∆̃ ‖{

ai↓
,ai↑

,s}
Q̃

that
contains

a
pure

cycle.

P
ro

of:
L

et
χ

be
the

nonforked
prom

otion
cycle

inside
∆

and
let

all
!-links

and
?-links

of
χ

be
m

arked
w

ith
!!! �

and
??? �

,
respectively

(see
F

igure
4.12,

first
derivation).

Further,
let

allinstances
of

a
link

prom
otion

(D
efinition

4.3.15)
and

allinstances
of

a
link

coprom
otion

be
m

arked
as
p↓ �

and
p↑ �,

respectively
(see

F
igure

4.12,
second

derivation).
N

ow
I

w
ill

stepw
ise

construct
∆̃

from
∆

by
adding

som
e

further
m

arkings
and

by
perm

uting,
adding

and
rem

oving
rules

untilthe
cycle

is
pure.

O
bserve

that
the

transform
ations

w
illnot

destroy
the

cycle
but

m
ight

change
prem

ise
and

conclusion
of

the
derivation.

I.
L

et
n

be
the

characteristic
num

ber
of

χ
.

For
each

of
the

n
m

arked
instances

of

S{![R
i ,T

i ]}
p↓ �

S
[[[!!! �R

i
R

i
R

i ,??? �T
i

T
i

T
i ]]]

proceed
as

follow
s:

M
ark

the
contractum

![R
i ,T

i ]
as

!!! �[R
i ,T

i ]
[R

i ,T
i ]

[R
i ,T

i ]
and

continue
the

m
arking

for
all

!-links
of

the
(m

axim
al)

!-chain
that

has
!!! �[R

i ,T
i ]

[R
i ,T

i ]
[R

i ,T
i ]

as
tail.

T
here

is

4.3.
D

ecom
p
osition

1
1
5

under
allother

rules
in

∆̂
′(by

s).
T

his
m

eans
that

∆̂
′can

easily
be

transform
ed

into

P
′

∆
′1 ‖{
ŵ↓}

P
′′

∆̂
′′‖
S
E
L
S∪{
p↓ �

,p↑ �
,p̂↓

,p̂↑}
Q

′′

∆
′2 ‖{
ŵ↑}

Q
′

by
perm

uting
stepw

ise
all
ŵ↓

up
and

all
ŵ↑

dow
n.

L
et

us
now

consider
only

P
′′

∆̂
′′‖
S
E
L
S∪{
p↓ �

,p↑ �
,p̂↓

,p̂↑}
Q

′′
,

in
w

hich
the

cycle
χ

is
still

present.

V
.

Inside
∆̂

′′m
ark

all
rules

ρ
w

hose
redex

is
inside

a
m

arked
!!! �

-structure
as

ρ �.
A

ddi-
tionally,

m
ark

allinstances
of
p̂↓

as
p̂↓ �.

D
ually,m

ark
allrules

p̂↑
as

w
ellas

allrules
ρ

w
hose

contractum
is

inside
a

m
arked

??? �
-structure

as
ρ �.

N
ow

m
ark

all
rem

aining,
i.e.

not
yet

m
arked,rules

ρ
as

ρ ◦.
T

his
m

eans,
w

e
now

have
a

derivation

P
′′

∆̂
′′‖{
p↓ �

,p↑ �
,ρ �

,ρ �
,ρ ◦}

Q
′′

,

w
hich

w
illin

this
step

be
decom

posed
intoP

′′

∆̂
′′1 ‖{

ρ �}
P

′′′

∆̂
′′2 ‖{
p↓ �}

P̃
∆̃ ‖{

ρ ◦}
Q̃

∆̂
′′3 ‖{
p↑ �}

Q
′′′

∆̂
′′4 ‖{

ρ �}
Q

′′

only
by

perm
utation

ofrules.
In

order
to

obtain
this

decom
position,w

e
need

to
show

that

(a)
all

rules
m

arked
as

ρ �
perm

ute
over

all
other

rules,

(b)
all

rules
m

arked
as

ρ �
perm

ute
under

all
other

rules,

(c)
all

rules
p↓ �

perm
ute

over
all

rules
m

arked
as

ρ ◦
or
p↑ �,and

(d)
all

rules
p↑ �

perm
ute

under
all

rules
m

arked
as

ρ ◦
or
p↓ �.



1
1
4

4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

L
et

m
e

su
m

m
ar

is
e

w
ha

t
is

ac
hi

ev
ed

af
te

r
th

is
st

ep
.

T
he

or
ig

in
al

de
ri

va
ti

on

P
∆
‖S
E
L
S

Q

ha
s

be
en

tr
an

sf
or

m
ed

in
to

P
∆̂
‖S
E
L
S
∪{
p
↓�

,p
↑�

,p̂
↓,p̂

↑,ŵ
↓,ŵ

↑,b̂
↓,b̂

↑}
Q

,

w
he

re
th

e
cy

cl
e

to
ge

th
er

w
it

h
th

e
ex

te
nt

io
ns

of
it

s
!-

an
d

?-
ch

ai
ns

is
m

ar
ke

d.
In

th
e

fo
llo

w
in

g
st

ep
s,

I
w

ill
re

m
ov

e
al

l
ru

le
s

(i
nc

lu
di

ng
p̂
↓,
p̂
↑,
ŵ
↓,
ŵ
↑,
b̂
↓,
b̂
↑)

th
at

pr
ev

en
t

th
e

cy
cl

e
fr

om
be

in
g

pu
re

.

II
I.

F
ir

st
,

I
w

ill
re

m
ov

e
al

l
in

st
an

ce
s

of
b̂
↓a

nd
b̂
↑.

C
on

si
de

r
th

e
bo

tt
om

m
os

t
oc

cu
rr

en
ce

of
b̂
↓i

ns
id

e
∆̂

.
R

ep
la

ce

P
∆

1
‖

S
[T

,T
′ ]

∆̂
=

b̂
↓

S
{T
}

∆
2
‖ Q

by

P
∆

1
‖

S
[T

,T
′ ]

∆
3
‖{
s}

[S
{T
},

T
′ ]

∆
2
‖

[Q
,T

′ ]

,

w
he

re
∆

2
do

es
no

t
co

nt
ai

n
an

y
b̂
↓a

nd
∆

3
ex

is
ts

by
L

em
m

a
4.

3.
20

.
R

ep
ea

t
th

is
un

ti
l

th
er

e
ar

e
no

m
or

e
b̂
↓

in
th

e
de

ri
va

ti
on

.
T

he
n

pr
oc

ee
d

du
al

ly
to

re
m

ov
e

al
l
b̂
↑,

i.e
.

st
ar

t
w

it
h

th
e

to
pm

os
t
b̂
↑.

T
hi

s
gi

ve
s

us
a

de
ri

va
ti

on

P
′

∆̂
′ ‖S
E
L
S
∪{
p
↓�

,p
↑�

,p̂
↓,p̂

↑,ŵ
↓,ŵ

↑}
Q

′
.

O
bs

er
ve

th
at

pr
em

is
e

an
d

co
nc

lu
si

on
of

th
e

de
ri

va
ti

on
ha

ve
ch

an
ge

d
no

w
,

bu
t

th
e

cy
cl

e
is

st
ill

pr
es

en
t.

IV
.

In
th

is
st

ep
,I

w
ill

re
m

ov
e

al
li

ns
ta

nc
es

of
ŵ
↓a

nd
ŵ
↑.

Fo
r

th
is

,o
bs

er
ve

th
at

th
e

pr
oo

fs
of

L
em

m
at

a
4.

2.
4

an
d

4.
2.

9
(a

)
do

al
so

w
or

k
fo

r
ŵ
↓.

Fu
rt

he
r

ob
se

rv
e

th
at

it
ca

n
ne

ve
r

ha
pp

en
th

at
th

e
co

nt
ra

ct
um
⊥

of
S
{⊥
}

ŵ
↓ S
{T
}

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x

of
p
↑,
p̂
↑,
b
↓,
b
↑

or
w
↓

be
ca

us
e

th
en

th
e

re
de

x
T

w
ou

ld
be

in
si

de
a

m
ar

ke
d

!!!�
-

or
???�

-s
tr

uc
tu

re
,w

hi
ch

is
im

po
ss

ib
le

by
th

e
co

ns
tr

uc
ti

on
of
ŵ
↓i

n
St

ep
II

.H
en

ce
,t

he
ru

le
ŵ
↓

pe
rm

ut
es

(b
y
s)

ov
er

al
l

ot
he

r
ru

le
s

in
th

e
de

ri
va

ti
on

∆̂
′ .

D
ua

lly
,
ŵ
↑

pe
rm

ut
es

4.
3.

D
ec

om
p
os

it
io

n
1
1
1

al
w

ay
s

a
un

iq
ue

ch
oi

ce
ho

w
to

co
nt

in
ue

th
e

m
ar

ki
ng

(s
ee

D
efi

ni
ti

on
4.

3.
5)

,
ex

ce
pt

fo
r

on
e

ca
se

:
th

e
m

ar
ki

ng
re

ac
he

s
a

S
[?

U
,U

]
b
↓

S
{?

U
}

an
d

th
e

la
st

m
ar

ke
d

!!!�
-s

tr
uc

tu
re

is
in

si
de

th
e

re
de

x
?U

.
T

he
n

th
er

e
ar

e
tw

o
po

ss
i-

bi
lit

ie
s:

ei
th

er
co

nt
in

ue
in

si
de

?U
(c

as
e

(4
.v

)
of

D
efi

ni
ti

on
4.

3.
5)

or
co

nt
in

ue
in

si
de

U
(c

as
e

(4
.v

i)
of

D
efi

ni
ti

on
4.

3.
5)

.
C

ho
os

e
th

at
si

de
th

at
al

re
ad

y
co

nt
ai

ns
a

m
ar

ke
d

!!!�
-

or
???�

-s
tr

uc
tu

re
.

Si
nc

e
th

e
cy

cl
e

χ
is

no
nf

or
ke

d,
it

ca
nn

ot
ha

pp
en

th
at

bo
th

si
de

s
al

-
re

ad
y

co
nt

ai
n

a
m

ar
ke

d
!!!�

-
or

???�
-s

tr
uc

tu
re

.
If

th
er

e
is

no
m

ar
ke

d
!!!�

-
or

???�
-s

tr
uc

tu
re

in
si

de
th

e
co

nt
ra

ct
um

[?
U

,U
]

of
th

e
b
↓,

th
en

ch
oo

se
ei

th
er

on
e.

P
ro

ce
ed

du
al

ly
fo

r
al

l
m

ar
ke

d

S
(((!!!
� R

′ i
R

′ i
R

′ i
,???
� T

′ i
T
′ i

T
′ i
)))

p
↑�

S
{?

(R
′ i,

T
′ i
)}

,

i.e
.

m
ar

k
th

e
re

de
x

?(
R

′ i,
T
′ i
)

as
???�

(R
′ i,

T
′ i
)

(R
′ i,

T
′ i
)

(R
′ i,

T
′ i
)

an
d

m
ar

k
al

so
al

l
lin

ks
of

th
e

?-
ch

ai
n

th
at

ha
s

???�
(R

′ i,
T
′ i
)

(R
′ i,

T
′ i
)

(R
′ i,

T
′ i
)

as
ta

il
(s

ee
F

ig
ur

e
4.

12
,

th
ir

d
de

ri
va

ti
on

).

II
.

N
ow

co
ns

id
er

al
l!

-s
ub

st
ru

ct
ur

es
an

d
al

l?
-s

ub
st

ru
ct

ur
es

th
at

oc
cu

r
so

m
ew

he
re

in
th

e
de

ri
va

ti
on

∆
.

T
he

y
ca

n
be

di
vi

de
d

in
to

th
re

e
gr

ou
ps

:

(a
)

th
os

e
w

hi
ch

ar
e

m
ar

ke
d

w
it

h
!!!�

or
???�

,

(b
)

th
os

e
w

hi
ch

ar
e

a
su

bs
tr

uc
tu

re
of

a
m

ar
ke

d
!!!�

-
or

???�
-s

tr
uc

tu
re

,a
nd

(c
)

al
l

th
e

ot
he

rs
.

In
th

is
st

ep
re

pl
ac

e
al

l
su

bs
tr

uc
tu

re
s

!R
an

d
?T

th
at

fa
ll

in
gr

ou
p

(c
)

by
R

an
d

T
re

sp
ec

ti
ve

ly
,

i.e
.

re
m

ov
e

th
e

ex
po

ne
nt

ia
l.

T
hi

s
ra

th
er

dr
as

ti
c

st
ep

w
ill

,
of

co
ur

se
,

yi
el

d
a

no
nv

al
id

de
ri

va
ti

on
be

ca
us

e
co

rr
ec

t
ru

le
ap

pl
ic

at
io

ns
m

ig
ht

be
co

m
e

in
co

rr
ec

t.
O

bs
er

ve
th

at
al

li
ns

ta
nc

e
of
ai
↓,
ai
↑a

nd
s

in
si

de
∆

do
no

t
su

ffe
r

fr
om

th
is

st
ep

,i
.e

.t
he

y
re

m
ai

n
va

lid
.

L
et

us
no

w
in

sp
ec

t
m

or
e

cl
os

el
y

w
ha

t
co

ul
d

ha
pp

en
to

th
e

in
st

an
ce

s
of

p
↓,
p
↑,
w
↓,
w
↑,
b
↓a

nd
b
↑.

•
C

on
si

de
r

an
y

in
st

an
ce

of
S
{![

R
,T

]}
p
↓

S
[!
R

,?
T

]
in

∆
.

T
he

n
th

e
fo

llo
w

in
g

ca
se

s
ex

ha
us

t
al

l
po

ss
ib

ili
ti

es
.

(i
)

T
he

re
ar

e
tw

o
co

nt
ex

ts
S
′ {
}

an
d

S
′′ {
}

su
ch

th
at

S
{
}

=
S
′ {!!!
� S

′′ {
}

S
′′ {
}

S
′′ {
}}

or
S
{
}

=
S
′ {???
� S

′′ {
}

S
′′ {
}

S
′′ {
}}

.
T

he
n

re
de

x
an

d
co

nt
ra

ct
um

of
th

e
p
↓

re
m

ai
n

un
ch

an
ge

d
an

d
th

e
ru

le
re

m
ai

ns
va

lid
.

(i
i)

T
he
p
↓i

s
m

ar
ke

d
as

S
{!!!�

[R
,T

]
[R

,T
]

[R
,T

]}
p
↓�

S
[[[!!!
� RRR

,???
� TTT

]]]
.

T
he

n
it

al
so

re
m

ai
ns

un
ch

an
ge

d.

(i
ii)

T
he
p
↓i

s
m

ar
ke

d
as

S
{!!!�

[R
,T

]
[R

,T
]

[R
,T

]}
p
↓

S
[!!!
� RRR

,?
T

]
.

T
he

n
th

e
ex

po
ne

nt
ia

ls
in

si
de

?T
ar

e

re
m

ov
ed

,a
nd

w
e

ob
ta

in
an

in
st

an
ce S
{!!!�

[R
,T

]
[R

,T
]

[R
,T

]}
p̂
↓

S
[!!!
� RRR

,T
′ ]

.



1
1
2

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

O
bserve

that
T
′and

T
m

ight
be

different
because

inside
T

all
exponentials

rem
ain

as
they

are
inside

!!! �[R
,T

]
[R

,T
]

[R
,T

],w
hereas

inside
T
′som

e
or

allexponentials
are

rem
oved.

(iv)
T

he
p↓

is
not

m
arked

and
does

not
occur

inside
a

m
arked

structure.
T

hen
it

becom
es

S
[R

′,T
′]

p↓ ′
S

[R
′,T

′]
,

w
here

R
′and

T
′are

obtained
from

R
and

T
,respectively,by

rem
oving

som
e

(or
all)

exponentials.

T
here

are
no

other
cases

because
there

are
no

other
m

arkings
possible.

O
bserve

that
the

rule
p↓ ′

in
case

(iv)
is

vacuous
and

can
therefore

be
rem

oved
in

the
w

hole
derivation.

H
ence,

it
only

rem
ains

to
rem

ove
all

instances
of

the
rule

p̂↓
(case

(iii)).
T

his
w

illbe
done

in
Step

V
.

•
T

he
rule

S
(!R

,?T
)

p↑
S{?(R

,T
)}

is
dual

to
the

rule
p↓.

H
ence

the
only

problem
lies

in

the
new

rule
S

(R
′,??? �TTT

)
p̂↑

S{??? �(R
,T

)
(R

,T
)

(R
,T

)}
,

w
here

R
′

is
obtained

from
R

by
rem

oving
the

exponentials.
T

his
rule

w
ill

also
be

rem
oved

in
Step

V
.

•
For

the
rule

S{⊥}
w↓

S{?T}
only

tw
o

cases
are

possible.

(i)
T

here
are

tw
o

contexts
S
′{
}

and
S
′′{
}

such
that

S{
}

=
S
′{!!! �S

′′{
}

S
′′{
}

S
′′{
}}

or
S{
}

=
S
′{??? �S

′′{
}

S
′′{
}

S
′′{
}}.

T
hen

redex
and

contractum
of

the
w↓

rem
ain

unchanged
and

the
rule

rem
ains

valid.

(ii)
T

he
rule

becom
es

S{⊥}
ŵ↓

S{T
′}

,

w
here

T
′is

obtained
from

T
by

rem
oving

som
e

or
all

exponentials.

O
bserve

that
the

m
arking

S{⊥}
w↓

S{??? �TTT}
is

im
possible.

•
For

the
rule

S{!R}
w↑

S{1}
the

situation
is

dualand
w

e
obtain

S{R
′}

ŵ↑
S{1}

,

w
here

R
′

is
obtained

from
R

by
rem

oving
the

exponentials.
T

he
tw

o
rules

ŵ↓
and
ŵ↑

w
ill

be
rem

oved
in

Step
IV

.

4.3.
D

ecom
p
osition

1
1
3

•
For

S
[?T

,T
]

b↓
S{?T}

the
situation

is
a

little
m

ore
intricate.

T
he

possible
cases

are:

(i)
T

here
are

tw
o

contexts
S
′{
}

and
S
′′{
}

such
that

S{
}

=
S
′{!!! �S

′′{
}

S
′′{
}

S
′′{
}}

or
S{
}

=
S
′{??? �S

′′{
}

S
′′{
}

S
′′{
}}.

T
hen

redex
and

contractum
of

the
b↓

rem
ain

unchanged
and

the
rule

rem
ains

valid.

(ii)
T

he
rule

is
m

arked
as

S
[??? �TTT

,T
]

b↓
S{??? �TTT}

.
T

hen
it

becom
es

S
[??? �TTT

,T
′]

b↓ ′
S{??? �TTT}

,

w
here

T
′is

obtained
from

T
by

rem
oving

(som
e

or
all)

exponentials.

(iii)
N

either
redex

nor
contractum

of
the

rule
contain

any
m

arked
!!! �

-
or

??? �
-

structure,
nor

are
they

contained
in

a
m

arked
structure.

T
hen

the
rule

becom
es

S
[T

′,T
′]

b↓ ′′
S{T

′}
,

w
here

T
′is

obtained
from

T
by

rem
oving

the
exponentials.

(iv)
T

here
are

m
arked

!!! �
-

or
??? �

-structures
inside

the
structure

T
in

the
redex.

T
hen

all
those

m
arkings

reoccur
in

one
of

the
tw

o
substructures

T
in

the
contractum

w
hereas

the
other

T
does

not
contain

any
m

arking
(because

the
cycle

χ
is

nonforked).
H

ence
the

rule
becom

es

S
[T

′′,T
′]

b↓ ′′′
S{T

′′}
,

w
here

in
T
′

all
exponentials

are
rem

oved
and

in
T
′′

som
e

exponentials
are

rem
oved

and
som

e
rem

ain.

O
bserve

that
all

instances
of
b↓ ′,
b↓ ′′and

b↓ ′′′are
instances

of

S
[T

,T
′]

b̂↓
S{T}

,

w
here

S{
}

is
a

basic
context,

and
T

and
T
′are

arbitrary
structures.

•
D

ually,
for

S{!R}
b↑

S
(!R

,R
)

,
w

e
obtain

S{R}
b̂↑

S
(R

,R
′)

,

w
here

S{
}

is
a

basic
context.

T
he

new
instances

of
b̂↓

and
b̂↑

w
illbe

rem
oved

in
the

next
step.



1
3
6

4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

(v
)

ρ
=
sr
↑,
∗=

!,
π

=
p
↓a

nd
V

=
[?

V
′ ,

V
′′ ]

.
T

he
n

S
([

!R
,U

],
[!

[T
,V

′ ]
,V

′′ ]
)

p
↓

S
([

!R
,U

],
[!
T

,?
V

′ ,
V

′′ ]
)

sr
↑

yi
el

ds
S

[!
(R

,T
),

U
,?

V
′ ,

V
′′ ]

S
([

!R
,U

],
[!

[T
,V

′ ]
,V

′′ ]
)

sr
↑

S
[!(

R
,[

T
,V

′ ]
),

U
,V

′′ ]
s
S

[!
[(

R
,T

),
V

′ ]
,U

,V
′′ ]

p
↓

.
S

[!
(R

,T
),

U
,?

V
′ ,

V
′′ ]

(5
)

T
he

co
nt

ra
ct

um
([
∗R

,U
],

[!
T

,V
])

of
ρ

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
,

bu
t

no
t

in
si

de
a

pa
ss

iv
e

on
e.

T
hi

s
is

im
po

ss
ib

le
fo

r
π
∈
{p
↓,
r↓
}.

(6
)

T
he

re
de

x
of

π
an

d
th

e
co

nt
ra

ct
um

([
∗R

,U
],

[!T
,V

])
of

ρ
ov

er
la

p.
T

hi
s

ca
se

is
im

po
ss

ib
le

be
ca

us
e

a
pa

r
st

ru
ct

ur
e

ca
nn

ot
ov

er
la

p
w

it
h

a
ti

m
es

st
ru

ct
ur

e.
��

4.
4.

8
L
em

m
a

T
he

ru
le

s
sp
↑a

nd
sr
↑p

er
m

ut
e

ov
er

th
e

ru
le
ai
↓.

P
ro

of
:

C
on

si
de

r
th

e
de

ri
va

ti
on

Q
ai
↓ S
{W
}

ρ
,

S
{Z
}

w
he

re
th

e
ap

pl
ic

at
io

n
of

ρ
∈
{sr
↑,
sp
↑}

is
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
4.

2.
3,

th
e

ca
se

s
to

co
ns

id
er

ar
e: (4

)
T

he
re

de
x

of
ai
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

co
nt

ra
ct

um
W

of
ρ

bu
t

no
t

in
si

de
a

pa
ss

iv
e

on
e.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
an

at
om

ca
nn

ot
be

m
at

ch
ed

w
it

h
a

w
hy

-n
ot

or
w

it
h

an
of

-c
ou

rs
e

st
ru

ct
ur

e.

(5
)

T
he

co
nt

ra
ct

um
W

of
ρ

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of
ai
↓.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
th

e
ap

pl
ic

at
io

n
of

ρ
is

no
nt

ri
vi

al
.

(6
)

T
he

co
nt

ra
ct

um
W

of
ρ

an
d

th
e

re
de

x
of

π
ov

er
la

p.
A

s
be

fo
re

,t
hi

s
is

im
po

ss
ib

le
.
��

4.
4.

9
O

b
se

rv
at

io
n

If
an

in
st

an
ce

of
a

ru
le

ρ
∈
{s
ai
↑,
sp
↑,
sr
↑}

is
to

pm
os

t
in

a
de

ri
va

ti
on

w
it

h
pr

em
is

e
1
,

th
en

th
e

ap
pl

ic
at

io
n

of
ρ

m
us

t
be

tr
iv

ia
l.

T
hi

s
is

ea
sy

to
se

e
be

ca
us

e
it

s
pr

em
is

e
is
1
,

an
d

he
nc

e
it

s
co

nc
lu

si
on

is
al

so
1
.

(I
n

ca
se

of
sa
i↑,

th
is

is
on

ly
po

ss
ib

le
if

on
e

of
a

an
d

ā
is
1

an
d

th
e

ot
he

r
is
⊥.

)
T

hi
s

m
ea

ns
th

at
w

he
ne

ve
r

a
ru

le
sa
i↑,
sp
↑,

or
sr
↑o

cc
ur

s
at

th
e

to
p

of
a

pr
oo

f,
it

ca
n

be
re

m
ov

ed
.

4.
4.

10
L
em

m
a

(A
to

m
ic

C
u
t

E
li
m

in
at

io
n
)

T
he

ru
le
sa
i↑

pe
rm

ut
es

ov
er

th
e

ru
le

s
ai
↓,
d
s↓

,p
↓

an
d
r↓

by
th

e
ru

le
d
s↓

.

P
ro

of
:

C
on

si
de

r
th

e
de

ri
va

ti
on

Q
π

S
([

a
,U

],
[ā

,V
])

sa
i↑

.
S

[U
,V

]

If
π

=
d
s↓

,t
he

n
L

em
m

a
4.

4.
6

ap
pl

ie
s.

N
ow

le
t
π
∈
{w
↓,
ai
↓,
p
↓,
r↓
}b

e
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
4.

2.
3,

th
e

ca
se

s
to

co
ns

id
er

ar
e:

(4
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ra

ct
um

([
a
,U

],
[ā

,V
])

of
sa
i↑

bu
t

no
t

in
si

de
U

or
V

.

4.
3.

D
ec

om
p
os

it
io

n
1
2
1

(i
)

If
π

=
p
↓a

nd
S
{!R
}=

S
′ [

!R
,?

T
],

th
en

re
pl

ac
e

S
′ {!

[R
,T

]}
p
↓

S
′ [

!R
,?

T
]

b
↑

by
S
′ [

(!
R

,R
),

?T
]

S
′ {!

[R
,T

]}
b
↑ S

′ (
![
R

,T
],

[R
,T

])
p
↓ S

′ (
[!
R

,?
T

],
[R

,T
])

s
S
′ [

([
!R

,?
T

],
R

),
T

]
s

S
′ [

(!
R

,R
),

?T
,T

]
b
↓

.
S
′ [

(!
R

,R
),

?T
]

(i
i)

If
π

=
w
↓a

nd
S
{!R
}=

S
′ {?

S
′′ {

!R
}}

,
th

en
re

pl
ac

e

S
′ {⊥
}

w
↓ S

′ {?
S
′′ {

!R
}}

b
↑

by
S
′ {?

S
′′ (

!R
,R

)}
S
′ {⊥
}

w
↓

.
S
′ {?

S
′′ (

!R
,R

)}

(i
ii)

If
π

=
b
↓a

nd
S
{!R
}=

S
′ {?

S
′′ {

!R
}}

,
th

en
re

pl
ac

e

S
′ [

?S
′′ {

!R
},

S
′′ {

!R
}]

b
↓

S
′ {?

S
′′ {

!R
}}

b
↑

by
S
′ {?

S
′′ (

!R
,R

)}

S
′ [

?S
′′ {

!R
},

S
′′ {

!R
}]

b
↑ S

′ [
?S

′′ (
!R

,R
),

S
′′ {

!R
}]

b
↑ S

′ [
?S

′′ (
!R

,R
),

S
′′ (

!R
,R

)]
b
↓

.
S
′ {?

S
′′ (

!R
,R

)}

R
ep

ea
t

un
ti

la
ll

in
st

an
ce

s
of
b
↑a

re
at

th
e

to
p

of
th

e
de

ri
va

ti
on

.

It
is

ea
sy

to
se

e
th

at
if

th
e

A
lg

or
it

hm
4.

3.
28

te
rm

in
at

es
,t

he
re

su
lt

in
g

de
ri

va
ti

on
ha

s
th

e
sh

ap
e

T ‖{
b
↑}

T
′ ‖S
E
L
S
\{
b
↑}

R

.

A
lt

ho
ug

h
it

is
ra

th
er

in
tu

it
iv

e
th

at
b
↑u
p

sh
ou

ld
te

rm
in

at
e,

it
is

no
t

ea
sy

to
pr

ov
e

be
ca

us
e

w
hi

le
pe

rm
ut

in
g

th
e

ru
le
b
↑u

p,
it

m
ig

ht
ha

pp
en

th
at

ne
w

in
st

an
ce

s
of
b
↑a

s
w

el
l

as
ne

w
in

st
an

ce
s

of
b
↓a

re
in

tr
od

uc
ed

.

4.
3.

29
L
em

m
a

Fo
r

an
in

pu
t
de

ri
va

ti
on

T
∆
‖S
E
L
S
\{
b
↑}

S
{!R
}

b
↑

,
S

(!
R

,R
)

th
e
b
↑u
p

pr
oc

ed
ur

e
te

rm
in

at
es

.

P
ro

of
:

T
he

pr
ob

le
m

of
sh

ow
in

g
te

rm
in

at
io

n
is

th
at

th
e

nu
m

be
r

of
in

st
an

ce
s

of
b
↑

m
ig

ht
in

cr
ea

se
du

ri
ng

th
e

pr
oc

es
s

of
pe

rm
ut

in
g

up
b
↑.

T
hi

s
al

w
ay

s
ha

pp
en

s
w

he
n

an
up

w
ar

ds



1
2
2

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

m
oving

b↑
m

eets
a
b↓

as
in

case
(5.iii)

in
4.3.28.

Further,
the

num
ber

of
instances

of
b↓

inside
∆

is
not

fixed.
T

he
num

ber
of
b↓

m
ight

increase
w

hen
an

upw
ards

m
oving

b↑
m

eets
an

instance
of
p↓

as
in

case
(5.i)

in
4.3.28

or
an

instance
of
b↓

as
in

case
(4).

T
herefore,

the
diffi

culty
lies

in
finding

the
right

induction
m

easure.
For

this,
I

w
ill

m
ark

inside
∆

all
!-chains

that
have

the
contractum

!R
of

the
b↑

instance
as

tail.
B

ut
I

w
ill

m
ark

the
links

not
w

ith
!!! �

,
but

w
ith

! n! n! n
for

som
e

n
�

1.
Start

w
ith

the
contractum

!R
of

the
b↑

by
m

arking
it

w
ith

! 1R
! 1R
! 1R

.
N

ow
continue

the
m

arking
as

indicated
in

F
igure

4.8
(on

page
102)

by
propagating

the
num

ber
n

from
conclusion

to
prem

ise
in

each
rule,w

ith
one

exception:
If

in
case

(2)
of

D
efinition

4.3.5
the

rule
ρ

=
p↓

and
the

situation
is

T∥∥
S
E
L
S\{
b↑}

S
′{![U

,V{!R
′}]}

p↓
S
′[!U

,?V{! n
R

′
! n

R
′

! n
R

′}]
∥∥
S
E
L
S\{
b↑}

S{! 1R
! 1R
! 1R}

b↑
,

S
(!R

,R
)

then
continue

the
m

arking
as

follow
s:

T∥∥
S
E
L
S\{
b↑}

S
′{![U

,V{! 2
n
R

′
! 2

n
R

′
! 2

n
R

′}]}
p↓

S
′[!U

,?V{! n
R

′
! n

R
′

! n
R

′}]
∥∥
S
E
L
S\{
b↑}

S{! 1R
! 1R
! 1R}

b↑
,

S
(!R

,R
)

i.e.
the

m
arking

num
ber

is
m

ultiplied
by

2.
For

exam
ple,

the
derivation

![b,(b̄,![([!a
,?b],[c,c̄]),a])]

p↓
![b,(b̄,[?([!a

,?b],[c,c̄]),!a])]
ai↓

![b,(b̄,[?([!a
,?b],[c,c̄]),(!a

,[c,c̄])])]
w↓

![b,(b̄,[?([!a
,?b],[c,c̄]),([!a

,?b],[c,c̄])])]
p↓

[!b,?(b̄,[?([!a
,?b],[c,c̄]),([!a

,?b],[c,c̄])])]
b↓

[!b,?(b̄,?([!a
,?b],[c,c̄]))]

s
[!b,?(b̄,?[!a

,(?b,[c,c̄])])]
b↑

[!b,?(b̄,?[(!a
,a),(?b,[c,c̄])])]

4.4.
C

u
t

E
lim

in
ation

1
3
5

4.4.7
L
em

m
a

For
every

derivation

Q
π

Z
ρ

P

w
ith

ρ∈
{sp↑,sr↑}

and
π
∈
{p↓,r↓},

there
is

either
a

derivation

Q
ρ

Z
′

π
P

for
som

e
structure

Z
′
or

a
derivation

Q
ρ ′

Z
′

s
Z

′′
π ′

P

for
som

e
structures

Z
′
and

Z
′′

and
rules

ρ ′∈
{sp↑,sr↑}

and
π ′∈

{p↓
,r↓}.

P
ro

of:
C

onsider
the

derivation

Q
π

S
([∗R

,U
],[!T

,V
])

ρ
,

S
[∗(R

,T
),U

,V
]

w
here

ρ∈
{ sp↑,sr↑},∗∈

{?,!}
and

the
application

of
π
∈
{p↓,r↓}

is
nontrivial.

A
ccording

to
4.2.3,

the
cases

to
consider

are:

(4)
T

he
redex

of
π

is
inside

the
contractum

([∗R
,U

],[!T
,V

])
of

ρ
but

not
inside

R
,U

,T
or

V
.

T
here

are
the

follow
ing

five
subcases:

(i)
ρ

=
sp↑,∗

=
?,π

=
p↓

and
U

=
[!U

′,U
′′].

T
hen

S
([![R

,U
′],U

′′],[!T
,V

])
p↓

S
([?R

,!U
′,U

′′],[!T
,V

])
sp↑

yields
S

[?(R
,T

),!U
′,U

′′,V
]

S
([![R

,U
′],U

′′],[!T
,V

])
sr↑

S
[!([R

,U
′],T

),U
′′,V

]
s
S

[![(R
,T

),U
′],U

′′,V
]

p↓
.

S
[ ?(R

,T
),!U

′,U
′′,V

]

(ii)
ρ

=
sp↑,∗

=
?,π

=
p↓

and
V

=
[?V

′,V
′′].

T
hen

S
([?R

,U
],[![T

,V
′],V

′′])
p↓

S
([?R

,U
],[!T

,?V
′,V

′′])
sp↑

yields
S

[?(R
,T

),U
,?V

′,V
′′]

S
([?R

,U
],[![T

,V
′],V

′′])
sp↑

S
[?(R

,[T
,V

′]),U
,V

′′]
s
S

[?[(R
,T

),V
′],U

,V
′′]

r↓
.

S
[ ?(R

,T
),U

,?V
′,V

′′]

(iii)
ρ

=
sp↑,∗

=
?,π

=
r↓

and
U

=
[?U

′,U
′′].

T
hen

S
([?[R

,U
′],U

′′],[!T
,V

])
r↓

S
([?R

,?U
′,U

′′],[!T
,V

])
sp↑

yields
S

[?(R
,T

),?U
′,U

′′,V
]

S
([?[R

,U
′],U

′′],[!T
,V

])
sp↑

S
[?([R

,U
′],T

),U
′′,V

]
s
S

[?[(R
,T

),U
′],U

′′,V
]

r↓
.

S
[ ?(R

,T
),?U

′,U
′′,V

]

(iv)
ρ

=
sr↑,∗

=
!,π

=
p↓

and
U

=
[?U

′,U
′′].

T
hen

S
([![R

,U
′],U

′′],[!T
,V

])
p↓

S
([!R

,?U
′,U

′′],[!T
,V

])
sr↑

yields
S

[!(R
,T

),?U
′,U

′′,V
]

S
([![R

,U
′],U

′′],[!T
,V

])
sr↑

S
[!([R

,U
′],T

),U
′′,V

]
s

S
[![(R

,T
),U

′],U
′′,V

]
p↓

.
S

[ !(R
,T

),?U
′,U

′′,V
]
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3
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4.
T

h
e

M
u
lt
ip

li
ca

ti
v
e

E
x
p
on

en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

(4
)

T
he

re
de

x
of
d
s↓

is
in

si
de

th
e

co
nt

ra
ct

um
([

P
,U

],
[P

′ ,
V

])
of
sx
↑,

bu
t

no
t

in
si

de
a

pa
ss

iv
e

st
ru

ct
ur

e.
(R

em
ar

k:
If
sx
↑i

s
sa
i↑,

th
en

th
e

pa
ss

iv
e

st
ru

ct
ur

es
ar

e
U

an
d

V
.

If
sx
↑i

s
sp
↑o

r
sr
↑,

th
en

U
,V

,R
an

d
T

ar
e

pa
ss

iv
e

st
ru

ct
ur

es
.)

O
bs

er
ve

th
at

th
e

re
de

x
of
d
s↓

ca
nn

ot
be

in
si

de
P

or
P

′ b
ec

au
se

th
ey

ar
e

ne
it

he
r

a
pr

op
er

pa
r

no
r

a
pr

op
er

ti
m

es
.

T
he

re
fo

re
,t

he
re

ar
e

on
ly

tw
o

re
m

ai
ni

ng
ca

se
s.

(i
)

U
=

(U
′ ,

U
′′ )

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y
as

su
m

e
th

at
U

′ i
s

no
t

a
pr

op
er

ti
m

es
.

T
he

n

S
([

P
,U

′ ]
,
[P

′ ,
V

],
U

′′ )
d
s↓

S
([

P
,(

U
′ ,

U
′′ )

],
[P

′ ,
V

])
sx
↑

yi
el

ds
S

[P
′′ ,

(U
′ ,

U
′′ )

,V
]

S
([

P
,U

′ ]
,[

P
′ ,

V
],

U
′′ )

sx
↑

S
([

P
′′ ,

U
′ ,

V
],

U
′′ )

d
s↓

.
S

[P
′′ ,

(U
′ ,

U
′′ )

,V
]

(i
i)

V
=

(V
′ ,

V
′′ )

.
Si

m
ila

r
to

(i
).

(5
)

T
he

co
nt

ra
ct

um
([

P
,U

],
[P

′ ,
V

])
of
sx
↑

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

d
s↓

bu
t

no
t

in
si

de
a

pa
ss

iv
e

on
e.

In
th

e
m

os
t

ge
ne

ra
l

ca
se

w
e

ha
ve

th
at

S
([

P
,U

],
[P

′ ,
V

])
=

S
′ [

([
P

,U
],

[P
′ ,

V
],

W
),

Z
]

,

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
so

m
e

st
ru

ct
ur

es
W

an
d

Z
.

T
he

n

S
([

P
,U

,Z
],

[P
′ ,

V
],

W
)

d
s↓

S
′ [

([
P

,U
],

[P
′ ,

V
],

W
),

Z
]

sx
↑

yi
el

ds
S
′ [

([
P

′′ ,
U

,V
],

W
),

Z
]

S
([

P
,U

,Z
],

[P
′ ,

V
],

W
)

sx
↑

S
′ (

[P
′′ ,

U
,V

,Z
],

W
)

d
s↓

,
S
′ [

([
P

′′ ,
U

,V
],

W
),

Z
]

an
d

S
([

P
,U

],
[P

′ ,
V
,Z

],
W

)
d
s↓

S
′ [

([
P

,U
],

[P
′ ,

V
],

W
),

Z
]

sx
↑

yi
el

ds
S
′ [

([
P

′′ ,
U

,V
],

W
),

Z
]

S
([

P
,U

],
[P

′ ,
V
,Z

],
W

)
sx
↑

S
′ (

[P
′′ ,

U
,V

,Z
],

W
)

d
s↓

.
S
′ [

([
P

′′ ,
U

,V
],

W
),

Z
]

(6
)

T
he

re
de

x
of
d
s↓

an
d

th
e

co
nt

ra
ct

um
([

P
,U

],
[P

′ ,
V

])
of
sx
↑

ov
er

la
p.

A
s

in
th

e
pr

ev
io

us
le

m
m

a,
th

is
ca

se
is

im
po

ss
ib

le
.

��

O
bs

er
ve

th
at

th
e

ru
le

s
sa
i↑,
sp
↑a

nd
sr
↑d

o
no

t
pe

rm
ut

e
ov

er
th

e
ru

le
s.

Fo
r

ex
am

pl
e

in
th

e
de

ri
va

ti
on

S
([

a
,U

],
[(

[ā
,V

],
W

),
Z

])
s

S
[(

[a
,U

],
[ā

,V
],

W
),

Z
]

sa
i↑

S
[(

[U
,V

],
W

),
Z

]

it
is

un
cl

ea
r

ho
w

ho
w

th
e

ru
le
sa
i↑

co
ul

d
be

pe
rm

ut
ed

ov
er

th
e

sw
it

ch
.

T
hi

s
is

th
e

re
as

on
w

hy
th

e
de

ep
sw

it
ch

ha
s

be
en

in
tr

od
uc

ed
in

[G
ug

99
]i

n
th

e
fir

st
pl

ac
e.

4.
3.

D
ec

om
p
os

it
io

n
1
2
3

is
m

ar
ke

d
as

![
b,

(b̄
,!

2
[(

[!
4
a

!4
a

!4
a
,?

b]
,
[c

,c̄
])

,a
]

!2
[(

[!4
a

!4
a

!4
a
,?

b]
,[

c,
c̄
])

,a
]

!2
[(

[!
4
a

!4
a

!4
a
,?

b]
,
[c

,c̄
])

,a
])

]
p
↓ ![

b,
(b̄

,
[?

([
!2

a
!2

a
!2

a
,?

b]
,[

c,
c̄]

),
!2

a
!2

a
!2

a
])

]
ai
↓ ![

b,
(b̄

,
[?

([
!2

a
!2

a
!2

a
,?

b]
,
[c

,c̄
])

,(
!2

a
!2

a
!2

a
,[

c,
c̄]

)]
)]

w
↓ ![

b,
(b̄

,[
?(

[!2
a

!2
a

!2
a
,?

b]
,[

c,
c̄]

),
([

!2
a

!2
a

!2
a
,?

b
],

[c
,c̄

])
])

]
p
↓

[!
b,

?(
b̄,

[?
([

!1
a

!1
a

!1
a
,?

b]
,
[c

,c̄
])

,(
[!1

a
!1

a
!1

a
,?

b]
,[

c,
c̄
])

])
]

b
↓

[!
b,

?(
b̄,

?(
[!1

a
!1

a
!1

a
,?

b]
,[

c,
c̄]

))
]

s
[!
b,

?(
b̄,

?[
!1

a
!1

a
!1

a
,(

?b
,
[c

,c̄
])

])
]

b
↑

.
[!
b,

?(
b̄,

?[
(!

a
,a

),
(?

b,
[c

,c̄
])

])
]

O
bs

er
ve

th
at

it
m

ig
ht

ha
pp

en
th

at
on

e
m

ar
ki

ng
is

in
si

de
an

ot
he

r.
T

hi
s

ha
pp

en
s

if
on

e
m

ar
ki

ng
“i

s
pu

lle
d

in
si

de
”

an
ot

he
r

by
an

in
st

an
ce

of
p
↓

(a
s

in
th

e
ex

am
pl

e
ab

ov
e)

.
In

th
is

ca
se

th
e

m
ar

ki
ng

th
at

is
“p

ul
le

d
in

si
de

”
is

do
ub

le
d.

A
s

a
co

ns
eq

ue
nc

e
w

e
ha

ve
th

at
w

he
ne

ve
r

th
er

e
is

a
m

ar
ke

d
st

ru
ct

ur
e

!n
R

!n
R

!n
R

w
hi

ch
ha

s
ot

he
r

m
ar

ki
ng

s
in

si
de

,
th

en
th

os
e

m
ar

ki
ng

s
ar

e
ev

en
.

Fo
r

no
ta

ti
on

al
co

nv
en

ie
nc

e,
le

t
in

th
e

fo
llo

w
in

g
R

∗
de

no
te

th
e

st
ru

ct
ur

e
R

w
he

re
al

l
m

ar
ki

ng
s

in
si

de
R

ar
e

di
vi

de
d

by
tw

o.
(I

w
ill

us
e

th
is

on
ly

fo
r

st
ru

ct
ur

es
R

,
w

he
re

al
l

m
ar

ki
ng

s
ar

e
ev

en
.)

Fu
rt

he
r,

le
t

R
⊕

de
no

te
th

e
st

ru
ct

ur
e

R
w

he
re

al
l

m
ar

ki
ng

s
in

si
de

R
ar

e
m

ul
ti

pl
ie

d
by

tw
o.

D
ur

in
g

th
e

ru
n

of
th

e
A

lg
or

it
hm

4.
3.

28
,

th
e

m
ar

ki
ng

s
ar

e
no

w
re

m
ov

ed
as

fo
llo

w
s:

•
In

ca
se

s
(1

)
an

d
(2

)
re

pl
ac

e S
′ {!

n
R

!n
R

!n
R
}

π
S
{!n

R
!n

R
!n

R
}

b
↑

by
S

(!
R

∗,
R

∗)

S
′ {!

n
R

!n
R

!n
R
}

b
↑ S

′ (
!R

∗,
R

∗)
π

.
S

(!
R

∗,
R

∗)

•
In

ca
se

(4
)

re
pl

ac
e

S
{!n

R
′

!n
R

′
!n

R
′ }

π
S
{!n

R
!n

R
!n

R
}

b
↑

by
S

(!
R

∗,
R

∗)

S
{!n

R
′

!n
R

′
!n

R
′ }

b
↑ S

(!
R

′ ∗,
R

′ ∗)
π

S
(!

R
′ ∗,

R
∗)

π
.

S
(!

R
∗,

R
∗)

•
In

ca
se

(5
.i)

re
pl

ac
e S
′ {!

n
[R

,T
⊕

]
!n

[R
,T

⊕
]

!n
[R

,T
⊕

]}
p
↓

S
′ [

!n
R

!n
R

!n
R

,?
T

]
b
↑

by
S
′ [

(!
R

∗,
R

∗)
,?

T
]

S
′ {!

n
[R

,T
⊕

]
!n

[R
,T

⊕
]

!n
[R

,T
⊕

]}
b
↑ S

′ (
![
R

∗,
T

],
[R

∗,
T

])
p
↓ S

′ (
[!
R

∗,
?T

],
[R

∗,
T

])
s

S
′ [

([
!R

∗,
?T

],
R

∗)
,T

]
s

S
′ [

(!
R

∗,
R

∗)
,?

T
,T

]
b
↓

.
S
′ [

(!
R

∗,
R

∗)
,?

T
]

•
In

ca
se

(5
.ii

)
re

pl
ac

e

S
′ {⊥
}

w
↓ S

′ {?
S
′′ {

!n
R

!n
R

!n
R
}}

b
↑

by
S
′ {?

S
′′ (

!R
∗,

R
∗)
}

S
′ {⊥
}

w
↓

.
S
′ {?

S
′′ (

!R
∗,

R
∗)
}



1
2
4

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

•
In

case
(5.iii)

replace

S
′[?S

′′{! n
R

! n
R

! n
R},S

′′{! n
R

! n
R

! n
R}]

b↓
S
′{?S

′′{! n
R

! n
R

! n
R}}

b↑
by

S
′{?S

′′(!R
∗ ,R

∗ )}

S
′[?S

′′{! n
R

! n
R

! n
R},S

′′{! n
R

! n
R

! n
R}]

b↑
S
′[?S

′′(!R
∗ ,R

∗ ),S
′′{! n

R
! n

R
! n

R}]
b↑

S
′[?S

′′(!R
∗ ,R

∗ ),S
′′(!R

∗ ,R
∗ )]

b↓
.

S
′{?S

′′(!R
∗ ,R

∗ )}
A

ll
instances

of
b↑

travelup
along

a
!-chain

that
has

been
m

arked
in

the
beginning.

Since
in

the
beginning

there
w

as
only

one
instance

of
b↑,

each
m

arked
!-chain

can
be

used
only

once
(and

is
used

exactly
once)

by
an

instance
of
b↑,and

then
the

m
arking

is
rem

oved.
B

ut
it

m
ight

happen
that

new
m

arkings
are

introduced
during

the
process

because
the

length
of

the
derivation

can
increase.

For
a

given
structure

S
let

σ(S
)

denote
the

sum
of

the
m

arkings
inside

S
.

(For
exam

ple
for

S
=

![b,(b̄,! 2[([! 4a
! 4a
! 4a

,?b],[c,c̄]),a]
! 2[([! 4a

! 4a
! 4a

,?b],[c,c̄]),a]
! 2[([! 4a

! 4a
! 4a

,?b],[c,c̄]),a])]
w

e
have

σ(S
)

=
6.)

T
hen,

for
any

tw
o

structures
S

and
S
′

occurring
in

∆
,

such
that

S
′

occurs
above

S
,

w
e

have
σ(S

′)
�

σ(S
).

Further,
during

the
process

of
perm

uting
up
b↑,

the
value

σ(S
)

never
increases

for
a

structure
S

occurring
in

∆
.

W
hen

a
new

structure
S
′

is
inserted

(in
cases

(4),
(5.i)

and
(5.iii)),

w
e

have
σ(S

′)
=

σ(S
)

for
som

e
structure

S
occurring

below
S
′.

W
ith

this
observation

w
e

can
show

term
ination

by
assigning

to
∆

a
pair 〈n

∆
,m

∆ 〉
∈

N
×

N
,

w
here

N
×

N
is

endow
ed

w
ith

the
lexicographic

ordering
〈n

,m 〉
< 〈n ′,m

′ 〉
⇐⇒

n
<

n ′
or

n
=

n ′
and

m
<

m
′

.

and
the

values
of

n
∆

and
m

∆
are

defined
as

follow
s:

D
uring

the
process

of
perm

uting
up

b↑,the
derivation

has
alw

ays
the

shape

T

∆
1 ∥∥{
b↑}

T
′

∆
2 ∥∥
S
E
L
S\{
b↑}

S{! n
R

! n
R

! n
R}

b↑
,

S
(!R

,R
)

∆
3 ∥∥
S
E
L
S

U

w
here

∆
1

contains
the

instances
of
b↑

that
already

have
reached

the
top

and
∆

2
is

nontrivial
and

the
instance

of
b↑

betw
een

∆
2

and
∆

3
is

the
topm

ost
to

be
perm

uted
up.

N
ow

let
n

∆
=

σ(T
′)

and
m

∆
=

length(∆
2 ).

T
hen

w
e

have
that 〈n

∆
,m

∆ 〉
strictly

decreases
in

each
perm

utation
step

and
w

e
have 〈n

∆
,m

∆ 〉
= 〈0,0 〉

w
hen

all
instances

of
b↑

have
reached

the
top.

��

4.3.30
L
em

m
a

T
he
b↑up

algorithm
term

inates
for

any
input

derivation
T

∆‖
S
E
L
S

R
.

P
ro

of:
A

pply
L

em
m

a
4.3.29

to
every

instance
of
b↑

in
∆

.
��

T
he

dual
procedure

to
b↑up

is
b↓d
ow
n,

in
w

hich
all

instances
of
b↓

are
m

oved
dow

n
in

the
derivation.

4.4.
C

u
t

E
lim

in
ation

1
3
3

the
passive

structures
R

,R
′,T

or
U

.
O

nly
one

case
is

possible
(π

=
d
s↓):

S
([R

,T
],R

′,U
)

d
s↓

S
([(R

,R
′),T

],U
)

n
s↑

yields
S

[(R
,R

′,U
),T

]

S
([R

,T
],R

′,U
)

d
s↓

.
S

[(R
,R

′,U
),T

]

(5)
T

he
contractum

([(R
,R

′),T
],U

)
of
n
s↑

is
inside

an
active

structure
of

the
redex

of
π

but
not

inside
a

passive
one.

T
hen

π
=
d
s↓

and

S
([(R

,R
′),T

],U
)

=
S
′[([(R

,R
′),T

],U
,V

),W
]

.

T
here

are
tw

o
possibilities:

S
′([(R

,R
′),T

,W
],U

,V
)

d
s↓

S
′[([(R

,R
′),T

],U
,V

),W
]

n
s↑

yields
S
′[([(R

,R
′,U

),T
],V

),W
]

S
′([(R

,R
′),T

,W
],U

,V
)

n
s↑

S
′([(R

,R
′,U

),T
,W

],V
)

d
s↓

,
S
′[([(R

,R
′,U

),T
],V

),W
]

and

S
′([(R

,R
′),T

],[U
,W

],V
)

d
s↓

S
′[([(R

,R
′),T

],U
,V

),W
]

n
s↑

yields
S
′[([(R

,R
′,U

),T
],V

),W
]

S
′([(R

,R
′),T

],[U
,W

],V
)

n
s↑

S
′([(R

,R
′,[U

,W
]),T

],V
)

d
s↓

S
′([(R

,R
′,U

),T
,W

],V
)

d
s↓

.
S
′[([(R

,R
′,U

),T
],V

),W
]

N
ote:

T
he

second
case

is
only

possible
if

U
is

not
a

proper
tim

es.

(6)
T

he
redex

of
π

and
the

contractum
([(R

,R
′),T

],U
)

of
n
s↑

overlap.
T

his
is

im
possible,

because
the

redex
of

π
is

alw
ays

a
par

structure
w

hich
cannot

properly
overlap

w
ith

a
tim

es
structure.

��
4.4.5

P
rop

osition
For

every
proof

−‖
E
L
S\{
b↓

,w↓}
R

there
is

a
proof

−‖
dE
L
S\{
b↓

,w↓}
R

,
and

for
every

proof
−‖
E
L
S
r\{
b↓

,w↓}
R

there
is

a
proof

−‖
dE
L
S
r\{
b↓

,w↓}
R

.

P
ro

of:
A

ll
instances

of
nondeep

sw
itch

are
perm

uted
up

applying
L

em
m

a
4.4.4.

T
hey

either
disappear

or
reach

the
top

ofthe
proof.

In
this

case
they

m
ust

be
trivialbecause

the
prem

ise
is
1.

��
4.4.6

L
em

m
a

T
he

rules
sai↑,

sp↑
and
sr↑

perm
ute

over
the

rule
d
s↓.

P
ro

of:
A

ll
three

rules
are

of
the

shapeS
([P

,U
],[P

′,V
])

sx↑
S

[P
′′,U

,V
]

,

w
here

neither
P

nor
P

′is
a

proper
par

or
a

proper
tim

es.
N

ow
consider

the
derivation

Q
d
s↓

S
([P

,U
],[P

′,V
])

sx↑
,

S
[P

′′,U
,V

]

w
here

the
application

of
d
s↓

is
nontrivial.

A
ccording

to
4.2.3,

the
cases

to
consider

are:
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T

h
e

M
u
lt
ip
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ca

ti
v
e

E
x
p
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en
ti
al

F
ra

gm
en

t
of

L
in

ea
r

L
og

ic

− ‖S
E
L
S
∪{
1↓

}
R

1 �

1
↓
1 ‖{
ai
↓}

T
3 ‖{
s,
p
↓,p

↑}
R

3 ‖{
ai
↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

=

1
↓
1 ‖{
ai
↓}

T
3 ‖{
d
s↓

,n
s↑

,p
↓,s
p
↑}

R
3 ‖{
sa
i↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

2 �

1
↓
1 ‖{
ai
↓}

T
′ 3 ‖{
d
s↓

,p
↓,r

↓}
R

3 ‖{
sa
i↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

3 �

1
↓
1 ‖{
ai
↓,d
s↓

,p
↓,r

↓}
R

2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

4 �
− ‖d
E
L
S

R

F
ig

ur
e

4.
13

:
C

ut
el

im
in

at
io

n
fo

r
sy

st
em
S
E
L
S
∪
{1
↓}

an
d

ac
co

rd
in

gl
y

dE
L
S
r

=
dE
L
S
∪
{r
↓}

=
{1
↓,
ai
↓,
d
s↓

,p
↓,
r↓

,w
↓,
b
↓}

,

B
ot

h
ru

le
s,

th
e

de
ep

sw
it

ch
an

d
th

e
no

nd
ee

p
sw

it
ch

,
ar

e
in

st
an

ce
s

of
th

e
sw

it
ch

ru
le

,
an

d
ev

er
y

in
st

an
ce

of
th

e
sw

it
ch

ru
le

is
ei

th
er

an
in

st
an

ce
of

de
ep

sw
it

ch
or

an
in

st
an

ce
of

no
nd

ee
p

sw
it

ch
.

N
ow

w
e

ha
ve

al
lt

he
su

ffi
ci

en
t

m
at

er
ia

lt
o

ou
tl

in
e

th
e

sc
he

m
e

of
th

e
fu

ll
cu

t
el

im
in

at
io

n
pr

oo
f

(s
ho

w
n

in
F

ig
ur

e
4.

13
).

W
e

st
ar

t
by

ap
pl

yi
ng

C
or

ol
la

ry
4.

4.
1.

T
he

n,
al

l
in

st
an

ce
s

of
th

e
ru

le
s

ar
e

re
pl

ac
ed

by
d
s↓

or
n
s↑

,
an

d
al

l
in

st
an

ce
s

of
p
↑a

nd
ai
↑a

re
re

pl
ac

ed
by

th
ei

r
su

pe
r

ru
le

s.
T

he
n,

al
l

in
st

an
ce

s
of

th
e

ru
le

s
n
s↑

,
sp
↑

an
d
sr
↑

ar
e

pe
rm

ut
ed

ov
er
ai
↓,
d
s↓

,
p
↓

an
d
r↓

in
St

ep
2

(i
n

th
is

st
ep

th
e

ru
le

s
sr
↑a

nd
r↓

ar
e

in
tr

od
uc

ed
).

In
St

ep
3,

th
e

ru
le

sa
i↑

is
pe

rm
ut

ed
up

.
F

in
al

ly
,t

he
ru

le
r↓

is
el

im
in

at
ed

.
O

bs
er

ve
,t

ha
t

by
th

is
pr

oc
ed

ur
e,

w
e

ob
ta

in
a

re
su

lt
w

hi
ch

is
st

ro
ng

er
th

an
T

he
or

em
4.

1.
8,

be
ca

us
e

w
e

ob
ta

in
a

pr
oo

f
in

sy
st

em
dE
L
S

in
st

ea
d

of
E
L
S
.

4.
4.

4
L
em

m
a

T
he

ru
le
n
s↑

pe
rm

ut
es

ov
er

th
e

ru
le

s
ai
↓,
d
s↓

,
p
↓a

nd
r↓

by
th

e
ru

le
d
s↓

.

P
ro

of
:

C
on

si
de

r
th

e
de

ri
va

ti
on

Q
π

S
([

(R
,R

′ )
,T

],
U

)
n
s↑

S
[(

R
,R

′ ,
U

),
T

]

,

w
he

re
th

e
ap

pl
ic

at
io

n
of

π
∈
{a
i↓,
d
s↓

,p
↓,
r↓
}

is
no

nt
ri

vi
al

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
R

is
no

t
a

pr
op

er
ti

m
es

.
A

cc
or

di
ng

to
4.

2.
3,

th
e

ca
se

s
to

co
ns

id
er

ar
e:

(4
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ra

ct
um

([
(R

,R
′ )
,T

],
U

)
of
n
s↑

,b
ut

no
t

in
si

de
on

e
of

4.
3.

D
ec

om
p
os

it
io

n
1
2
5

4.
3.

31
A

lg
or

it
h
m
b
↓d
ow
n

fo
r

p
er

m
u
ti

n
g

ab
so

rp
ti

on
d
ow

n
R

ep
ea

t
th

e
fo

llo
w

in
g

un
ti

l
al

l
in

st
an

ce
s

of
b
↓

ar
e

at
th

e
bo

tt
om

of
th

e
de

ri
va

ti
on

.
C

on
si

de
r

th
e

bo
tt

om
m

os
t

oc
cu

rr
en

ce
of

a
su

bd
er

iv
at

io
n

S
[?

T
,T

]
b
↓

S
{?

T
}

ρ
,

P

w
he

re
ρ
�=
b
↓.

T
he

po
ss

ib
le

ca
se

s
ar

e
(d

ua
lt

o
4.

2.
3)

:

(1
)

T
he

co
nt

ra
ct

um
of

ρ
is

in
si

de
S
{
},

or

(2
)

th
e

re
de

x
?T

of
b
↓i

s
in

si
de

a
pa

ss
iv

e
st

ru
ct

ur
e

of
th

e
co

nt
ra

ct
um

of
ρ
.

T
he

n
re

pl
ac

e

S
[?

T
,T

]
b
↓

S
{?

T
}

ρ
by

S
′ {?

T
}

S
[?

T
,T

]
ρ

S
′ [

?T
,T

]
b
↓

.
S
′ {?

T
}

(4
)

T
he

co
nt

ra
ct

um
of

ρ
is

in
si

de
th

e
re

de
x

?T
of
b
↓T

he
n

re
pl

ac
e

S
[?

T
,T

]
b
↓

S
{?

T
}

ρ
by

S
{?

T
′ }

S
[?

T
,T

]
ρ

S
[?

T
,T

′ ]
ρ

S
[?

T
′ ,

T
′ ]

b
↓

.
S
{?

T
′ }

(5
)

T
he

re
de

x
?T

of
b
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

co
nt

ra
ct

um
of

ρ
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

he
n

th
er

e
ar

e
th

re
e

ca
se

s:

(i
)

If
ρ

=
p
↑a

nd
S
{?

T
}=

S
′ (

!R
,?

T
),

th
en

re
pl

ac
e

S
′ (

!R
,[

?T
,T

])
b
↓

S
′ (

!R
,?

T
)

p
↑

by
S
′ {?

(R
,T

)}

S
′ (

!R
,[

?T
,T

])
b
↑ S

′ (
!R

,R
,[

?T
,T

])
s
S
′ (

[(
!R

,?
T

),
T

],
R

)
s
S
′ [

(!
R

,?
T

),
(R

,T
)]

p
↑

S
′ [

?(
R

,T
),

(R
,T

)]
b
↓

.
S
′ {?

(R
,T

)}
(i

i)
If

ρ
=
w
↑a

nd
S
{?

T
}=

S
′ {!

S
′′ {

?T
}}

,
th

en
re

pl
ac

e

S
′ {!

S
′′ [

?T
,T

]}
b
↓

S
′ {!

S
′′ {

?T
}}

w
↑

by
S
′ {1
}

S
′ {!

S
′′ [

?T
,T

]}
w
↑

.
S
′ {1
}

(i
ii)

If
ρ

=
b
↑a

nd
S
{?

T
}=

S
′ {!

S
′′ {

?T
}}

,
th

en
re

pl
ac

e

S
′ {!

S
′′ [

?T
,T

]}
b
↓

S
′ {!

S
′′ {

?T
}}

b
↑

by
S
′ (

!S
′′ {

?T
},

S
′′ {

?T
})

S
′ {!

S
′′ [

?T
,T

]}
b
↑ S

′ (
!S

′′ [
?T

,T
],

S
′′ [

?T
,T

])
b
↓

S
′ (

!S
′′ [

?T
,T

],
S
′′ {

?T
})

b
↓

.
S
′ (

!S
′′ {

?T
},

S
′′ {

?T
})

R
em

ar
k:

C
as

es
(3

)
an

d
(6

)
ar

e
im

po
ss

ib
le

.
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T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

4.3.32
L
em

m
a

T
he
b↓d
ow
n

procedure
term

inates
for

every
input

derivation
T

∆‖
S
E
L
S

R
and

yields
a

derivation

T
∆

′‖
S
E
L
S\{
b↓}

R
′

∆
′′‖{
b↓}

R

.

P
ro

of:
D

ual
to

L
em

m
a

4.3.30.
��

4.3.33
A

lgorith
m
b↑↓sp

lit
for

sep
aratin

g
ab

sorp
tion

an
d

coab
sorp

tion

I.
If

there
are

no
subderivations

of
the

shapeQ
π

U
b↑

,
P

w
here

π
�=
b↑,

or
of

the
shape

Q
b↓

V
ρ

,
P

w
here

ρ�=
b↓,

then
term

inate.

II.
P

erm
ute

all
instances

of
b↑

up
by

applying
b↑up.

III.
P

erm
ute

all
instances

of
b↓

dow
n

by
applying

b↓d
ow
n.

IV
.

G
o

to
Step

I.

L
em

m
a

4.3.30
and

L
em

m
a

4.3.32
ensure

that
each

step
ofA

lgorithm
4.3.33

(depicted
in

F
igure

4.7,
page

99)
does

term
inate.

It
rem

ains
to

show
that

the
w

hole
algorithm

b↑↓sp
lit

does
term

inate
eventually.

4.3.34
L
em

m
a

Let
∆

be
a

derivation
that

does
not

contain
a

prom
otion

cycle.
T

hen
the

algorithm
b↑↓sp

lit
does

term
inate

for
∆

.

P
ro

of:
W

ithout
loss

of
generality,

let
∆

be
the

outcom
e

of
a

run
of
b↓d
ow
n,

i.e.
there

are
no

instances
of
b↓

to
consider.

Since
∆

is
finite,it

contains
only

finitely
m

any
instances

of
b↑.

H
ence,

there
are

only
finitely

m
any

chains,
say

χ
1 ,...,χ

n ,
that

have
the

contractum
!R

of
a
b↑

as
tail.

M
ark

all
those

chains
w

ith
!!! �

and
??? �

as
in

the
previous

section,
and

let
li

=
l(χ

i )
be

the
length

of
χ

i
(see

D
efinition

4.3.13)
for

each
i

=
1,...,n.

N
ow

run
b↑up

and
rem

ove
the

m
arkings

!!! �
as

in
the

proof
of

L
em

m
a

4.3.29
w

hile
the

instances
of
b↑

are

4.4.
C

u
t

E
lim

in
ation

1
3
1

i.e.
derivable

in
system

S
E
L
S:

S{?[R
,T

]}
=

S
(!1

,?[R
,T

])
i↓

S
(![R

,T
,(R̄

,T̄
)],?[R

,T
])

p↓
S

([?R
,![T

,(R̄
,T̄

)]],?[R
,T

])
p↓

S
([?R

,?T
,!(R̄

,T̄
)],?[R

,T
])

s
S

[?R
,?T

,(!(R̄
,T̄

),?[R
,T

])]
i↑

S
[?R

,?T
,⊥

]
=

.
S

[?R
,?T

]

For
technicalreasons,Iw

as
not

able
to

sim
ply

elim
inate

the
rule
p↑.

Instead,Iw
illelim

inate
the

rules
p↑

and
r↑

sim
ultaneously,w

ith
the

result
that

instances
of
r↓

m
ight

be
introduced.

T
hose

instances
w

ill
be

elim
inated

afterw
ards.

For
this

reason,
let

m
e

define
system

E
L
S
r

to
be

system
E
L
S

extended
by
r↓,i.e.E

L
S
r

=
E
L
S∪
{r↓}

.

A
ll

three
rules

p↑,
r↑

and
ai↑

are
rem

oved
by

a
m

ethod
that

has
already

been
used

in
[G

ug99]
for

proving
the

cut
elim

ination
for

system
B
V

,
nam

ely,
by

rem
oving

the
super

rules
sp↑,
sr↑

and
sai↑,

respectively:

S
([?R

,U
],[!T

,V
])

sp↑
S

[?(R
,T

),U
,V

]
,

S
([!R

,U
],[!T

,V
])

sr↑
S

[!(R
,T

),U
,V

]
and

S
([a

,U
],[ā

,V
])

sai↑
S

[U
,V

]
.

O
bserve

that
the

three
rules

p↑,
r↑

and
ai↑

are
instances

of
their

super
rules

sp↑,
sr↑

and
sai↑,

respectively.
I

w
ill

now
show

that
every

super
rule

can
be

perm
uted

up
in

the
proof

untilit
disappears

or
its

application
becom

es
trivial.

B
efore

w
e

can
start,

a
few

m
ore

definitions
are

necessary.

4.4.2
D

efi
n
ition

A
structure

R
is

called
a

proper
par,

if
there

are
tw

o
structures

R
′

and
R

′′w
ith

R
=

[R
′,R

′′]
and

R
′�=
⊥
�=

R
′′.

Sim
ilarly,

a
structure

R
is

a
proper

tim
es,

if
there

are
tw

o
structures

R
′and

R
′′w

ith
R

=
(R

′,R
′′)

and
R

′�=
1�=

R
′′.

4.4.3
D

efi
n
ition

L
et

deep
sw

itch
be

the
rule

S
([R

,T
],U

)
d
s↓

S
[(R

,U
),T

]
,

w
here

the
structure

R
is

not
a

proper
tim

es.
T

he
rule

S
([(R

,R
′),T

],U
)

n
s↑

S
[(R

,R
′,U

),T
]

,

w
here

R
�=
1�=

R
′,w

illbe
called

nondeep
sw

itch.
L

et
deep

system
E
L
S

(or
system

dE
L
S)

be
the

system
that

is
obtained

from
system

E
L
S

by
replacing

the
sw

itch
rule

by
deep

sw
itch:

dE
L
S

=
{1↓,ai↓,d

s↓,p↓,w↓
,b↓}

,
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4.
T

h
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M
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lt
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li
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ti
v
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E
x
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en
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F
ra
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en

t
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L
in

ea
r

L
og

ic

4.
4.

1
C

or
ol

la
ry

Fo
r

ev
er

y
pr

oo
f
−

Π
‖S
E
L
S
∪{
1↓

}
R

,
th

er
e

is
a

pr
oo

f

1
↓
1 ‖{
ai
↓}

T
3 ‖{
s,
p
↓,p

↑}
R

3 ‖{
ai
↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

fo
r

so
m

e
st

ru
ct

ur
es

R
1
,R

2
,R

3
an

d
T

3
.

P
ro

of
:

A
pp

ly
T

he
or

em
4.

3.
2

to
th

e
de

ri
va

ti
on

1 ‖S
E
L
S

R
w

hi
ch

is
ob

ta
in

ed
fr

om
Π

by
re

-
m

ov
in

g
th

e
ax

io
m

.
T

hi
s

yi
el

ds
a

de
ri

va
ti

on

1
∆

1
‖{
b
↑}

T
1

∆
2
‖{
w
↑}

T
2

∆
3
‖{
ai
↓}

T
3

∆
4
‖{
s,
p
↓,p

↑}
R

3

∆
5
‖{
ai
↑}

R
2

∆
6
‖{
w
↓}

R
1

∆
7
‖{
b
↓}

R

.

N
ow

ev
er

y
ap

pl
ic

at
io

n
of
b
↑

in
∆

1
m

us
t

be
tr

iv
ia

l,
i.e

.
of

th
e

sh
ap

e
(!
1
,1

)
b
↑

!1
.

H
en

ce

T
1

=
1
.

T
he

sa
m

e
is

tr
ue

fo
r

th
e

ap
pl

ic
at

io
ns

of
w
↑i

n
∆

2
.

H
en

ce
T

2
=
1
.
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s
sh
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s

th
at

th
e

no
nc

or
e

ru
le

s
w
↑

an
d
b
↑

ar
e

ad
m

is
si

bl
e.

C
on

si
de

r
no

w
th

e
tw

o
ru

le
s

S
{?

[R
,T
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r↓

S
[?

R
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an
d

S
(!

R
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T
)

r↑
S
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R
,T
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T
he

fo
llo

w
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g
de
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va
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r
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P
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.
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=
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=
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fo
r
b
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m
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a
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=
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χ
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4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

b↓d
ow
n,every

!-chain
w

ith
head

in
R

1
has

a
counterpart

!-chain
w

ith
head

in
R

2,and
vice

versa.
Sim

ilarly,
all

?-chains
w

ith
tail

in
R

1
and

R
2

correspond
to

each
other.

T
his

m
eans

that
w

e
can

construct
from

χ
a

new
prom

otion
cycle

χ ′by
replacing

each
subchain

of
χ

w
ith

head
or

tail
inside

R
1

by
the

corresponding
chain

w
ith

head
or

tail
in

R
2.

T
hen

the
new

cycle
is

not
forked

by
b↑ ∧

since
there

are
no

m
ore

links
inside

R
1.

H
ence,

the
cycle

χ ′
is

forked
by

k
χ
′

=
k

χ −
1

instances
of
b↑,

w
hich

is
a

contradiction
to

the
induction

hypothesis.
��

4.3.36
P

rop
osition

For
every

derivation
T

∆‖
S
E
L
S

R
there

is
a

derivation

T
∆

1 ‖{
b↑}

T
′

∆
′‖
S
E
L
S\{
b↓

,b↑}
R

′

∆
2 ‖{
b↓}

R

.

P
ro

of:
A

pply
the

algorithm
b↑↓sp

lit,w
hich

term
inates

by
L

em
m

ata
4.3.35

and
4.3.34.

��
T

his
com

pletes
the

proof
of

the
first

decom
position

theorem
.

For
the

second
decom

po-
sition,

w
e

have
to

separate
w

eakening
and

cow
eakening.

4.3.37
P

rop
osition

For
every

derivation
T

∆‖
S
E
L
S\{
b↓

,b↑}
R

there
is

a
derivation

T
∆

1 ‖{
w↑}

T
′

∆
′‖
S
E
L
S\{
b↓

,b↑
,w↓

,w↑}
R

′

∆
2 ‖{
w↓}

R

.

P
ro

of:
F

irst,
all

instances
of
w↑

inside
∆

are
perm

uted
up

to
the

top
of

the
derivation.

For
this,consider

the
topm

ost
subderivation

Q
π

S{!R}
w↑

,
S{
1}

w
here

π
∈
S
E
L
S\{b↓

,b↑
,w↑}

is
nontrivial.

A
ccording

to
4.2.3

there
are

the
follow

ing
cases:

(4)
T

he
redex

of
π

is
inside

an
active

structure
ofthe

contractum
!R

of
w↑.

T
hen

replace

S{!R
′}

π
S{!R}

w↑
by

S{
1}

S{!R
′}

w↑
.

S{
1}

4.4.
C

u
t

E
lim

in
ation

1
2
9

(5)
T

he
contractum

!R
of
w↑

is
inside

an
active

structure
ofthe

redex
of

π
but

not
inside

a
passive

one.
T

here
are

tw
o

possibilities:

(i)
π

=
p↓

and
S{!R}

=
S
′[!R

,?T
]

for
som

e
context

S
′{
}

and
som

e
structure

T
.

T
hen

replace

S
′{![R

,T
]}

p↓
S
′[!R

,?T
]

w↑
by

S
′[1

,?T
]

S
′{![R

,T
]}

w↑
S
′{
1}

=
S
′[1

,⊥
]

w↓
.

S
′[1

,?T
]

(ii)
π

=
w↓

and
S{!R}

=
S
′{?S

′′{!R}}
for

som
e

contexts
S
′{
}

and
S
′′{
}.

T
hen

replace
S
′{⊥}

w↓
S
′{?S

′′{!R}}
w↑

by
S
′{?S

′′{
1}}

S
′{⊥}

w↓
.

S
′{?S

′′{1}}
(6)

T
he

contractum
!R

of
w↑

and
the

redex
of

π
(properly)

overlap.
T

his
is

im
possible.

T
his

term
inates

because
the

num
ber

of
instances

of
w↑

does
not

increase
and

allreach
the

top
eventually.

T
hen,

proceed
dually,

to
perm

ute
all

instances
of
w↓

dow
n

to
the

bottom
of

the
derivation.

R
epeat

the
perm

uting
up

of
w↑

and
the

perm
uting

dow
n

of
w↓

until
the

derivation
has

the
desired

shape.
It

rem
ains

to
show

that
this

does
indeed

term
inate,

because
during

the
perm

uting
up

of
w↑

new
instances

of
w↓

are
introduced

and
during

the
perm

uting
dow

n
of
w↓

new
instances

of
w↑

are
introduced.

T
he

only
possibility

of
introducing

a
new

w↓
w

hile
a
w↑

is
perm

uted
up,is

in
case

(5.i),
w

hen
the
w↑

m
eets

a
p↓.

B
ut

then
this
p↓

disappears.
Since

the
num

ber
of

instances
of
p↓

in
the

initial
derivation

is
finite

and
this

num
ber

is
not

increased
during

the
process

of
perm

uting
w↑

up
and
w↓

dow
n,the

w
hole

process
m

ust
term

inate
eventually.

��

4
.4

C
u
t

E
lim

in
a
tio

n

In
this

section,I
w

illuse
the

second
decom

position
theorem

together
w

ith
the

technique
of

perm
uting

rules
to

show
that

the
up

fragm
ent

of
system

S
E
L
S

is
adm

issible.
M

ore
precisely,the

second
decom

position
theorem

is
used

to
show

that
the

rules
b↑

and
w↑

(i.e.
the

noncore
up

rules)
are

adm
issible.

T
hen,

the
rules

p↑
and

ai↑
are

elim
inated

by
using

the
technique

that
has

already
been

em
ployed

by
G

.
G

entzen
[G

en34]:
For

both
rules,I

w
illgive

a
super

rule
that

is
m

ore
generaland

that
helps

in
the

book-keeping
ofthe

context.
T

he
super

rules
are

perm
uted

over
all

other
rules

until
they

reach
the

top
of

the
proof

w
here

they
disappear.

T
his

perm
utability

is
distributed

over
several

lem
m

ata.
If

new
rules

are
added

to
the

system
,then

those
lem

m
ata

rem
ain

valid:
Ifrule

ρ
perm

utes
over

rule
π,then

the
introduc-

tion
ofa

rule
σ

does
not

change
this

fact.
T

his
m

odularity
in

the
cut

elim
ination

argum
ent

is
not

available
in

the
sequent

calculus.
L

et
m

e
now

start
w

ith
the

first
step,

w
hich

is
a

corollary
of

the
second

decom
position

theorem
(T

heorem
4.3.2).
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th

is
se

ct
io

n
lo

ok
ra

th
er

in
vo

lv
ed

.
B

ut
th

e
re

ad
er

sh
ou

ld
ke

ep
in

m
in

d
th

at
th

is
is

no
t

th
e

ca
se

.
W

e
ha

ve
he

re
ju

st
an

ot
he

r
ex

am
pl

e,
w

he
re

sy
nt

ax
is

an
ob

st
ac

le
to

sh
or

t
an

d
co

nc
is

e
pr

oo
fs

.
T

hi
s

m
ea

ns
th

at
w

ha
t

ha
s

be
en

sa
id

in
th

e
pr

ev
io

us
ch

ap
te

r
do

es
al

so
ap

pl
y

he
re

:
th

e
im

pa
ti

en
t

re
ad

er
is

in
vi

te
d

to
re

ad
on

ly
th

e
st

at
em

en
ts

of
th

e
th

eo
re

m
s

at
th

e
be

gi
nn

in
g

of
ea

ch
su

bs
ec

ti
on

an
d

sk
ip

th
e

pr
oo

fs
.

5
.3

.1
S
ep

ar
a
ti
o
n

o
f
A
to

m
ic

C
o
n
tr

a
ct

io
n

T
he

fir
st

th
eo

re
m

de
al

s
w

it
h

at
om

ic
co

nt
ra

ct
io

n.
T

he
in

tu
it

io
n

be
hi

nd
co

nt
ra

ct
io

n
is

to
co

py
pa

rt
s

of
a

st
ru

ct
ur

e
to

m
ak

e
th

em
us

ab
le

m
or

e
th

an
on

ce
in

a
pr

oo
f

or
de

ri
va

ti
on

.
T

hi
s

in
tu

it
io

n
te

lls
us

th
at

it
sh

ou
ld

be
po

ss
ib

le
to

co
py

fir
st

ev
er

yt
hi

ng
as

m
uc

h
as

it
is

4.
4.

C
u
t

E
li
m

in
at

io
n

1
3
7

(i
)

π
=
ai
↓a

nd
U

=
[ā

,U
′ ]

.
T

he
n

S
([
1
,U

′ ]
,[

ā
,V

])
ai
↓ S

([
a
,ā

,U
′ ]
,
[ā

,V
])

sa
i↑

yi
el

ds
S

[ā
,U

′ ,
V

]

S
([
1
,U

′ ]
,[

ā
,V

])
d
s↓

.
S

[(
1
,[

ā
,V

])
,U

′ ]

(i
i)

π
=
ai
↓a

nd
V

=
[a

,V
′ ]

.
T

hi
s

is
si

m
ila

r
to

(i
).

(5
)

T
he

co
nt

ra
ct

um
([

a
,U

],
[ā

,V
])

of
sa
i↑

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

is
im

po
ss

ib
le

be
ca

us
e

an
at

om
ca

nn
ot

m
at

ch
w

it
h

a
w

hy
-n

ot
st

ru
ct

ur
e,

an
of

-c
ou

rs
e

st
ru

ct
ur

e
or

a
pr

op
er

ti
m

es
st

ru
ct

ur
e.

(6
)

T
he

re
de

x
of

π
an

d
th

e
co

nt
ra

ct
um

of
sa
i↑

ov
er

la
p.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
no

ru
le

π
∈
{w
↓,
ai
↓,
p
↓,
r↓
}c

an
ha

ve
a

pr
op

er
ti

m
es

st
ru

ct
ur

e
as

re
de

x.
��

4.
4.

11
P

ro
p
os

it
io

n
Fo

r
ev

er
y

pr
oo

f
−

Π
‖E
L
S
r\
{b

↓,w
↓}

T
ρ

,
w
he

re
ρ
∈
{s
ai
↑,
sp
↑,
sr
↑}

,
R

th
er

e
is

a
pr

oo
f
−

Π
′ ‖d
E
L
S
r\{
b
↓,w

↓}
R

.

P
ro

of
:

F
ir

st
,

th
e

pr
oo

f
Π

is
tr

an
sf

or
m

ed
in

to
a

pr
oo

f
Π

d
in

sy
st

em
dE
L
S
r

by
ap

pl
yi

ng
P

ro
po

si
ti

on
4.

4.
5.

T
he

n,
if

ρ
∈
{sp
↑,
sr
↑}

,a
pp

ly
L

em
m

at
a

4.
4.

6,
4.

4.
7,

an
d

4.
4.

8,
to

pe
rm

ut
e

th
e

in
st

an
ce

of
ρ

up
.

B
y

O
bs

er
va

ti
on

4.
4.

9,
it

di
sa

pp
ea

rs
at

th
e

to
p.

If
ρ

=
sa
i↑,

th
en

ap
pl

y
L

em
m

a
4.

4.
10

to
pe

rm
ut

e
it

up
.

��
4.

4.
12

L
em

m
a

Fo
r

ev
er

y
pr

oo
f
− ‖d
E
L
S
r\{
b
↓}

R
th

er
e

is
a

pr
oo

f
− ‖ d
E
L
S
\{
b
↓}

R
.

P
ro

of
:

In
st

ea
d

of
el

im
in

at
in

g
th

e
ru

le
r↓

,
I

w
ill

el
im

in
at

e
th

e
ru

le

S
{?

U
}

sr
↓ S

[?
R

,?
T

]
,

w
he

re
U

is
an

y
st

ru
ct

ur
e

su
ch

th
at

th
er

e
is

a
de

ri
va

ti
on

U
∆
‖{
w
↓,a
i↓,
d
s↓

,p
↓}

[R
,T

]
.

N
ot

e
th

at
r↓

is
an

in
st

an
ce

of
sr
↓.

N
ow

co
ns

id
er

th
e

to
pm

os
t

in
st

an
ce

of
sr
↓a

nd
pe

rm
ut

e
it

up
by

ap
pl

yi
ng

th
e

sc
he

m
e

in
4.

2.
3,

i.e
.

co
ns

id
er

a
de

ri
va

ti
on

Q
π

S
{?

U
}

sr
↓

,
S

[?
R

,?
T

]

w
he

re
π
∈
dE
L
S
\{
b
↓}

=
{1
↓,
w
↓,
ai
↓,
d
s↓

,p
↓}

is
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
4.

2.
3,

th
e

ca
se

s
to

co
ns

id
er

ar
e:



1
3
8

4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

(4)
T

he
redex

of
π

is
inside

the
contractum

?U
of
sr↓.

T
hen

replace

S{?U
′}

π
S{?U}

sr↓
by

S
[?R

,?T
]

S{?U
′}

sr↓
.

S
[?R

,?T
]

(5)
T

he
contractum

?U
of
sr↓

is
inside

an
active

structure
ofthe

redex
of

π
but

not
inside

a
passive

one.
T

hen
the

follow
ing

subcases
are

possible:

(i)
π

=
p↓

and
S{?U}

=
S
′[!V

,?U
].

T
hen

replace

S{![V
,U

]}
p↓

S
[!V

,?U
]

sr↓
by

S
[!V

,?R
,?T

]

S{![V
,U

]}
∆‖

S{![V
,R

,T
]}

p↓
S

[![V
,R

],?T
]

p↓
,

S
[!V

,?R
,?T

]

w
here

∆
is

the
derivation

that
exists

by
definition

of
sr↓.

(ii)
π

=
w↓

and
?U

is
the

redex.
T

hen
replace

S{⊥}
w↓

S{?U}
sr↓

by
S

[?R
,?T

]

S{⊥}
w↓

S{?R}
w↓

.
S

[?R
,?T

]

(iii)
π

=
w↓

and
S{?U}

=
S
′{?S

′′{?U}}.
T

hen
replace

S
′{⊥}

w↓
S
′{?S

′′{?U}}
sr↓

by
S
′{?S

′′[?R
,?T

]}
S
′{⊥}

w↓
.

S
′{?S

′′[?R
,?T

]}
(iv)

π
=
1↓

and
S{?U}

=
1.

T
his

is
only

possible
if

U
=
⊥

,
i.e.

S{?U}
=

S{⊥}.
T

hen

S{⊥}
sr↓

can
be

replaced
by

S
[?R

,?T
]

S{⊥}
w↓

S{?R}
w↓

.
S

[?R
,?T

]

(6)
T

he
redex

of
π

and
the

contractum
?U

of
sr↓

overlap.
T

his
is

im
possible.

B
y

this
procedure,

the
topm

ost
instance

of
sr↓

m
ust

disappear
eventually.

R
epeat

this
for

all
instances

of
sr↓

in
the

derivation.
��

N
ow

w
e

can
give

the
com

plete
proof

of
the

cut
elim

ination
theorem

.

4.4.13
T

h
eorem

(C
u
t

E
lim

in
ation

)
System

dE
L
S

is
equivalent

to
every

subsystem
of

the
system

S
E
L
S∪
{1↓}

containing
E
L
S.

P
ro

of:
T

he
proof

follow
s

the
steps

show
n

in
F

igure
4.13.

For
the

first
step

apply
C

orol-
lary

4.4.1,
for

the
second

and
third

step
apply

repeatedly
P

roposition
4.4.11,

and
for

the
last

step
use

L
em

m
a

4.4.12.
��

F
inally,

there
is

also
a

decom
position

result
for

proofs
in

system
dE
L
S.

5.3.
D

ecom
p
osition

1
5
1

P
ro

of:
T

he
rule

ac↓
is

an
instance

of
c↓.

For
the

rule
m

1 ↓,
use

the
derivation

S
[ •[R

,U
],[T

,V
]] •

t↓
S

[ •[R
,U

],[T
,[ •U

,V
] •]] •

t↓
S

[ •[R
,U

],[[ •R
,T

] •,[ •U
,V

] •]] •
t↓

S
[ •[R

,[ •U
,V

] •],[[ •R
,T

] •,[ •U
,V

] •]] •
t↓

S
[ •[[ •R

,T
] •,[ •U

,V
] •],[[ •R

,T
] •,[ •U

,V
] •]] •

c↓
.

S
[[ •R

,T
] •,[ •U

,V
] •]

T
he

cases
for

the
rules

m
,
m

2 ↓,
l1 ↓,
l2 ↓

and
z↓

are
sim

ilar.
T

he
rules

at↓,nm↓,
nm

1 ↓,
nm

2 ↓,
nl1 ↓

and
nl2 ↓

are
instances

of
t↓,

and
n
z↓

is
an

instance
of
w↓.

��
5.2.6

T
h
eorem

System
s
S
L
L
S

and
SL
S

are
strongly

equivalent.

P
ro

of:
Im

m
ediate

consequence
of

P
ropositions

5.2.1–5.2.5.
��

O
bserve

that
P

ropositions
5.2.1–5.2.5

show
that

there
is

a
certain

m
odularity

involved
in

the
equivalence

of
the

tw
o

system
s.

For
instance,

the
user

can
choose

to
have

either
the

rules
at↓,nm↓

,nm
1 ↓,nm

2 ↓
,nl1 ↓,nl2 ↓

or
the

rule
t↓

in
the

system
w

ithout
affecting

the
other

rules.

5.2.7
D

efi
n
ition

System
L
L
S,show

n
in

F
igure

5.2,is
obtained

from
the

dow
n

fragm
ent

of
system

S
L
L
S

by
adding

the
axiom

1↓.
5.2.8

T
h
eorem

T
he

system
s
L
L
S

and
L
S

are
strongly

equivalent.

P
ro

of:
A

gain,
use

P
ropositions

5.2.1–5.2.5.
��

A
s

an
im

m
ediate

consequence
of

T
heorem

5.2.8
w

e
have

that
splitting

(L
em

m
a

3.4.5)
and

context
reduction

(L
em

m
a

3.4.22)
do

also
hold

for
system

L
L
S.

In
particular,

w
e

also
have

that
the

up
fragm

ent
is

adm
issible.

5.2.9
C

orollary
(C

u
t

E
lim

in
ation

)
System

L
L
S

is
equivalent

to
every

subsystem
of

S
L
L
S∪
{1↓}

containing
L
L
S.

5.2.10
C

orollary
T

he
rule

i↑
is

adm
issible

for
system

L
L
S.

System
S
L
L
S

bears
m

any
regularities.

For
exam

ple,
all

m
edial

rules
follow

the
sam

e
pattern.

In
Section

8.2,
I

w
ill

com
e

back
to

this,and
discuss

the
possibility

of
form

ulating
a

general
“recipe”

of
designing

inference
rules

in
the

calculus
of

structures.

5
.3

D
eco

m
p
o
sitio

n

In
this

section,I
w

illshow
severaldecom

position
theorem

s
for

system
S
L
L
S.

T
hey

are
of

a
different

nature
than

the
decom

positions
show

n
before,because

the
atom

icity
ofcontraction

allow
s

m
anipulations

that
are

im
possible

in
system

SL
S.

B
ut

com
pared

to
decom

position
results

of
system

S
E
L
S

in
the

previous
chapter,

in
Section

4.3,
the

results
presented

here
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5
0

5.
A

L
o
ca

l
S
y
st

em
fo

r
L
in

ea
r

L
og

ic

•
If

R
=

(• P
,Q

)• ,
w

he
re

P
�=
�
�=

Q
,t

he
n

ap
pl

y
th

e
in

du
ct

io
n

hy
po

th
es

is
to

S
{0
}

nm
↓ S

(• 0
,0

)•
t↓

S
(• P

,0
)•

t↓
.

S
(• P

,Q
)•

T
he

ot
he

r
ca

se
s

ar
e

si
m

ila
r.

T
he

pr
oo

f
fo

r
t↑

is
du

al
.

��

N
ow

ar
is

es
th

e
pr

ob
le

m
th

at
th

e
ru

le
s
w
↓,
w
↑,
b
↓,
b
↑c

an
no

t
be

re
du

ce
d

to
th

ei
r

at
om

ic
ve

rs
io

ns
in

th
e

sa
m

e
w

ay
as

th
is

ha
s

be
en

do
ne

fo
r

th
e

ru
le

s
t↓,
t↑

,c
↓,
c↑

.
T

hi
s

is
no

t
re

al
ly

a
su

rp
ri

se
si

nc
e

th
e

ba
si

c
id

ea
of

th
e

ex
po

ne
nt

ia
ls

is
to

gu
ar

d
w

ho
le

su
bf

or
m

ul
as

su
ch

th
at

no
ar

bi
tr

ar
y

w
ea

ke
ni

ng
an

d
co

nt
ra

ct
io

n
is

po
ss

ib
le

.
Fo

r
th

is
re

as
on

,
I

w
ill

re
du

ce
th

e
ru

le
s

w
↓,
w
↑,
b
↓,
b
↑t

o
th

e
ru

le
s
t↓

,t
↑,
c↓

,c
↑,

re
sp

ec
ti

ve
ly

,b
y

us
in

g
th

e
w

el
l-k

no
w

n
eq

ui
va

le
nc

e

!(
A

�
B

)
≡

!A
�

!B
,

w
hi

ch
is

en
co

de
d

in
th

e
ru

le
s S

[?
R

,T
]

z↓
S
{?

[• R
,T

]• }
an

d
S
{!(•

R
,T

)• }
z↑

S
(!

R
,T

)
,

an
d

th
ei

r
nu

lla
ry

ve
rs

io
ns

S
{⊥
}

n
z↓

S
{?
0
}

an
d

S
{!�
}

n
z↑

S
{1
}

.

5.
2.

4
P

ro
p
os

it
io

n
T

he
ru

le
w
↓

is
de

ri
va

bl
e

in
{n
z↓

,t
↓}

,
an

d
th

e
ru

le
b
↓

is
de

ri
va

bl
e

in
{z
↓,
c↓
}.

D
ua

lly
,

th
e

ru
le
w
↑

is
de

ri
va

bl
e

in
{n
z↑

,t
↑}

,
an

d
th

e
ru

le
b
↑

is
de

ri
va

bl
e

in
{z
↑,
c↑
}.

P
ro

of
:

U
se

th
e

de
ri

va
ti

on
s

S
{⊥
}

n
z↓

S
{?
0
}

t↓
an

d
S
{?

R
}

S
[?

R
,R

]
z↓

S
{?

[• R
,R

]• }
c↓

,
S
{?

R
}

fo
r
w
↓a

nd
b
↓,

re
sp

ec
ti

ve
ly

.
��

A
ll

ne
w

ru
le

s,
in

tr
od

uc
ed

in
th

is
se

ct
io

n,
ar

e
so

un
d,

i.e
.c

or
re

sp
on

d
to

lin
ea

r
im

pl
ic

at
io

ns
.

M
or

e
pr

ec
is

el
y,

w
e

ha
ve

:

5.
2.

5
P

ro
p
os

it
io

n
T

he
ru

le
s
ac
↓,
m

,
m

1
↓,
m

2
↓,
l 1
↓,
l 2
↓

ar
e

de
ri

va
bl
e

in
{t↓

,c
↓}

,
th

e
ru

le
z↓

is
de

ri
va

bl
e

in
{t↓

,b
↓}

,
th

e
ru

le
s
at
↓,
nm
↓,
nm

1
↓,
nm

2
↓,
nl

1
↓,
nl

2
↓

ar
e

de
ri

va
bl
e

in
{t↓
},

an
d

th
e

ru
le
n
z↓

is
de

ri
va

bl
e

in
{w
↓}

.
D

ua
lly

,
th

e
ru

le
s
ac
↑,
m

,
m

1
↑,
m

2
↑,
l 1
↑,
l 2
↑a

re
de

ri
va

bl
e

in
{t↑

,c
↑}

,
th

e
ru

le
z↑

is
de

ri
va

bl
e

in
{t↑

,b
↑}

,
th

e
ru

le
s
at
↑,
nm
↑,
nm

1
↑,
nm

2
↑,
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4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

4.5.1
T

h
eorem

(In
terp

olation
)

For
every

derivation
T

∆‖
S
E
L
S

R
there

are
structures

I
,T

1 ,T
2 ,T

3 ,R
1 ,R

2 ,R
3 ,

and
derivations

∆
1 ,...,∆

8 ,
such

that

T

∆
1 ∥∥{
b↑}

T
1

∆
2 ∥∥{
w↑}

T
2

∆
3 ∥∥{
s,p↑

,r↑}
T

3

∆
4 ∥∥{
ai↑}

I

∆
5 ∥∥{
ai↓}

R
3

∆
6 ∥∥{
s,p↓

,r↓}
R

2

∆
7 ∥∥{
w↓}

R
1

∆
8 ∥∥{
b↓}

R

.

P
ro

of:
T

he
decom

position
is

obtained
in

four
steps

as
indicated

in
F

igure
4.14.

T
hey

are
quite

sim
ilar

to
the

four
steps

of
the

cut
elim

ination
proof

(see
F

igure
4.13).

(1)
T

he
first

step
is

an
application

ofthe
second

decom
position

theorem
(T

heorem
4.3.2).

T
hen,

the
instances

of
p↑

are
replaced

by
sp↑,

the
instances

of
ai↑

by
sai↑,

and
the

instances
of
s

by
d
s↓

and
n
s↑.

(2)
In

the
second

step
the

instances
of
n
s↑

and
sp↑

(and
sr↑)

are
perm

uted
up

as
in

the
cut

elim
ination

proof
(w

hich
causes

the
introduction

of
r↓).

T
he

only
difference

is,
that

the
rules

do
not

disappear.

(3)
In

third
step,

the
instances

of
sai↑

are
perm

uted
up

(by
L

em
m

a
4.4.10).

(4)
T

he
last

step
is

different
from

the
cut

elim
ination

proof.
F

irst,
the

instances
of
ai↓

are
perm

uted
up

(they
have

to
perm

ute
only

over
the

sw
itch,

w
hich

can
be

done
by

L
em

m
a

4.2.6).
T

hen,the
instances

of
sp↑

are
replaced

by

S
([?R

,U
],[!T

,V
])

s
S

[([?R
,U

],!T
),V

]
s

S
[(?R

,!T
),U

,V
]

p↑
.

S
[ ?(R

,T
),U

,V
]

Sim
ilarly,

each
instance

of
sr↑

is
replaced

by
tw

o
instances

of
s

and
one

instance
of

r↑,and
each

instance
of
sai↑

is
replaced

by
tw

o
instances

of
s

and
one

instance
of
ai↑.

F
inally

the
instances

of
ai↑

are
perm

uted
under

the
instances

of
s

(by
L

em
m

a
4.2.7).��

5.2.
R

u
les

an
d

C
u
t

E
lim

in
ation

1
4
9

•
If

R
=

!P
,w

here
P
�=
1,then

apply
the

induction
hypothesis

to

S
[ •!P

,!P
] •

l2 ↓
S{![ •P

,P
] •}

c↓
.

S{!P}

T
he

proof
for
c↑

is
dual.

��

L
et

us
now

consider
the

rules

S{ 0}
at↓

S{a}
and

S{a}
at↑

S{�}
,

called
atom

ic
thinning

and
atom

ic
cothinning,respectively.

A
gain,they

are
the

replacem
ent

for
the

general
thinning

and
cothinning

rules,
and

in
order

to
keep

com
pleteness,

w
e

need
to

add
the

rules

S{ 0}
nm↓

S
( •0

,0) •
,

S{0}
nm

1 ↓
S

[0
,0]

,
S{0}

nm
2 ↓

S
(0

,0)
,

S{0}
nl1 ↓

S{?0}
,

S{0}
nl2 ↓

S{!0}
,

S
[ •�

,�
] •

nm↑
S{�}

,
S

(�
,�

)
nm

1 ↑
S{�}

,
S

[�
,�

]
nm

2 ↑
S{�}

,
S{!�}

nl1 ↑
S{�}

,
S{?�}

nl2 ↑
S{�}

,

w
hich

are
the

nullary
versions

of
the

m
edial

rules.
In

the
local

system
for

classical
logic

[B
T

01]
these

rules
are

hidden
in

the
equational

theory
for

structures.
It

m
ight

be
argued

about
doing

the
sam

e
for

linear
logic.

In
this

presentation,
I

chose
not

to
do

so
because

of
the

follow
ing

reasons:
F

irst,
not

all
of

them
are

equivalences
in

linear
logic,

e.g.
w

e
have

0−◦
?0

but
not

?0−◦
0,and

second,
for

obvious
reasons

I
w

ant
to

use
the

sam
e

equational
theory

for
both

system
s,
SL
S

and
S
L
L
S.

B
ut

the
new

equations,
e.g.
0

=
!0,

w
ould

be
redundant

for
system

SL
S.

5.2.2
D

efi
n
ition

For
notational

convenience,
let

m
e

define
the

follow
ing

tw
o

system
s:

S
L
L
S
t↓

=
{at↓,nm↓,nm

1 ↓,nm
2 ↓

,nl1 ↓
,nl2 ↓}

and
S
L
L
S
t↑

=
{at↑,nm↑,nm

1 ↑,nm
2 ↑

,nl1 ↑
,nl2 ↑}

.

5.2.3
P

rop
osition

T
he

rule
t↓

is
derivable

in
S
L
L
S
t↓.

D
ually,

t↑
is

derivable
in

S
L
L
S
t↑.

P
ro

of:
Sim

ilar
to

P
roposition

5.2.1,
I

w
ill

for
a

given
instance

S{ 0}
t↓

S{R}
,

construct
a

derivation
S{ 0}
∆‖
S
L
L
S
t↓

S{R}
,

by
structural

induction
on

R
.

•
If

R
is

an
atom

then
the

given
instance

of
t↓

is
an

instance
of
at↓.
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∆
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=
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y
th

e
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io
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po
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es

is
to

S
[• P

,Q
,P

,Q
]•

c↓
S

[• P
,P

,Q
]•

c↓
.

S
[• P

,Q
]•

•
If

R
=

[P
,Q

],
w

he
re

P
�=
⊥
�=

Q
,t

he
n

ap
pl

y
th

e
in

du
ct

io
n

hy
po

th
es

is
to

S
[• [

P
,Q

],
[P

,Q
]]•

m
1
↓ S

[[•
P

,P
]• ,

[• Q
,Q

]• ]
c↓

S
[[•

P
,P

]• ,
Q

]
c↓

.
S

[P
,Q

]

•
If

R
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(P
,Q

),
w
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�=
1
�=

Q
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n
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pl

y
th
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in

du
ct
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po

th
es
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S
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P
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,Q
)]•

m
2
↓ S

([•
P

,P
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,Q

]• )
c↓

S
([•

P
,P

]• ,
Q

)
c↓

.
S

(P
,Q

)
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=
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c↓

S
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4.
T

h
e

M
u
ltip

licativ
e

E
x
p
on

en
tial

F
ragm

en
t

of
L
in

ear
L
ogic

the
cut

elim
ination

proof
via

the
perm

utation
of

rules,
and

the
interpolation

theorem
.

T
here

is
an

interesting
observation

connected
to

the
cut

elim
ination

argum
ent.

T
he

separation
betw

een
core

and
noncore

allow
s

us
to

split
the

cut
elim

ination
proof

into
tw

o
very

different
phases.

F
irst,

the
noncore

up
fragm

ent
is

elim
inated

and
at

the
sam

e
tim

e
the

noncore
dow

n
fragm

ent
is

m
oved

dow
n,

below
all

other
rules.

T
he

surprising
fact

is
now

,
that

this
step

is
responsible

for
the

hyperexponential
blow

-up
that

is
caused

by
cut

elim
ination.

Furtherm
ore,all

the
diffi

culty
connected

to
cut

elim
ination

w
ent

to
the

proof
of

the
decom

position
theorem

s,
m

ore
precisely,

to
the

separation
of

absorption.
A

fter
this

has
been

done,
the

cut
elim

ination
becom

es
rather

sim
ple.

T
he

elim
ination

of
the

core
up

fragm
ent,w

hich
is

the
second

phase
ofthe

w
hole

procedure,causes
then

only
an

exponential
blow

-up.
T

he
use

ofperm
utation

for
elim

inating
the

core
up

fragm
ent,as

it
has

been
done

in
this

chapter,w
illprobably

becom
e

obsolete
after

the
discovery

of
splitting

in
[G

ug02e](see
also

Section
7.3).

I
included

the
proof

in
this

thesis
for

the
follow

ing
reasons:

•
It

w
as

the
first

correct
purely

syntactical
cut

elim
ination

proof
inside

the
calculus

of
structures.

•
T

he
perm

utation
lem

m
ata

are
needed

to
prove

the
interpolation

theorem
.

A
t

the
current

state
of

the
art,I

cannot
see,how

the
technique

of
splitting

can
be

em
ployed

to
get

interpolation.

•
In

Section
6.2,

I
w

ill
use

som
e

of
the

perm
utation

results
again.

•
T

he
various

perm
utation

results
exhibit

the
w

ide
variety

of
possibilities

how
deriva-

tions
in

the
calculus

of
structures

can
be

m
anipulated.

5.2.
R

u
les

an
d

C
u
t

E
lim

in
ation

1
4
7

arbitrary
structures

and
those

w
hich

stand
for

atom
s.

I
w

ill
consider

a
rule

to
be

local,
if

each
variable

of
the

first
kind,

w
hich

occurs
in

the
rule,

occurs
exactly

once
in

the
redex

and
exactly

once
in

the
contractum

.
Further,there

should
be

no
restriction

on
the

context.
In

the
term

inology
of

term
rew

riting,
locality

w
ould

correspond
to

linearity.
T

o
m

ake
this

clear,
let

m
e

use
as

exam
ple

the
follow

ing
tw

o
rules:

S{!R}
b↑

S
(!R

,R
)

and
S

([a
,U

],[ā
,V

])
sai↑

S
[U

,V
]

.

W
hereas

the
first

is
nonlocal

because
the

R
occurs

tw
ice

in
the

redex,
the

second
rule

is
localbecause

U
and

V
occur

exactly
once

in
redex

and
contractum

and
a

and
ā

are
atom

s.
L

et
us

now
have

a
look

at
the

new
system

,
w

hich
is

called
system

S
L
L
S

(the
second

L
stands

for
“local”)

and
w

hich
is

show
n

in
F

igure
5.1.

T
he

reader
should

not
be

frightened
by

the
size

of
the

system
.

I
w

ill
discuss

the
rules

later
on.

A
t

this
point

I
w

ill
draw

the
attention

to
the

fact
that

allrules
in

system
S
L
L
S

are
local.

E
ither

they
handle

only
atom

s,
or

their
im

plem
entation

can
be

realised
by

exchanging
pointers

in
a

sim
ilar

w
ay

as
for

the
sw

itch
rule.

T
he

equations
show

n
in

F
igure

3.1
can

be
m

ade
localby

im
plem

enting
them

in
the

sam
e

w
ay

as
the

inference
rules.

T
his

m
eans

that
system

S
L
L
S

is
indeed

a
localsystem

.
It

rem
ains

to
show

that
it

is
linear

logic.
In

order
to

do
so,I

w
illshow

that
it

is
strongly

equivalent
to

system
SL
S.

Further,I
w

ill
define

system
L
L
S

by
adding

the
axiom

1↓
to

the
dow

n
fragm

ent
of

system
S
L
L
S.

System
L
L
S

w
illbe

strongly
equivalent

to
system

L
S.

A
s

a
corollary

w
e

get
a

cut
elim

ination
result

for
the

local
system

.
C

onsider
now

the
rules

S
[ •a

,a] •
ac↓

S{a}
and

S{a}
ac↑

S
( •a

,a) •
,

w
hich

are
called

atom
ic

contraction
and

atom
ic

cocontraction
,

respectively.
T

hey
replace

their
generalnonlocalcounterparts

c↓
and
c↑.

B
ut

they
are

not
pow

erfulenough
to

ensure
com

pleteness.
For

this
reason,

the
m

edial
rule

S
[ •( •R

,U
) •,( •T

,V
) •] •

m
S

( •[ •R
,T

] •,[ •U
,V

] •) •
,

and
its

variations

S
[ •[R

,U
],[T

,V
]] •

m
1 ↓

S
[[ •R

,T
] •,[ •U

,V
] •]

,
S

(( •R
,U

) •,( •T
,V

) •)
m

1 ↑
S

( •(R
,T

),(U
,V

)) •
,

S
[ •(R

,U
),(T

,V
)] •

m
2 ↓

S
([ •R

,T
] •,[ •U

,V
] •)

,
S

[( •R
,U

) •,( •T
,V

) •]
m

2 ↑
S

( •[R
,T

],[U
,V

]) •
,

S
[ •?R

,?T
] •

l1 ↓
S{?[ •R

,T
] •}

,
S{!( •R

,T
) •}

l1 ↑
S

( •!R
,!T

) •
,

S
[ •!R

,!T
] •

l2 ↓
S{![ •R

,T
] •}

,
S{?( •R

,T
) •}

l2 ↑
S

( •?R
,?T

) •
,
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T
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s
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[(
R
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U
]

S
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R
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[T
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])•

d
↓ S

[(•
R
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[• U
,V

]• ]

S
([•

R
,U

]• ,
(• T

,V
)• )

d
↑ S

[• (
R

,T
),

(U
,V

)]•

S
{![

R
,T

]}
p
↓

S
[!
R

,?
T

]

S
(?

R
,!

T
)

p
↑ S
{?

(R
,T

)}

S
{0
}

at
↓ S
{a
}

S
[• a

,a
]•

ac
↓

S
{a
}

S
{a
}

ac
↑ S

(• a
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S
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}

at
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S
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nm
↓ S
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S
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S
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R
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nm
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nm
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R
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m
1
↓ S

[[•
R
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,V
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S
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R
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)• ,
(• T

,V
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m
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↑ S
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R
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(U
,V
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S
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nm

1
↑

S
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S
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nm
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↓ S

(0
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S
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R
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S
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R
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S
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nl
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}
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ra
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s
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g
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5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

consider
the

follow
ing

three
rules,

�
?A

,?A
,Φ

? c
�

?A
,Φ

,
�

A
,Φ

�
B

,Φ
�

�
A

�
B

,Φ
and

�
A

,?B
1 ,...,?B

n
!�

!A
,?B

1 ,...,?B
n

,

w
hich

are
called

contraction
,
w
ith

and
prom

otion
,

respectively.
If

the
contraction

rule
is

applied
in

a
proof

search,
going

from
bottom

to
top,

the
form

ula
?A

has
to

be
duplicated.

W
hatever

m
echanism

is
used

for
this

duplication,
it

needs
to

inspect
all

of
?A

.
In

other
w

ords,the
contraction

rule
needs

a
globalview

on
?A

.
Further,the

com
putationalresources

needed
for

applying
contraction

are
not

bounded,but
depend

on
the

size
of

?A
.

A
sim

ilar
situation

occurs
w

hen
the

w
ith

rule
is

applied
because

the
w

hole
context

Φ
of

the
form

ula
A

�
B

has
to

be
copied.

A
nother

rule
w

hich
involves

a
global

know
ledge

of
the

context
is

the
prom

otion
rule,w

here
for

each
form

ula
in

the
context

of!A
it

has
to

be
checked

w
hether

it
has

the
form

?B
.

Inference
rules,like

contraction,w
ith

and
prom

otion,that
require

such
a

global
view

on
form

ulae
or

sequents
of

unbounded
size,

are
called

nonlocal,
and

all
other

rules
are

called
local

[B
T

01].
For

exam
ple,

the
tw

o
rules

�
A

,Φ
�

B
,Ψ

�

�
A

�
B

,Φ
,Ψ

and
�

A
,B

,Φ
�

�
A

�
B

,Φ
,

w
hich

are
called

tim
es

and
par,

respectively,
are

local
because

they
do

not
need

to
look

into
the

form
ulae

A
and

B
or

their
contexts.

T
hey

require
only

a
bounded

am
ount

of
com

putational
resources

because
it

w
ould

suffi
ce

to
operate

on
pointers

to
A

and
B

,w
hich

depend
not

on
the

size
of

the
form

ulae.
O

bserve
that

sharing
cannot

be
used

for
im

plem
enting

a
nonlocal

rule
because

after
copying

a
form

ula
A

in
an

application
of

the
contraction

or
w

ith
rule,

both
copies

of
A

m
ight

be
used

and
m

odified
in

a
very

different
w

ay.
In

[B
T

01]it
has

been
show

n
that

it
is

possible
to

design
a

localsystem
(i.e.a

deductive
system

in
w

hich
all

rules
are

local)
for

classical
logic.

H
ere,

I
w

ill
show

a
local

system
for

linear
logic.

T
he

basic
idea

for
m

aking
a

system
local

is
replacing

each
nonlocal

inference
rule

by
a

local
version.

I
have

show
n

in
C

hapter
3,

how
the

prom
otion

rule
can

be
m

ade
local

in
the

calculus
of

structures.
For

the
other

rules,
locality

can
be

achieved
by

restricting
their

application
to

atom
s,

w
hich

are
form

ulae
of

bounded
size.

T
his

idea
is

not
new

:
the

(nonlocal)
identity

rule
in

the
sequent

calculus
can

be
replaced

by
its

atom
ic

counterpart
(w

hich
is

considered
to

be
local)

w
ithout

affecting
provability.

T
o

m
ake

the
contraction

rule
adm

issible
for

its
atom

ic
version,it

is
necessary

to
add

new
inference

rules
to

the
system

in
order

to
m

aintain
com

pleteness.
A

s
already

observed
in

[B
T

01],these
new

rules
cannot

be
given

in
the

sequent
calculus

w
hich

is
too

rigid.
B

ut
they

can
be

presented
in

the
calculus

of
structures

w
hich

provides
the

necessary
freedom

for
designing

inference
rules.

T
he

atom
icity

of
contraction

is
achieved

by
copying

form
ulae

stepw
ise,

i.e.
atom

by
atom

,
and

by
using

the
new

rules
to

restore
the

original
form

ula
to

be
copied.

O
pera-

tionally
this

itselfis
not

very
interesting.

T
he

surprising
fact

is
that

this
can

be
done

inside
a

logical
system

w
ithout

losing
im

portant
properties

like
cut

elim
ination,

soundness
and

com
pleteness.
A

part
from

the
proof

theoretical
interest

in
local

rules,
there

is
also

interest
from

the
view

point
of

applications:

5.2.
R

u
les

an
d

C
u
t

E
lim

in
ation

1
4
5

•
P

roofconstruction,in
particular

the
notion

ofuniform
provability,is

m
ainly

concerned
w

ith
controlling

the
nondeterm

inism
that

is
intrinsically

connected
to

proof
search.

For
linear

logic,
this

is
based

on
perm

utability
properties,

w
hich

yield
optim

ised
presentations

ofcut
free

proofs
[A

nd92,H
M

94].
A

lthough
in

the
calculus

ofstructures
(and

in
particular

in
the

localsystem
s)

the
nondeterm

inism
in

the
proofsearch

is
m

uch
higher

than
in

the
sequent

calculus,
the

local
system

for
linear

logic
provides

m
uch

m
ore

possibilities
for

perm
uting

rules.
T

his
m

ight
yield

new
norm

alform
s

of
cut

free
proofs.

From
this,

new
m

ethods
for

controlling
the

nondeterm
inism

could
em

erge.

•
Since

distributed
com

puting
m

oves
m

ore
and

m
ore

into
the

focus
of

research
in

com
-

puter
science,it

is
naturalto

ask
w

hether
it

is
conceivable

to
im

plem
ent

proof
search

in
a

distributed
w

ay.
For

this
it

is
essentialthat

each
application

of
an

inference
rule

consum
es

only
a

bounded
am

ount
tim

e
and

space.
T

his
is

provided
by

a
localsystem

.

5
.2

R
u
les

a
n
d

C
u
t

E
lim

in
a
tio

n

In
this

section,
I

w
ill

start
from

system
SL
S

and
produce

a
strongly

equivalent
system

,
in

w
hich

all
rules

are
local,

in
the

sense
as

discussed
in

the
previous

section.
B

efore
discussing

the
new

system
,

I
w

ill
first

list
the

nonlocal
rules

of
system

SL
S

(F
igure

3.2
on

page
35)

and
give

som
e

inform
alreason

w
hy

they
are

not
local.

O
bviously

the
rules

c↓
and
b↓

are
nonlocalbecause

they
involve

the
duplication

ofa
structure

ofunbounded
size.

A
lso

their
corules

c↑
and
b↑

are
nonlocalbecause

they
involve

the
com

parison
and

the
deletion

of
structures

of
unbounded

size
(or,

again
a

duplication
if

one
reasons

top-dow
n).

Sim
ilarly,

I
consider

the
rules

t↓
and
w↓,

as
w

ell
as

their
corules

t↑
and
w↑

to
be

nonlocal
because

they
involve

the
deletion

or
introduction

ofstructures
ofunbounded

size.
O

ne
could

argue
that

the
deletion

of
a

structure
of

unbounded
size

can
be

considered
local

because
it

m
ight

suffi
ce

to
delete

just
the

pointer
to

the
structure.

B
ut

in
a

real
im

plem
entation,

garbage
collection

w
ould

then
becom

e
a

problem
.

A
nother

m
ore

im
portant

reason
is

that
the

sym
m

etry
exhibited

in
system

SL
S

should
be

carried
through

to
the

local
system

,
and

therefore,
the

locality
of

a
rule

should
be

invariant
under

form
ing

the
contrapositive,

i.e.
the

corule.
O

bserve
that

allother
rules

ofsystem
SL
S

are
already

local.
In

particular,the
tw

o
rules

ai↓
and
ai↑

only
involve

atom
s.

In
the

sw
itch

rule

S
([R

,U
],T

)
s
S

[(R
,T

),U
]

the
structures

R
,

T
and

U
all

occur
exactly

once
in

redex
and

contractum
,

w
hich

m
eans

that
no

structure
ofunbounded

size
has

to
be

copied
or

deleted.
For

this
reason,the

sw
itch

rule
is

considerd
to

be
local.

Inform
ally,

this
can

be
m

otivated
as

follow
s:

T
he

rule
could

be
im

plem
ented

by
changing

the
m

arking
of

tw
o

nodes
and

exchanging
tw

o
pointers,

as
already

observed
in

[B
T

01]:S
[

]
��� � �

�� �
� �

(
)

��� � �
�� �

� �
�

T

R
U

�

S
(

)
��� � �

�� �
� �

[
]

��� � �
�� �

� �
�

U

R
T

.
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ev
er
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∆
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L
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R
th

er
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a
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L
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�
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R

fo
r

so
m

e
st

ru
ct

ur
es

T
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′′′

,R
′′′

,R
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an
d

R
′ .

B
ef

or
e

I
ca

n
sh

ow
th

e
pr

oo
fs
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th
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tw
o

re
su

lt
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I
ha

ve
to
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ve

st
ig

at
e

th
e

pe
rm

ut
at

io
n

of
th

e
ru

le
s

ρ
∈
S
L
L
S
t↓

ov
er

th
e

ot
he

r
ru

le
s

of
sy

st
em
S
L
L
S
.

In
or

de
r

to
si

m
pl
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th

e
si
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I
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e
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e
ru
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t↓
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e
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le

s
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S
L
L
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L
L
S
t↓.
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T
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y
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∪
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∪
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i↓}
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P
ro

of
:

C
on

si
de

r
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de
ri
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π
S
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t↓
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S
{Z
}

w
he
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π
∈
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L
L
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∪
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S
L
L
S
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∪
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W
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ho
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lo
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e
th
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e
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io

n
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π
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.

N
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,
fo
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n
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e
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T
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re
de
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π
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of
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T
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no

t
po
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e
th

e
ap
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ic

at
io

n
of

π
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nt

ri
vi

al
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T
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co
nt

ra
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e
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de

x
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π
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t
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a
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e
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e.
A

s
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fo
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s
ca

se
is

th
e

pr
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le
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at
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e
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d
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fo
re

,f
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ea
ch

ru
le

π
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I
w

ill
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ow
th

e
m

os
t

ge
ne

ra
l

ca
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ho
w

th
e

co
nt

ra
ct

um
0

ca
n

in
te

rf
er

e.

(i
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π
∈
S
L
L
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∈
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5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

(1)
W

hile
perm

uting
an

instance
of
ac↑

up,it
m

ight
happen

that
it

m
eets

an
instance

of
the

interaction
rule

as
follow

s:

S{ 1}
ai↓

S
[a

,ā]
ac↑

,
w

hich
can

be
replaced

by
S

[ ( •a
,a) •,ā]

S{1}
=

S
( •1

,1) •
ai↓

S
( •[a

,ā],1) •
ai↓

S
( •[a

,ā],[a
,ā]) •

d↓
S

[( •a
,a) •,[ •ā

,ā] •]
ac↓

.
S

[( •a
,a) •,ā

]

H
ere

a
new

instance
of
ac↓

is
introduced,w

hich
has

to
be

perm
uted

dow
n

afterw
ards.

T
he

problem
is

to
show

that
this

does
indeed

term
inate

eventually.

(2)
T

he
atom

to
be

contracted
in

an
instance

of
ac↑

or
ac↓

can
also

be
one

ofthe
constants.

T
hen

w
e

m
ight

encounter
cases

like

S
(?R

,!T
)

p↑
S{?(R

,T
)}

=
S{?[ •(R

,T
),0] •}

ac↑
,

S{?[ •(R
,T

),( •0
,0) •] •}

w
here

it
is

not
obvious

how
the

instance
of
ac↑

can
be

perm
uted

up.

T
he

first
problem

is
ofthe

sam
e

nature
as

the
problem

w
ith

coabsorption
and

prom
otion

in
Section

4.3.
T

his
indicates

a
possible

solution
via

and
analysis

of
chains

and
cycles

in
derivations

as
in

Section
4.3.1

(w
hich

m
ust

be
m

ore
diffi

cult
here

because
there

are
four

binary
connectives

instead
of

tw
o).

H
ow

ever,
instead

of
going

through
such

a
diffi

cult
term

ination
argum

ent
again,

I
w

ill
em

ploy
cut

elim
ination,

as
it

has
been

done
in

[B
T

01]
for

the
sam

e
theorem

for
classical

logic.
T

his
can

be
done

here
because

I
w

ill
not

use
T

heorem
5.3.2

in
a

cut
elim

ination
argum

ent.
For

solving
the

second
problem

w
e

have
to

use
a

case
analysis

and
then

find
for

each
problem

atic
rule

an
individualsolution.

In
the

case
ofclassicallogic

this
rather

painfultask
has

not
to

be
done

because
there

are
only

tw
o

connectives
and

tw
o

constants
and

there
are

no
problem

atic
cases.

In
the

follow
ing,I

w
illshow

how
the

rule
ac↑

can
be

perm
uted

up.
In

order
to

keep
the

situation
as

clear
as

possible,
I

introduce
the

follow
ing

five
rules:

S{⊥}
ac↑⊥

S
( •⊥

,⊥
) •

,
S{1}

ac↑
1

S
( •1

,1) •
,

S{0}
ac↑
0

S
( •0

,0) •
,

S{�}
ac↑�

S
( •�

,�
) •

,
and

S{a}
ac↑

a
S

( •a
,a) •

,
w

here
a

is
not

a
constant.

O
bviously,

each
of

them
is

a
special

case
of
ac↑,

and
each

instance
of
ac↑

is
an

instance
of

one
of
ac↑⊥

,
ac↑
1 ,
ac↑
0 ,
ac↑�

,
ac↑

a .
T

he
nm↑

in
the

statem
ent

of
T

heorem
5.3.1

is
due

to
the

fact
that

ac↑
0

is
the

sam
e

as
nm↓,

or
dually,

ac↓�
is

the
sam

e
as
nm↑.

Furtherm
ore,

all
instances

of
the

tw
o

rules
ac↑
1

and
ac↑�

are
trivial

because
1

=
( •1

,1) •
and
�

=
( •�

,�
) •.

H
ence,

the
only

cases
to

deal
w

ith
are
ac↑

a
and
ac↑⊥

.

5.3.
D

ecom
p
osition

1
6
7

for
som

e
structures

T
′,T

′′,R
′′

and
R

′.

P
ro

of:
It

is
easy

to
see,

that
the

tw
o

rules
ai↓
0�

and
ai↓

a
perm

ute
over

each
other

by
the

sw
itch

rule.
T

he
critical

case
looks

as
follow

s:

S{ 1}
ai↓

a
S

[a
,ā]

ai↓
0�

yields
S

[(a
,[0

,�
]),ā]

S{1}
ai↓
0�

S
[0

,�
]

ai↓
a

S
([0

,�
],[a

,ā])
s

.
S

[(a
,[0

,�
]),ā]

N
ow

w
e

can
get

our
result

by
first

applying
T

heorem
5.3.9,

and
then

perm
ute

allinstances
of
ai↓
0�

to
the

top.
T

hen
the

rem
aining

instances
of
ai↓

a
are

perm
uted

over
the

new
ly

introduced
instances

of
s.

P
roceed

dually
to

separate
ai↑
0�

and
ai↑

a
at

the
bottom

.
��

5
.3

.3
L
a
zy

S
ep

ara
tio

n
o
f
T

h
in

n
in

g

In
the

sequent
calculus

system
for

linear
logic

(see
C

hapter
2),

the
w

eakening
rule

can
be

applied
in

a
lazy

w
ay.

T
his

m
eans

that
in

a
proof

search,the
application

of
a

w
eakening

is
delayed

untilthe
very

last
m

om
ent.

T
his

is
also

the
case

for
classical

logic
[T

S00,B
T

01].
In

system
S
L
L
S,the

thinning
rule

can
also

be
applied

in
such

a
lazy

w
ay:

In
a

derivation
allinstances

ofrules
ρ∈
S
L
L
S
t↓

(w
hich

by
P

ropositions
5.2.3

and
5.2.5

is
strongly

equivalent
to

the
rule
t↓)

can
be

perm
uted

to
the

top
and

allinstances
of

rules
in
S
L
L
S
t↑

(i.e.the
rule

t↑)
can

be
perm

uted
to

the
bottom

of
the

derivation.
T

he
rule

t↓
can

even
be

perm
uted

over
the

rule
ai↓

a
(see

D
efinition

5.3.14),
but

not
over

ai↓
0�

.
T

his
can

be
seen

from
the

follow
ing

derivation:
S{ 1}

ai↓
0�

S
[0

,�
]

t↓
.

S
[ R

,�
]

5.3.16
T

h
eorem

For
every

derivation
T

∆‖
S
L
L
S

R
there

is
a

derivation

T‖ {
ai↓}

T
′‖
S
L
L
S
t↓

T
′′‖
S
L
L
S\

(S
L
L
S
t↓∪
S
L
L
S
t↑∪{

ai↓
,ai↑}

)

R
′′‖
S
L
L
S
t↑

R
′‖{
ai↑}

R

for
som

e
structures

T
′,T

′′,R
′′

and
R

.



1
6
6

5.
A

L
o
ca
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L
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L
og
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R

em
ar
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T

he
w

ay
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w
th

e
ru

le
s
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S
L
L
S
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ha
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le

d
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s
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ut
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a

co
m
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is
e

fo
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si
m

pl
ify

in
g
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pr
es

en
ta

ti
on
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he
re
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e

th
e

fo
llo
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in

g
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Fo
r

th
e

ru
le
nm
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w
e

ca
n

us
e

th
e
m

1
↑a

s
in

ca
se

(5
.v

)
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L
em

m
a

5.
3.

12
.

Fo
r

th
e

ru
le
nm

1
↓

w
e

ca
n

us
e

th
e

sw
it

ch
as

in
ca

se
(5

.ii
i)

,
an

d
fo

r
m

1
↓w

e
us

e
d
↑a

nd
s

as
in

ca
se

(5
.iv

).
T

he
ru

le
s
nm

2
↓a

nd
m

2
↓f

al
lu

nd
er

ca
se

(5
.ii

),
an

d
th

e
ru

le
s
nl

1
↓a

nd
l 1
↓,

ar
e

si
m

ila
r

to
n
z↓

an
d

z↓
,r

es
pe

ct
iv

el
y.

O
nl

y
fo

r
th

e
ru

le
s
nl

2
↓a

nd
l 2
↓t

he
re

is
no

su
ch

so
lu

ti
on

.
Fo

r
th

em
w

e
ne

ed
L

em
m

a
5.

3.
11
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A

n
al

te
rn

at
iv

e
w

ou
ld

be
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tr
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e
th

e
ru

le
r↑
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ha

t
ha

s
be

en
us

ed
in

th
e

cu
t

el
im

in
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io
n

ar
gu

m
en

t
in

Se
ct

io
n

4.
4.

T
he

n
w

e
ca

n
re

pl
ac

e
fo

r
ex

am
pl

e

S
[• !
R

,!
T

]•
l 2
↓ S
{![•

R
,T

]• }
ai
↓

by
S
{!(

[• R
,T

]• ,
[a

,ā
])
}

S
[• !
R

,!
T

]•
ai
↓ S

([•
!R

,!
T

]• ,
![

a
,ā

])
l 2
↓

S
(!

[• R
,T

]• ,
![

a
,ā

])
r↑

.
S
{!(

[• R
,T

]• ,
[a

,ā
])
}

T
he

ru
le
r↑

is
de

ri
va

bl
e

in
sy

st
em
S
L
L
S
,b

ut
w

e
ne

ed
cu

t
an

d
in

te
ra

ct
io

n
fo

r
do

in
g

so
.

T
hi

s
m

ea
ns

th
at

em
pl

oy
in

g
th

e
ru

le
r↑

(a
nd
r↓

)
in

th
e

pr
oo

f
of

T
he

or
em

5.
3.

9
w

ou
ld

ca
us

e
a

di
ffi

cu
lt

te
rm

in
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io
n

pr
ob

le
m

.

5.
3.

14
D

efi
n
it

io
n

W
e

ca
n

de
fin

e
th

e
fo

llo
w

in
g

tw
o

ru
le

s:

S
{1
}

ai
↓ 0�

S
[0

,�
]

an
d

S
{ 1
}

ai
↓ a

S
[a

,ā
]

,
w

he
re

a
is

no
t

a
co

ns
ta

nt
.

O
bv

io
us

ly
,

bo
th

ar
e

sp
ec

ia
l

ca
se

s
of
ai
↓,

an
d

ea
ch

in
st

an
ce

of
ai
↓

is
ei

th
er

an
in

st
an

ce
of

ai
↓ 0�

,
an

in
st

an
ce

of
ai
↓ a

,o
r

tr
iv

ia
l.

T
he

ru
le

s
ai
↑ 0�

an
d
ai
↑ a

ar
e

de
fin

ed
du

al
ly

:

S
(0

,�
)

ai
↑ 0�

S
{⊥
}

an
d

S
(a

,ā
)

ai
↑ a

S
{⊥
}

,
w

he
re

a
is

no
t

a
co

ns
ta

nt
.

N
ow

w
e

ca
n

st
re

ng
th

en
T

he
or

em
5.

3.
9.

5.
3.

15
C

or
ol

la
ry

Fo
r

ev
er

y
de

ri
va

ti
on

T
∆
‖S
L
L
S

R
th

er
e

is
a

de
ri

va
ti
on

T ‖{
ai
↓ 0

�
}

T
′ ‖{
ai
↓ a

}
T
′′ ‖S
L
L
S
\{
ai
↓,a
i↑}

R
′′ ‖{
ai
↑ a

}
R

′ ‖{
ai
↑ 0

�
}

R

5.
3.

D
ec

om
p
os

it
io

n
1
5
5

5.
3.

3
L
em

m
a

T
he

ru
le
ac
↑ a

pe
rm

ut
es

ov
er

ev
er

y
ru

le
π
∈
S
L
L
S
\{
ai
↓,
at
↓,
ac
↓,
ac
↑}

.

P
ro

of
:

C
on

si
de

r
a

de
ri

va
ti

on
Q

π
S
{a
}

ac
↑ a

,
S

(• a
,a

)•

w
he

re
π
∈
S
L
L
S
\{
ai
↓,
at
↓,
ac
↓,
ac
↑}

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

π
is

no
nt

ri
vi

al
.

A
cc

or
di

ng
to

th
e

ca
se

an
al

ys
is

in
4.

2.
3,

th
e

fo
llo

w
in

g
ca

se
s

ar
e

to
co

ns
id

er
:

(4
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ra

ct
um

a
.

T
hi

s
is

im
po

ss
ib

le
be

ca
us

e
no

th
in

g
ca

n
be

in
si

de
an

at
om

.

(5
)

T
he

co
nt

ra
ct

um
a

of
ac
↑ a

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
,b

ut
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

he
ru

le
s

of
sy

st
em
S
L
L
S

ar
e

de
si

gn
ed

su
ch

th
at

th
is

is
im

po
ss

ib
le

.

(6
)

T
he

co
nt

ra
ct

um
a

of
ac
↑ a

an
d

th
e

re
de

x
of

π
ov

er
la

p.
T

hi
s

is
im

po
ss

ib
le

be
ca

us
e

an
at

om
ca

nn
ot

pr
op

er
ly

ov
el

ap
w

it
h

an
yt

hi
ng

.
��

5.
3.

4
D

efi
n
it

io
n

A
ru

le
ρ

pe
rm

ut
es

ov
er

a
ru

le
π

by
a

sy
st

em
S

,
if

fo
r

ev
er

y
de

ri
va

-

ti
on

Q
π

U
ρ

P

th
er

e
is

a
de

ri
va

ti
on

Q
ρ

Q
′

π
P

′ ‖S P

.

Fo
r

no
ta

ti
on

al
co

nv
en

ie
nc

e,
le

t
m

e
de

fin
e

th
e

fo
llo

w
in

g
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o
sy

st
em

s:

S
L
L
S
↓

=
S
L
L
S
t↓
∪
{n
z↓

,a
i↓,
s,
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↓,
p
↓,
ac
↓,
m

,m
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↓,
m

2
↓,
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↓,
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}

S
L
L
S
↑

=
S
L
L
S
t↑
∪
{n
z↑

,a
i↑,
s,
d
↑,
p
↑,
ac
↑,
m

,m
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↑,
m
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↑,
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l 2
↑,
z↑
}
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e
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T
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↑ ⊥
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ov
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ru
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L
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↑∪
{n
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↓}
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c↑
}b

y
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e
sy
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↑,
m
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C
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si
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r
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de
ri

va
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Q

π
S
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S

(• ⊥
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w
he
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π
∈
S
L
L
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W
it

ho
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lo
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ne
ra

lit
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su

m
e
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e
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n
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π
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no
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ri

vi
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N
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ol
lo

w
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n

th
e

ca
se
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T
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re
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x
of

π
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th

e
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s
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e
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e
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vi
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.



1
5
6

5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

(5)
T

he
contractum

⊥
of
ac↑⊥

is
inside

an
active

structure
of

the
redex

of
π,

but
not

inside
a

passive
one.

T
his

case
is

the
problem

atic
one.

T
he

situation
is

sim
ilar

to
Section

4.2,w
here

the
w

eakening
rule

has
been

perm
uted

up.
Since

here
the

additives
are

also
involved,

there
are

m
ore

possibilities
of

interference.
Since

there
are

m
ore

rules
π,

there
are

m
ore

cases
to

consider.
B

ut
in

principle,
they

are
all

the
sam

e.
E

ach
rule

π
w

ill
be

treated
separately.

(i)
If

π
∈
S
L
L
S
t↑∪
{ai↑,n

z↑},
then

this
case

cannot
occur.

(ii)
If

π
=
m

2 ↑,w
e

can
reduce

this
case

to
an

instance
ofcase

(2)
by

the
associativity

of
the

par
context.

(iii)
L

et
us

now
consider

the
cases

π
∈
{ s,d↑

,p↑
,m

1 ↑}.
L

et
m

e
use

the
rule

m
1 ↑

to
explain

the
situation.

W
e

have
to

check
all

possibilities,
how

the
contractum

⊥
can

appear
inside

the
redex

( •(R
,T

),(U
,V

)) •.
A

n
exam

ple
is

( •[(R
,T

),⊥
],(U

,V
)) •.

T
he

follow
ing

derivation
show

s
the

m
ost

general
case:

S
′(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •)

m
1 ↑

S
′( •(R

,R
′,T

,T
′),(U

,V
)) •

=
S
′( •(R

,[(R
′,T

),⊥
],T

′),(U
,V

)) •
ac↑⊥

.
S
′( •(R

,[(R
′,T

),( •⊥
,⊥

) •],T
′),(U

,V
)) •

(If
w

e
set

in
this

derivation
R

=
T
′=
1,

w
e

get
the

exam
ple

m
entioned

before.
T

he
case

w
here

the
⊥

occurs
inside

(U
,V

)
is

does
not

need
to

be
considered

because
of

com
m

utativity.)
T

his
is

in
fact

very
sim

ilar
to

the
cases

(5.i)
and

(5.ii)
of

the
proof

of
part

(a)
of

L
em

m
a

4.2.9
(page

93),
w

here
the

sw
itch

rule
has

been
used

to
m

ove
the

disturbing
structure

inside
a

passive
structure

of
the

redex
of

π.
H

ere,
w

e
do

exactly
the

sam
e:

S
′(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •)

=
S
′(( •([R

,⊥
],R

′),U
) •,( •(T

,T
′),V

) •)
ac↑⊥

S
′(( •([R

,( •⊥
,⊥

) •],R
′),U

) •,( •(T
,T

′),V
) •)

m
1 ↑

S
′( •(R

,[R
′,( •⊥

,⊥
) •],T

,T
′),(U

,V
)) •

s
.

S
′( •(R

,[(R
′,T

),( •⊥
,⊥

) •],T
′),(U

,V
)) •

For
the

rules
s,
d↑

and
p↑,

the
situation

is
sim

ilar.

(iv)
If

π
=
z↑,

w
e

also
use

the
sw

itch,
in

a
different

w
ay,

nam
ely,

to
m

ove
the

disturbing
structure

out
of

the
redex

of
π

into
the

context.

S
′{!( •R

,T
) •}

z↑
S
′(!R

,T
)

=
S
′([!R

,⊥
],T

)
ac↑⊥

yields
S
′([!R

,( •⊥
,⊥

) •],T
)

S
′{!( •R

,T
) •}

=
S
′(!( •R

,T
) •,[1

,⊥
])

ac↑⊥
S
′(!( •R

,T
) •,[1

,( •⊥
,⊥

) •])
z↑

S
′(!R

,[1
,( •⊥

,⊥
) •],T

)
s
S
′([(!R

,1),( •⊥
,⊥

) •],T
)

=
.

S
′([!R

,( •⊥
,⊥

) •],T
)

5.3.
D

ecom
p
osition

1
6
5

w
here

w
e

can
use

the
rules

d↑
and
p↑

together:

S
′[?[ •R

,R
′] •,[ •T

,T
′] •]

=
S

([?[ •R
,R

′] •,[ •T
,T

′] •],!( •1
,1) •)

ai↓
S

([?[ •R
,R

′] •,[ •T
,T

′] •],!( •1
,[a

,ā]) •)
z↓

S
′(?[ •R

,R
′,T

,T
′] •,!( •1

,[a
,ā]) •)

p↑
S
′{?([ •R

,R
′,T

,T
′] •,( •1

,[a
,ā]) •)}

d↑
S
′{?[ •([ •R

,T
′] •,1),([ •R

′,T
] •,[a

,ā])] •}
=

.
S
′{?[ •R

,([ •R
′,T

] •,[a
,ā]),T

′] •}
(ix)

If
π

=
n
z↓,

then
the

situation
is

sim
ilar

as
in

the
previous

case,
w

ith
the

only
difference

that
the

rule
d↑

is
not

needed.

(6)
T

he
contractum

1
of
ai↓

and
the

redex
of

π
overlap.

A
s

before,this
is

im
possible.

��
N

ow
w

e
can

show
the

com
plete

proof
of

T
heorem

5.3.9.

P
ro

of
of

T
h
eorem

5.3.9:
W

e
can

apply
the

follow
ing

transform
ations

to
the

given
derivation:

T‖
S
L
L
S

R

1�

T‖
(S
L
L
S∪{
t↓

,c↓}
)\
S
L
L
S
m↓

R

2�

T‖{
ai↓}

T
′‖
(S
L
L
S∪{
t↓

,c↓}
)\

(S
L
L
S
m↓∪{

ai↓}
)

R

.

In
the

first
step,

w
e

apply
P

roposition
5.2.5

to
replace

all
instances

of
rules

in
S
L
L
S
m↓

by
derivation

consisting
of
t↓

and
c↓.

T
hen,L

em
m

ata
5.3.11

and
5.3.12

are
applied

in
Step

2,
to

perm
ute

all
instances

of
ai↓

to
the

top
of

the
derivation.

3�

T‖{
ai↓}

T
′‖
S
L
L
S\{
ai↓}

R

4�

T‖{
ai↓}

T
′‖
(S
L
L
S∪{
t↑

,c↑}
)\

(S
L
L
S
m↑∪{

ai↓}
)

R

.

In
Step

3,w
e

apply
P

ropositions
5.2.1

and
5.2.3

to
get

again
a

derivation
in
S
L
L
S:

O
bserve,

that
the

num
ber

of
instances

of
ai↑

in
the

w
hole

derivation
did

not
change

during
that

process.
Step

4
is

dual
to

Step
1:

w
e

replace
all

instances
of

rules
in
S
L
L
S
m↑

by
instances

of
t↑

and
c↑.

5�

T‖{
ai↓}

T
′‖
(S
L
L
S∪{
t↑

,c↑}
)\

(S
L
L
S
m↑∪{

ai↓
,ai↑}

)

R
′‖{
ai↑}

R

6�

T‖{
ai↓}

T
′‖
S
L
L
S\{
ai↓

,ai↑}
R

′‖{
ai↑}

R

.

In
Step

5,w
e

continue
by

perm
uting

allinstances
of
ai↑

dow
n

(dualto
Step

2).
T

his
yields

the
desired

derivation
because

no
new

instances
of
ai↓

are
introduced

w
hile
ai↑

is
perm

uted
dow

n.
In

Step
6

w
e

apply
again

P
ropositions

5.2.1
and

5.2.3
(dualto

Step
3).

��



1
6
4

5.
A

L
o
ca

l
S
y
st

em
fo

r
L
in

ea
r

L
og

ic

(v
i)

If
π

=
m

,
th

en
w

e
ha

ve

S
′ [•

(• [•
R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
m

S
′ (•

[• R
,R

′ ,
T

,T
′ ]•
,[•

U
,V

]• )•
=

S
′ (•

[• R
,(

[• R
′ ,

T
]• ,
1
),

T
′ ]•
,[•

U
,V

]• )•
ai
↓

,
S
′ (•

[• R
,(

[• R
′ ,

T
]• ,

[a
,ā

])
,T

′ ]•
,[•

U
,V

]• )•

w
he

re
w

e
ca

n
us

e
th

e
ru

le
s
d
↑a

nd
m

1
↑t

og
et

he
r:

S
′ [•

(• [•
R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
=

S
′ (

[• (•
[• R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
,(•
1
,1

,1
)• )

ai
↓ S

′ (
[• (•

[• R
,R

′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
,(•
1
,1

,
[a

,ā
])•

)
m

S
′ (

(• [•
R

,R
′ ,

T
,T

′ ]•
,
[• U

,V
]• )•

,(•
1
,1

,[
a
,ā

])•
)

m
1
↑ S

′ (•
([•

R
,R

′ ,
T

,T
′ ]•
,(•
1
,
[a

,ā
])•

),
([•

U
,V

]• ,
1
))•

=
S
′ (•

([•
R

,R
′ ,

T
,T

′ ]•
,(•
1
,[

a
,ā

])•
),

[• U
,V

]• )•
d
↑ S

′ (•
[• (

[• R
,T

′ ]•
,1

),
([•

R
′ ,

T
]• ,

[a
,ā

])
]• ,

[• U
,V

]• )•
=

.
S
′ (•

[• R
,(

[• R
′ ,

T
]• ,

[a
,ā

])
,T

′ ]•
,
[• U

,V
]• )•

O
bs

er
ve

th
e

si
m

ila
ri

ty
to

ca
se

(5
.v

i)
in

th
e

pr
oo

f
of

L
em

m
a

5.
3.

5.

(v
ii)

If
π

=
m

2
↑,

th
en

w
e

ha
ve

S
′ [

(• [
R

,R
′ ]
,U

)• ,
(• [

T
,T

′ ]
,V

)• ]
m

2
↑

S
′ (•

[R
,R

′ ,
T

,T
′ ]
,[

U
,V

])•
=

S
′ (•

[R
,(

[R
′ ,

T
],
1
),

T
′ ]
,[

U
,V

])•
ai
↓

,
S
′ (•

[R
,(

[R
′ ,

T
],

[a
,ā

])
,T

′ ]
,[

U
,V

])•

w
he

re
w

e
ca

n
us

e
th

e
ru

le
s
s

an
d
m

1
↑t

og
et

he
r:

S
′ [

(• [
R

,R
′ ]
,U

)• ,
(• [

T
,T

′ ]
,V

)• ]
=

S
′ (

[(•
[R

,R
′ ]
,U

)• ,
(• [

T
,T

′ ]
,V

)• ]
,(•
1
,1

)• )
ai
↓ S

′ (
[(•

[R
,R

′ ]
,U

)• ,
(• [

T
,T

′ ]
,V

)• ]
,(•
1
,
[a

,ā
])•

)
m

2
↑

S
′ (

(• [
R

,R
′ ,

T
,T

′ ]
,
[U

,V
])•

,(•
1
,[

a
,ā

])•
)

m
1
↑ S

′ (•
([

R
,R

′ ,
T

,T
′ ]
,
[a

,ā
])

,(
[U

,V
],
1
))•

=
S
′ (•

([
R

,R
′ ,

T
,T

′ ]
,[

a
,ā

])
,[

U
,V

])•
s

.
S
′ (•

[R
,(

[R
′ ,

T
],

[a
,ā

])
,T

′ ]
,[

U
,V

])•

(v
iii

)
If

π
=
z↓

,
th

en
w

e
ha

ve

S
′ [

?[•
R

,R
′ ]•
,
[• T

,T
′ ]•

]
z↓

S
′ {?

[• R
,R

′ ,
T

,T
′ ]•
}

=
S
′ {?

[• R
,(

[• R
′ ,

T
]• ,
1
),

T
′ ]•
}

ai
↓

,
S
′ {?

[• R
,(

[• R
′ ,

T
]• ,

[a
,ā

])
,T

′ ]•
}

5.
3.

D
ec

om
p
os

it
io

n
1
5
7

(v
)

If
π
∈
{ l 1
↑,
l 2
↑,
nm
↓}

,
w

e
us

e
th

e
sw

it
ch

to
ge

th
er

w
it

h
th

e
ru

le
m

1
↑:

S
′ {!

(• R
,T

)• }
l 1
↑

S
′ (•

!R
,!

T
)•

=
S
′ (•

[!R
,⊥

],
!T

)•
ac
↑ ⊥

yi
el

ds
S
′ (•

[!R
,(•
⊥,
⊥)

• ]
,!

T
)•

S
′ {!

(• R
,T

)• }
=

S
′ (

!(•
R

,T
)• ,

(• 1
,[
1
,⊥

])•
)

ac
↑ ⊥

S
′ (

!(•
R

,T
)• ,

(• 1
,[
1
,(•
⊥,
⊥)

• ]
)• )

l 1
↑ S

′ (
(• !
R

,!
T

)• ,
(• 1

,[
1
,(•
⊥,
⊥)

• ]
)• )

m
1
↑ S

′ (•
(!

R
,[
1
,(•
⊥,
⊥)

• ]
),

(!
T

,1
))•

=
S
′ (•

(!
R

,[
1
,(•
⊥,
⊥)

• ]
,!

T
))•

s
S
′ (•

[(
!R

,1
),

(• ⊥
,⊥

)• ]
,!

T
)•

=
.

S
′ (

[!R
,(•
⊥,
⊥)

• ]
,!

T
)

Fo
r

π
=
l 2
↑a

nd
π

=
nm
↓,

th
e

si
tu

at
io

n
is

si
m

ila
r.

(v
i)

If
π

=
m

,t
he

si
tu

at
io

n
is

si
m

ila
r

as
be

fo
re

:

S
′ [•

(• [•
R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
m

S
′ (•

[• R
,R

′ ,
T

,T
′ ]•
,
[• U

,V
]• )•

=
S
′ (•

[• R
,[

[• R
′ ,

T
]• ,
⊥]

,T
′ ]•
,
[• U

,V
]• )•

ac
↑ ⊥

,
S
′ (•

[• R
,[

[• R
′ ,

T
]• ,

(• ⊥
,⊥

)• ]
,T

′ ]•
,
[• U

,V
]• )•

bu
t

w
e

ha
ve

to
in

se
rt

an
in

st
an

ce
of
d
↑:

S
′ [•

(• [•
R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
=

S
′ (

[• (•
[• R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
,(•
1
,1

,[
1
,⊥

])•
)

ac
↑ ⊥

S
′ (

[• (•
[• R

,R
′ ]•
,U

)• ,
(• [•

T
,T

′ ]•
,V

)• ]•
,(•
1
,1

,[
1
,(•
⊥,
⊥)

•
])•

)
m

S
′ (

(• [•
R

,R
′ ,

T
,T

′ ]•
,[•

U
,V

]• )•
,(•
1
,1

,[
1
,(•
⊥,
⊥)

• ]
)• )

m
1
↑ S

′ (•
([•

R
,R

′ ,
T

,T
′ ]•
,(•
1
,[
1
,(•
⊥,
⊥)

• ]
)• )

,(
[• U

,V
]• ,
1
))•

=
S
′ (•

([•
R

,R
′ ,

T
,T

′ ]•
,(•
1
,[
1
,(•
⊥,
⊥)

• ]
)• )

,[•
U

,V
]• )•

d
↑ S

′ (•
[• (
1
,[•

R
,T

′ ]•
),

([•
R

′ ,
T

]• ,
[1

,(•
⊥,
⊥)

• ]
)]•

,[•
U

,V
]• )•

=
S
′ (•

[• R
,(

[• R
′ ,

T
]• ,

[1
,(•
⊥,
⊥)

• ]
),

T
′ ]•
,
[• U

,V
]• )•

s
S
′ (•

[• R
,
[(

[• R
′ ,

T
]• ,
1
),

(• ⊥
,⊥

)• ]
,T

′ ]•
,
[• U

,V
]• )•

=
.

S
′ (•

[• R
,[

[• R
′ ,

T
]• ,

(• ⊥
,⊥

)• ]
,T

′ ]•
,[•

U
,V

]• )•

(6
)

T
he

co
nt

ra
ct

um
⊥

of
ac
↑ ⊥

an
d

th
e

re
de

x
of

π
ov

er
la

p.
T

hi
s

is
im

po
ss

ib
le

.
��

5.
3.

6
R

em
ar

k
T

he
in

te
re

st
ed

re
ad

er
m

ig
ht

ob
se

rv
e,

th
at

it
is

al
so

po
ss

ib
le

,t
o

pe
rm

ut
e

th
e

ru
le
ac
↑ ⊥

ov
er

m
os

t
ru

le
s

of
th

e
do

w
n

fr
ag

m
en

t
of

sy
st

em
S
L
L
S
.

Fo
r

ex
am

pl
e,

fo
r

th
e

ru
le

s
ai
↓,
p
↓

an
d
nm

1
↓,

th
e

si
tu

at
io

n
is

th
e

sa
m

e
as

fo
r
m

2
↑.

Fo
r

th
e

ru
le

s
m

1
↓

an
d
m

2
↓,

w
e

co
ul

d
co

ns
tr

uc
t

si
m

ila
r

de
ri

va
ti

on
s

as
fo

r
m

.
B

ut
I

do
no

t
w

an
t

to
tr

ou
bl

e
th

e
re

ad
er

w
it

h
m

or
e

de
ta

ils
th

an
ne

ce
ss

ar
y.



1
5
8

5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

5.3.7
L
em

m
a

For
every

derivation
T

∆‖
S
L
L
S↑

R
there

is
a

derivation

T‖ {
ac↑}

T
′‖
(S
L
L
S↑∪{

nm↓}
)\{
ac↑}

R

for
som

e
structure

T
′.

P
ro

of:
E

ach
instance

of
ac↑

inside
∆

is
an

instance
of
ac↑⊥

,
ac↑
1 ,
ac↑
0 ,
ac↑�

or
ac↑

a .
T

he
instances

of
ac↑
1

and
ac↑�

can
be

rem
oved

because
they

are
trivial,

and
the

instances
of

ac↑
0

are
replaced

by
nm↓.

In
order

to
perm

ute
ac↑

a
and
ac↑⊥

to
the

top
of

∆
,

repeatedly
apply

L
em

m
ata

5.3.3
and

5.3.5.
��

5.3.8
L
em

m
a

For
every

derivation
T

∆‖
S
L
L
S↓

R
there

is
a

derivation

T‖
(S
L
L
S↓∪{

nm↑}
)\{
ac↓}

R
′‖{
ac↓}

R

for
som

e
structure

R
′.

P
ro

of:
D

ual
to

L
em

m
a

5.3.7.
��

P
ro

of
of

T
h
eorem

5.3.1:
Im

m
ediate

consequence
of

L
em

m
a

5.3.8.
��

N
ow

w
e

have
done

all
necessary

preparations
for

the
proof

of
T

heorem
5.3.2,

w
hich

is
sim

ilar
to

the
proof

of
the

sam
e

theorem
for

classical
logic,

presented
in

[B
T

01].

P
ro

of
of

T
h
eorem

5.3.2:
L

et
T

∆‖
S
L
L
S

R
be

given.
W

e
perform

the
follow

ing
transform

a-
tions:

T
∆‖
S
L
L
S

R

1�

[T
,T̄

]
∆‖
S
L
L
S

[R
,T̄

]

2�

1↓
1

i ↓
[T

,T̄
]

∆‖
S
L
L
S

[R
,T̄

]

3�
−Π‖
L
L
S

[R
,T̄

]
.

In
the

first
step

w
e

replace
each

structure
S

that
occurs

inside
∆

by
[S

,T̄
],

w
hich

is
in

Step
2

transform
ed

into
a

proof
by

adding
an

instance
of
i↓

and
1↓.

T
hen,

in
Step

3,
w

e

5.3.
D

ecom
p
osition

1
6
3

(iv)
If

π
=
d↓,then

there
are

tw
o

possibilities:

S
′( •[( •R

,R
′) •,U

],[( •T
,T

′) •,V
]) •

d↓
S
′[( •R

,R
′,T

,T
′) •,[ •U

,V
] •]

=
S
′[( •R

,(( •R
′,T

) •,1),T
′) •,[ •U

,V
] •]

ai↓
and

S
′[( •R

,(( •R
′,T

) •,[a
,ā]),T

′) •,[ •U
,V

] •]

S
′( •[R

,[ •U
,U

′] •],[T
,[ •V

,V
′] •]) •

d↓
S
′[( •R

,T
) •,[ •U

,U
′,V

,V
′] •]

=
S
′[( •R

,T
) •,[ •U

,([ •U
′,V

] •,1),V
′] •]

ai↓
.

S
′[( •R

,T
) •,[ •U

,([ •U
′,V

] •,[a
,ā]),V

′] •]

In
the

first
case,

w
e

use
the

rules
s

and
m

1 ↑
together

to
m

ove
the

substructure
[a

,ā]
out

of
the

w
ay

of
π:

S
′( •[( •R

,R
′) •,U

],[( •T
,T

′) •,V
]) •

=
S
′(( •[( •R

,R
′) •,U

],[( •T
,T

′) •,V
]) •,( •1

,1) •)
ai↓

S
′(( •[( •R

,R
′) •,U

],[( •T
,T

′) •,V
]) •,( •1

,[a
,ā]) •)

d↓
S
′([( •R

,R
′,T

,T
′) •,[ •U

,V
] •],( •1

,[a
,ā]) •)

s
S
′[(( •R

,R
′,T

,T
′) •,( •1

,[a
,ā]) •),[ •U

,V
] •]

m
1 ↑

S
′[( •(( •R

,T
′) •,1),(( •R

′,T
) •,[a

,ā])) •,[ •U
,V

] •]
=

.
S
′[( •R

,(( •R
′,T

) •,[a
,ā]),T

′) •,[ •U
,V

] •]

T
he

second
case

is
sim

ilar,
but

w
e

use
d↑

instead
of
m

1 ↑:
S
′( •[R

,[ •U
,U

′] •],[T
,[ •V

,V
′] •]) •

=
S
′(( •[R

,[ •U
,U

′] •],[T
,[ •V

,V
′] •]) •,( •1

,1) •)
ai↓

S
′(( •[R

,[ •U
,U

′] •],[T
,[ •V

,V
′] •]) •,( •1

,[a
,ā]) •)

d↓
S
′([( •R

,T
) •,[ •U

,U
′,V

,V
′] •],( •1

,[a
,ā]) •)

s
S
′[( •R

,T
) •,([ •U

,U
′,V

,V
′] •,( •1

,[a
,ā]) •)]

d↑
S
′[( •R

,T
) •,[ •([ •U

,V
′] •,1),([ •U

′,V
] •,[a

,ā])] •]
=

.
S
′[( •R

,T
) •,[ •U

,([ •U
′,V

] •,[a
,ā]),V

′] •]

(v)
If

π
∈
{ ac↑,l1 ↑,l2 ↑},

then
w

e
can

em
ploy

the
rule

m
1 ↑

in
the

follow
ing

w
ay.

I
w

ill
show

only
the

case
for
l2 ↑

because
the

others
are

sim
ilar:

S
′{?( •R

,T
) •}

l2 ↑
S
′( •?R

,?T
) •

=
S
′( •(?R

,1),?T
) •

ai↓
yields

S
′( •(?R

,[a
,ā]),?T

) •

S
′{?( •R

,T
) •}

=
S
′(?( •R

,T
) •,( •1

,1) •)
ai↓

S
′(?( •R

,T
) •,( •[a

,ā],1) •)
l2 ↑

S
′(( •?R

,?T
) •,( •[a

,ā],1) •)
m

1 ↑
S
′( •(?R

,[a
,ā]),(?T

,1)) •
=

.
S
′( •(?R

,[a
,ā]),?T

) •



1
6
2

5.
A

L
o
ca

l
S
y
st

em
fo

r
L
in

ea
r

L
og

ic

(i
)

π
=
t↓.

T
he

n

S
′ {0
}

t↓
S
′ {R
{1
}}

ai
↓

yi
el

ds
S
′ {R

[a
,ā

]}
S
′ {0
}

t↓
.

S
′ {R

[a
,ā

]}

(i
i)

π
=
c↓

.
T

he
n

S
′ [•
R
{1
},

R
{1
}]•

c↓
S
′ {R
{1
}}

ai
↓

yi
el

ds
S
′ {R

[a
,ā

]}

S
′ [•
R
{1
},

R
{1
}]•

ai
↓ S

′ [•
R
{1
},

R
[a

,ā
]]•

ai
↓ S

′ [•
R

[a
,ā

],
R

[a
,ā

]]•
c↓

.
S
′ {R

[a
,ā

]}

(6
)

T
he

co
nt

ra
ct

um
1

of
ai
↓a

nd
th

e
re

de
x

of
π

ov
er

la
p.

A
s

be
fo

re
,t

hi
s

is
im

po
ss

ib
le

.
��

B
ef

or
e

sh
ow

in
g

ho
w
ai
↓

is
pe

rm
ut

ed
ov

er
al

l
ot

he
r

ru
le

s,
le

t
m

e,
fo

r
no

ta
ti

on
al

co
nv

e-
ni

en
ce

,
de

fin
e

th
e

fo
llo

w
in

g
tw

o
sy

st
em

s:

S
L
L
S
m
↓

=
S
L
L
S
t↓
∪
{a
c↓

,m
1
↓,
m

2
↓,
l 1
↓,
l 2
↓}

S
L
L
S
m
↑

=
S
L
L
S
t↑
∪
{a
c↑

,m
1
↑,
m

2
↑,
l 1
↑,
l 2
↑}

T
he

y
w

ill
be

ne
ed

ed
on

ly
in

si
de

th
is

se
ct

io
n

fo
r

th
e

pr
oo

f
of

T
he

or
em

5.
3.

9.

5.
3.

12
L
em

m
a

T
he

ru
le
ai
↓

pe
rm

ut
es

ov
er

al
l
ru

le
s

π
∈
S
L
L
S
\S
L
L
S
m
↓

by
th

e
sy

s-
te

m
{s

,d
↑,
p
↑,
m

1
↑}

.

P
ro

of
:

C
on

si
de

r
a

de
ri

va
ti

on
Q

π
S
{1
}

ai
↓

,
S

[a
,ā

]

w
he

re
π
∈
S
L
L
S
\S
L
L
S
m
↓i

s
no

nt
ri

vi
al

.
A

cc
or

di
ng

to
4.

2.
3,

w
e

ha
ve

to
co

ns
id

er
th

e
fo

llo
w

in
g

ca
se

s:

(4
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ra

ct
um
1
.

T
hi

s
is

im
po

ss
ib

le
.

(5
)

T
he

co
nt

ra
ct

um
1

of
ai
↓i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
,b

ut
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

ca
se

is
es

se
nt

ia
lly

th
e

sa
m

e,
as

ca
se

(5
)

in
L

em
m

a
5.

3.
7,

bu
t

th
is

ti
m

e
th

e
co

nt
ra

ct
um

is
1

in
st

ea
d

of
⊥.

T
he

re
ar

e
th

e
fo

llo
w

in
g

su
bc

as
es

.

(i
)

If
π
∈
S
L
L
S
t↑
∪
{a
i↑,
n
z↑
},

th
en

th
is

ca
se

is
im

po
ss

ib
le

.

(i
i)

If
π
∈
{s

,d
↑,
p
↑,
m

1
↑,
z↑
},

th
en

be
ca

us
e

of
th

e
as

so
ci

at
iv

it
y

of
th

e
ti

m
es

co
nt

ex
t,

th
is

ca
se

ca
n

be
re

du
ce

d
to

ca
se

s
(1

)
an

d
(2

).

(i
ii)

If
π

=
p
↓,

th
en

w
e

ha
ve

th
e

sa
m

e
ca

se
as

sh
ow

n
in

ca
se

(5
.i)

in
th

e
pr

oo
f

of
pa

rt
(c

)
of

L
em

m
a

4.
2.

9
(s

ee
pa

ge
93

),
i.e

.
an

in
st

an
ce

of
th

e
sw

it
ch

is
in

se
rt

ed
.

5.
3.

D
ec

om
p
os

it
io

n
1
5
9

ap
pl

y
P

ro
po

si
ti

on
3.

2.
16

an
d

cu
t

el
im

in
at

io
n

(T
he

or
em

5.
2.

8)
to

tr
an

sf
or

m
th

is
pr

oo
f

in
to

a
pr

oo
f

in
sy

st
em
L
L
S
.

4 �

1
Π

′ ‖(
L
L
S
∪{
nm

↑}
)\
{a
c↓
}

U
∆̃
‖{
ac
↓}

[R
,T̄

]

5 �

1
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

U
∆̃
‖{
ac
↓}

[R
,T̄

]

6 �

1
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

[R
′ ,

T̄
′ ]

∆̃
‖{
ac
↓}

[R
,T̄

]

.

In
St

ep
4,

w
e

ap
pl

y
T

he
or

em
5.

3.
1.

St
ep

5
is

a
tr

iv
ia

lit
y

be
ca

us
e

(L
L
S
∪
{n
m
↑}

)
\{
ac
↓}
⊆

S
L
L
S
\{
ac
↓,
ac
↑}

.
Si

nc
e

th
e

ru
le
ac
↓c

an
no

t
m

od
ify

a
pa

r
st

ru
ct

ur
e,

w
e

ha
ve

th
at

U
=

[R
′ ,

T̄
′ ]

fo
r

so
m

e
st

ru
ct

ur
es

R
′ a

nd
T̄
′ s

uc
h

th
at

th
er

e
ar

e
de

ri
va

ti
on

s

R
′

∆̃
R
‖{
ac
↓}

R
an

d
T̄
′

∆̃
T̄
‖{
ac
↓}

T̄
.

T
ho

se
tw

o
de

ri
va

ti
on

s
ar

e
no

w
se

pa
ra

te
d

in
St

ep
7:

7 �

1
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

[R
′ ,

T̄
′ ]

∆̃
T̄
‖{
ac
↓}

[R
′ ,

T̄
]

∆̃
R
‖{
ac
↓}

[R
,T̄

]

8 �

( 1
,T

)
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

([
R

′ ,
T̄
′ ]
,T

)
∆̃

T̄
‖{
ac
↓}

([
R

′ ,
T̄

],
T

)
∆̃

R
‖{
ac
↓}

([
R

,T̄
],

T
)

.

St
ep

8
is

ve
ry

si
m

ila
r

to
th

e
fir

st
st

ep
:

w
e

se
t

ev
er

y
st

ru
ct

ur
e

in
th

e
de

ri
va

ti
on

in
a

ti
m

es
re

la
ti

on
w

it
h

T
.

9 �

T
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

([
R

′ ,
T̄
′ ]
,T

)
∆̃

T̄
‖{
ac
↓}

([
R

′ ,
T̄

],
T

)
∆̃

R
‖{
ac
↓}

([
R

,T̄
],

T
)

s
[R

,(
T̄

,T
)]

i↑
R

1
0

�

T
Π

′ ‖S
L
L
S
\{
ac
↓,a
c↑
}

([
R

′ ,
T̄
′ ]
,T

)
∆̃

T̄
‖{
ac
↓}

([
R

′ ,
T̄

],
T

)
s

[R
′ ,

(T̄
,T

)]
i↑

R
′

∆̃
R
‖{
ac
↓}

R

.

In
St

ep
9,

w
e

ad
d

an
in

st
an

ce
of

sw
it

ch
an

d
cu

t
to

pr
od

uc
e

a
de

ri
va

ti
on

w
it

h
co

nc
lu

si
on

R
.

Si
nc

e
no

in
st

an
ce

of
ac
↓i

n
∆̃

R
do

es
m

od
ify

T
or

T̄
w

e
ca

n
in

St
ep

10
m

ov
e

∆̃
R

be
lo

w
th

e



1
6
0

5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

instances
of

sw
itch

and
cut.

1
1

�

T
Π

′‖
S
L
L
S\{
ac↓

,ac↑}
([R

′,T̄
′],T

)
∆̃

T ‖{
ac↑}

([R
′,T̄

′],T
′)

s
[R

′,(T̄
′,T

′)]
i↑

R
′

∆̃
R ‖{
ac↓}

R

1
2

�

T
∆̃

T ‖{
ac↑}

T
′

Π
′‖
S
L
L
S\{
ac↓

,ac↑}
([R

′,T̄
′],T

′)
s

[R
′,(T̄

′,T
′)]

i↑
R

′

∆̃
R ‖{
ac↓}

R

1
3

�

T
∆̃

T ‖{
ac↑}

T
′

∆
′‖
S
L
L
S\{
ac↓

,ac↑}
R

′

∆̃
R ‖{
ac↓}

R

.

In
Step

11,the
derivation

T̄
′

∆̃
T̄ ‖{
ac↓}

T̄
is

replace
by

the
dualderivation

T
∆̃

T ‖{
ac↑}

T
′

.
In

order
to

keep
everything

sound,
T

and
T̄

have
to

be
replaced

by
T
′and

T̄
′in

the
instance

of
i↑.

Since

the
derivation

1
Π

′‖
S
L
L
S\{
ac↓

,ac↑}
[R

′,T̄
′]

does
not

m
odify

the
substructure

T
,the

derivation
∆̃

T
can

be
m

oved
to

the
top

in
Step

12.
Step

13
is

then
another

application
of

P
roposition

3.2.16
to

get
the

desired
derivation.

��

5
.3

.2
S
ep

ara
tio

n
o
f
A
to

m
ic

In
tera

ctio
n

T
he

next
theorem

deals
w

ith
interaction

and
cut.

A
s

already
show

n
in

Section
4.2,

it
is

possible
to

perm
ute

the
identity

up
and

the
cut

dow
n.

B
ut

here
the

situation
is

m
ore

com
plex

since
the

additive
contexts

have
also

be
considered

in
the

perm
utation

lem
m

ata.
H

ow
ever,since

contraction
is

reduced
to

an
atom

ic
version,w

e
can

get
the

follow
ing

result,
w

hich
w

as
im

possible
for

system
S
E
L
S.

5.3.9
T

h
eorem

For
every

derivation
T

∆‖
S
L
L
S

R
there

is
a

derivation

T‖ {
ai↓}

T
′‖
S
L
L
S\{
ai↓

,ai↑}
R

′‖{
ai↑}

R

for
som

e
structures

T
′
and

R
′.

B
efore

I
go

into
the

proof,w
hich

w
illagain

use
a

perm
utation

argum
ent,let

m
e

explain
w

hy
this

result
is

im
possible

w
ithout

the
atom

icity
of

the
contraction

rule.
M

ore
precisely,

5.3.
D

ecom
p
osition

1
6
1

it
does

not
hold

for
system

SL
S,

w
hich

has
been

discussed
in

C
hapter

3,
because

the
rule

ai↓
cannot

be
perm

uted
over

the
rule
c↑.

T
he

problem
atic

case
is

the
follow

ing:

S{R{ 1}}
c↑

S
( •R{1},R{1}) •

ai↓
.

S
( •R

[a
,ā],R{1}) •

T
his

is
also

the
reason

w
hy

in
both

decom
position

theorem
s

in
Section

4.3,
the

rule
b↑

appears
at

the
top

and
the

rule
b↓

at
the

bottom
.

A
lthough

this
problem

cannot
occur

in
the

case
of

atom
ic

contraction,
there

is
another

problem
w

hich
is

caused
by

atom
ic

contraction.
M

ore
precisely,it

is
caused

by
the

presence
of

the
m

edial
rules.

It
is

not
(trivially)

possible,
to

perm
ute
ai↓

over
the

rule
l2 ↓.

T
he

problem
atic

case
is

the
follow

ing:

S
[ •!R

,!T
] •

l2 ↓
S{![ •R

,T
] •}

=
S{!([ •R

,T
] •,1)}

ai↓
.

S{!([ •R
,T

] •,[a
,ā])}

Fortunately,
this

concerns
only

the
m

edial
dow

n
rules

and
not

the
m

edial
up

rules.
In

order
to

prove
T

heorem
5.3.9,

w
e

can
therefore

use
the

fact
that

all
m

edial
dow

n
rules

are
derivable

in
{ t↓

,c↓}
(by

P
roposition

5.2.5)
together

w
ith

L
em

m
a

5.3.11,
w

hich
follow

s
below

.

5.3.10
D

efi
n
ition

A
rule

ρ
w
eakly

perm
utes

over
a

rule
π,

if
for

every
derivation

Q
π

U
ρ

P

there
is

a
derivation

Q‖ {
ρ}

U
′

π
,

P

for
som

e
structure

U
′.

5.3.11
L
em

m
a

T
he

rule
ai↓

w
eakly

perm
utes

over
the

rules
t↓

and
c↓.

P
ro

of:
C

onsider
a

derivation
Q

π
S{1}

ai↓
,

S
[a

,ā]

w
here

the
application

of
π
∈
{ t↓

,c↓}
is

nontrivial.
B

y
the

case
analysis

in
4.2.3,

w
e

have
to

consider
the

follow
ing

cases:

(4)
T

he
redex

of
π

is
inside

the
contractum

1.
T

his
is

possible
since

π
is

nontrivial.

(5)
T

he
contractum

1
of
ai↓

is
inside

an
active

structure
of

the
redex

of
π,but

not
inside

a
passive

one.
T

here
are

tw
o

subcases:



1
8
4

6.
M

ix
an

d
S
w

it
ch

6.
1.

5
T

h
eo

re
m

Fo
r

ev
er

y
de

ri
va

ti
on

T
∆
‖S
S
◦

R
th

er
e

ar
e

st
ru

ct
ur

es
T

1
an

d
R

1
,
an

d
de

ri
-

va
ti
on

s
∆

1
,.

..
,∆

3
,
su

ch
th

at
T

∆
1
‖{
ai
↓}

T
1

∆
2
‖{
s}

R
1

∆
3
‖{
ai
↑}

R

.

L
et

m
e

al
so

m
en

ti
on

th
e

in
te

rp
ol

at
io

n
th

eo
re

m
,w

hi
ch

w
ill

be
ne

ed
ed

in
th

e
ne

xt
se

ct
io

n.

6.
1.

6
T

h
eo

re
m

(I
n
te

rp
ol

at
io

n
)

Fo
r

ev
er

y
de

ri
va

ti
on

T
∆
‖S
S
◦

R
th

er
e

ar
e

st
ru

ct
ur

es

I
,T

1
,R

1
an

d
de

ri
va

ti
on

s
∆

1
,.

..
,∆

4
,
su

ch
th

at T
∆

1
‖{
s}

T
1

∆
2
‖{
ai
↑}

I
∆

3
‖{
ai
↓}

R
1

∆
4
‖{
s}

R

.

P
ro

of
:

T
hi

s
is

in
fa

ct
an

im
m

ed
ia

te
co

ns
eq

ue
nc

e
of

th
e

in
te

rp
ol

at
io

n
th

eo
re

m
fo

r
S
E
L
S
◦ ,

w
ho

se
pr

oo
f

is
lit

er
al

ly
th

e
sa

m
e

as
fo

r
T

he
or

em
4.

5.
1

(a
s

m
en

ti
on

ed
be

fo
re

,
th

e
re

le
va

nt
pe

rm
ut

at
io

n
re

su
lt

s
ar

e
re

fin
ed

in
Se

ct
io

n
7.

2.
1)

.
H

ow
ev

er
,

be
ca

us
e

fo
r

sy
st

em
S
S
◦ ,

th
e

si
tu

at
io

n
is

m
uc

h
si

m
pl

er
,

le
t

m
e

gi
ve

he
re

th
e

di
re

ct
pr

oo
f.

O
bs

er
ve

th
at

in
th

e
ca

se
of

sy
st

em
S
S
◦ ,

it
is

no
t

ne
ce

ss
ar

y
to

st
ar

t
fr

om
th

e
de

co
m

po
si

ti
on

th
eo

re
m

in
or

de
r

to
ob

ta
in

th
e

in
te

rp
ol

at
io

n.
It

is
on

ly
ne

ce
ss

ar
y

to
re

pl
ac

e
in

si
de

∆
al

l
in

st
an

ce
s

of
ai
↑

by
sa
i↑

(s
ee

pa
ge

13
1)

an
d

al
li

ns
ta

nc
es

of
s

by
d
s↓

or
n
s↑

(D
efi

ni
ti

on
4.

4.
3

on
pa

ge
13

1)
.

T
he

de
ri

va
ti

on
T

∆
′ ‖{
ai
↓,d
s↓

,n
s↑

,s
ai
↑}

R
ca

n
no

w
de

co
m

po
se

d
in

to

T
∆

′ 1
‖{
sa
i↑,
n
s↑
}

I
∆

′ 2
‖{
ai
↓,d
s↓
}

R

by
ap

pl
yi

ng
L

em
m

a
4.

4.
4

an
d

L
em

m
a

4.
4.
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.

(F
or

th
es

e
tw

o
L

em
m

at
a

th
e

co
lla

ps
in

g
of

th
e

co
ns

ta
nt

s
is

no
t

pr
ob

le
m

at
ic

si
nc

e
th

e
th

e
ru

le
to

be
pe

rm
ut

ed
up

is
al

w
ay

s
co

ns
id

er
ed

to
be

no
nt

ri
vi

al
.)

T
he

ru
le

s
d
s↓

an
d
n
s↑

ar
e

in
st

an
ce

s
of
s,

an
d

th
e

in
st

an
ce

s
of
sa
i↑

in
si

de

5.
3.

D
ec

om
p
os

it
io

n
1
6
9

(i
ii)

If
π
∈
{ a
i↓ a

,p
↓}

,
th

en
w

e
ca

n
us

e
th

e
ru

le
m

1
↓:

S
′ {!

[R
,T

]}
p
↓

S
′ [

!R
,?

T
]

=
S
′ [

[• !
R

,0
]• ,

?T
]

t↓
yi

el
ds

S
′ [

[• !
R

,Z
]• ,

?T
]

S
′ {!

[R
,T

]}
=

S
′ [•

![
R

,T
],
0

]•
t↓

S
′ [•

![
R

,T
],

[Z
,0

]]•
p
↓ S

′ [•
[!
R

,?
T

],
[Z

,0
]]•

m
1
↓ S

′ [
[• !
R

,Z
]• ,

[• ?
T

,0
]• ]

=
.

S
′ [

[• !
R

,Z
]• ,

?T
]

Fo
r

π
=
ai
↓ a

,t
he

si
tu

at
io

n
is

si
m

ila
r.

(i
v)

If
π

=
d
↓,

th
en

w
e

ha
ve

S
′ (•

[(•
R

,R
′ )•
,U

],
[(•

T
,T

′ )•
,V

])•
d
↓

S
′ [

(• R
,R

′ ,
T

,T
′ )•
,
[• U

,V
]• ]

=
S
′ [

(• R
,[•

(• R
′ ,

T
)• ,
0

]• ,
T
′ )•
,[•

U
,V

]• ]
t↓

,
S
′ [

(• R
,
[• (•

R
′ ,

T
)• ,

Z
]• ,

T
′ )•
,
[• U

,V
]• ]

w
he

re
w

e
us

e
th

e
ru

le
s
m

an
d
m

1
↓t

og
et

he
r:

S
′ (•

[(•
R

,R
′ )•
,U

],
[(•

T
,T

′ )•
,V

])•
=

S
′ [•

(• [
(• R

,R
′ )•
,U

],
[(•

T
,T

′ )•
,V

])•
,0

]•
t↓

S
′ [•

(• [
(• R

,R
′ )•
,U

],
[(•

T
,T

′ )•
,V

])•
,
[0

,(•
0
,Z

)• ]
]•

d
↓

S
′ [•

[(•
R

,R
′ ,

T
,T

′ )•
,[•

U
,V

]• ]
,[
0
,(•
0
,Z

)• ]
]•

m
1
↓

S
′ [

[• (•
R

,R
′ ,

T
,T

′ )•
,(•
0
,Z

)• ]•
,[•

U
,V

,0
]• ]

=
S
′ [

[• (•
R

,R
′ ,

T
,T

′ )•
,(•
0
,Z

)• ]•
,[•

U
,V

]• ]
m

S
′ [

(• [•
(• R

,T
′ )•
,0

]• ,
[• (•

R
′ ,

T
)• ,

Z
]• )•

,
[• U

,V
]• ]

=
.

S
′ [

(• R
,[•

(• R
′ ,

T
)• ,

Z
]• ,

T
′ )•
,[•

U
,V

]• ]

(v
)

If
π

=
d
↑,

th
en

w
e

ha
ve

S
′ (

[• (
R

,R
′ )
,U

]• ,
(• (

T
,T

′ )
,V

)• )
d
↑

S
′ [•

(R
,R

′ ,
T

,T
′ )
,(

U
,V

)]•
=

S
′ [•

(R
,[•

(R
′ ,

T
),
0

]• ,
T
′ )
,(

U
,V

)]•
t↓

,
S
′ [•

(R
,
[• (

R
′ ,

T
),

Z
]• ,

T
′ )
,(

U
,V

)]•

w
he

re
w

e
us

e
th

e
ru

le
m

2
↓:

S
′ (

[• (
R

,R
′ )
,U

]• ,
(• (

T
,T

′ )
,V

)• )
=

S
′ [•

([•
(R

,R
′ )
,U

]• ,
(• (

T
,T

′ )
,V

)• )
,0

]•
t↓

S
′ [•

([•
(R

,R
′ )
,U

]• ,
(• (

T
,T

′ )
,V

)• )
,(
0
,Z

)]•
d
↑

S
′ [•

(R
,R

′ ,
T

,T
′ )

,(
0
,Z

),
(U

,V
)]•

m
2
↓ S

′ [•
([•

(R
,T

′ )
,0

]• ,
[• (

R
′ ,

T
),

Z
]• )

,(
U

,V
)]•

=
.

S
′ [•

(R
,[•

(R
′ ,

T
),

Z
]• ,

T
′ )
,(

U
,V

)]•



1
7
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5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

(vi)
If

π
=
p↑,

then
w

e
have

S
′(?(R

,R
′),!(T

,T
′))

p↑
S
′{?(R

,R
′,T

,T
′)}

=
S
′{?(R

,[ •(R
′,T

),0] •,T
′)}

t↓
,

S
′{?(R

,[ •(R
′,T

),Z
] •,T

′)}
w

here
w

e
can

use
the

rules
m

2 ↓
and
l1 ↓:

S
′(?(R

,R
′),!(T

,T
′))

=
S
′[ •(?(R

,R
′),!(T

,T
′)),0] •

t↓
S
′[ •(?(R

,R
′),!(T

,T
′)),?(0

,Z
)] •

p↑
S
′[ •?(R

,R
′,T

,T
′),?(0

,Z
)] •

l1 ↓
S
′{?[ •(R

,R
′,T

,T
′),(0

,Z
)] •}

m
2 ↓

S
′{?([ •(R

,T
′),0] •,[ •(R

′,T
),Z

] •,T
′)}

=
.

S
′{?(R

,[ •(R
′,T

),Z
] •,T

′)}
(vii)

If
π
∈
{ ac↑,l1 ↑

,l2 ↑},
then

use
the

rule
m

as
follow

s:

S
′{!( •R

,T
) •}

l1 ↑
S
′( •!R

,!T
) •

=
S
′( •[ •!R

,0] •,!T
) •

t↓
yields

S
′( •[ •!R

,Z
] •,!T

) •

S
′{!( •R

,T
) •}

=
S
′[ •!( •R

,T
) •,0] •

t↓
S
′[ •!( •R

,T
) •,( •Z

,0) •] •
l1 ↑

S
′[ •( •!R

,!T
) •,( •Z

,0) •] •
m

S
′( •[ •!R

,Z
] •,[ •!T

,0] •) •
=

.
S
′( •[ •!R

,Z
] •,!T

) •

(viii)
If

π
=
m

1 ↑,then
w

e
have

S
′(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •)

m
1 ↑

S
′( •(R

,R
′,T

,T
′),(U

,V
)) •

=
S
′( •(R

,[ •(R
′,T

),0] •,T
′),(U

,V
)) •

t↓
,

S
′( •(R

,[ •(R
′,T

),Z
] •,T

′),(U
,V

)) •

w
here

w
e

can
use

the
rules

m
2 ↓

and
m

:

S
′(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •)

=
S
′[ •(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •),0] •

t↓
S
′[ •(( •(R

,R
′),U

) •,( •(T
,T

′),V
) •),( •(Z

,0),0) •] •
m

1 ↑
S
′[ •( •(R

,R
′,T

,T
′),(U

,V
)) •,( •(Z

,0),0) •] •
m

S
′( •[ •(R

,R
′,T

,T
′),(Z

,0)] •,[ •(U
,V

),0] •) •
=

S
′( •[ •(R

,R
′,T

,T
′),(Z

,0)] •,(U
,V

)) •
m

2 ↓
S
′( •([ •(R

,T
′),0] •,[ •(R

′,T
),Z

] •),(U
,V

)) •
=

.
S
′( •(R

,[ •(R
′,T

),Z
] •,T

′),(U
,V

)) •

6.1.
A

d
d
in

g
th

e
R

u
les

M
ix

an
d

N
u
llary

M
ix

1
8
3

S{◦}
ai↓

S
[a

,ā]

S
(a

,ā)
ai↑

S{◦}

S
([R

,U
],T

)
s
S

[(R
,T

),U
]

F
igure

6.4:
System

S
S ◦

◦↓
◦

S{◦}
ai↓

S
[a

,ā]

S
([R

,U
],T

)
s

S
[(R

,T
),U

]

F
igure

6.5:
System

S ◦

a
conservative

extension
of
E
L
S ◦.

In
particular,

in
Section

7.2.1,
I

w
ill

show
all

relevant
perm

utation
results.

L
et

us
now

consider
only

the
m

ultiplicative
fragm

ent.

6.1.3
D

efi
n
ition

A
n
S ◦

structure
is

an
E
L
S ◦

structure
that

does
not

contain
any

ex-
ponentials,i.e.

that
does

not
have

any
substructure

!R
or

?R
for

som
e

R
.

6.1.4
D

efi
n
ition

System
S
S ◦

is
built

from
the

rules
ai↓,
ai↑,

and
s,

and
is

show
n

in
F

igure
6.4.

System
S ◦

is
obtained

from
the

dow
n

fragm
ent

of
S
S ◦

together
w

ith
the

axiom
◦↓

and
is

show
n

in
F

igure
6.5.

From
the

results
of

Section
3.3

and
the

discussion
at

the
beginning

of
this

section,
it

follow
s

im
m

ediately
that

System
S ◦,is

equivalent
to

m
ultiplicative

linear
logic

(M
L
L

)
plus

m
ix

and
m
ix
0.

(A
direct

proof
can

also
be

found
in

[G
ug02e],

w
here

system
S ◦

is
called

system
F
B
V

.)

A
ll

the
results

m
entioned

for
the

system
s
S
E
L
S ◦

and
E
L
S ◦

before,
do

obviously
also

hold
for

the
system

s
S
S ◦

and
S ◦.

Since
there

are
no

noncore
rules,the

proofs
becom

e
even

sim
pler.

T
his

is
in

particular
the

case
for

the
decom

position
theorem

s,
w

hich
collapse

to
a

single
decom

position
theorem

:
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6.
M

ix
an

d
S
w

it
ch

S
{◦
}

ai
↓ S

[a
,ā

]

S
(a

,ā
)

ai
↑

S
{◦
}

S
([

R
,U

],
T

)
s
S

[(
R

,T
),

U
]

S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]

S
(?

R
,!

T
)

p
↑ S
{?

(R
,T

)}

S
{◦
}

w
↓ S
{?

R
}

S
{!R
}

w
↑

S
{◦
}

S
[?

R
,R

]
b
↓

S
{?

R
}

S
{!R
}

b
↑ S

(!
R

,R
)

F
ig

ur
e

6.
2:

Sy
st

em
S
E
L
S
◦

◦↓
◦

S
{◦
}

ai
↓ S

[a
,ā

]

S
([

R
,U

],
T

)
s

S
[(

R
,T

),
U

]

S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]

S
{◦
}

w
↓ S
{?

R
}

S
[?

R
,R

]
b
↓

S
{?

R
}

F
ig

ur
e

6.
3:

Sy
st

em
E
L
S
◦

el
im

in
at

io
n,

al
so

in
it

s
st

ro
ng

er
ve

rs
io

n
(T

he
or

em
4.

4.
13

),
w

he
re

sy
st

em
dE
L
S
◦

is
ob

ta
in

ed
fr

om
sy

st
em
E
L
S
◦

by
re

pl
ac

in
g

th
e

sw
it

ch
ru

le
by

th
e

de
ep

sw
it

ch
.

C
on

se
qu

en
tl

y,
th

e
in

te
rp

ol
at

io
n

th
eo

re
m

(T
he

or
em

4.
5.

1)
do

es
al

so
ho

ld
fo

r
sy

st
em
S
E
L
S
◦ .

A
ll

pr
oo

fs
ar

e
lit

er
al

ly
th

e
sa

m
e,

ex
ce

pt
fo

r
th

e
pe

rm
ut

at
io

n
re

su
lt

s
in

Se
ct

io
n

4.
2.

B
ec

au
se

of
th

e
co

lla
ps

in
g

of
th

e
un

it
s,

so
m

e
of

th
e

re
su

lt
s

pr
es

en
te

d
th

er
e

ar
e

no
lo

ng
er

tr
ue

.
Fo

r
ex

am
pl

e
th

e
ru

le
ai
↓d

oe
s

no
lo

ng
er

pe
rm

ut
e

ov
er
p
↑.

T
hi

s
ca

n
be

se
en

fr
om

th
e

de
ri

va
ti

on
S

(?
U

,!
V

)
p
↑ S
{?

(U
,V

)}
=

S
{?

[(
U

,V
),
◦]
}

ai
↓

.
S
{?

[(
U

,V
),

[a
,ā

]]
}

B
ut

w
e

ca
n

us
e

th
e

sw
it

ch
ru

le
in

th
e

sa
m

e
w

ay
as

it
ha

s
be

en
do

ne
fo

r
th

e
ru

le
w
↓

in
L

em
m

a
4.

2.
9.

I
w

ill
no

t
go

in
to

fu
rt

he
r

de
ta

ils
he

re
,

be
ca

us
e

in
C

ha
pt

er
7,

I
w

ill
di

sc
us

s

5.
3.

D
ec

om
p
os

it
io

n
1
7
1

(i
x)

If
π

=
m

2
↑,

th
en

th
e

si
tu

at
io

n
is

si
m

ila
r

to
th

e
pr

ev
io

us
ca

se
,

bu
t

w
e

us
e

th
e

ru
le
m

1
↓i

ns
te

ad
of
m

2
↓.

(x
)

If
π

=
s,

th
en

th
e

si
tu

at
io

n
is

al
so

si
m

ila
r

to
th

e
ca

se
of
m

1
↑,

bu
t

w
e

us
e

th
e

ru
le

s
m

2
↓a

nd
m

1
↓t

og
et

he
r.

(x
i)

If
π

=
z↑

,t
he

n
w

e
ca

n
us

e
th

e
ru

le
m

2
↓:

S
′ {!

(• R
,T

)• }
z↑

S
′ (

!R
,T

)
=

S
′ (

[• !
R

,0
]• ,

T
)

t↓
yi

el
ds

S
′ (

[• !
R

,Z
]• ,

T
)

S
′ {!

(• R
,T

)• }
=

S
′ [•

!(•
R

,T
)• ,
0

]•
t↓

S
′ [•

!(•
R

,T
)• ,

(Z
,0

)]•
z↑

S
′ [•

(!
R

,T
),

(Z
,0

)]•
m

2
↓ S

′ (
[• !
R

,Z
]• ,

[• T
,0

]• )
=

.
S
′ (

[• !
R

,Z
]• ,

T
)

(6
)

T
he

co
nt

ra
ct

um
0

of
t↓

an
d

th
e

re
de

x
of

π
ov

er
la

p.
im

po
ss

ib
le

.
��

P
ro

of
of

T
h
eo

re
m

5.
3.

16
:

A
pp

ly
th

e
fo

llo
w

in
g

tr
an

sf
or

m
at

io
ns

to
th

e
gi

ve
n

de
ri

va
ti

on
:

T ‖S
L
L
S

R

1 �

T ‖ {
ai
↓}

T
′ ‖S
L
L
S
\{
ai
↓,a
i↑}

R
′ ‖{
ai
↑}

R

2 �

T ‖ {
ai
↓}

T
′ ‖(S
L
L
S
∪{
t↓
})
\(
S
L
L
S
t↓∪

{a
i↓,
ai
↑}

)

R
′ ‖{
ai
↑}

R

.

In
St

ep
1

w
e

ap
pl

y
T

he
or

em
5.

3.
9

an
d

in
St

ep
2

w
e

re
pl

ac
e

al
li

ns
ta

nc
es

of
ru

le
s

in
S
L
L
S
t↓

by
an

in
st

an
ce

of
t↓

.

3 �

T ‖ {
ai
↓}

T
′ ‖{
t↓
}

T
′′ ‖S
L
L
S
\(
S
L
L
S
t↓∪

{a
i↓,
ai
↑}

)

R
′ ‖{
ai
↑}

R

4 �

T ‖ {
ai
↓}

T
′ ‖{
t↓
}

T
′′ ‖(S
L
L
S
∪{
t↑
})
\(
S
L
L
S
t↓∪
S
L
L
S
t↑∪

{a
i↓,
ai
↑}

)

R
′ ‖{
ai
↑}

R

.

In
St

ep
3,

w
e

co
nt

in
ue

by
pe

rm
ut

in
g

up
al

l
in

st
an

ce
s

of
t↓

(b
y

ap
pl

yi
ng

L
em

m
a

5.
3.

18
).

T
he

n,
du

al
ly

,a
ll

in
st

an
ce

s
of

ru
le

s
in
S
L
L
S
t↑

ar
e

re
pl

ac
ed

by
t↑

(i
n

St
ep

4)
an

d
ar

e
pe

rm
ut

ed
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5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

dow
n

(in
Step

5).

5�

T‖{
ai↓}

T
′‖{
t↓}

T
′′‖
S
L
L
S\

(S
L
L
S
t↓∪
S
L
L
S
t↑∪{

ai↓
,ai↑}

)

R
′′‖{
t↑}

R
′‖{
ai↑}

R

6�

T‖{
ai↓}

T
′‖
S
L
L
S
t↓

T
′′‖
S
L
L
S\

(S
L
L
S
t↓∪
S
L
L
S
t↑∪{

ai↓
,ai↑}

)

R
′′‖
S
L
L
S
t↑

R
′‖{
ai↑}

R

.

In
the

end,P
roposition

5.2.3
is

applied,to
get

the
desired

derivation
(Step

6).
��

P
ro

of
of

T
h
eorem

5.3.17:
A

pply
the

follow
ing

transform
ations

to
the

given
derivation:

T‖
S
L
L
S

R

1�

T‖{
ai↓
0� }

T
′‖{
ai↓

a }
Q‖
S
L
L
S\{
ai↓

,ai↑}
P‖ {
ai↑

a }
R

′‖{
ai↑
0� }

R

2�

T‖{
ai↓
0� }

T
′‖{
ai↓

a }
Q‖ {
t↓}

Q
′‖
S
L
L
S\

(S
L
L
S
t↓∪
S
L
L
S
t↑∪{

ai↓
,ai↑}

)

P
′‖{
t↑}

P‖ {
ai↑

a }
R

′‖{
ai↑
0� }

R

.

F
irst,w

e
apply

C
orollary

5.3.15.
T

he
second

step
is

the
sam

e
as

Steps
2

to
5

ofthe
previous

proof.
N

ow
,allinstances

of
t↓

are
perm

uted
over

ai↓
a

and
all

instances
of
t↑

are
perm

uted

6.1.
A

d
d
in

g
th

e
R

u
les

M
ix

an
d

N
u
llary

M
ix

1
8
1

A
sso

ciativ
ity

[R
,[T

,U
]]

=
[[R

,T
],U

]
(R

,(T
,U

))
=

((R
,T

),U
)

C
om

m
u
tativ

ity

[R
,T

]
=

[T
,R

]
(R

,T
)

=
(T

,R
)

E
x
p
on

en
tials

??R
=

?R
!!R

=
!R

U
n
it

[◦,R
]

=
R

(◦,R
)

=
R

?◦
=
◦

!◦
=
◦

N
egation

◦
=
◦

[R
,T

]
=

(R̄
,T̄

)

(R
,T

)
=

[R̄
,T̄

]

?R
=

!R̄
!R

=
?R̄

¯̄R
=

R

F
igure

6.1:
B

asic
equations

for
the

syntactic
congruence

of
E
L
S ◦

structures

w
here◦,

the
unit,

is
not

an
atom

,
and

a
stands

for
any

atom
.

O
n

the
setR

,
the

relation
=

is
defined

to
be

the
sm

allest
congruence

relation
induced

by
the

equations
show

n
in

F
igure

6.1.
T

he
E
L
S ◦

structures
(denoted

w
ith

P
,
Q

,
R

,
S

,...)
are

the
elem

ents
ofR

/=
,

i.e.
equivalence

classes
of

expressions.

6.1.2
R

em
ark

W
hat

has
been

said
in

C
hapter

3
(see

3.1.3–3.1.8)
does

also
apply

here.
In

particular,
I

w
ill

om
it

superfluous
parentheses

w
hen

referring
to

structures.

T
he

rules
s,
p↓,
p↑,
b↓

and
b↑

are
not

influenced
by

the
new

syntax.
B

ut
the

interaction
and

w
eakening

rules
have

to
be

m
odified

in
such

a
w

ay
that

the
tw

o
constants⊥

and
1

are
replaced

by
the

unit◦
:

S{◦}
i↓

S
[R

,R̄
]

,
S{◦}

ai↓
S

[a
,ā]

,
S

(a
,ā)

ai↑
S{◦}

,
S

(R
,R̄

)
i↑

S{◦}
,

S{◦}
w↓

S{?R}
,

S{!R}
w↑

S{◦}
.

A
lthough

those
rules

are
form

ally
different

rules
than

the
ones

defined
in

Section
3.2,

I
w

illuse
the

sam
e

nam
es.

H
ow

ever,in
order

to
avoid

am
biguities,I

w
illuse

the
nam

e
S
E
L
S ◦

for
the

new
system

,w
hich

is
show

n
in

F
igure

6.2.
A

s
a

consequence
of

the
new

syntax,w
e

also
have

to
change

the
axiom

.
T

he
rule

◦↓
◦

is
called

unit.
System

E
L
S ◦,

w
hich

is
obtained

from
the

dow
n

fragm
ent

of
system

S
E
L
S ◦

together
w

ith
the

axiom
is

show
n

in
F

igure
6.3.

A
ll

results
concerning

system
s
S
E
L
S

and
E
L
S

presented
in

C
hapter

4
do

also
hold

for
system

s
S
E
L
S ◦

and
E
L
S ◦.

In
particular,

w
e

have
the

tw
o

decom
position

theorem
s

and
cut
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6.
M

ix
an

d
S
w

it
ch

B
ot

h
ru

le
s

ar
e

se
lf-

du
al

,a
nd

th
er

ef
or

e
pa

rt
of

bo
th

,t
he

do
w

n
fr

ag
m

en
t

an
d

th
e

up
fr

ag
m

en
t.

H
er

e,
I

w
ill

co
ns

id
er

on
ly

m
ul

ti
pl

ic
at

iv
e

ex
po

ne
nt

ia
ll

in
ea

r
lo

gi
c,

as
it

ha
s

be
en

di
sc

us
se

d
in

C
ha

pt
er

4.
If

w
e

ad
d

th
e

tw
o

ru
le

s,
w

e
ob

ta
in

th
e

fo
llo

w
in

g
sy

st
em

s:

M
E
L
L
′

=
M
E
L
L
∪
{m
ix

,m
ix
0}

,

S
E
L
S
′

=
S
E
L
S
∪
{x

,n
x}

,

E
L
S
′

=
E
L
S
∪
{x

,n
x}

.

T
he

or
em

s
4.

1.
5,

4.
1.

6
an

d
4.

1.
7

do
al

so
ho

ld
fo

r
th

e
sy

st
em
S
E
L
S
′ ,
E
L
S
′ a

nd
M
E
L
L
′ .

In
pa

rt
ic

ul
ar

,
w

e
al

so
ha

ve
cu

t
el

im
in

at
io

n
(T

he
or

em
4.

1.
8)

.
H

ow
ev

er
,

it
is

no
t

ob
vi

ou
s

w
ha

t
ha

pp
en

s
w

it
h

de
co

m
po

si
ti

on
.

H
ow

sh
ou

ld
th

e
ru

le
s
x

an
d
n
x,

w
hi

ch
be

lo
ng

to
th

e
no

nc
or

e,
be

in
co

rp
or

at
ed

in
th

e
de

co
m

po
si

ti
on

th
eo

re
m

s?
In

st
ea

d
of

si
m

pl
y

ad
di

ng
th

e
ru

le
s
x

an
d
n
x,

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

off
er

s
a

m
or

e
el

eg
an

t
so

lu
ti

on
,

w
hi

ch
em

pl
oy

s
th

e
w

el
l-k

no
w

n
fa

ct
th

at
th

e
m
ix

an
d
m
ix
0

ru
le

s
to

ge
th

er
sa

y
th

at
1

=
⊥.

T
hi

s
ca

n
be

se
en

as
fo

llo
w

s.
F

ir
st

,t
he

ru
le
n
x

pr
es

en
ts

th
e

lin
ea

r
im

pl
ic

at
io

n
1
−◦
⊥,

an
d

se
co

nd
,t

he
ru

le
S
{⊥
}

x
′
S
{1
}

,

w
hi

ch
st

an
ds

fo
r

th
e

lin
ea

r
im

pl
ic

at
io

n
⊥
−◦
1
,i

s
de

ri
va

bl
e

in
th

e
sy

st
em
{x
}:

S
{⊥
}

=
S

(1
,⊥

)
x

S
[1

,⊥
]

=
.

S
{1
}

H
en

ce
,

th
e

pr
es

en
ce

of
th

e
ru

le
x

im
pl

ie
s

th
at
⊥
−◦
1
.

C
on

ve
rs

el
y,

th
e

ru
le
x

is
de

ri
va

bl
e

in
th

e
sy

st
em
{x

′ ,
s}

:
S

(R
,T

)
=

S
(R

,[
⊥,

T
])

x
′ S

(R
,[
1
,T

])
s
S

[(
R

,1
),

T
]

=
.

S
[R

,T
]

T
hi

s
m

ea
ns

th
at

th
e

pr
es

en
ce

of
th

e
ru

le
s
x

an
d
n
x

is
eq

ui
va

le
nt

to
th

e
pr

es
en

ce
of

th
e

eq
ua

ti
on
1

=
⊥.

Fo
r

th
is

re
as

on
,

I
w

ill
fo

llo
w

[G
ug

99
]

an
d

in
tr

od
uc

e
a

si
ng

le
sy

m
bo

l
◦

to
de

no
te

th
e

un
it

fo
r

bo
th

,
pa

r
an

d
ti

m
es

,
in

st
ea

d
of

in
tr

od
uc

in
g

tw
o

di
ffe

re
nt

sy
m

bo
ls

to
ge

th
er

w
it

h
an

eq
ua

ti
on

th
at

id
en

ti
fie

s
th

em
.

T
hi

s
un

it
◦

w
ill

no
t

be
co

ns
id

er
ed

as
an

at
om

.
Si

nc
e

th
e

ad
di

ti
ve

s
ar

e
no

t
co

ns
id

er
ed

he
re

,
th

e
se

t
of

at
om

s
do

es
no

w
no

lo
ng

er
co

nt
ai

n
an

y
co

ns
ta

nt
s.

6.
1.

1
D

efi
n
it

io
n

L
et
A

be
a

co
un

ta
bl

e
se

t
of

at
om

s.
A

to
m

s
ar

e
de

no
te

d
by

a
,b

,c
,.

..
,

an
d

th
e

se
t
A

is
eq

ui
pp

ed
w

it
h

a
bi

je
ct

iv
e

fu
nc

ti
on
·̄:
A
→
A,

su
ch

th
at

¯̄ a
=

a
an

d
ā
�=

a
fo

r
ev

er
y

a
∈
A.

L
et
R

be
th

e
se

t
of

ex
pr

es
si

on
s

ge
ne

ra
te

d
by

th
e

fo
llo

w
in

g
sy

nt
ax

:

R
:: =
◦|

a
|[

R
,R

]
|(

R
,R

)
|!R
|?

R
|R̄

,

5.
3.

D
ec

om
p
os

it
io

n
1
7
3

un
de

r
ai
↑ a

(b
y

L
em

m
a

5.
3.

18
an

d
th

e
du

al
st

at
em

en
t)

.

3 �

T ‖ {
ai
↓ 0

�
}

T
′ ‖{
t↓
}

T
′′ ‖{
ai
↓ a

,m
1
↓}

Q
′ ‖S
L
L
S
\(
S
L
L
S
t↓∪
S
L
L
S
t↑∪

{a
i↓,
ai
↑}

)

P
′ ‖{
ai
↑ a

,m
1
↑}

R
′′ ‖{
t↑
}

R
′ ‖{
ai
↑ 0

�
}

R

4 �

T ‖ {
ai
↓ 0

�
}

T
′ ‖{
t↓
}

T
′′ ‖{
ai
↓ a

}
T
′′′ ‖S
L
L
S
\(
S
L
L
S
t↓∪
S
L
L
S
t↑∪

{a
i↓,
ai
↑}

)

R
′′′ ‖{
ai
↑ a

}
R

′′ ‖{
t↑
}

R
′ ‖{
ai
↑ 0

�
}

R

.

T
he

pr
oo

f
of

L
em

m
a

5.
3.

18
sh

ow
s

th
at

ne
w

in
st

an
ce

s
of
m

1
↓m

ig
ht

be
in

tr
od

uc
ed

w
he

n
t↓

is
pe

rm
ut

ed
ov

er
ai
↓ a

.
B

y
R

em
ar

k
5.

3.
13

,
w

e
ca

n
pe

rm
ut

e
ai
↓ a

ov
er
m

1
↓.

T
hi

s
is

do
ne

in
St

ep
4.

Fo
r
ai
↑ a

w
e

pr
oc

ee
d

du
al

ly
.

��
5.

3.
19

R
em

ar
k

It
sh

ou
ld

be
m

en
ti

on
ed

he
re

th
at

I
co

nj
ec

tu
re

th
at

it
is

al
so

po
ss

ib
le

to
ob

ta
in

a
de

ri
va

ti
on

T ‖{
t↓
}

T
′ ‖S
L
L
S
\(
S
L
L
S
t↓∪
S
L
L
S
t↑)

R
′ ‖{
t↑
}

R

,

by
ap

pl
yi

ng
th

e
fo

llo
w

in
g

m
et

ho
d:

T
he

ru
le
t↓

is
pe

rm
ut

ed
up

as
de

sc
ri

be
d

ab
ov

e,
an

d
if

it
en

co
un

te
rs

an
in

st
an

ce
of
ai
↓ 0�

(w
hi

ch
is

th
e

on
ly

pr
ob

le
m

at
ic

ca
se

),
th

en
re

pl
ac

e

S
{1
}

ai
↓ 0�

S
[0

,�
]

t↓
by

S
[R

,�
]

S
{ 1
}

i↓
S

[R
,R̄

]
t↑

,
S

[R
,�

]

an
d

ap
pl

y
P

ro
po

si
ti

on
3.

2.
16

.
T

he
n

pr
oc

ee
d

du
al

ly
w

hi
le

th
e

ru
le
t↑

is
pe

rm
ut

ed
do

w
n.

In
or

de
r

to
sh

ow
te

rm
in

at
io

n,
a

si
m

ila
r

ar
gu

m
en

t
as

fo
r

th
e

de
co

m
po

si
ti

on
th

eo
re

m
s

fo
r

sy
st

em
S
E
L
S

in
Se

ct
io

n
4.

3
ha

s
to

be
us

ed
.

5
.3

.4
E
a
g
er

S
ep

ar
a
ti
o
n

o
f
A
to

m
ic

T
h
in

n
in

g

T
he

ab
ili

ty
of

ap
pl

yi
ng

in
fe

re
nc

es
de

ep
in

si
de

st
ru

ct
ur

es
,

al
lo

w
s

us
to

ap
pl

y
th

in
ni

ng
no

t
on

ly
in

a
la

zy
,

bu
t

al
so

in
an

ea
ge

r
w

ay
.

T
hi

s
m

ea
ns

th
at

in
a

pr
oo

f,
w

e
ca

n
fir

st
fo

rg
et

al
l

th
e

m
at

er
ia

lt
ha

t
is

no
t

ne
ed

ed
by

ap
pl

yi
ng

th
in

ni
ng

an
d

th
en

go
on

w
it

h
th

e
pr

oo
fw

it
ho

ut
ap

pl
yi

ng
th

in
ni

ng
(o

r
w

ea
ke

ni
ng

)
ag

ai
n.
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5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

5.3.20
T

h
eorem

For
every

proof
−‖
L
L
S

R
there

is
a

proof

−‖
L
L
S\{
at↓}

R
′‖{
at↓}

R

for
som

e
structure

R
′.

A
sim

ilar
result

is
im

possible
in

the
sequent

calculus
because

it
does

not
allow

deep
inference.

A
gain,

the
top-dow

n
sym

m
etry

allow
s

us,to
extend

this
result

to
derivations:

5.3.21
T

h
eorem

For
every

derivation
T

∆‖
S
L
L
S

R
there

is
a

derivation

T‖ {
at↑}

T
′‖
S
L
L
S\{
at↑

,at↓}
R

′‖{
at↓}

R

for
som

e
structures

T
′
and

R
′.

T
he

proofs
of

the
tw

o
theorem

s
w

ill
be

very
sim

ilar
to

the
previous

decom
position

results.
I

w
ill

show
that

at↑
can

be
perm

uted
up

and
at↓

can
be

perm
uted

dow
n.

B
efore

I
start,I

w
illagain

show
the

m
ain

diffi
culties

that
occur.

F
irst

observe,that
it

is
again

atom
icity

that
m

akes
everything

w
ork.

For
exam

ple,in
the

follow
ing

tw
o

derivations
it

is
not

clear
how

the
instances

of
cothinning

could
be

perm
uted

up:

S
([R

,U
1 ,U

2 ],T
)

s
S

[(R
,T

),U
1 ,U

2 ]
t↑

and
S

[ �
,U

2 ]

S
([(R

1 ,R
2 ),U

],T
1 ,T

2 )
s

S
[(R

1 ,R
2 ,T

1 ,T
2 ),U

]
t↑

.
S

[(R
1 ,�

,T
2 ),U

]

T
he

reason
w

hy
this

problem
did

not
occur

in
the

proof
of

T
heorem

4.3.2
for

the
rule

w↑,
is

that
in

the
case

of
w↑

the
structure

that
is

inserted
is

guarded
by

an
exponential,w

hich
is

not
the

case
for
t↑.

B
ut

also
in

the
case

ofatom
ic

thinning,the
result

is
not

com
pletely

trivial.
W

e
encounter

in
fact

the
sam

e
problem

s
as

for
atom

ic
contraction

in
Section

5.3.1:

(1)
W

hile
perm

uting
an

instance
of
at↑

up,it
m

ight
happen

that
it

m
eets

an
instance

of
the

interaction
rule

as
follow

s:

S{ 1}
ai↓

S
[a

,ā]
at↑

,
w

hich
can

be
replaced

by
S

[ �
,ā]

S{1}
ai↓

S
[�

,0]
at↓

.
S

[�
, ā

]

6M
ix

a
n
d

S
w

itch

T
his

chapter
contains

only
tw

o
sm

all
sections.

In
Section

6.1,
I

w
ill

investigate
how

the
m

ix
rule

and
its

nullary
version,

w
hich

can
be

added
to

the
sequent

calculus
system

for
linear

logic,
are

incorporated
in

the
calculus

of
structures.

T
he

tw
o

rules
are

ofim
portance

for
this

thesis
because

they
are

necessary
for

the
noncom

m
utative

connective
that

w
ill

be
discussed

in
C

hapter
7.

T
herefore,

this
section

can
be

seen
as

a
link

betw
een

the
previous

chapters
(in

particular
C

hapter
4)

and
the

next
chapter.

T
hen,in

Section
6.2,I

w
illrestrict

m
yselfto

the
m

ultiplicative
fragm

ent
of

linear
logic,

extended
by

m
ix

and
nullary

m
ix.

In
particular,I

w
illstudy

the
derivability

in
the

system
that

contains
only

the
sw

itch
rule.

T
he

purpose
is

to
give

an
algebraic

characterisation
for

derivability,
w

hich
can

be
seen

as
a

sym
m

etric
version

of
the

correctness
criterion

for
m

ultiplicative
proof

nets
[R

et99a].
W

hereas
Section

6.1
is

crucial
for

the
follow

ing
chapter,

Section
6.2

contains
supple-

m
entary

results
that

are
not

needed
later.

H
ow

ever,
from

a
m

athem
atical

view
point,

the
results

ofSection
6.2

are
ofim

portance
for

the
w

hole
thesis.

T
hey

can
be

seen
as

a
first

step
tow

ards
unveiling

the
algebraic

principles
behind

the
decom

position
theorem

s
ofC

hapter
4.

T
he

ideas
discussed

here
do

also
reappear

in
C

hapter
7.

6
.1

A
d
d
in

g
th

e
R
u
les

M
ix

a
n
d

N
u
llary

M
ix

T
he

sequent
calculus

system
for

linear
logic,

as
it

has
been

presented
in

C
hapter

2,
is

som
etim

es
extended

by
the

the
m

ix
rule

and
its

nullary
version

[A
J94,

F
R

94,
R

et93]:

�
Φ
�

Ψ
m
ix

and
�

Φ
,Ψ

m
ix
0

.
�

O
ne

of
the

reasons
is

that
these

rules
are

valid
in

m
any

sem
antics

for
linear

logic,
for

exam
ple

coherence
spaces

[G
ir87a]

and
gam

e
sem

antics
[A

J94].
B

oth
rules

can
be

easily
translated

into
rules

in
the

calculus
of

structures:

S
(R

,T
)

x
and

S
[R

,T
]

S{ 1}
n
x

.
S{⊥}

1
7
9
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7
8

5.
A

L
o
ca

l
S
y
st

em
fo

r
L
in

ea
r

L
og

ic

w
hi

ch
al

lo
w

s
a

se
pa

ra
ti

on
of

co
re

an
d

no
nc

or
e: T ‖n

o
n
co

re
(u

p
)

T
′ ‖in

te
ra

ct
io

n
(d

ow
n
)

T
′′ ‖c
o
re

(u
p

a
n
d

d
ow

n
)

R
′′ ‖in

te
ra

ct
io

n
(u

p
)

R
′ ‖n
o
n
co

re
(d

ow
n
)

R

.

I
co

nj
ec

tu
re

th
at

th
is

is
po

ss
ib

le
an

d
th

at
th

er
e

is
a

re
la

ti
on

to
cu

t
el

im
in

at
io

n
(s

ee
Se

c-
ti

on
8.

3
fo

r
fu

rt
he

r
ex

pl
an

at
io

n)
.

H
ow

ev
er

,I
th

in
k

th
at

th
e

m
et

ho
ds

pr
es

en
te

d
in

th
is

th
es

is
ar

e
no

t
su

ffi
ci

en
t

to
br

in
g

lig
ht

in
to

th
is

m
at

te
r.

T
he

m
ay

be
m

os
t

in
te

re
st

in
g

re
su

lt
of

th
is

ch
ap

te
r

is
sy

st
em
S
L
L
S

it
se

lf,
to

ge
th

er
w

it
h

th
e

fa
ct

th
at

it
is

lin
ea

r
lo

gi
c.

T
o

m
e,

th
is

w
as

ra
th

er
su

rp
ri

si
ng

be
ca

us
e

I
fo

un
d

th
e

sy
st

em
on

th
e

ba
si

s
of

A
.G

ug
lie

lm
i’s

re
la

ti
on

w
eb

s
[G

ug
99

],
w

he
n

I
tr

ie
d

to
re

du
ce

th
e

ab
so

rb
ti

on
ru

le
of

sy
st

em
S
E
L
S

to
an

at
om

ic
ve

rs
io

n.
I

re
al

is
ed

th
at

(• .
..

)•
an

d
[• .

..
]•

ar
e

th
e

ad
di

ti
ve

s
of

lin
ea

r
lo

gi
c

on
ly

af
te

r
A

.T
iu

fo
un

d
th

e
m

ed
ia

lr
ul

e
fo

r
cl

as
si

ca
ll

og
ic

[B
T

01
]f

or
re

du
ci

ng
co

nt
ra

ct
io

n
to

an
at

om
ic

ve
rs

io
n.

It
m

ig
ht

am
us

e
th

e
re

ad
er

to
le

ar
n

th
at

sy
st

em
S
L
L
S

w
as

ac
tu

al
ly

di
sc

ov
er

ed
be

fo
re

sy
st

em
SL
S
.

5.
3.

D
ec

om
p
os

it
io

n
1
7
5

H
er

e
a

ne
w

in
st

an
ce

of
at
↓i

s
in

tr
od

uc
ed

,w
hi

ch
ha

s
to

be
pe

rm
ut

ed
do

w
n

af
te

rw
ar

ds
.

T
he

pr
ob

le
m

is
to

sh
ow

th
at

th
is

do
es

in
de

ed
te

rm
in

at
e

ev
en

tu
al

ly
.

(2
)

T
he

at
om

to
be

in
se

rt
ed

in
an

in
st

an
ce

of
at
↑o

r
at
↓c

an
be

on
e

of
th

e
co

ns
ta

nt
s.

T
he

n
w

e
m

ig
ht

en
co

un
te

r
ca

se
s

lik
e

S
(?

R
,!

T
)

p
↑ S
{?

(R
,T

)}
=

S
{?

[• (
R

,T
),
0

]• }
at
↑

,
S
{?

[• (
R

,T
),
�

]• }
w

he
re

it
is

no
t

ob
vi

ou
s

ho
w

th
e

in
st

an
ce

of
at
↑c

an
be

pe
rm

ut
ed

up
.

B
ot

h
pr

ob
le

m
s

w
ill

be
so

lv
ed

in
th

e
sa

m
e

w
ay

as
it

ha
s

be
en

do
ne

fo
r

at
om

ic
co

nt
ra

ct
io

n
in

Se
ct

io
n

5.
3.

1.
In

ot
he

r
w

or
ds

,I
w

ill
us

e
cu

t
el

im
in

at
io

n
in

st
ea

d
of

pe
rm

ut
in

g
at
↑u

p
an

d
at
↓

do
w

n
re

pe
at

ed
ly

un
ti

l
te

rm
in

at
io

n
is

re
ac

he
d.

In
[B

rü
03

b]
,

K
.

B
rü

nn
le

r
ac

tu
al

ly
us

es
su

ch
a

te
rm

in
at

io
n

ar
gu

m
en

t
to

sh
ow

th
e

sa
m

e
th

eo
re

m
fo

r
cl

as
si

ca
l

lo
gi

c.
H

ow
ev

er
,

th
e

re
ad

er
fa

m
ili

ar
w

it
h

th
at

w
or

k
sh

ou
ld

ob
se

rv
e

th
at

in
cl

as
si

ca
l

lo
gi

c
th

e
si

tu
at

io
n

is
m

uc
h

si
m

pl
er

be
ca

us
e

th
e

in
st

an
ce

of
ai
↓i

s
de

st
ro

ye
d

w
he

n
“h

it
”

by
an

at
om

ic
co

th
in

ni
ng

,w
hi

ch
is

no
t

th
e

ca
se

in
lin

ea
r

lo
gi

c.
In

th
e

fo
llo

w
in

g,
I

w
ill

sh
ow

ho
w

th
e

ru
le
at
↑c

an
be

pe
rm

ut
ed

up
.

In
or

de
r

to
ke

ep
th

e
si

tu
at

io
n

as
cl

ea
r

as
po

ss
ib

le
,I

in
tr

od
uc

e
th

e
fo

llo
w

in
g

fiv
e

ru
le

s:

S
{⊥
}

at
↑ ⊥

S
{�
}

,
S
{ 1
}

at
↑ 1

S
{�
}

,
S
{ 0
}

at
↑ 0

S
{�
}

,
S
{�
}

at
↑ �

S
{�
}

an
d

S
{a
}

ac
↑ a

S
{�
}

,
w

he
re

a
is

no
t

a
co

ns
ta

nt
.

O
bv

io
us

ly
,

ea
ch

of
th

em
is

a
sp

ec
ia

l
ca

se
of
at
↑,

an
d

ea
ch

in
st

an
ce

of
at
↑i

s
an

in
st

an
ce

of
on

e
of
at
↑ ⊥

,
at
↑ 1

,
at
↑ 0

,
at
↑ �

,a
t↑ a

.
Fu

rt
he

r,
al

l
in

st
an

ce
s

of
th

e
ru

le
ac
↑ �

ar
e

tr
iv

ia
l.

5.
3.

22
L
em

m
a

T
he

ru
le
at
↑ a

pe
rm

ut
es

ov
er

ev
er

y
ru

le
π
∈
S
L
L
S
\{
ai
↓,
at
↓,
ac
↓,
at
↑}

.

P
ro

of
:

C
on

si
de

r
a

de
ri

va
ti

on
Q

π
S
{a
}

at
↑ a

,
S
{�
}

w
he

re
π
∈
S
L
L
S
\{
ai
↓,
at
↓,
ac
↓,
at
↑}

.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
as

su
m

e
th

at
th

e
ap

pl
ic

at
io

n
of

π
is

no
nt

ri
vi

al
.

N
ow

,
fo

llo
w

th
e

ca
se

an
al

ys
is

in
4.

2.
3.

(4
)

T
he

re
de

x
of

π
is

in
si

de
th

e
co

nt
ra

ct
um

a
.

im
po

ss
ib

le
.

(5
)

T
he

co
nt

ra
ct

um
a

of
at
↑ a

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
,b

ut
no

t
in

si
de

a
pa

ss
iv

e
on

e.
T

hi
s

is
on

ly
po

ss
ib

le
,i

f
π

=
ac
↑.

T
he

n
w

e
ha

ve

S
′ {a
}

ac
↑ S

′ (•
a
,a

)•
at
↑

,
w

hi
ch

yi
el

ds
S
′ (•
a
,�

)•
S
′ {a
}

=
.

S
′ (•
a
,�

)•



1
7
6

5.
A

L
o
cal

S
y
stem

for
L
in

ear
L
ogic

(6)
T

he
contractum

a
of
at↑

a
and

the
redex

of
π

overlap.
T

his
is

im
possible.

��
It

rem
ains

to
show

,how
the

rules
at↑⊥

,
at↑
1

and
at↑
0

can
be

perm
uted

up.
For

this,the
follow

ing
m

ethod
w

ould
be

possible:
For

perm
uting

at↑⊥
up,one

can
use

the
sam

e
m

ethod
as

for
ac↑⊥

in
Section

5.3.1;
for
at↑
1 ,proceed

sim
ilar

as
for
ai↓

in
Section

5.3.2;and
for
at↑
0

proceed
sim

ilar
as

for
t↓

in
Section

5.3.3.
H

ow
ever,for

the
sake

of
sim

plification,
I

w
illhere

use
the

follow
ing

observation.
E

very
instance

of
at↑
0

can
be

replaced
by

an
instance

of
the

rule
m

:

S{ 0}
at↑
0

S{�}
=

S
[ •0

,0] •
at↑
0

S
( •�

,�
) •

=
S

[ •( •0
,�

) •,( •�
,0) •] •

m
S

( •[ •0
,�

] •,[ •�
,0] •) •

.

Sim
ilarly,

every
instance

of
at↑
1

is
an

instance
of
m

1 ↑,
and

every
instance

of
at↑⊥

is
an

instance
of
m

2 ↑.
T

his
is

enough
to

prove
the

follow
ing

lem
m

a:

5.3.23
L
em

m
a

For
every

derivation
T

∆‖
S
L
L
S↑

R
there

is
a

derivation

T‖ {
at↑}

T
′‖
S
L
L
S↑\{

at↑}
R

for
som

e
structure

T
′.

P
ro

of:
E

ach
instance

of
at↑

inside
∆

is
an

instance
of
at↑⊥

,
at↑
1 ,
at↑
0 ,
at↑�

or
at↑

a .
T

he
instances

of
ac↑�

can
be

rem
oved

because
they

are
trivial,

and
the

instances
of
ac↑
0 ,
at↑
1

and
ac↑⊥

are
replaced

by
m

,
m

1 ↑
and
m

2 ↑,respectively.
It

rem
ains

to
perm

ute
allinstances

of
at↑

a
to

the
top

of
∆

.
For

this,
repeatedly

apply
L

em
m

ata
5.3.22.

��

5.3.24
L
em

m
a

For
every

derivation
T

∆‖
S
L
L
S↓

R
there

is
a

derivation

T‖
S
L
L
S↓\{

at↓}
R

′‖{
at↓}

R

for
som

e
structure

R
′.

P
ro

of:
D

ual
to

L
em

m
a

5.3.23.
��

P
ro

of
of

T
h
eorem

5.3.20:
Im

m
ediate

consequence
of

L
em

m
a

5.3.24.
��

P
ro

of
of

T
h
eorem

5.3.21:
Sim

ilar
to

the
proof

of
T

heorem
5.3.2.

��

5.4.
D

iscu
ssion

1
7
7

T
he

inspection
of

the
proofs

of
T

heorem
s

5.3.2
and

5.3.21
show

that
the

rules
at↑

and
ac↑

can
both

be
perm

uted
up

independently,i.e.
w

ithout
introducing

new
instances

of
at↑

or
ac↑.

T
hey

can
also

be
perm

uted
over

each
other

w
ithout

introducing
new

rule
instances.

C
onsequently,the

results
ofT

heorem
s

5.3.2
and

5.3.21
can

be
put

together
in

the
follow

ing
w

ay:

5.3.25
T

h
eorem

For
every

derivation
T

∆‖
S
L
L
S

R
there

is
are

derivations

T‖ {
ac↑}

T
′′‖{
at↑}

T
′‖
S
L
L
S\{
at↑

,ac↑
,at↓

,ac↓}
R

′‖{
at↓}

R
′′‖{
ac↓}

R

and

T‖{
at↑}

T
′′′

‖{
ac↑}

T
′‖
S
L
L
S\{
at↑

,ac↑
,at↓

,ac↓}
,

R
′‖{
ac↓}

R
′′′

‖{
at↓}

R

for
som

e
structures

T
′,

T
′′,

T
′′′

and
R

′,
R

′′,
R

′′′.

P
ro

of:
A

gain,
the

proof
is

sim
ilar

to
the

proof
of

T
heorem

5.3.2.
��

5
.4

D
iscu

ssio
n

In
this

chapter,Ihave
show

n
that

it
is

possible
to

present
in

the
calculus

ofstructures
a

local
system

for
linear

logic,in
particular,it

is
possible

to
reduce

the
application

ofcontraction
to

atom
s.

T
his

is
due

to
the

ability
ofapplying

inferences
deep

inside
structures

and
therefore

im
possible

in
the

sequent
calculus.

T
here

is
one

draw
back

in
system

L
L
S

that
has

to
be

m
entioned.

Since
the

additives
are

needed
for

reducing
absorption

and
w

eakening
to

localrules,the
separation

property
is

lost
in

system
L
L
S.

H
ow

ever,it
is

possible
to

consider
the

m
ultiplicative

additive
fragm

ent
independently

from
the

exponentials.
T

he
restriction

of
contraction

to
atom

s
m

ay
be

useful
in

proof
search

if
it

is
done

in
a

distributed
w

ay.
H

ow
ever,the

huge
am

ount
of

nondeterm
inism

induced
by

the
freedom

of
the

applicability
of

the
rules

and
the

num
ber

of
rules

m
akes

the
system

L
L
S,

as
it

stands
now

,unsuitable
for

practicalproofsearch.
T

his
m

eans
that

an
im

portant
problem

offuture
research

should
be

to
controlthis

nondeterm
inism

.
T

his
m

ight
happen

via
focusing

proofs
based

on
the

relations
betw

een
the

connectives
as

it
has

been
done

in
[A

nd92,M
il96].

B
ut

it
m

ight
also

be
possible

to
find

a
w

ay
to

focus
proofs

based
on

the
depth

of
structures.

In
Section

5.3,I
have

show
n

severaldecom
position

results.
A

llhave
been

proved
by

the
use

of
perm

utation
results,w

hich
in

turn
are

based
on

tedious
case

analyses.
T

he
question

that
arises

is
w

hether
there

is
a

general
underlying

principle
that

can
be

used
to

sim
plify

those
proofs.

A
nother

open
question

is
w

hether
it

is
possible

to
find

for
system

S
L
L
S

(or
equivalently

system
SL
S)

a
sim

ilar
decom

position
as

for
system

S
E
L
S

in
T

heorem
4.3.2,
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at
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m
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L
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∪
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at
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6.
M

ix
an

d
S
w

itch

Since
I

w
illexplain

this
criterion

in
term

s
ofstructures,there

is
no

need
for

the
reader

to
be

fam
iliar

w
ith

proofnets.
I

w
illalso

show
directly

how
the

relation
betw

een
the

criterion
and

provability
is

established,
w

ithout
going

the
detour

over
proof

nets.

6.2.1
D

efi
n
ition

T
he

m
ultiset

of
occurrences

ofatom
s

in
a
S ◦

structure
R

,denoted
by

occ
R

is
defined

inductively
as

follow
s:

occ◦
=

∅
,

occ
a

=
{a}

,
occ[R

,T
]

=
occ(R

,T
)

=
occ

R
∪
occ

T
.

6.2.2
D

efi
n
ition

A
structure

R
is

called
balanced

if
each

atom
in

R
occurs

exactly
once,

i.e.
occ

R
is

a
set.

6.2.3
E
x
am

p
le

If
R

=
[(a

,[b,c],d),d̄
,([c̄,c],b,a

,a)]
and

T
=

[(a
,b),(b̄;ā)],

then

occ
R

=
{a

,a
,a

,b,b,c,c,c̄,d
,d̄}

and
occ

T
=
{a

,b,ā
,b̄}

.

T
is

balanced,
R

is
not.

6.2.4
D

efi
n
ition

For
a

given
balanced

structure
R

,
let

m
e

define
the

tw
o

binary
rela-

tions↓
R

and
↑
R

on
the

set
occ

R
as

follow
s.

For
allatom

s
a
,b∈

occ
R

,let
a↓

R
b

if
and

only
if

there
exist

contexts
S{
},

S
a {
}

and
S

b {
}

such
that

R
=

S
[S

a {a},S
b {b}]

,

and
let

a↑
R

b
if

and
only

if
there

exist
contexts

S{
},

S
a {
}

and
S

b {
}

such
that

R
=

S
(S

a {a},S
b {b})

.

In
other

w
ords,

I
w

ill
w

rite
a
↓

R
b

if
a

and
b

are
in

par-relation
inside

R
,

and
a
↑
R

b,
if

a
and

b
are

in
tim

es-relation
(see

D
efinition

4.3.23
on

page
117).

Im
m

ediately
from

D
efinition

6.2.4,
w

e
can

get
the

follow
ing

tw
o

observations:

•
For

every
structure

R
,the

relations↓
R

and
↑
R

are
both

sym
m

etric.

•
For

any
tw

o
atom

s
a
,b∈

occ
R

(w
ith

a�=
b),

w
e

have
either

a↓
R

b
or

a↑
R

b.
In

other
w

ords,

↓
R ∪
↑
R

=
(occ

R
×
occ

R )\ {
(a

,a)|
a∈
occ

R }
and

↓
R ∩
↑
R

=
∅

.

T
he

definition
ofthe

relations↓
R

and↑
R

can
easily

be
extended

from
balanced

structures
to

arbitrary
S ◦

structures.
T

his
is

essentially
the

idea
behind

A
.

G
uglielm

i’s
relation

w
ebs

[G
ug02e],w

hich
are

coloured
com

plete
undirected

graphs
w

here
the

vertices
are

the
atom

s
of

the
structure

and
an

edge
(a

,b)
is

colored
green

if
a↓

R
b

and
red

if
a↑

R
b.

C
h.

R
etoré’s

series-parallel
R

&
B

proof
structures

[R
et99a]

are
essentially

the
sam

e:
there

is
a

red
edge

betw
een

a
and

b
if

a↑
R

b
and

no
edge

w
hen

a↓
R

b.
B

ut
there

is
a

blue
edge

w
hen

a
and

b
are

a
m

atching
pair

of
atom

s.
T

his
is

the
reason,

w
hy

R
&

B
proof

structures
can

only
be

used
for

characterizing
proofs

and
not

for
derivations.

7.1.
S
tru

ctu
res

an
d

R
u
les

1
9
9

S{◦}
ai↓

S
[a

,ā]

S
(a

,ā)
ai↑

S{◦}

}
Interaction

S
([R

,U
],T

)
s

S
[(R

,T
),U

]

S〈[R
,U

];[T
,V

]〉
q↓

S
[〈R

;T〉,〈U
;V〉]

S
(〈R

;U〉,〈T
;V〉)

q↑
S〈(R

,T
);(U

,V
)〉



C
ore

S{![R
,T

]}
p↓

S
[!R

,?T
]

S
(?R

,!T
)

p↑
S{?(R

,T
)}

S{◦}
w↓

S{?R}
S{!R}

w↑
S{◦}


N

oncore
S

[?R
,R

]
b↓

S{?R}
S{!R}

b↑
S

(!R
,R

)

F
igure

7.2:
System

S
N
E
L

Further,
observe

that
the

interaction
rules

are
in

the
presence

of
seq

still
reducible

to
their

atom
ic

form
(P

roposition
3.2.16).

T
he

follow
ing

derivation
show

s
the

corresponding
inductive

case
for
i↑:

S
(〈P

;Q〉,〈P̄
;Q̄〉)

q↑
S〈(P

,P̄
);(Q

,Q̄
)〉

i↑
S〈◦;(Q

,Q̄
)〉

=
S

(Q
,Q̄

)
i↑

.
S{ ◦}

7.1.3
D

efi
n
ition

System
S
N
E
L

(sym
m

etric
noncom

m
utative

exponential
linear

logic),
w

hich
is

show
n

in
F

igure
7.2,

is
obtained

from
system

S
E
L
S ◦

by
adding

the
rules

q↓
and

q↑.
T

he
dow

n
fragm

ent
of
S
N
E
L

is
{ai↓,s,q↓

,p↓
,w↓

,b↓},
and

the
up

fragm
ent

is
{ai↑,s,q↑

,p↑
,w↑

,b↑}.
T

he
core

of
system

S
N
E
L

is
SN
E
L
c

=
{s,q↓

,q↑
,p↓

,p↑},
and

the
noncore

is{ w↓
,w↑

,b↓,b↑}.

A
s

axiom
w

e
use

the
sam

e
rule

as
in

Section
6.1.

T
he

rule

◦↓
◦

is
called

unit.



1
9
8

7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

A
ss

o
ci

at
iv

it
y

[R
,
[T

,U
]]

=
[[

R
,T

],
U

]
(R

,(
T

,U
))

=
((

R
,T

),
U

)
〈R

;〈T
;U
〉〉

=
〈〈R

;T
〉;U
〉

C
om

m
u
ta

ti
v
it
y

[R
,T

]
=

[T
,R

]
(R

,T
)

=
(T

,R
)

E
x
p
on

en
ti

al
s

??
R

=
?R

!!R
=

!R

U
n
it

[◦,
R

]
=

R

(◦
,R

)
=

R

〈◦
;R
〉

=
R

〈R
;◦
〉

=
R

?◦
=
◦

!◦
=
◦

N
eg

at
io

n

◦
=
◦

[R
,T

]
=

(R̄
,T̄

)

(R
,T

)
=

[R̄
,T̄

]

〈R
,T
〉

=
〈R̄

,T̄
〉

?R
=

!R̄
!R

=
?R̄

¯̄ R
=

R

F
ig

ur
e

7.
1:

B
as

ic
eq

ua
ti

on
s

fo
r

th
e

sy
nt

ac
ti

c
co

ng
ru

en
ce

of
N
E
L

st
ru

ct
ur

es

7
.1

S
tr

u
ct

u
re

s
a
n
d

R
u
le

s

7.
1.

1
D

efi
n
it

io
n

A
s

be
fo

re
,

th
e

co
un

ta
bl

e
se

t
A

of
at

om
s,

w
hi

ch
ar

e
de

no
te

d
by

a
,
b,

c,
..

.,
is

eq
ui

pp
ed

w
it

h
a

bi
je

ct
iv

e
fu

nc
ti

on
·̄:
A
→
A,

su
ch

th
at

¯̄ a
=

a
an

d
ā
�=

a
fo

r
ev

er
y

a
∈
A.

L
et
R

be
th

e
se

t
of

ex
pr

es
si

on
s

ge
ne

ra
te

d
by

th
e

fo
llo

w
in

g
sy

nt
ax

:

R
:: =
◦|

a
|[

R
,R

]
|(

R
,R

)
|〈

R
;R
〉|

!R
|?

R
|R̄

,

w
he

re
a

st
an

ds
fo

r
an

y
at

om
,

an
d
◦,

th
e

un
it

,
is

no
t

an
at

om
.

O
n

th
e

se
t
R,

th
e

re
la

ti
on

=
is

de
fin

ed
to

be
th

e
sm

al
le

st
co

ng
ru

en
ce

re
la

ti
on

in
du

ce
d

by
th

e
eq

ua
ti

on
s

sh
ow

n
in

F
ig

ur
e

7.
1.

T
he
N
E
L

st
ru

ct
ur

es
(d

en
ot

ed
w

it
h

P
,
Q

,
R

,
S

,
..

.)
ar

e
th

e
el

em
en

ts
of
R/

=
,

i.e
.

eq
ui

va
le

nc
e

cl
as

se
s

of
ex

pr
es

si
on

s.

A
s

be
fo

re
,I

w
ill

om
it

su
pe

rfl
uo

us
pa

re
nt

he
se

s.
N
E
L

st
ru

ct
ur

es
ca

n
be

se
en

as
ex

te
ns

io
ns

of
E
L
S
◦

st
ru

ct
ur

es
(d

efi
ne

d
in

Se
ct

io
n

6.
1)

by
st

ru
ct

ur
es

of
th

e
sh

ap
e
〈R

1
;.

..
;R

h
〉,

w
hi

ch
ar

e
ca

lle
d

se
q

st
ru

ct
ur

es
[G

ug
99

].
L

et
m

e
no

w
de

fin
e

th
e

ne
w

ru
le

s,
w

hi
ch

de
al

w
it

h
se

q.

7.
1.

2
D

efi
n
it

io
n

T
he

tw
o

st
ru

ct
ur

al
ru

le
s

S
〈[R

,U
];

[T
,V

]〉
q
↓ S

[〈R
;T
〉,〈

U
;V
〉]

an
d

S
(〈R

;U
〉,〈

T
;V
〉)

q
↑ S
〈(R

,T
);

(U
,V

)〉
ar

e
ca

lle
d

se
q

an
d

co
se

q,
re

sp
ec

ti
ve

ly
.

O
bs

er
ve

,t
ha

t
ru

le
s

be
co

m
e

m
or

e
fle

xi
bl

e
in

th
e

pr
es

en
ce

of
th

e
un

it
◦,

w
hi

ch
is

co
m

m
on

to
pa

r,
ti

m
es

an
d

se
q.

Fo
r

ex
am

pl
e,

th
e

fo
llo

w
in

g
de

ri
va

ti
on

is
va

lid
:

(a
,b

)
q
↑ 〈

a
;b
〉

q
↓ [a

,b
]

=

(〈a
;◦
〉,〈
◦;

b〉)
q
↑ 〈

[a
,◦

];
[◦,

b]
〉

q
↓ [〈a

;◦
〉,〈
◦;

b〉
]

=

(〈a
;◦
〉,〈
◦;

b〉)
q
↑ 〈

(a
,◦

);
(◦

,b
)〉

q
↓ [〈a

;◦
〉,〈
◦;

b〉
]

.

6.
2.

T
h
e

S
w

it
ch

R
u
le

1
8
7

6.
2.

5
D

efi
n
it

io
n

L
et

R
an

d
T

be
tw

o
S
◦

st
ru

ct
ur

es
.

T
he

st
ru

ct
ur

e
T

is
a

qu
as

i-
su

bs
tr

uc
tu

re
of

R
,

if
T

ca
n

be
ob

ta
in

ed
fr

om
R

by
re

pl
ac

in
g

so
m

e
at

om
s

(p
os

si
bl

y
no

ne
)

by
th

e
un

it
.

6.
2.

6
R

em
ar

k
E

ve
ry

su
bs

tr
uc

tu
re

of
R

is
al

so
a

qu
as

i-s
ub

st
ru

ct
ur

e
of

R
.

6.
2.

7
E
x
am

p
le

T
he

st
ru

ct
ur

e
[(

a
,b

),
(c̄

,a
)]

is
a

qu
as

i-s
ub

st
ru

ct
ur

e
(b

ut
no

t
a

su
bs

tr
uc

-
tu

re
)

of
[(

a
,[

b,
c]

,d
),

d̄
,(

[c̄
,c

],
b,

a
,a

)]
,

be
ca

us
e

[(
a
,
[b

,◦
],
◦)

,◦
,(

[c̄
,◦

],
◦,
◦,

a
)]

=
[(

a
,b

),
(c̄

,a
)]

.

6.
2.

8
R

em
ar

k
In

th
e

no
ti

on
of

re
la

ti
on

w
eb

,w
hi

ch
I

ex
pl

ai
ne

d
ab

ov
e,

a
qu

as
i-s

ub
st

ru
c-

tu
re

w
ou

ld
co

rr
es

po
nd

to
a

(r
el

at
io

n)
su

bw
eb

.

6.
2.

9
D

efi
n
it

io
n

L
et

m
�

1
be

ev
en

an
d

le
t

a
1
,a

2
,.

..
,a

m
be

m
di

ffe
re

nt
at

om
s.

T
he

n
th

e
st

ru
ct

ur
e

[(
a

2
,a

3
),

(a
4
,a

5
),

..
.,

(a
m

,a
1
)]

is
ca

lle
d

a
〈 a

1
,a

2
,.

..
,a

m

〉 -c
ir
cu

it
,

an
d

th
e

st
ru

ct
ur

e
([

a
1
,a

2
],

[a
3
,a

4
],

..
.,

[a
m
−1

,a
m

])
is

ca
lle

d
a

〈 a
1
,a

2
,.

..
,a

m

〉 -c
oc

ir
cu

it
.

A
ci

rc
ui

t
is

ca
lle

d
a

ne
ga

ti
on

ci
rc

ui
t

if
w

e
ha

ve
th

at
a

2
=

ā
1
,a

4
=

ā
3
,

..
.,

a
m

=
ā

m
−1

.

6.
2.

10
R

em
ar

k
In

te
rm

s
of

th
e

re
la

ti
on

w
eb

s
an

d
th

e
re

la
ti

on
s
↓ R

an
d
↑ R,

th
e

no
ti

on
s

of
ci

rc
ui

t
an

d
co

ci
rc

ui
t

ca
n

be
ex

pl
ai

ne
d

as
fo

llo
w

s.
C

on
si

de
r

th
e

gr
ap

h
w

it
h

ve
rt

ic
es

a
1
,.

..
,a

m
,

w
he

re
th

e
ed

ge
s

(a
1
,a

2
),

(a
3
,a

4
),

..
.,

(a
m
−1

,a
m

)
ar

e
gr

ee
n,

an
d

th
e

ed
ge

s
(a

2
,a

3
),

(a
4
,a

5
),

..
.,

(a
m

,a
1
)

ar
e

re
d.

T
hi

s
st

ru
ct

ur
e

be
co

m
es

a
ci

rc
ui

t
if

al
l

ot
he

r
ed

ge
s

in
th

e
co

m
pl

et
e

gr
ap

h
ar

e
gr

ee
n

an
d

a
co

ci
rc

ui
t

of
al

l
ot

he
r

ed
ge

s
ar

e
re

d.
In

th
is

se
tt

in
g,

a
ne

ga
ti

on
ci

rc
ui

t
co

rr
es

po
nd

s
ex

ac
tl

y
to

C
h.

R
et

or
é’

s
de

fin
it

io
n

of
a

co
rd

le
ss

Æ
-c

ir
cu

it
.

6.
2.

11
D

efi
n
it

io
n

L
et

R
be

an
S
◦

st
ru

ct
ur

e
an

d
le

t
a

1
,.

..
,a

m
be

an
ev

en
nu

m
be

r
of

at
om

s.
T

he
st

ru
ct

ur
e

R
co

nt
ai

ns
a

〈 a
1
,.

..
,a

m

〉 -c
ir
cu

it
,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
〈 a

1
,.

..
,a

m

〉 -c
ir

cu
it

.
Si

m
ila

rl
y,

R
co

nt
ai

ns
a

〈 a
1
,.

..
,a

m

〉 -c
oc

ir
cu

it
,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
〈 a

1
,.

..
,a

m

〉 -c
oc

ir
cu

it
.

Fu
rt

he
r,

th
e

st
ru

ct
ur

e
R

co
nt

ai
ns

a
ne

ga
ti
on

ci
rc

ui
t,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
ne

ga
ti

on
ci

rc
ui

t,
i.e

.
th

er
e

ar
e

at
om

s
c 1

,.
..

,c
n

fo
r

so
m

e
n

�
1,

su
ch

th
at

R
co

nt
ai

ns
a

〈 c 1
,c̄

1
,.

..
,c

n
,c̄

n

〉 -c
ir

cu
it

.

6.
2.

12
E
x
am

p
le

T
he

st
ru

ct
ur

e
([

(a
,b

),
(b̄

,c̄
),

d
],

c)
co

nt
ai

ns
(a

m
on

g
ot

he
rs

)
a

〈 c̄,
a
,b

,b̄
〉 -c

ir
cu

it
be

ca
us

e ([
(a

,b
),

(b̄
,c̄

),
◦]

,◦
)

=
[(

a
,b

),
(b̄

,c̄
)]

,

an
d

a
〈 b,

b̄〉 -c
oc

ir
cu

it
be

ca
us

e

([
(◦

,b
),

(b̄
,◦

),
◦]

,◦
)

=
[b

,b̄
]

.

It
al

so
co

nt
ai

ns
th

e
ne

ga
ti

on
ci

rc
ui

t
(c̄

,c
).

6.
2.

13
P

ro
p
os

it
io

n
Le

t
P

be
a

ba
la

nc
ed
S
◦

st
ru

ct
ur

e.
If

P
co

nt
ai

ns
a

ne
ga

ti
on

ci
rc

ui
t,

th
en

P
is

no
t
pr

ov
ab

le
in
S
◦ .

P
ro

of
:

T
he

pr
oo

f
of

th
is

st
at

em
en

t
is

ve
ry

si
m

ila
r

to
th

e
pr

oo
f

of
L

em
m

a
4.

3.
25

.
B

ut
be

ca
us

e
of

th
e

co
lla

ps
in

g
of

th
e

un
it

s,
th

er
e

is
a

gr
ea

te
r

ap
pl

ic
ab

ili
ty

of
th

e
sw

it
ch

ru
le

,
w

hi
ch

ha
s

to
be

ta
ke

n
in

to
ac

co
un

t.
L

et

Q
=

[(
ā

1
,a

2
),

(ā
2
,a

3
),

..
.,

(ā
n
,a

1
)]

,
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6.
M

ix
an

d
S
w

itch

for
som

e
n

>
0,

be
the

negation
circuit

contained
in

P
.

B
y

w
ay

of
contradiction,

assum
e

that
P

is
provable

in
S ◦.

Since
P

is
balanced,

w
e

m
ust

have
that

Q
is

also
provable

in
S ◦:

T
he

proof
of

Q
can

be
obtained

from
the

proofof
P

by
replacing

everyw
here

allatom
s

not
occurring

in
Q

by◦.
N

ow
let

m
e

proceed
by

induction
on

n
to

show
a

contradiction.

B
ase

case:
For

n
=

1
there

is
no

proof
−‖
S ◦

(ā
1 ,a

1 )
.

In
d
u
ctive

case:
For

n
>

1
consider

the
bottom

m
ost

rule
instance

ρ
in

the
proof

of
Q

:
−Π‖
S ◦

[(ā
1 ,a

2 ),(ā
2 ,a

3 ),...,(ā
n
,a

1 )]
.

Since
inside

Q
,

there
is

no
substructure

[a
,ā]

for
som

e
a,

w
e

have
that

ρ
=
s.

T
here

are
three

possibilities
to

apply
S

([R
,U

],T
)

s
S

[(R
,T

),U
]

to

Q
=

[(ā
1 ,a

2 ),(ā
2 ,a

3 ),...,(ā
n
,a

1 )]
.

For
notational

convenience,
I

w
ill

set
Z

j
=

(ā
j ,a

j+
1 )

for
every

j∈
{1,...,n}

(w
ith

the
convention

that
j

+
1

=
1

for
j

=
n).

T
his

m
eans

that

Q
=

[Z
1 ,Z

2 ,...,Z
n ]

.

(i)
R

=
ā

j ,T
=

a
j+

1
for

som
e

j
=

1,...,n.
T

hen,w
ithout

loss
ofgenerality,w

e
can

assum
e

that
j

=
1.

Further,
U

=
[Z

k
1 ,...,Z

k
u ]

for
som

e
u

>
0

and
k

1 ,...,k
u ∈

{2,...,n}.
W

ithout
loss

of
generality,

assum
e

that
k

1
<

k
2

<
...

<
k

u .
L

et
{2,...,n}\{k

1 ,...,k
u }

=
{h

1 ,...,h
s },

w
here

s
=

n−
u−

1.
T

hen
there

is
a

proof
Π

′such
that

−Π ′‖
S ◦

[([ā
1 ,Z

k
1 ,...,Z

k
u ],a

2 ),Z
h
1 ,...,Z

h
s ]

s
.

[(ā
1 ,a

2 ),Z
2 ,...,Z

n ]

T
he

proofΠ
′rem

ains
valid

ifw
e

replace
a

m
and

ā
m

by◦
for

every
m

w
ith

m
=

1
or

m
>

k
1 .

T
hen

w
e

get
−

Π
′′‖
S ◦

[(ā
k
1 ,a

2 ),(ā
2 ,a

3 ),...,(ā
k
1 −

1 ,a
k
1 )]

,

w
hich

is
a

contradiction
to

the
induction

hypothesis.

(ii)
R

=
a

j+
1 ,T

=
ā

j
for

som
e

j
=

1,...,n.
T

hen,w
ithout

loss
ofgenerality,w

e
can

assum
e

that
j

=
1.

Further,
U

=
[Z

k
1 ,...,Z

k
u ]

for
som

e
u

>
0

and
k

1 ,...,k
u ∈

{2,...,n}.
W

ithout
loss

of
generality,

assum
e

that
k

1
<

k
2

<
...

<
k

u .
L

et
{2,...,n}\{k

1 ,...,k
u }

=
{h

1 ,...,h
s },

w
here

s
=

n−
u−

1.
T

hen
there

is
a

proof
Π

′such
that

−Π ′‖
S ◦

[(ā
1 ,[Z

k
1 ,...,Z

k
u ,a

2 ]),Z
h
1 ,...,Z

h
s ]

s
.

[(ā
1 ,a

2 ),Z
2 ,...,Z

n ]

7A
N

o
n
co

m
m

u
ta

tive
E
xten

sio
n

o
f
th

e
M

u
ltip

lica
tive

E
xp

o
n
en

tia
l
F
ra

g
m

en
t

o
f
L
in

ear
L
o
g
ic

In
this

chapter,
I

w
ill

discuss
an

extension
of

m
ultiplicative

exponential
linear

logic
by

a
noncom

m
utative

connective
w

hich
is

self-dual
w

ith
respect

to
linear

negation.
M

ore
pre-

cisely,
I

w
ill

investigate
the

properties
of

a
logical

system
,

called
system

N
E
L

,
w

hich
is

a
conservative

extension
M
E
L
L

+
m
ix+
m
ix
0,or

system
E
L
S ◦,as

discussed
in

Section
6.1.

T
he

self-dualnoncom
m

utative
connective

is
the

sam
e

as
it

has
been

introduced
by

A
.G

uglielm
i

in
[G

ug99,G
ug02e]for

system
B
V

.
C

onsequently,system
N
E
L

is
also

a
conservative

exten-
sion

of
system

B
V

.
B

y
bringing

together
the

tw
o

m
ultiplicative

connectives
oflinear

logic,the
exponentials,

and
a

self-dualnoncom
m

utative
connective,system

N
E
L

can
be

seen
from

tw
o

perspectives:
first,as

an
extension

of
B
V

by
the

ability
ofreusing

inform
ation,and

second,as
an

extension
of
M
E
L
L

by
the

ability
of

m
odelling

sequentiality.
In

Section
7.1,I

w
illdefine

the
structures

and
the

rules
for

system
N
E
L

.
In

Section
7.2,

I
w

illshow
that

the
tw

o
decom

position
theorem

s,w
hich

have
been

show
n

for
system

S
E
L
S

in
Section

4.3,
do

also
hold

for
system

N
E
L

.
For

this,
I

w
ill

refine
the

perm
utation

results
of

Section
4.2

and
extend

som
e

of
the

results
of

Section
6.2.

T
hen,

in
Section

7.3,
I

w
ill

prove
the

cut
elim

ination
result

for
system

N
E
L

by
using

the
techniques

of
decom

position
and

splitting,
w

hich
has

first
been

used
by

A
.

G
uglielm

i
in

[G
ug02e].

T
he

second
decom

position
theorem

w
ill

be
em

ployed
in

the
sam

e
w

ay
as

in
C

hapter
4

for
system

E
L
S.

T
hen

splitting
is

used
to

elim
inate

the
core

up
fragm

ent.
I

w
ill

first
explain

the
general

idea
of

splitting,
and

then
show

the
com

plete
proof

of
the

splitting
lem

m
a

(L
em

m
a

7.3.5)
and

show
how

it
is

used
to

get
cut

elim
ination.

T
his

w
ill

be
a

refinem
ent

of
the

cut
elim

ination
proof

for
system

B
V

in
[G

ug02e].
F

inally,
in

Section
7.4,

I
w

ill
show

that
system

N
E
L

is
undecidable

by
sim

ulating
the

com
putations

of
a

tw
o

counter
m

achine.
T

he
encoding

and
its

proof
of

correctness
w

ill
be

direct,
natural

and
sim

ple.
H

ow
ever,

the
proof

of
the

soundness
of

the
encoding

is
a

little
intricate

because
there

is
no

sequent
calculus

and
no

phase
sem

antics
available

for
N
E
L

.

1
9
7
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6.
M

ix
an

d
S
w

it
ch

S
◦

ha
s

th
is

co
m

pl
et

en
es

s,
as

co
nj

ec
tu

re
d

by
A

.
G

ug
lie

lm
i

in
[G

ug
02

b]
,

w
he

re
S
◦

is
ca

lle
d

sy
st

em
F
B
V

.
T

he
sw

it
ch

ru
le

do
es

al
so

pl
ay

an
im

po
rt

an
t

ro
le

in
th

e
pr

es
en

ta
ti

on
of

cl
as

si
ca

ll
og

ic
in

th
e

ca
lc

ul
us

of
st

ru
ct

ur
es

[B
T

01
,B

rü
03

b,
B

rü
02

a]
.

T
hi

s
m

ea
ns

th
at

al
so

fo
r

cl
as

si
ca

l
lo

gi
c

th
e

re
su

lt
s

of
Se

ct
io

n
6.

2
co

ul
d

be
of

in
te

re
st

.

6.
2.

T
h
e

S
w

it
ch

R
u
le

1
8
9

T
he

pr
oo

f
Π

′
re

m
ai

ns
va

lid
if

w
e

re
pl

ac
e

a
m

an
d

ā
m

by
◦

fo
r

ev
er

y
m

w
it

h
1

<
m

�
k

u
.

T
he

n
w

e
ge

t

−
Π

′′ ‖
S
◦

[(
ā

1
,a

k
u
+

1
),

(ā
k

u
+

1
,a

k
u
+

2
),

..
.,

(ā
n
,a

1
)]

,

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

(i
ii)

R
=
◦,

T
=

[Z
k
1
,.

..
,Z

k
t
]

an
d

U
=

[Z
l 1
,.

..
,Z

l u
]

fo
r

so
m

e
t,

u
>

0
an

d
k

1
,.

..
,k

t,
l 1

,.
..

,l
u
∈
{1

,.
..

,n
}.

T
he

n
th

er
e

is
a

pr
oo

f
Π

′ s
uc

h
th

at

−
Π

′ ‖S
◦

[(
[Z

k
1
,.

..
,Z

k
t
],

[Z
l 1
,.

..
,Z

l u
])

,Z
h
1
,.

..
,Z

h
s
]

s
,

[Z
1
,Z

2
,.

..
,Z

n
]

w
he

re
s

=
n
−t
−u

an
d
{h

1
,.

..
,h

s
}=
{1

,.
..

,n
}\
{k

1
,.

..
,k

t,
l 1

,.
..

,l
u
}.

W
it

ho
ut

lo
ss

of
ge

ne
ra

lit
y,

w
e

ca
n

as
su

m
e

th
at

t
=

u
=

1.
O

th
er

w
is

e
w

e
co

ul
d

re
pl

ac
e

[(
[Z

k
1
,.

..
,Z

k
t
],

[Z
l 1
,.

..
,Z

l u
])

,Z
h
1
,.

..
,Z

h
s
]

s
by

[Z
1
,Z

2
,.

..
,Z

n
]

[(
[Z

k
1
,.

..
,Z

k
t
],

[Z
l 1
,.

..
,Z

l u
])

,Z
h
1
,.

..
,Z

h
s
]

s
[(

[Z
k
1
,.

..
,Z

k
t
],

Z
l 1

),
Z

l 2
,.

..
,Z

l u
,Z

h
1
,.

..
,Z

h
s
]

s
[(

Z
k
1
,Z

l 1
),

Z
k
2
,.

..
,Z

k
t
,Z

l 2
,.

..
,Z

l u
,Z

h
1
,.

..
,Z

h
s
]

s
.

[Z
1
,Z

2
,.

..
,Z

n
]

N
ow

le
t

k
=

k
1

an
d

l
=

l 1
.

T
he

n
w

e
ha

ve −
Π

′ ‖S
◦

[(
Z

k
,Z

l)
,Z

h
1
,.

..
,Z

h
s
]

s
,

[Z
1
,Z

2
,.

..
,Z

n
]

w
he

re
s

=
n
−

2.
W

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
k

<
l.

N
ow

re
pl

ac
e

in
si

de
Π

′ f
or

ev
er

y
m

w
it

h
m

�
k

or
l
<

m
th

e
at

om
s

a
m

an
d

ā
m

by
◦.

T
he

pr
oo

f
Π

′ t
he

n
be

co
m

es

−
Π

′′ ‖
S
◦

[(
ā

l,
a

k
+

1
),

(ā
k
+

1
,a

k
+

2
),

..
.,

(ā
l−

1
,a

l)
]

,

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

��
6.

2.
14

D
efi

n
it

io
n

L
et

R
be

a
ba

la
nc

ed
S
◦

st
ru

ct
ur

e.
T

he
n

th
e

re
la

ti
on
∼ R
⊆
oc
c
R
×

oc
c
R

is
de

fin
ed

as
fo

llo
w

s.
Fo

r
an

y
at

om
s

a
,b
∈
oc
c
R

(w
it

h
a
�=

b)
,

w
e

ha
ve

a
∼ R

b
if

an
d

on
ly

if
th

er
e

ar
e

at
om

s
c 1

,.
..

,c
n
∈
oc
c
R

(f
or

so
m

e
n

�
0)

,
su

ch
th

at
bo

th
,

[a
,(

ā
,c

1
),

(c̄
1
,c

2
),

..
.,

(c̄
n
−1

,c
n
),

(c̄
n
,b̄

)]
an

d
[(

ā
,c

1
),

(c̄
1
,c

2
),

..
.,

(c̄
n
−1

,c
n
),

(c̄
n
,b̄

),
b]
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0

6.
M

ix
an

d
S
w

itch

are
quasi-substructures

of
R

.

T
he

reason
for

the
definition

of
the

relation
∼

R
is

the
follow

ing
observation.

For
every

balanced
S ◦

structure
R

,w
e

have
that

R
contains

a
negation

circuit
ifand

only
if

there
are

tw
o

atom
s
a
,b∈

occ
R

such
that

a∼
R

b
and

a↑
R

b.
T

his
can

be
seen

as
follow

s.
If

R
contains

a
negation

circuit
[(ā

1 ,a
2 ),(ā

2 ,a
3 ),...,(ā

n
,a

1 )]
then

w
e

have
ā

1
↑
R

a
2

and
ā

1
∼

R
a

2 .
C

onversely,
if

there
are

tw
o

atom
s

a
and

b
w

ith
a
∼

R
b

and
a
↑
R

b,
then

there
are

atom
s

c
1 ,...,c

n ∈
occ

R
(for

som
e

n
�

0)
such

that
[(b,a),(ā

,c
1 ),(c̄

1 ,c
2 ),...,(c̄

n−
1 ,c

n ),(c̄
n
,b̄)]

is
a

quasi-substructure
of

R
.

T
his

observation
is

usefulfor
the

follow
ing

lem
m

a.

6.2.15
L
em

m
a

Let
P

=
S

[(R{a},T
),(U{ā},V

)]
be

a
balanced

structure
that

does
not

contain
a

negation
circuit.

T
hen

at
least

one
of

P
′=

S
([R{a},(U{ā},V

)],T
)

and
P

′′=
S

([U{ā},(R{a},T
)],V

)

does
not

contain
a

negation
circuit.

P
ro

of:
B

y
w

ay
of

contradiction,
assum

e
that

both,
P

′and
P

′′contain
a

negation
circuit,

and
P

does
not

contain
a

negation
circuit.

C
onsider

now
the

tw
o

structures
P

and
P

′.
W

e
have

that
occ

P
=
occ

P
′,and

for
allatom

s
a
,b∈

occ
P

w
ith

a
/∈
occ

T
or

b
/∈
occ(U{ā},V

),
that

a↓
P

b
iff

a↓
P
′
b

and
a↑

P
b

iff
a↑

P
′
b

.

If
a
∈
occ

T
and

b∈
occ(U{ā},V

),
then

w
e

have
a
↓

P
b

and
a
↑
P
′
b.

In
other

w
ords,

only
the

relation
betw

een
the

atom
s

in
T

and
(U{ā},V

)
is

different
in

P
and

P
′.

Since
P

′

contains
a

negation
circuit

and
P

not,
w

e
m

ust
have

and
atom

t1 ∈
occ

T
and

and
atom

b∈
occ(U{ā},V

),
such

that
t1 ∼

P
′
b.

W
e

then
also

have
t1 ∼

P
b

(by
the

definition
of∼

P ,
and

the
construction

of
P

′).
O

bserve
that

b
cannot

be
ā

because
t1 ↑

P
a

and
t1 ↑

P
′
a.

W
e

have
therefore

tw
o

cases:

•
there

is
a

u
1 ∈
occ

U{
}

such
that

t1 ∼
P

u
1 ,or

•
there

is
a

v
1 ∈
occ

V
such

that
t1 ∼

P
v
1 .

B
y

the
sam

e
argum

entation
about

P
′′,w

e
get

a
v
2 ∈
occ

V
such

that
either

•
there

is
an

r
2 ∈
occ

R{
}

such
that

v
2 ∼

P
r
2 ,

or

•
there

is
a

t2 ∈
occ

T
such

that
v
2 ∼

P
t2 .

A
ll

together
there

are
four

cases:

•
t1 ∼

P
u

1
and

v
2 ∼

P
r
2 .

B
y

definition
of∼

P ,
w

e
have

atom
s

c
1 ,...,c

n
∈
occ

P
and

d
1 ,...,d

m
∈
occ

P
for

som
e

n
,m

�
0,

such
that

the
four

structures

[t1 ,(t̄1 ,c
1 ),(c̄

1 ,c
2 ),...,(c̄

n−
1 ,c

n ),(c̄
n
,ū

1 )]
,

[(t̄1 ,c
1 ),(c̄

1 ,c
2 ),...,(c̄

n−
1 ,c

n ),(c̄
n
,ū

1 ),u
1 ]

,

[v
2 ,(v̄

2 ,d
1 ),(d̄

1 ,d
2 ),...,(d̄

m
−

1 ,d
m

),(d̄
m

,r̄
2 )]

,

[(v̄
2 ,d

1 ),(d̄
1 ,d

2 ),...,(d̄
m
−

1 ,d
m

),(d̄
m

,r̄
2 ),r

2 ]

are
quasi-substructures

of
P

.
T

his
m

eans
that

P
contains

a
negation

circuit:

[(r
2 ,t1 ),(t̄1 ,c

1 ),...,(c̄
n
,ū

1 ),(u
1 ,v

2 ),(v̄
2 ,d

1 ),...,(d̄
m

,r̄
2 )]

,

w
hich

is
a

contradiction
to

the
assum

ption.

6.3.
D

iscu
ssion

1
9
5

–
R

has
[Z

1 ,Z
3 ,...,Z

n−
1 ]

as
quasi-substructure

and
T̄

has
[Z

2 ,Z
4 ,...,Z

n ]
as

quasi-substructure.

W
ithout

loss
of

generality,
w

e
can

assum
e

that
[Z

1 ,Z
3 ,...,Z

n−
1 ]

is
contained

in
T̄

and
[Z

2 ,Z
4 ,...,Z

n ]
in

R
.

T
his

m
eans

that
T

has

(Z̄
1 ,Z̄

3 ,...,Z̄
n−

1 )
=

([a
1 ,ā

2 ],[a
3 ,ā

4 ],...,[a
n−

1 ,ā
n ])

as
quasi-substructure.

T
his

is
a 〈a

1 ,ā
2 ,a

3 ,ā
4 ,...,a

n−
1 ,ā

n 〉-cocircuit.
Since

[Z
2 ,Z

4 ,...,Z
n ]

=
[(ā

2 ,a
3 ),(ā

4 ,a
5 ),...,(ā

n
,a

1 )]

is
a 〈a

1 ,ā
2 ,a

3 ,ā
4 ,...,a

n−
1 ,ā

n 〉-circuit,that
is

contained
in

R
,w

e
have

a
contradiction

to
T

�
R

.
��

A
s

an
im

m
ediate

consequence
from

this
theorem

w
e

get
that

the
relation

�
is

a
partial

order,w
hich

is
from

D
efinition

6.2.19
not

at
all

obvious.

6.2.21
C

orollary
T
he

relation
�

is
a

partial
order.

P
ro

of:
R

eflexivity
is

obvious
since

there
is

alw
ays

the
trivial

derivation
from

R
to

R
.

T
ransitivity

is
also

obvious
because

the
derivability

relation
is

transitive.
A

ntisym
m

etry
is

obtained
from

the
fact

that
the

sw
itch

rule
is

not
invertible.

T
his

m
eans,

w
henever

w
e

have
T
s
R

w
ith

R
�=

T
(i.e.

the
sw

itch
rule

is
applied

in
a

nontrivialw
ay),then

there
is

no

derivation
R‖ {
s}

T
.

T
his

is
the

case
because ∣∣↓

T ∣∣
< ∣∣↓

R ∣∣
(see

also
the

proof
of

L
em

m
a

6.2.15).
��

6
.3

D
iscu

ssio
n

In
Section

6.1,
I

have
show

n
that

the
rules

m
ix

and
nullary

m
ix

can
be

incorporated
naturally

in
the

calculus
of

structures.
In

Section
6.2,I

have
show

n
an

algebraic
characterisation

ofderivability
using

the
sw

itch
rule.

T
he

attentive
reader

m
ight

already
have

guessed
that

this
result

is
a

byproduct
ofthe

investigation
of

the
decom

position
theorem

s
in

Section
4.3.

T
he

results
of

Section
6.2

can
be

considered
as

prelim
inary

results
tow

ards
a

general
characterisation

for
the

derivability
in

system
s,

w
hich

are
not

restricted
to

m
ultiplicative

linear
logic.

In
m

y
opinion,

the
next

step
should

be
to

include
also

A
.G

uglielm
i’s

noncom
m

utative
connective

seq
[G

ug02e]into
the

tw
o

characterisations
(T

heorem
6.2.17

and
T

heorem
6.2.20).

I
w

ill
com

e
back

to
this

topic
in

the
next

chapter,w
here

the
seq

w
ill

be
discussed

in
detail.

Section
6.2

can
also

be
seen

as
starting

point
for

further
research

in
the

direction
sug-

gested
in

[G
ug02b],

w
here

a
certain

notion
of

im
plicational

and
structural

com
pleteness

is
suggested.

Since
this

is
quite

speculative,
I

do
not

w
ant

to
go

into
further

details
here.

I
only

w
ant

to
m

ention
that

the
im

plication
(1)⇒

(3)
of

T
heorem

6.2.20
says

that
system
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6.
M

ix
an

d
S
w

it
ch

6.
2.

20
T

h
eo

re
m

Le
t
R

an
d

T
be

tw
o

ba
la

nc
ed

st
ru

ct
ur

es
w
it
h
oc
c
R

=
oc
c
T

,
su

ch
th

at
fo

r
ev

er
y

at
om

a
oc

cu
rr

in
g

in
R

,
th

e
at

om
ā

do
es

no
t
oc

cu
r

in
R

.
T

he
n

w
e

ha
ve

,

− ‖S
◦

[T̄
,R

]
iff

T ‖ S
S
◦

R
iff

T ‖ {
s}

R
iff

T
�

R
.

P
ro

of
:

I
w

ill
pr

ov
e

th
e

eq
ui

va
le

nc
e

of
th

e
fo

ur
st

at
em

en
ts

by
pr

ov
in

g

(1
)
⇒

(2
)
⇒

(3
)
⇒

(4
)
⇒

(1
)

.

•
(1

)
⇒

(2
):

Im
m

ed
ia

te
fr

om
C

or
ol

la
ry

6.
1.

8.

•
(2

)
⇒

(3
):

A
pp

ly
in

te
rp

ol
at

io
n

(T
he

or
em

6.
1.

6)
.

T
he

re
ca

nn
ot

re
m

ai
n

an
y

in
st

an
ce

of
ai
↓o

r
ai
↑b

ec
au

se
th

er
e

ar
e

no
at

om
pa

ir
s

a
an

d
ā

in
si

de
R

or
T

.

•
(3

)
⇒

(4
):

B
y

w
ay

of
co

nt
ra

di
ct

io
n,

as
su

m
e

th
at

no
t
T

�
R

.
T

hi
s

m
ea

ns
th

at
th

er
e

ar
e

at
om

s
a

1
,.

..
,a

m
∈
oc
c
R

su
ch

th
at

R
co

nt
ai

ns
an

〈 a
1
,.

..
,a

m

〉 -c
ir

cu
it

an
d

T
co

nt
ai

ns
an

〈 a
1
,.

..
,a

m

〉 -c
oc

ir
cu

it
.

T
he

de
ri

va
ti

on

T ‖{
s}

R

re
m

ai
ns

va
lid

if
al

l
at

om
s

b
/∈
{a

1
,.

..
,a

m
}a

re
re

pl
ac

ed
by
◦e

ve
ry

w
he

re
.

T
hi

s
yi

el
ds

a
de

ri
va

ti
on

([
a

1
,a

2
],

[a
3
,a

4
],

..
.,

[a
m
−1

,a
m

])
∆
‖{
s}

[(
a

2
,a

3
),

(a
4
,a

5
),

..
.,

(a
m

,a
1
)]

,

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
L

em
m

a
6.

2.
18

.

•
(4

)
⇒

(1
):

I
w

ill
sh

ow
th

at
th

e
st

ru
ct

ur
e

[T̄
,R

]
ca

nn
ot

co
nt

ai
n

a
ne

ga
ti

on
ci

rc
ui

t.
W

e
ca

n
th

en
ap

pl
y

P
ro

po
si

ti
on

6.
2.

16
to

ob
ta

in
th

e
pr

oo
f

− ‖S
◦

[T̄
,R

]
.

B
y

w
ay

of
co

nt
ra

di
ct

io
n,

as
su

m
e

no
w

th
at

[T̄
,R

]
co

nt
ai

ns
a

ne
ga

ti
on

ci
rc

ui
t,

sa
y

Q
=

[(
ā

1
,a

2
),

(ā
2
,a

3
),

..
.,

(ā
n
,a

1
)]

,

fo
r

so
m

e
n

>
0.

A
s

in
th

e
pr

oo
f

of
P

ro
po

si
ti

on
6.

2.
13

,
I

w
ill

se
t

Z
j

=
(ā

j
,a

j+
1
)

fo
r

ev
er

y
j
∈
{1

,.
..

,n
}(

w
it

h
th

e
co

nv
en

ti
on

th
at

j
+

1
=

1
fo

r
j

=
n

).
T

hi
s

m
ea

ns
th

at

Q
=

[Z
1
,Z

2
,.

..
,Z

n
]

.

Si
nc

e
ne

it
he

r
R

no
r

T
co

nt
ai

n
a

pa
ir

of
du

al
at

om
s

(i
.e

.
a

an
d

ā
),

w
e

ha
ve

th
at

n
is

ev
en

(b
ec

au
se

th
e

sa
m

e
nu

m
be

r
of

“Z
’s

”
ha

s
to

co
m

e
fr

om
T̄

an
d

fr
om

R
)

an
d

ei
th

er

–
T̄

ha
s

[Z
1
,Z

3
,.

..
,Z

n
−1

]
as

qu
as

i-s
ub

st
ru

ct
ur

e
an

d
R

ha
s

[Z
2
,Z

4
,.

..
,Z

n
]

as
qu

as
i-s

ub
st

ru
ct

ur
e,

or

6.
2.

T
h
e

S
w

it
ch

R
u
le

1
9
1

•
t 1
∼ P

u
1

an
d

v 2
∼ P

t 2
.

In
th

is
ca

se
on

ly
v 2
∼ P

t 2
is

ne
ed

ed
to

sh
ow

th
e

ne
ga

ti
on

ci
rc

ui
t

in
si

de
P

.
W

e
ha

ve
d

1
,.

..
,d

m
∈
oc
c
P

fo
r

so
m

e
m

�
0,

su
ch

th
at

[v
2
,(

v̄ 2
,d

1
),

(d̄
1
,d

2
),

..
.,

(d̄
m
−1

,d
m

),
(d̄

m
,t̄

2
)]

an
d

[(
v̄ 2

,d
1
),

(d̄
1
,d

2
),

..
.,

(d̄
m
−1

,d
m

),
(d̄

m
,t̄

2
),

t 2
]

ar
e

qu
as

i-s
ub

st
ru

ct
ur

es
of

P
.

T
he

n
P

co
nt

ai
ns

th
e

ne
ga

ti
on

ci
rc

ui
t

[(
ā
,v

2
),

(v̄
2
,d

1
),

..
.,

(d̄
m

,t̄
2
),

(t
2
,a

)]
.

•
t 1
∼ P

v 1
an

d
v 2
∼ P

r 2
.

T
hi

s
ca

se
is

si
m

ila
r

to
th

e
pr

ev
io

us
ca

se
.

(U
se

t 1
∼ P

v 1
).

•
t 1
∼ P

v 1
an

d
v 2
∼ P

t 2
.

A
s

be
fo

re
.

H
en

ce
,

on
e

of
P

′ a
nd

P
′′

m
us

t
be

ne
ga

ti
on

ci
rc

ui
t

fr
ee

.
��

6.
2.

16
P

ro
p
os

it
io

n
Le

t
P

be
a

ba
la

nc
ed

st
ru

ct
ur

e
su

ch
th

at
fo

r
ev

er
y

at
om

a
∈
oc
c
P

,
it
s

du
al

ā
do

es
al

so
oc

cu
r

in
P

.
If

P
do

es
no

t
co

nt
ai

n
a

ne
ga

ti
on

ci
rc

ui
t,

th
en

P
is

pr
ov

ab
le

in
S
◦ .

P
ro

of
:

B
y

in
du

ct
io

n
on

th
e

ca
rd

in
al

it
y

∣ ∣ ↓ P∣ ∣ of
th

e
re

la
ti

on
↓ P
⊆
oc
c
P
×
oc
c
P

,
I

w
ill

sh
ow

th
at

th
er

e
is

a
pr

oo
f
−

Π
‖S

◦

P
.

B
as

e
ca

se
:

If
∣ ∣ ↓ P∣ ∣ =

0,
th

en
P

=
◦,

w
hi

ch
is

tr
iv

ia
lly

pr
ov

ab
le

.
(I

f
P
�=
◦,

th
en

th
er

e
is

an
at

om
a
∈
oc
c
P

,
an

d
th

er
ef

or
e

al
so

ā
∈
oc
c
P

.
Si

nc
e

∣ ∣ ↓ P∣ ∣ =
0,

w
e

ha
ve

a
↑ P

ā
an

d
th

er
ef

or
e

(a
,ā

)
is

a
qu

as
i-s

ub
st

ru
ct

ur
e

of
P

).

In
d
u
ct

iv
e

ca
se

:
N

ow
le

t
∣ ∣ ↓ P∣ ∣ >

0.
H

en
ce

P
�=
◦.

P
ic

k
in

si
de

P
an

y
at

om
a
.

Si
nc

e
P

co
nt

ai
ns

no
ne

ga
ti

on
ci

rc
ui

t,
w

e
ha

ve
a
↓ P

ā
.

H
en

ce
,
P

=
S

[S
a
{a
},

S
ā
{ā
}]

fo
r

so
m

e
co

nt
ex

ts
S
{
},

S
a
{
}a

nd
S

ā
{
}.

W
it

ho
ut

lo
ss

of
ge

ne
ra

lit
y,

w
e

ca
n

as
su

m
e

S
{
}i

s
ch

os
en

su
ch

th
at

ne
it

he
r

S
a
{
}

no
r

S
ā
{
}

is
a

pa
r

co
nt

ex
t.

In
ot

he
r

w
or

ds
,

ei
th

er
S

a
{
}=
{
}o

r
S

a
{
}=

(R
{
},

T
)

fo
r

so
m

e
co

nt
ex

t
R
{
}

an
d

T
�=
◦,

an
d

si
m

ila
rl

y
fo

r
S

ā
{
}.

T
he

re
ar

e
fo

ur
po

ss
ib

ili
ti

es

•
S

a
{
}=
{
}a

nd
S

ā
{
}=
{
}.

T
he

n
P

=
S

[a
,ā

],
an

d
w

e
ca

n
ob

ta
in

−
Π

′ ‖S
◦

S
{◦
}

ai
↓

,
S

[a
,ā

]

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.

•
S

a
{
}=

(R
{
},

T
)

an
d

S
ā
{
}=
{
}.

T
he

n
P

=
S

[(
R
{a
},

T
),

ā
].

L
et

Π
be

th
e

pr
oo

f
−

Π
′ ‖S

◦

S
(R
{◦
},

T
)

ai
↓ S

(R
[a

,ā
],

T
)

∆
‖{
s}

S
[(

R
{a
},

T
),

ā
]

,

w
he

re
Π

′ e
xi

st
s

by
in

du
ct

io
n

hy
po

th
es

is
.

an
d

∆
ex

is
ts

by
L

em
m

a
4.

3.
20

.



1
9
2

6.
M

ix
an

d
S
w

itch

•
S

a {
}

=
{
}

and
S

ā {
}

=
(U{

},V
).

T
hen

P
=

S
[a

,(U{ā},V
)].

T
his

is
sim

ilar
to

the
previous

case.

•
S

a {
}

=
(R{

},T
)

and
S

ā {
}

=
(U{

},V
).

T
hen

P
=

S
[(R{a},T

),(U{ā},V
)].

L
et

Π
be

−Π ′‖
S ◦

S
([R{a},(U{ā},V

)],T
)

s
or

S
[(R{a},T

),(U{ā},V
)]

−
Π

′′‖
S ◦

S
([U{ā},(R{a},T

)],V
)

s
,

S
[(R{a},T

),(U{ā},V
)]

w
here

one
of

Π
′and

Π
′′m

ust
exist

by
L

em
m

a
6.2.15

and
the

induction
hypoth-

esis.
(Since

T
�=
◦�=

V
,

w
e

have
that ∣∣↓

P
′ ∣∣

< ∣∣↓
P ∣∣

and ∣∣↓
P
′′ ∣∣

< ∣∣↓
P ∣∣.)

��

T
his

proofshow
s

that
proofsearch

in
the

calculus
ofstructures

can
be

driven
by

atom
s,

in
the

follow
ing

sense:
L

et
the

distance
betw

een
tw

o
atom

s
a

and
b

in
a

structure
R

be
the

num
ber

of
atom

s
c

in
R

such
that

(a↓
P

c∧
b↑

P
c)∨

(a↑
P

c∧
b↓

P
c)

,

i.e.
the

num
ber

of
atom

s
c

to
w

hich
a

and
b

are
in

different
relation.

T
hen

in
a

proof
search

the
atom

s
a

and
ā

m
ove

closer
together

untiltheir
distance

is
zero.

T
hen

[a
,ā]

is
a

substructure
of

R
,and

the
tw

o
atom

s
can

killeach
other

in
an

instance
of
ai↓.

L
em

m
a

6.2.15
show

s
that

for
any

pair
of

atom
s

a
and

ā
it

is
alw

ays
possible

to
m

ove
closer

together.
T

his
in

fact
could

be
the

basis
for

an
alternative

approach
to

uniform
provability

[M
N

P
S91].

Instead
of

the
m

ain
connective

of
the

goal
form

ula,
a

m
atching

pair
of

atom
s

determ
ines

the
first

rule
to

be
applied

in
a

proof.
A

lthough
this

idea
is

quite
speculative,it

should
be

m
entioned

that
it

occurred
already

in
a

com
pletely

different
context

in
W

.B
ibel’s

linear
connection

m
ethod

[B
ib86].

H
ow

ever,
the

further
exploration

of
this

idea
and

the
precise

relation
to

W
.

B
ibel’s

w
ork

has
to

rem
ain

open
for

future
research.

T
he

follow
ing

theorem
puts

the
tw

o
previous

results
together

and
show

s
that

the
notion

of
negation

circuit
can

be
used

as
a

criterion
for

provability
in

system
S ◦.

6.2.17
T

h
eorem

Let
R

be
a

balanced
S ◦

structure.
T

hen
w
e

have
that

R
is

provable
in
S ◦

if
and

only
if

R
does

not
contain

a
negation

circuit
and

for
every

atom
a∈
occ

R
,
its

dual
ā

does
also

occur
in

R
.

P
ro

of:
L

et
R

be
provable.

T
hen,

by
P

roposition
6.2.13,

R
does

not
contain

a
negation

circuit.
In

a
proof

an
atom

a
can

only
be

rem
oved

in
an

instance
of
ai↓.

T
hen,at

the
sam

e
tim

e
its

dual
ā

is
rem

oved.
H

ence,
for

every
a
∈
occ

R
,

w
e

have
ā
∈
occ

R
.

For
the

other
direction

apply
P

roposition
6.2.16.

��

T
he

interested
reader

m
ight

now
ask

w
hat

can
be

said
w

hen
R

is
not

balanced.
T

hen
the

first
condition

to
check

is
that

each
atom

a
occurs

in
R

as
often

as
its

dual
ā

does.
O

therw
ise

R
is

obviously
not

provable.
T

hen
w

e
have

to
find

a
pairing

betw
een

the
atom

s
in
occ

R
such

that
each

atom
a

is
paired

up
w

ith
ā.

T
hen

w
e

can
renam

e
allatom

s
such

that
the

pairing
is

respected
and

the
resulting

structure
R

′is
balanced.

If
R

′does
not

contain
a

negation
circuit,

then
R

′
and

R
are

provable.
In

other
w

ord,
for

checking
w

hether
an

unbalanced
structure

is
provable,allpossible

pairings
have

to
be

checked
in

the
w

orst
case.

6.2.
T

h
e

S
w

itch
R

u
le

1
9
3

For
exam

ple,
consider

the
structure

[(a
,ā),a

,ā].
If

w
e

renam
e

it
as

[(a
1 ,ā

1 ),a
2 ,ā

2 ],
then

w
e

get
a

negation
circuit,

but
if

w
e

renam
e

it
as

[(a
1 ,ā

2 ),a
2 ,ā

1 ],
then

w
e

obtain
a

provable
structure.

So
far,

w
e

w
ere

only
considering

provability.
L

et
us

now
investigate

derivability,w
hich

m
eans

that
w

e
explore

another
tim

e
the

top-dow
n

sym
m

etry
of

the
calculus

of
structures.

6.2.18
L
em

m
a

Let
m

>
0

be
even

and
let

a
1 ,a

2 ,...,a
m

be
m

diff
erent

atom
s.

T
hen

there
is

no
derivation

([a
1 ,a

2 ],[a
3 ,a

4 ],...,[a
m
−

1 ,a
m

])
∆‖{

s}
[(a

2 ,a
3 ),(a

4 ,a
5 ),...,(a

m
,a

1 )]
.

P
ro

of:
T

he
proof

could
be

carried
out

essentially
the

sam
e

w
ay

as
it

has
been

done
for

the
proofs

of
L

em
m

a
4.3.25

and
P

roposition
6.2.13.

H
ow

ever,since
this

lem
m

a
w

illnot
be

used
in

a
cut

elim
ination

argum
ent,w

e
can

em
ploy

cut
elim

ination
for

proving
it

in
a

m
ore

elegant
w

ay.
B

y
w

ay
of

contradiction,
assum

e
there

is
a

derivation

([a
1 ,a

2 ],[a
3 ,a

4 ],...,[a
m
−

1 ,a
m

])
∆‖{

s}
[(a

2 ,a
3 ),(a

4 ,a
5 ),...,(a

m
,a

1 )]
.

W
ithout

loss
of

generality,
w

e
can

assum
e

that
w

e
do

not
have

a
i

=
ā

j
for

som
e

i,j
∈

{1,...,m
}

(otherw
ise

renam
e

one
of

them
).

B
y

cut
elim

ination
(C

orollary
6.1.8),

there
is

a
proof

−‖
S ◦

[(ā
1 ,ā

2 ),(ā
3 ,ā

4 ),...,(ā
m
−

1 ,ā
m

),(a
2 ,a

3 ),(a
4 ,a

5 ),...,(a
m

,a
1 )]

.

Since
par

structures
are

com
m

utative,
this

is
the

sam
e

as

−‖
S ◦

[(ā
1 ,ā

2 ),(a
2 ,a

3 ),(ā
3 ,ā

4 ),(a
4 ,a

5 ),...,(ā
m
−

1 ,ā
m

),(a
m

,a
1 )]

,

w
hich

is
a

proofofa
negation

circuit
and

therefore
a

contradiction
to

P
roposition

6.2.13.
��

L
em

m
a

6.2.18
essentially

says
that

there
is

no
derivation

from
a

cocircuit
to

a
circuit.

T
his

in
fact

w
as

the
m

otivation
for

introducing
them

.
T

he
follow

ing
theorem

says
that

the
converse

is
also

true,
i.e.

w
henever

there
is

no
attem

pt
to

transform
a

cocircuit
into

a
circuit,

then
there

is
indeed

a
derivation.

T
his

rather
inform

al
statem

ent
is

m
ade

precise
as

follow
s.

6.2.19
D

efi
n
ition

O
n

the
set

of
balanced

S ◦
structures

the
relation

�
is

defined
as

follow
s.

W
e

have
T

�
R

if
and

only
if

•
occ

T
=
occ

R
and

•
for

all
m

>
0,

m
even,and

atom
s

a
1 ,...,a

m
∈
occ

T
,it

is
not

the
case

that

–
T

contains
an 〈a

1 ,...,a
m 〉-cocircuit

and

–
R

contains
an 〈a

1 ,...,a
m 〉-circuit.
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

th
es

e
pr

oo
fs

,t
he

re
m

us
t

al
so

be
on

e
th

at
fit

s
th

e
fo

llo
w

in
g

sc
he

m
e:

−
Π

′ 1

∥ ∥
[A

,Φ
]

Π
′ 2

∥ ∥
([

A
,Φ

],
[B

,Ψ
])

s
[(

[A
,Φ

],
B

),
Ψ

]
s

,
[(

A
,B

),
Φ

,Ψ
]

∆
′∥ ∥

[F
(A

,B
),

Γ
]

w
hi

ch
ill

us
tr

at
es

th
e

id
ea

be
hi

nd
th

e
sp

lit
ti

ng
te

ch
ni

qu
e.

M
or

e
pr

ec
is

el
y,

th
e

de
ri

va
ti

on
∆

′
ab

ov
e

im
pl

em
en

ts
a

co
nt

ex
t

re
du

ct
io

n
an

d
a

pr
op

er
sp

lit
ti
ng

.
T

he
se

pr
in

ci
pl

es
ca

n
be

st
at

ed
in

ge
ne

ra
l

as
fo

llo
w

s:

(1
)

C
on

te
xt

re
du

ct
io

n:
If

S
{R
}

is
pr

ov
ab

le
,

th
en

S
{
}

ca
n

be
re

du
ce

d
to

th
e

st
ru

ct
ur

e
[{
},

P
R

],
su

ch
th

at
[R

,P
R

]
is

pr
ov

ab
le

.
In

th
e

ex
am

pl
e

ab
ov

e,
[F
{
},

Γ
]

is
re

du
ce

d
to

[{
},

Γ
′ ]

,
fo

r
so

m
e

Γ
′ ,

w
hi

ch
is

no
t

ex
pl

ic
it

ly
sh

ow
n

in
th

e
de

ri
va

ti
on

ab
ov

e.

(2
)

Sp
lit

ti
ng

:
If

[(
R

,T
),

P
]

is
pr

ov
ab

le
,

th
en

P
ca

n
be

re
du

ce
d

to
[P

R
,P

T
],

su
ch

th
at

[R
,P

R
]

an
d

[T
,P

T
]

ar
e

pr
ov

ab
le

.
In

th
e

ex
am

pl
e

ab
ov

e,
th

e
st

ru
ct

ur
e

Γ
′ ,

th
at

w
as

ob
ta

in
ed

by
co

nt
ex

t
re

du
ct

io
n,

is
re

du
ce

d
to

[Φ
,Ψ

].

C
on

te
xt

re
du

ct
io

n
is

pr
ov

ed
by

sp
lit

ti
ng

,
w

hi
ch

is
th

en
at

th
e

co
re

of
th

e
m

at
te

r.
T

he
bi

gg
es

t
di

ffi
cu

lt
y

re
si

de
s

in
pr

ov
in

g
sp

lit
ti

ng
,

an
d

th
is

m
ai

nl
y

re
qu

ir
es

to
fin

d
th

e
ri

gh
t

in
du

ct
io

n
m

ea
su

re
.

T
hi

s
pa

rt
ic

ul
ar

ly
pr

ob
le

m
at

ic
if

no
nc

or
e

ru
le

s
lik

e
co

nt
ra

ct
io

n
ne

ed
to

be
co

ns
id

er
ed

or
se

ve
ra

l
di

ffe
re

nt
un

it
s

ar
e

pr
es

en
t,

as
it

is
th

e
ca

se
in

sy
st

em
L
S

(s
ee

Se
ct

io
n

3.
4)

.
In

th
e

ca
se

of
N
E
L

,t
he

in
du

ct
io

n
m

ea
su

re
w

ill
be

ba
se

d
on

th
e

si
ze

of
a

st
ru

ct
ur

e,
w

hi
ch

is
a

na
tu

ra
l

nu
m

be
r

an
d

w
hi

ch
is

,
in

fo
rm

al
ly

sp
ea

ki
ng

,
th

e
nu

m
be

r
of

at
om

s
oc

cu
ri

ng
in

th
e

st
ru

ct
ur

e.
It

is
fo

rm
al

ly
de

fin
ed

as
fo

llo
w

s.

7.
3.

1
D

efi
n
it

io
n

T
he

si
ze

of
a
N
E
L

st
ru

ct
ur

e
R

,
de

no
te

d
by

si
ze

( R
) ,

is
in

du
ct

iv
el

y
de

fin
ed

as
fo

llo
w

s:
si

ze
( ◦) =

0
,

si
ze

( a
) =

1
,

si
ze

( [R
,T

]) =
si

ze
( (R

,T
)) =

si
ze

( 〈R;
T
〉) =

si
ze

( R
) +

si
ze

( T
) ,

si
ze

( !R
) =

si
ze

( ?R
) =

si
ze

( R
) .

7.
3.

2
E
x
am

p
le

T
he

st
ru

ct
ur

e
R

=
[!

(a
,c̄

,〈?
ā
;b
〉),

c]
ha

s
si

ze
( R

) =
5.

7.
3.

3
D

efi
n
it

io
n

T
he

si
ze

of
a

pr
oo

f
−

Π
‖N
E
L

R
is

th
e

pa
ir

si
ze

( Π
) =

〈 si
ze

( R
) ,l

en
gt

h(
Π

)〉 .

7.
1.

S
tr

u
ct

u
re

s
an

d
R

u
le

s
2
0
1

S
{◦
}

ai
↓ S

[a
,ā

]

S
(a

,ā
)

ai
↑

S
{◦
}

} In
te

ra
ct

io
n

S
([

R
,U

],
T

)
s

S
[(

R
,T

),
U

]

            C
or

e
S
〈[R

,U
];

[T
,V

]〉
q
↓ S

[〈R
;T
〉,〈

U
;V
〉]

S
(〈R

;U
〉,〈

T
;V
〉)

q
↑ S
〈(R

,T
);

(U
,V

)〉

F
ig

ur
e

7.
4:

Sy
st

em
S
B
V

◦↓
◦

S
{◦
}

ai
↓ S

[a
,ā

]

S
([

R
,U

],
T

)
s
S

[(
R

,T
),

U
]

S
〈[R

,U
];

[T
,V

]〉
q
↓ S

[〈R
;T
〉,〈

U
;V
〉]

F
ig

ur
e

7.
5:

Sy
st

em
B
V

7.
1.

12
D

efi
n
it

io
n

T
he

sy
st

em
{◦
↓,
ai
↓,
s,
q
↓}

w
hi

ch
is

ob
ta

in
ed

fr
om

th
e

do
w

n
fr

ag
m

en
t

of
sy

st
em
S
B
V

to
ge

th
er

w
it

h
th

e
ax

io
m

is
ca

lle
d

sy
st

em
B
V

(o
r
ba

si
c

sy
st

em
V

).
It

is
sh

ow
n

in
F

ig
ur

e
7.

5.

7.
1.

13
T

h
eo

re
m

Sy
st

em
N
E
L

is
a

co
ns

er
va

ti
ve

ex
te

ns
io

n
of

bo
th

,
sy

st
em
E
L
S
◦

an
d

sy
st

em
B
V

.

P
ro

of
:

L
et

m
e

fir
st

sh
ow

,t
ha

t
N
E
L

is
a

co
ns

er
va

ti
ve

ex
te

ns
io

n
of
E
L
S
◦ .

L
et

R
be

an
E
L
S
◦

st
ru

ct
ur

e.
N

ow
as

su
m

e,
w

e
ha

ve
a

pr
oo

f
−

Π
‖N
E
L

R
.

L
et

Π
′ b

e
th

e
pr

oo
f

ob
ta

in
ed

fr
om

Π
in

th
e

fo
llo

w
in

g
w

ay
:

E
ac

h
se

q
co

nt
ex

t,
oc

cu
rr

in
g

in
si

de
a

st
ru

ct
ur

e
S

in
si

de
Π

is
re

pl
ac

ed
by

a
pa

r
co

nt
ex

t.
B

y
th

is
ea

ch
ru

le
ap

pl
ic

at
io

n
re

m
ai

ns
va

lid
,

ex
ce

pt
fo

r
th

e
se

q
ru

le
,

w
hi

ch
be

co
m

es
tr

iv
ia

l:

S
〈[R

,U
];

[T
,V

]〉
q
↓ S

[〈R
;T
〉,〈

U
;V
〉]

�
S

[[
R

,U
],

[T
,V

]]
q
↓′

S
[[

R
,T

],
[U

,V
]]

,

an
d

ca
n

th
er

ef
or

e
be

om
it

te
d.

T
hi

s
m

ea
ns

th
at

Π
′ i

s
a

va
lid

pr
oo

f
of

R
in

sy
st

em
E
L
S
◦ .

Fo
r

sh
ow

in
g

th
at
N
E
L

is
a

co
ns

er
va

ti
ve

ex
te

ns
io

n
of
B
V

,
le

t
R

be
a
B
V

st
ru

ct
ur

e
an

d
as

su
m

e,
th

at
th

er
e

is
a

pr
oo

f
−

Π
‖N
E
L

R
.

O
bs

er
ve

th
at

no
ru

le
in

sy
st

em
N
E
L

ca
n

in
tr

od
uc

e

a
?

w
hi

le
go

in
g

up
in

a
pr

oo
f.

Si
nc

e
th

er
e

ar
e

no
?-

st
ru

ct
ur

es
pr

es
en

t
in

R
,

th
er

e
ar

e
no

ap
pl

ic
at

io
ns

of
w
↓

or
b
↓i

ns
id

e
Π

.
T

hi
s

al
so

m
ea

ns
th

at
al

l
ap

pl
ic

at
io

ns
of

th
e

pr
om

ot
io

n
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

rule
m

ust
be

trivial
(because

there
are

also
no

!-structures
in

R
):

S{![◦,◦]}
p↓

S
[!◦,?◦]

=
S{◦}

p↓
S{◦}

,

and
can

therefore
be

om
itted.

��
T

he
above

theorem
ensures,

that
the

cut
elim

ination
result

for
N
E
L

does
also

hold
for

the
system

s
E
L
S ◦

and
B
V

.
T

his
can

be
seen

as
follow

s:
L

et
−Π‖
E
L
S ◦∪{

i↑}
R

be
given,

w
here

R
is

an
E
L
S ◦

structure.
T

hen
w

e
can

apply
C

orollary
7.1.7

to
Π

to
get

a
proof

−Π ′‖
N
E
L

R
.

Since
N
E
L

is
a

conservative
extension

of
E
L
S ◦,

w
e

can
obtain

a
proof

−
Π

′′‖
E
L
S ◦

R
.

Sim
ilarly

w
e

can
proceed

for
B
V

.
In

particular,
w

e
have:

7.1.14
C

orollary
Let

R
and

T
be

tw
o
B
V

structures.
T

hen
w
e

have

T‖
S
B
V

R
if

and
only

if
−‖
B
V

[T̄
,R

]
.

A
s

show
n

by
A

.
T

iu
in

[T
iu01],

it
is

not
possible

to
present

system
B
V

in
the

sequent
calculus.

A
nother

consequence
of

T
heorem

7.1.13
is

that
A

.T
iu’s

result
does

also
hold

for
N
E
L

:
there

is
no

sequent
calculus

system
that

is
equivalent

to
system

N
E
L

.

7
.2

D
eco

m
p
o
sitio

n

In
this

section,
I

w
ill

show
that

the
first

and
the

second
decom

position
theorem

for
S
E
L
S

(see
Section

4.3)
do

also
hold

for
system

S
N
E
L

.

7.2.1
T

h
eorem

(F
irst

D
ecom

p
osition

)
For

every
derivation

T
∆‖
S
N
E
L

R
there

are
struc-

tures
T

1 ,
T

2 ,
T

3 ,
R

3 ,
R

2
and

R
1 ,

and
derivations

∆
1 ,...,∆

7 ,
such

that

T
∆

1 ‖{
b↑}

T
1

∆
2 ‖{
w↓}

T
2

∆
3 ‖{
ai↓}

T
3

∆
4 ‖
SN
E
L
c

R
3

∆
5 ‖{
ai↑}

R
2

∆
6 ‖{
w↑}

R
1

∆
7 ‖{
b↓}

R

.

7.3.
C

u
t

E
lim

in
ation

2
1
5

P
ro

of:
B

y
w

ay
of

contradiction,
assum

e
there

is
such

a
derivation

∆
.

T
he

rules
s,
q↓

and
q↑

have
no

access
to

the
exponentials.

H
ence,

w
e

can
replace

inside
∆

,
the

substructures
!R

1 ,...,!R
n
,?T

1 ,...,?T
n

by
new

atom
s

a
1 ,...,a

n
,b

1 ,...,b
n ,

respectively.
T

his
gives

us
a

valid
derivation

([a
1 ,b

1 ],[a
2 ,b

2 ],...,[a
n
,b

n ])
∆

′ ∥∥{
s,q↓

,q↑}
[(a

2 ,b
1 ),(a

3 ,b
2 ),...,(a

1 ,b
n )]

,

w
hich

is
a

contradiction
to

L
em

m
a

7.2.6.
��

7
.3

C
u
t

E
lim

in
a
tio

n

In
this

section
I

w
illprove

cut
elim

ination
for

system
N
E
L

(T
heorem

7.1.6).
For

this,I
w

ill
use

the
second

decom
position

theorem
in

the
sam

e
w

ay
as

it
has

been
done

for
system

E
L
S

in
Section

4.4.
T

o
elim

inate
the

core
up

rules,
I

w
ill

then
use

the
technique

of
splitting

com
bined

w
ith

context
reduction

(as
it

has
been

done
for

system
L
S

in
Section

3.4).
T

he
proof

of
the

splitting
lem

m
a

presented
here

is
m

uch
sim

pler
than

the
one

in
Section

3.4
because

the
noncore

rules
do

not
need

to
be

considered
and

there
are

no
additives

present.

7
.3

.1
S
p
littin

g

T
he

technique
ofsplitting

has
been

introduced
by

A
.G

uglielm
iin

[G
ug02e]for

proving
cut

elim
ination

for
system

B
V

.
For

explaining
the

idea
behind

splitting
let

m
e

consider
a

purely
m

ultiplicative
sequent

system
,

for
exam

ple,
m

ultiplicative
linear

logic.
If

w
e

have
a

proof
of

a
sequent�

F{A
�

B},Γ
,

w
here

F{A
�

B}
is

a
form

ula
that

contains
the

subform
ula

A
�

B
,then

w
e

know
that

som
ew

here
in

the
proofthere

is
one

and
only

one
instance

ofthe
�

rule,w
hich

splits
A

and
B

along
w

ith
their

context
(under

the
assum

ption
that

identity
is

reduced
to

atom
ic

form
).

In
other

w
ords,the

proofof�
F{A

�
B},Γ

m
ust

be
com

posed
of

three
pieces,

∆
,Π

1 ,and
Π

2 ,as
follow

s:� � � � �
����� Π

1

�
A

,Φ
� � � � �

����� Π
2

�
B

,Ψ
�

�
A

�
B

,Φ
,Ψ

	 	 	 	 	 	 	 	 	 	 	 	 	 	 	















 ∆

�
F{A

�
B},Γ

.

In
the

calculus
of

structures,m
any

different
proofs

correspond
to

the
sequent

calculus
one.

T
hey

differ
because

of
the

different
possible

sequencing
of

rules,
and

because
rules

in
the

calculus
of

structures
have

sm
aller

granularity
and

larger
applicability.

B
ut,

am
ong

all
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

7.
2.

9
E
x
am

p
le

T
he

st
ru

ct
ur

e
[(

a
,c

),
〈b̄;

ā
〉]

is
a

〈 ā
,a

,c
,b̄

〉 -c
ir

cu
it

an
d

([
ā
,a

],
[c

,b̄
])

is
a

〈 ā
,a

,c
,b̄

〉 -c
oc

ir
cu

it
.

T
he

fo
llo

w
in

g
de

fin
it

io
n

is
a

re
pe

ti
ti

on
of

D
efi

ni
ti

on
6.

2.
11

fo
r
B
V

st
ru

ct
ur

es
.

7.
2.

10
D

efi
n
it

io
n

L
et

R
be

a
B
V

st
ru

ct
ur

e
an

d
le

t
a

1
,.

..
,a

m
be

an
ev

en
nu

m
be

r
of

at
om

s.
T

he
st

ru
ct

ur
e

R
co

nt
ai

ns
a

〈 a
1
,.

..
,a

m

〉 -c
ir
cu

it
,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
〈 a

1
,.

..
,a

m

〉 -c
ir

cu
it

.
Si

m
ila

rl
y,

R
co

nt
ai

ns
a

〈 a
1
,.

..
,a

m

〉 -c
oc

ir
cu

it
,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
〈 a

1
,.

..
,a

m

〉 -c
oc

ir
cu

it
.

T
he

st
ru

ct
ur

e
R

co
nt

ai
ns

a
ne

ga
ti
on

ci
rc

ui
t,

if
R

ha
s

a
qu

as
i-s

ub
st

ru
ct

ur
e

R
′ ,

w
hi

ch
is

a
ne

ga
ti

on
ci

rc
ui

t.

7.
2.

11
E
x
am

p
le

T
he
B
V

st
ru

ct
ur

e
R

=
([

(a
,b

),
〈b̄;

c̄〉,
d

],
c)

co
nt

ai
ns

(a
m
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

T
he

follow
ing

lem
m

a
w

ill
be

an
easy

extension
of

L
em

m
a

4.3.20.
O

bserve
that,

in
order

to
be

form
ally

precise,it
is

also
necessary

to
redefine

the
notion

of
basic

context
(see

D
efinition

4.3.18)
and

include
the

seq:
In

the
proof

for
the

decom
position

theorem
s

for
system

S
N
E
L

,
a

basic
context

is
a

context
S{
},

w
here

the
hole

does
not

occur
inside

the
scope

of
an

exponential.

7.2.3
L
em

m
a

Let
S{
}

be
a

basic
context

and
R

and
T

be
any

structures.
T

hen
there

is
a

derivation
S

[R
,T

]
∆‖{

s,q↓}
[S{R},T

]
.

P
ro

of:
B

y
structural

induction
on

S{
}.

T
he

cases
for

S
=
{
},

S
=

[S
′,S

′′{
}]

and
S

=
(S

′,S
′′{
})

have
been

show
n

in
the

proof
of

L
em

m
a

4.3.20
on

page
108.

L
et

m
e

now
show

the
rem

aining
case:

•
S

=
〈S

′;S
′′{
};S

′′′〉
for

som
e

context
S
′′{
}

and
structures

S
′

and
S
′′′.

T
hen

let
∆

be
〈S

′;S
′′[R

,T
];S

′′′〉
∆

′ ∥∥{
s,q↓}

〈S
′;[S

′′{R},T
];S

′′′〉
q↓〈S

′;[〈S
′′{R};S

′′′〉,T
]〉

q↓
,

[〈S
′;S

′′{R};S
′′′〉,T

]

w
here

∆
′exists

by
induction

hypothesis.
��

7
.2

.1
P
erm

u
ta

tio
n

o
f
R
u
les

In
the

proof
of

P
roposition

4.3.22
(needed

for
the

proofs
of

the
decom

position
theorem

s
for
S
E
L
S

in
C

hapter
4),

I
introduced

the
rules

p̂↓,
p̂↑,
ŵ↓,

and
ŵ↑.

In
the

proof
of

the
decom

position
theorem

s
for
S
N
E
L

,
they

w
ill

also
be

needed:

S{![R
,T

]}
p̂↓

S
[!R

,U
]

,
S

(?R
,U

)
p̂↑

S{?(R
,T

)}
,

S{◦}
ŵ↓

S{R}
,

S{R}
ŵ↑

S{◦}
.

T
hey

have
to

be
considered

in
the

perm
utation

results
in

this
section.

7.2.4
L
em

m
a

E
very

rule
ρ
∈
{ ai↓,w↓

,ŵ↓}
perm

utes
over

every
rule

π
∈

(S
N
E
L
∪

{ p̂↓,p̂↑
,ŵ↓

,ŵ↑})\{b↓,b↑}
by

the
system

SB
V
c.

P
ro

of:
C

onsider
a

derivation
Q

π
S{◦}

ρ
,

S{Z}
w

here
ρ∈
{ ai↓,w↓

,ŵ↓}
and

π
∈

(S
N
E
L∪{p̂↓

,p̂↑,ŵ↓,ŵ↑})\{b↓
,b↑}

is
nontrivial.

A
ccording

to
4.2.3,

there
are

the
follow

ing
cases

to
consider:

7.2.
D

ecom
p
osition

2
1
3

{2,...,n}\{k
1 ,...,k

u }
=
{h

1 ,...,h
s },

w
here

s
=

n−
u−

1.
T

hen
there

is
a

derivation
∆

′such
that

(W
1 ,W

2 ,...,W
n )

∆
′ ∥∥{
s,q↓

,q↑}
[([a

2 ,Z
k
1 ,...,Z

k
u ],b

1 ),Z
h
1 ,...,Z

h
s ]

s
.

[(a
2 ,b

1 ),Z
2 ,...,Z

n ]

T
he

derivation
∆

′rem
ains

valid
if

w
e

replace
a

m
and

b
m

by◦
for

every
m

w
ith

1
<

m
�

k
u .

T
hen

w
e

get

(W
1 ,W

k
u
+

1 ,...,W
n )

∆
′′ ∥∥{
s,q↓

,q↑}
[(a

k
u
+

1 ,b
1 ),Z

k
u
+

1 ,...,Z
n ]

,

w
hich

is
a

contradiction
to

the
induction

hypothesis.

(ii)
R

=
b
j ,T

=
a

j+
1

for
som

e
j

=
1,...,n.

Sim
ilar

to
(i).

(iii)
R

=
◦,

T
=

[Z
k
1 ,...,Z

k
t ]

and
U

=
[Z

l1 ,...,Z
lu ]

for
som

e
t,u

>
0

and
k

1 ,...,k
t ,l1 ,...,lu

∈
{1,...,n}.

Sim
ilar

to
(2.iii).

(See
also

case
(iii)

in
the

proof
of

P
roposition

6.2.13
on

page
187.)

��
I

believe
that

this
property

is
already

suffi
cient

to
com

pletely
characterise

derivations
in

the
core

of
S
B
V

.
In

other
w

ords,I
conjecture

that
T

heorem
6.2.20

can
be

generalised
to

the
case

w
hen

seq
is

present.
In

order
to

state
this

conjecture
precisely,

I
need

to
generalise

the
definitions

of
Sec-

tion
6.2.

T
he

D
efinitions

6.2.1,
6.2.2,

and
6.2.5

for
occurrences,

balanced
structures,

and
quasi-substructures,

respectively,are
easily

extended
to

the
case

of
B
V

structures.

7.2.7
E
x
am

p
le

L
et

R
=

[(a
,[b,c],d),d̄

,〈[c̄,c];b;a;ā〉].
T

hen

occ
R

=
{a

,a
,ā

,b,b,c,c,c̄,d
,d̄}

.

T
his

m
eans

that
R

is
not

balanced,because
a,

b
and

c
occur

m
ore

than
once.

T
he

structure
[(a

,b),〈c̄;ā〉]
is

a
quasi-substructure

(but
not

a
substructure)

of
R

because

[(a
,[b,◦],◦),◦,〈[c̄,◦];◦;◦;ā〉]=

[(a
,b),〈c̄;ā〉]

.

T
he

structure
[(a

,b),〈c̄;ā〉]
is

balanced.

O
n

the
other

hand,the
definition

of
circuits

and
cocircuits

needs
m

ore
attention

in
the

presence
of

seq.
T

he
follow

ing
definition

generalises
D

efinition
6.2.9

(page
187).

7.2.8
D

efi
n
ition

L
et

n
>

0,
let

m
=

2n,
and

let
a

1 ,a
2 ,...,a

m
be

m
different

atom
s.

T
hen

the
structure

[Z
1 ,...,Z

n ]
is

called
a 〈a

1 ,a
2 ,...,a

m 〉-circuit,if

•
Z

j
=

(a
2
j ,a

2
j+

1 )
or

Z
j

=
〈a

2
j ;a

2
j+

1 〉,for
every

j
=

1,...,n−
1,

and

•
Z

n
=

(a
m

,a
1 )

or
Z

n
=
〈a

m
;a

1 〉.
T

he
structure

(W
1 ,...,W

n )
is

called
a 〈a

1 ,a
2 ,...,a

m 〉-cocircuit,if

•
W

i =
[a

2
i−

1 ,a
2
i ]

or
W

i =
〈a

2
i−

1 ;a
2
i 〉,

for
every

i
=

1,...,n.

A
circuit

is
called

a
negation

circuit
if

w
e

have
that

a
2

=
ā

1 ,
a

4
=

ā
3 ,...,

a
m

=
ā

m
−

1 .
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,Z

k
r
];

Z
l 1
〉,Z

l 2
,.

..
,Z

l v
,Z

h
1
,.

..
,Z

h
s
]

q
↓ [〈Z

k
1
;Z

l 1
〉,Z

k
2
,.

..
,Z

k
r
,Z

l 2
,.

..
,Z

l v
,Z

h
1
,.

..
,Z

h
s
]

q
↓

.
[Z

1
,Z

2
,.

..
,Z

n
]

N
ow

le
t

k
=

k
1

an
d

l
=

l 1
.

T
he

n
w

e
ha

ve

(W
1
,W

2
,.

..
,W

n
)

∆
′∥ ∥ {s,q

↓,q
↑}

[〈Z
k
;Z

l〉,
Z

h
1
,.

..
,Z

h
s
]

q
↓

,
[Z

1
,Z

2
,.

..
,Z

n
]

w
he

re
s

=
n
−

2.
T

he
re

ar
e

tw
o

su
bc

as
es

.

(a
)

k
<

l.
T

he
n

re
pl

ac
e

in
si

de
∆

′ a
ll

at
om

s
a

m
an

d
b m

by
◦

fo
r

ev
er

y
m

w
it

h
m

�
k

or
l
<

m
.

T
he

de
ri

va
ti

on
∆

′ t
he

n
be

co
m

es

(W
k
+

1
,.

..
,W

l)
∆

′′∥ ∥ {s,q
↓,q

↑}
[〈a

k
+

1
;b

l〉,
Z

k
+

1
,.

..
,Z

l−
1
]

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

(b
)

k
>

l.
T

he
n

re
pl

ac
e

in
si

de
∆

′ a
ll

at
om

s
a

m
an

d
b m

by
◦

fo
r

ev
er

y
m

w
it

h
k

�
m

>
l.

T
he

de
ri

va
ti

on
∆

′ t
he

n
be

co
m

es

(W
1
,.

..
,W

l,
W

k
+

1
,.

..
,W

n
)

∆
′′∥ ∥ {s,q

↓,q
↑}

[Z
1
,.

..
,Z

l−
1
,〈a

k
+

1
;b

l〉,
Z

k
+

1
,.

..
,Z

n
]

,

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

(i
v)

R
=
◦,

T
=

[Z
k
1
,.

..
,Z

k
t
],

U
=

[Z
l 1
,.

..
,Z

l u
]

an
d

V
=
◦

fo
r

so
m

e
t,

u
>

0
an

d
k

1
,.

..
,k

t,
l 1

,.
..

,l
u
∈
{1

,.
..

,n
}.

Si
m

ila
r

to
(i

ii)
.

(3
)

ρ
=

s.
T

he
re

ar
e

th
re

e
po

ss
ib

ili
ti

es
to

ap
pl

y
S

([
R

,U
],

T
)

s
S

[(
R

,T
),

U
]

.

(i
)

R
=

a
j+

1
,T

=
b j

fo
r

so
m

e
j

=
1,

..
.,

n
.

T
he

n,
w

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
j

=
1.

Fu
rt

he
r,

U
=

[Z
k
1
,.

..
,Z

k
u
]

fo
r

so
m

e
u

>
0

an
d

k
1
,.

..
,k

u
∈

{2
,.

..
,n
}.

W
it

ho
ut

lo
ss

of
ge

ne
ra

lit
y,

as
su

m
e

th
at

k
1

<
k

2
<

..
.

<
k

u
.

L
et

7.
2.

D
ec

om
p
os

it
io

n
2
0
5

(4
)

T
he

re
de

x
of

π
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
co

nt
ra

ct
um
◦

of
ρ
.

T
hi

s
ca

se
is

im
po

ss
ib

le
be

ca
us

e
no

st
ru

ct
ur

e
ca

n
be

in
si

de
◦.

(5
)

T
he

co
nt

ra
ct

um
◦o

f
ρ

is
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

π
bu

t
no

t
in

si
de

a
pa

ss
iv

e
on

e.
A

s
in

th
e

pe
rm

ut
at

io
n

pr
oo

fs
of

C
ha

pt
er

5,
th

is
ca

se
is

th
e

pr
ob

le
m

at
ic

on
e.

Si
nc

e
◦i

s
th

e
un

it
fo

r
pa

r,
se

q,
an

d
ti

m
es

,w
e

ha
ve

fo
r

ea
ch

ru
le

π
m

or
e

ca
se

s
to

co
ns

id
er

.

(i
)

π
=
w
↓.

T
he

n
S
{◦
}=

S
′ {?

R
{◦
}}

fo
r

so
m

e
co

nt
ex

ts
S
′ {
}a

nd
R
{
}.

W
e

ha
ve

S
′ {◦
}

w
↓ S

′ {?
R
{◦
}}

ρ
yi

el
ds

S
′ {?

R
{Z
}}

S
′ {◦
}

w
↓

.
S
′ {?

R
{Z
}}

(i
i)

π
=
ŵ
↓.

Si
m

ila
r

to
(i

).

(i
ii)

π
=
q
↑.

T
he

n
w

e
ha

ve
th

e
fo

llo
w

in
g

su
bc

as
es

:

(a
)

S
{◦
}=

S
′ 〈(

R
,[

(R
′ ,

T
),
◦]

,T
′ )

;(
U

,V
)〉

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
st

ru
ct

ur
es

R
,R

′ ,
T

,T
′ ,

U
an

d
V

.
T

he
n

w
e

ha
ve

S
′ (
〈(R

,R
′ )

;U
〉,〈

(T
,T

′ )
;V
〉)

q
↑

S
′ 〈(

R
,R

′ ,
T

,T
′ )

;(
U

,V
)〉

ρ
,

S
′ 〈(

R
,[

(R
′ ,

T
),

Z
],

T
′ )

;(
U

,V
)〉

w
hi

ch
yi

el
ds

S
′ (
〈(R

,R
′ )

;U
〉,〈

(T
,T

′ )
;V
〉)

ρ
S
′ (
〈(R

,
[R

′ ,
Z

])
;U
〉,〈

(T
,T

′ )
;V
〉)

q
↑

S
′ 〈(

R
,[

R
′ ,

Z
],

T
,T

′ )
;(

U
,V

)〉
s

.
S
′ 〈(

R
,
[(

R
′ ,

T
),

Z
],

T
′ )

;(
U

,V
)〉

(b
)

S
{◦
}=

S
′ 〈(

R
,T

);
(U

,[
(U

′ ,
V

),
◦]

,V
′ )
〉f

or
so

m
e

co
nt

ex
t
S
′ {
}a

nd
st

ru
ct

ur
es

R
,T

,U
,U

′ ,
V

an
d

V
′ .

Si
m

ila
r

to
(a

).

(c
)

S
{◦
}=

S
′ 〈(

R
,〈(

R
′ ,

T
);
◦〉

,T
′ )

;(
U

,V
)〉

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
st

ru
ct

ur
es

R
,R

′ ,
T

,T
′ ,

U
an

d
V

.
T

he
n

w
e

ha
ve

S
′ (
〈(R

,R
′ )

;U
〉,〈

(T
,T

′ )
;V
〉)

q
↑

S
′ 〈(

R
,R

′ ,
T

,T
′ )

;(
U

,V
)〉

ρ
,

S
′ 〈(

R
,〈(

R
′ ,

T
);

Z
〉,T

′ )
;(

U
,V

)〉
w

hi
ch

yi
el

ds
S
′ (
〈(R

,R
′ )

;U
〉,〈

(T
,T

′ )
;V
〉)

ρ
S
′ (
〈(R

,〈R
′ ;

Z
〉);

U
〉,〈

(T
,T

′ )
;V
〉)

q
↑

S
′ 〈(

R
,〈R

′ ;
Z
〉,T

,T
′ )

;(
U

,V
)〉

q
↑

.
S
′ 〈(

R
,〈

(R
′ ,

T
);

Z
〉,

T
′ )

;(
U

,V
)〉

(d
)

S
{◦
}=

S
′ 〈(

R
,〈◦

;(
R

′ ,
T

)〉,
T
′ )

;(
U

,V
)〉

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
st

ru
ct

ur
es

R
,R

′ ,
T

,T
′ ,

U
an

d
V

.
Si

m
ila

r
to

(c
).
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

(e)
S{◦}

=
S
′〈(R

,T
);(U

,〈(U
′,V

);◦〉,V
′)〉

for
som

e
context

S
′{
}

and
structures

R
,T

,U
,U

′,V
and

V
′.

Sim
ilar

to
(c).

(f)
S{◦}

=
S
′〈(R

,T
);(U

,〈◦;(U
′,V

)〉,V
′)〉

for
som

e
context

S
′{
}

and
structures

R
,T

,U
,U

′,V
and

V
′.

Sim
ilar

to
(c).

(g)
S{◦}

=
S
′〈(R

,T
);◦;(U

,V
)〉

for
som

e
context

S
′{
}

and
structures

R
,T

,U
and

V
.

T
hen

S
′(〈R

;U〉,〈T
;V〉)

q↑
S
′〈(R

,T
);(U

,V
)〉

ρ
yields

S
′〈(R

,T
);Z

;(U
,V

)〉

S
′(〈R

;U〉,〈T
;V〉)

π
S
′(〈R

;Z
;U〉,〈T

;V〉)
q↑

S
′〈(〈R

;Z〉,T
);(U

,V
)〉

q↑
.

S
′〈(R

,T
);Z

;(U
,V

)〉
(iv)

π
=
s.

T
hen

w
e

have
the

follow
ing

subcases:

(a)
S{◦}

=
S
′[(R

,[(R
′,T

),◦],T
′),U

]
for

som
e

context
S
′{
}

and
structures

R
,R

′,T
,T

′and
U

.
T

his
is

sim
ilar

to
case

(iii.a):
W

e
have

S
′([(R

,R
′),U

],T
,T

′)
s

S
′[(R

,R
′,T

,T
′),U

]
ρ

,
S
′[(R

,[(R
′,T

),Z
],T

′),U
]

w
hich

yields
S
′([(R

,R
′),U

],T
,T

′)
ρ

S
′([(R

,[R
′,Z

]),U
],T

,T
′)

s
S
′〈(R

,[R
′,Z

],T
,T

′),U〉
s

.
S
′[(R

,[(R
′,T

),Z
],T

′),U
]

(b)
S{◦}

=
S
′[(R

,〈(R
′,T

);◦〉,T
′),U

]
for

som
e

context
S
′{
}

and
structures

R
,R

′,T
,T

′and
U

.
Sim

ilar
to

case
(iii.c).

(c)
S{◦}

=
S
′[(R

,〈◦;(R
′,T

)〉,T
′),U

]
for

som
e

context
S
′{
}

and
structures

R
,R

′,T
,T

′and
U

.
Sim

ilar
to

case
(iii.d).

(d)
S{◦}

=
S
′[([(R

,T
),U

],◦),U
′]for

som
e

context
S
′{
}

and
structures

R
,T

,U
and

U
′.

T
hen

w
e

have

S
′([R

,U
,U

′],T
)

s
S
′[(R

,T
),U

,U
′]

ρ
yields

S
′[([(R

,T
),U

],Z
),U

′]

S
′([R

,U
,U

′],T
)

ρ
S
′([R

,U
,U

′],T
,Z

)
s
S
′([(R

,T
),U

,U
′],Z

)
s

.
S
′[([(R

,T
),U

],Z
),U

′]

(e)
S{◦}

=
S
′[〈[(R

,T
),U

];◦〉,U
′]for

som
e

context
S
′{
}

and
structures

R
,T

,U
and

U
′.

T
hen

w
e

have

S
′([R

,U
,U

′],T
)

s
S
′[(R

,T
),U

,U
′]

ρ
yields

S
′[〈[(R

,T
),U

];Z〉,U
′]

S
′([R

,U
,U

′],T
)

ρ
S
′〈([R

,U
,U

′],T
);Z〉

s
S
′〈[(R

,T
),U

,U
′];Z〉

q↓
.

S
′[〈[(R

,T
),U

];Z〉,U
′]

7.2.
D

ecom
p
osition

2
1
1

(b)
U

=
◦

and
V

=
[Z

k
1 ,...,Z

k
v ]

for
som

e
v

>
0

and
k

1 ,...,k
v ∈
{2,...,n}.

W
ithout

loss
of

generality,assum
e

that
k

1
<

k
2

<
...

<
k

v .
L

et{2,...,n}\
{k

1 ,...,k
v }

=
{h

1 ,...,h
s },w

here
s

=
n−

v−
1.

T
hen

there
is

a
derivation

∆
′such

that
(W

1 ,W
2 ,...,W

n )
∆

′ ∥∥{
s,q↓

,q↑}
[〈a

2 ;[b
1 ,Z

k
1 ,...,Z

k
v ]〉,Z

h
1 ,...,Z

h
s ]

q↓
.

[〈a
2 ;b

1 〉,Z
2 ,...,Z

n ]

T
he

derivation
∆

′
rem

ains
valid

if
w

e
replace

a
m

and
b
m

by
◦

for
every

m
w

ith
m

>
k

1
and

for
m

=
1.

T
hen

w
e

get

(W
2 ,...,W

k
1 )

∆
′′ ∥∥{
s,q↓

,q↑}
[〈a

2 ;b
k
1 〉,Z

2 ,...,Z
k
1 −

1 ]

w
hich

is
a

contradiction
to

the
induction

hypothesis.

(c)
U

=
[Z

k
1 ,...,Z

k
u ]

and
V

=
◦

for
som

e
u

>
0

and
k

1 ,...,k
u ∈
{2,...,n}.

W
ithout

loss
of

generality,assum
e

that
k

1
<

k
2

<
...

<
k

u .
L

et{2,...,n}\
{k

1 ,...,k
u }

=
{h

1 ,...,h
s },w

here
s

=
n−

u−
1.

T
hen

there
is

a
derivation

∆
′such

that
(W

1 ,W
2 ,...,W

n )
∆

′ ∥∥{
s,q↓

,q↑}
[〈[a

2 ,Z
k
1 ,...,Z

k
u ];b

1 〉,Z
h
1 ,...,Z

h
s ]

q↓
.

[〈a
2 ;b

1 〉,Z
2 ,...,Z

n ]

T
he

derivation
∆

′
rem

ains
valid

if
w

e
replace

a
m

and
b
m

by
◦

for
every

m
w

ith
1

<
m

�
k

u .
T

hen
w

e
get

(W
1 ,W

k
u
+

1 ,...,W
n )

∆
′′ ∥∥{
s,q↓

,q↑}
[〈a

k
u
+

1 ;b
1 〉,Z

k
u
+

1 ,...,Z
n ]

,

w
hich

is
a

contradiction
to

the
induction

hypothesis.

(ii)
U

=
a

j+
1

and
V

=
b
j

for
som

e
j

=
1,...,n.

Sim
ilar

to
(i).

(iii)
R

=
[Z

k
1 ,...,Z

k
r ],

T
=
◦,

U
=
◦

and
V

=
[Z

l1 ,...,Z
lv ]

for
som

e
r,v

>
0

and
k

1 ,...,k
r ,l1 ,...,lv ∈

{1,...,n}.
T

hen
there

is
a

derivation
∆

′such
that

(W
1 ,W

2 ,...,W
n )

∆
′ ∥∥{
s,q↓

,q↑}
[〈[Z

k
1 ,...,Z

k
r ];[Z

l1 ,...,Z
lv ]〉,Z

h
1 ,...,Z

h
s ]

q↓
,

[Z
1 ,Z

2 ,...,Z
n ]

w
here

s
=

n−
r−

v
and{h

1 ,...,h
s }

=
{1,...,n}\{k

1 ,...,k
r ,l1 ,...,lv }.

W
ith-

out
loss

of
generality,

w
e

can
assum

e
that

r
=

v
=

1.
O

therw
ise

w
e

could
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

In
d
u
ct

iv
e

C
as

e:
Su

pp
os

e
th

er
e

is
no

de
ri

va
ti

on
∆

fo
r

al
l〈 n

′ ,
m

′〉 <
〈 n

,m
〉 ,a

nd
,b

y
w

ay
of

co
nt

ra
di

ct
io

n
as

su
m

e
th

er
e

is
a

de
ri

va
ti

on

(W
1
,W

2
,.

..
,W

n
)

∆
∥ ∥ {s,q

↓,q
↑}

[Z
1
,Z

2
,.

..
,Z

n
]

,

w
he

re
Z

j
=

(a
j+

1
,b

j
)

or
Z

j
=
〈a

j+
1
;b

j
〉f

or
ev

er
y

j
=

1,
..

.,
n

an
d

W
i

=
[a

i,
b i

]
or

W
i

=
〈a

i;
b i
〉,

fo
r

ev
er

y
i

=
1,

..
.,

n
.

N
ow

co
ns

id
er

th
e

bo
tt

om
m

os
t

ru
le

in
st

an
ce

ρ
of

∆
.

W
it

ho
ut

lo
ss

of
ge

ne
ra

lit
y,

w
e

ca
n

as
su

m
e

th
at

ρ
is

no
nt

ri
vi

al
.

(1
)

ρ
=
q
↑.

T
he

re
ar

e
tw

o
po

ss
ib

ili
ti

es
to

ap
pl

y
S

(〈R
;U
〉,〈

T
;V
〉)

q
↑ S
〈(R

,T
);

(U
,V

)〉
.

(i
)

R
=

a
j+

1
,
T

=
◦,

U
=
◦a

nd
V

=
b j

fo
r

so
m

e
j

=
1,

..
.,

n
.

T
he

n
th

er
e

m
us

t
be

so
m

e
∆

′ ,
su

ch
th

at

(W
1
,W

2
,.

..
,W

n
)

∆
′∥ ∥ {s,q

↓,q
↑}

[Z
1
,.

..
,Z

j−
1
,(

a
j+

1
,b

j
),

Z
j+

1
,.

..
,Z

n
]

q
↑

,
[Z

1
,.

..
,Z

j−
1
,〈a

j+
1
;b

j
〉,Z

j+
1
,.

..
,Z

n
]

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

(i
i)

R
=
◦,

T
=

a
j+

1
,U

=
b j

,V
=
◦f

or
so

m
e

j
=

1,
..

.,
n

.
Si

m
ila

r
to

(i
).

(2
)

ρ
=
q
↓.

T
he

re
ar

e
th

e
fo

llo
w

in
g

po
ss

ib
ili

ti
es

to
ap

pl
y

S
〈[R

,U
];

[T
,V

]〉
q
↓ S

[〈R
;T
〉,〈

U
;V
〉]

.

(i
)

R
=

a
j+

1
,T

=
b j

fo
r

so
m

e
j

=
1,

..
.,

n
.

T
he

n,
w

it
ho

ut
lo

ss
of

ge
ne

ra
lit

y,
w

e
ca

n
as

su
m

e
th

at
j

=
1.

W
e

ha
ve

th
e

fo
llo

w
in

g
su

bc
as

es
:

(a
)

U
=

a
i+

1
an

d
V

=
b i

fo
r

so
m

e
i

=
2,

..
.,

n
.

T
he

n
w

e
ha

ve
a

de
ri

va
ti

on
∆

′

su
ch

th
at

(W
1
,W

2
,.

..
,W

n
)

∆
′∥ ∥ {s,q

↓,q
↑}

[〈[
a

2
,a

i+
1
];

[b
1
,b

i
]〉,

Z
2
,.

..
,Z

i−
1
,Z

i+
1
,.

..
,Z

n
]

q
↓

.
[〈a

2
;b

1
〉,Z

2
,.

..
,Z

i−
1
,〈a

i+
1
;b

i〉,
Z

i+
1
,.

..
,Z

n
]

T
he

de
ri

va
ti

on
∆

′ r
em

ai
ns

va
lid

if
w

e
re

pl
ac

e
a

m
an

d
b m

by
◦

fo
r

ev
er

y
m

w
it

h
2

�
m

�
i.

T
he

n
w

e
ge

t (W
1
,W

i+
1
,.

..
,W

n
)

∆
′′∥ ∥ {s,q

↓,q
↑}

[〈a
i+

1
;b

1
〉,Z

i+
1
,.

..
,Z

n
]

,

w
hi

ch
is

a
co

nt
ra

di
ct

io
n

to
th

e
in

du
ct

io
n

hy
po

th
es

is
.

7.
2.

D
ec

om
p
os

it
io

n
2
0
7

(f
)

S
{◦
}=

S
′ [

(〈◦
;(

R
,T

),
U
〉),

U
′ ]

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
st

ru
ct

ur
es

R
,T

,U
an

d
U

′ .
Si

m
ila

r
to

(e
).

(v
)

π
=
p
↑.

T
he

n
w

e
ha

ve
th

e
fo

llo
w

in
g

su
bc

as
es

:

(a
)

S
{◦
}

=
S
′ {?

(R
,
[(

R
′ ,

T
),
◦]

,T
′ )
}.

fo
r

so
m

e
co

nt
ex

t
S
′ {
}

an
d

st
ru

ct
ur

es
R

,R
′ ,

T
an

d
T
′ .

T
he

n
w

e
ha

ve S
′ (

?(
R

,R
′ )
,!

(T
,T

′ )
)

p
↑

S
′ {?

(R
,R

′ ,
T

,T
′ )
}

ρ
,

S
′ {?

(R
,
[(

R
′ ,

T
),

Z
],

T
′ )
}

w
hi

ch
is

is
si

m
ila

r
to

(i
ii.

a)
:

S
′ (

?(
R

,R
′ )
,!

(T
,T

′ )
)

ρ
S
′ (

?(
R

,[
R

′ ,
Z

])
,!

(T
,T

′ )
)

p
↑

S
′ {?

(R
,[

R
′ ,

Z
],

T
,T

′ )
}

s
.

S
′ {?

(R
,
[(

R
′ ,

T
),

Z
],

T
′ )
}

(b
)

S
{◦
}

=
S
′ {?

(R
,〈(

R
′ ,

T
);
◦〉

,T
′ )
}.

fo
r

so
m

e
co

nt
ex

t
S
′ {
}

an
d

st
ru

ct
ur

es
R

,R
′ ,

T
an

d
T
′ .

Si
m

ila
r

to
(i

ii.
c)

.

(c
)

S
{◦
}

=
S
′ {?

(R
,〈◦

;(
R

′ ,
T

)〉,
T
′ )
}.

fo
r

so
m

e
co

nt
ex

t
S
′ {
}

an
d

st
ru

ct
ur

es
R

,R
′ ,

T
an

d
T
′ .

Si
m

ila
r

to
(i

ii.
d)

.

(v
i)

π
=
p̂
↑.

Si
m

ila
r

to
(v

).

(v
ii)

π
=
p
↓.

T
he

n
w

e
ha

ve
th

e
fo

llo
w

in
g

su
bc

as
es

:

(a
)

S
{◦
}=

S
′ [

(!
R

,◦
),

?T
]

fo
r

so
m

e
S
′ {
}

an
d

R
an

d
T

.
T

he
n

th
e

si
tu

at
io

n
is

si
m

ila
r

as
in

(i
v.

d)
:

S
′ {!

[R
,T

]}
p
↓

S
′ [

!R
,?

T
]

ρ
yi

el
ds

S
′ [

(!
R

,Z
),

?T
]

S
′ {!

[R
,T

]}
ρ

S
′ (

![
R

,T
],

Z
)

p
↓ S

′ (
[!
R

,?
T

],
Z

)
s

.
S
′ [

(!
R

,Z
),

?T
]

(b
)

S
{◦
}=

S
′ [

!R
,(

?T
,◦

)]
.

Si
m

ila
r

to
(a

).

(c
)

S
{◦
}=

S
′ [
〈!R

;◦
〉,?

T
]

fo
r

so
m

e
S
′ {
}

an
d

R
an

d
T

.
T

he
n

th
e

si
tu

at
io

n
is

si
m

ila
r

as
in

(i
v.

e)
:

S
′ {!

[R
,T

]}
p
↓

S
′ [

!R
,?

T
]

ρ
yi

el
ds

S
′ [
〈!R

;Z
〉,?

T
]

S
′ {!

[R
,T

]}
ρ

S
′ 〈!

[R
,T

];
Z
〉

p
↓ S

′ 〈[
!R

,?
T

];
Z
〉

q
↓

.
S
′ [
〈!R

;Z
〉,?

T
]

(d
)

S
{◦
}=

S
′ [
〈◦

;!
R
〉,?

T
].

Si
m

ila
r

to
(c

).

(e
)

S
{◦
}=

S
′ [

!R
,〈?

T
;◦
〉].

Si
m

ila
r

to
(c

).
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

(f)
S{◦}

=
S
′[!R

,〈◦;?T〉].
Sim

ilar
to

(c).

(viii)
π

=
p̂↓.

Sim
ilar

to
(vi).

(ix)
π

=
ai↓.

Sim
ilar

to
(vi).

(x)
π

=
q↓.

T
hen

w
e

have
the

follow
ing

subcases:

(a)
S{◦}

=
S
′[〈R

;[〈R
′;T〉,◦];T

′〉,〈U
;V〉]for

som
e

context
S
′{
}

and
structures

R
,R

′,T
,T

′,U
and

V
.

T
hen

w
e

have

S
′〈[〈R

;R
′〉,U

];[〈T
;T

′〉,V
]〉

q↓
S
′[〈R

;R
′;T

;T
′〉,〈U

;V〉]
ρ

,
S
′[〈R

;[〈R
′;T〉,Z

];T
′〉,〈U

;V〉]

w
hich

yields
S
′〈[〈R

;R
′〉,U

];[〈T
;T

′〉,V
]〉

ρ
S
′〈[〈R

;[R
′,Z

]〉,U
];[〈T

;T
′〉,V

]〉
q↓

S
′[〈R

;[R
′,Z

];T
;T

′〉,〈U
;V〉]

q↓
.

S
′[〈R

;[〈R
′;T〉,Z

];T
′〉,〈U

;V〉]
(b)

S{◦}
=

S
′[〈R

;T〉,〈U
;[〈U

′;V〉,◦];V
′〉]

for
som

e
context

S
′{
}

and
struc-

tures
R

,T
,U

,U
′,V

and
V

′.
Sim

ilar
to

(a).

(c)
S{◦}

=
S
′[〈R

;(〈R
′;T〉,◦);T

′〉,〈U
;V〉]for

som
e

context
S
′{
}

and
structures

R
,R

′,T
,T

′,U
and

V
.

T
hen

w
e

have

S
′〈[〈R

;R
′〉,U

];[〈T
;T

′〉,V
]〉

q↓
S
′[〈R

;R
′;T

;T
′〉,〈U

;V〉]
ρ

.
S
′[〈R

;(〈R
′;T〉,Z

);T
′〉,〈U

;V〉]

In
this

case
w

e
need

to
em

ploy
q↑

together
w

it
s:

S
′〈[〈R

;R
′〉,U

];[〈T
;T

′〉,V
]〉

ρ
S
′(〈[〈R

;R
′〉,U

];[〈T
;T

′〉,V
]〉,Z

)
q↓

S
′([〈R

;R
′;T

;T
′〉,〈U

;V〉],Z
)

s
S
′[(〈R

;R
′;T

;T
′〉,Z

),〈U
;V〉]

q↑
S
′[〈R

;(〈R
′;T

;T
′〉,Z

)〉,〈U
;V〉]

q↑
.

S
′[〈R

;(〈R
′;T〉,Z

);T
′〉,〈U

;V〉]

(d)
S{◦}

=
S
′[〈R

;T〉,〈U
;(〈U

′;V〉,◦);V
′〉]

for
som

e
context

S
′{
}

and
struc-

tures
R

,T
,U

,U
′,V

and
V

′.
Sim

ilar
to

(c).

(xi)
If

π
∈
{ ai↓,w↑

,ŵ↑},
then

there
is

no
problem

because
the

redex
of

π
is◦.

(6)
T

he
contractum

◦
of

ρ
and

the
redex

of
π

(properly)
overlap.

T
his

is
im

possible
because◦

cannot
overlap

w
ith

any
other

structure.
��

7.2.
D

ecom
p
osition

2
0
9

7.2.5
L
em

m
a

E
very

rule
ρ
∈
{ai↑,w↑

,ŵ↑}
perm

utes
under

every
rule

π
∈

(S
N
E
L
∪

{ p̂↓
,p̂↑,ŵ↓

,ŵ↑})\{b↓
,b↑}

by
the

system
{s,q↓

,q↑}.

P
ro

of:
D

ual
to

L
em

m
a

7.2.4.
��

7
.2

.2
C
ycles

in
D

eriva
tio

n
s

In
this

section,
I

w
ill

show
that

there
is

no
derivation

([!R
1 ,?T

1 ],[!R
2 ,?T

2 ],...,[!R
n
,?T

n ])
∆ ∥∥{

s,q↓
,q↑}

[(!R
2 ,?T

1 ),(!R
3 ,?T

2 ),...,(!R
1 ,?T

n )]
,

for
som

e
n

�
1

and
any

structures
R

1 ,
...,

R
n ,

T
1 ,

...,
T

n .
T

his
is

im
portant

for
show

ing
that

there
is

no
nonforked

cycle
(see

Section
4.3.1)

in
a

derivation,w
hich

in
turn

is
crucial

for
the

decom
position

theorem
s.

For
show

ing
this,

I
w

ill
show

a
stronger

result
about

the
core

of
system

S
B
V

,
w

hich
w

ill
in

fact
be

a
generalisation

of
L

em
m

a
6.2.18.

H
ow

ever,this
tim

e
I

cannot
use

cut
elim

ination
for

proving
it

because
it

w
illbe

used
in

a
cut

elim
ination

argum
ent.

7.2.6
L
em

m
a

Let
n

>
0

and
let

a
1 ,a

2 ,...,a
n
,b

1 ,b
2 ,...,b

n
be

2n
diff

erent
atom

s.
Fur-

ther,
let

W
1 ,...,W

n
,Z

1 ,...,Z
n

be
structures,

such
that

•
W

i =
[a

i ,b
i ]

or
W

i =
〈a

i ;b
i 〉,

for
every

i
=

1,...,n,

•
Z

j
=

(a
j+

1 ,b
j )

or
Z

j
=
〈a

j+
1 ;b

j 〉,
for

every
j

=
1,...,n−

1,
and

•
Z

n
=

(a
1 ,b

n )
or

Z
n

=
〈a

1 ;b
n 〉.

T
hen

there
is

no
derivation

(W
1 ,W

2 ,...,W
n )

∆ ∥∥
SB
V
c

[Z
1 ,Z

2 ,...,Z
n ]

.

P
ro

of:
(In

this
proof,I

w
illuse

the
convention

that
j

+
1

=
1

in
the

case
that

j
=

n.)
L

et
m

be
the

num
ber

of
structures

Z
j

(for
j

=
1,...,n)

w
hich

are
seq-structures,i.e.

m
= ∣∣{

j|
Z

j
=
〈a

j+
1 ;b

j 〉} ∣∣
.

P
roceed

by
induction

on
the

pair 〈n
,m 〉

by
using

lexicographic
ordering,

i.e.
for

another
pair 〈n ′,m

′ 〉,w
e

have

〈n ′,m
′ 〉

< 〈n
,m 〉

⇐⇒
n ′

<
n

or
n ′=

n
and

m
′
<

m
.

B
ase

C
ase:

If
n

=
1,

then
obviously,there

is
no

derivation

[a
1 ,b

1 ]
∆‖
SB
V
c

(a
1 ,b

1 )
or

[a
1 ,b

1 ]
∆‖
SB
V
c

〈a
1 ;b

1 〉
or

〈a
1 ;b

1 〉
∆‖
SB
V
c

(a
1 ,b

1 )
.
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nd

se
co
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e
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ph
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ir
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do
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in
[L

af
96

,
L

S9
6,

K
an

00
],

is
no

t
po

ss
ib

le
be

ca
us

e
(s

o
fa

r)
th
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5)
is

th
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g.
T

he
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sy
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e

sh
ap

e
of

w
ha

t
I

ca
ll

a
w
ea

k
en

co
di

ng
.
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.
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.
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y
re

cu
rs

iv
e

fu
nc

ti
on

ca
n

be
co

m
pu

te
d

by
an

n
co

un
te

r
m

ac
hi

ne
,f

or
so

m
e

nu
m

be
r

n
∈

N
.

7.
4.

1
D

efi
n
it

io
n

A
tw

o
co

un
te

r
m

ac
hi

ne
M

is
a

tu
pl

e
(Q

,q
0
,n

0
,m

0
,q

f
,T

),
w

he
re
Q

is
a

fin
it

e
se

t
of

st
at

es
,

q 0
∈
Q

is
ca

lle
d

th
e

in
it
ia

l
st

at
e,

q f
∈
Q

is
ca

lle
d

th
e

fin
al

st
at

e,
n

0
,m

0
∈

N
re

pr
es

en
t

th
e

in
it

ia
lp

os
it

io
ns

of
th

e
he

ad
s

on
th

e
tw

o
ta

pe
s,

an
d

T
⊆
Q
×
I×
Q

is
a

fin
it

e
se

t
of

tr
an

si
ti
on

s,
w

he
re

I
=
{in
c1

,d
ec
1,
ze
ro
1,
in
c2

,d
ec
2,
ze
ro
2}

is
th

e
se

t
of

po
ss

ib
le

in
st

ru
ct

io
ns

.

7.
4.

2
E
x
am

p
le

T
he

ru
nn

in
g

ex
am

pl
e

in
th

is
se

ct
io

n
w

ill
be

th
e

fo
llo

w
in

g

M
=

({
q 0

,q
1
,q

2
},

q 0
,1

,0
,q

1
,T

)
,

w
he

re
T

=
{(

q 0
,d
ec
2,

q 2
),

(q
1
,d
ec
1,

q 1
),

(q
0
,z
er
o
2,

q 1
)}

.

7.
4.

3
D

efi
n
it

io
n

L
et
M

=
(Q

,q
0
,n

0
,m

0
,q

f
,T

)
be

a
tw

o
co

un
te

r
m

ac
hi

ne
.

A
co

nfi
gu

-
ra

ti
on

of
M

is
gi

ve
n

by
a

tu
pl

e
(q

,n
,m

),
w

he
re

q
∈
Q

is
a

st
at

e
an

d
n

an
d

m
ar

e
na

tu
ra

l
nu

m
be

rs
.

T
he

co
nfi

gu
ra

ti
on

(q
0
,n

0
,m

0
)

is
ca

lle
d

in
it
ia

l
co

nfi
gu

ra
ti
on

.
A

co
nfi

gu
ra

ti
on

(q
′ ,

n
′ ,

m
′ )

is
re

ac
ha

bl
e

in
on

e
st

ep
fr

om
a

co
nfi

gu
ra

ti
on

(q
,n

,m
),

w
ri

tt
en

as

(q
,n

,m
)
→

(q
′ ,

n
′ ,

m
′ )

,

if
on

e
of

th
e

fo
llo

w
in

g
si

x
ca

se
s

ho
ld

s:

(q
,i
n
c1

,q
′ )
∈

T
an

d
n
′ =

n
+

1
an

d
m

′ =
m

,
(q

,d
ec
1,

q′
)
∈

T
an

d
n

>
0,

n
′ =

n
−

1
an

d
m

′ =
m

,
(q

,z
er
o
1,

q′
)
∈

T
an

d
n
′ =

n
=

0
an

d
m

′ =
m

,
(q

,i
n
c2

,q
′ )
∈

T
an

d
n
′ =

n
an

d
m

′ =
m

+
1

,
(q

,d
ec
2,

q′
)
∈

T
an

d
n
′ =

n
an

d
m

>
0,

m
′ =

m
−

1
,

(q
,z
er
o
2,

q′
)
∈

T
an

d
n
′ =

n
an

d
m

′ =
m

=
0

.

7.
3.

C
u
t

E
li
m

in
at

io
n

2
1
7

G
iv

en
tw

o
pr

oo
fs
−

Π
‖N
E
L

R
an

d
−

Π
′ ‖N
E
L

R
′

,
th

en
de

fin
e

si
ze

( Π
) <

si
ze

( Π
′)
⇐⇒

si
ze

( R
) <

si
ze

( R
′)

or
si

ze
( R

) =
si

ze
( R

′)
an

d
le

ng
th

(Π
)

<
le

ng
th

(Π
′ )

.

7.
3.

4
D

efi
n
it

io
n

Fo
r

no
ta

ti
on

al
co

nv
en

ie
nc

e,
le

t
m

e
de

fin
e

sy
st

em
N
E
L
m

to
be

th
e

sy
st

em
ob

ta
in

ed
fr

om
N
E
L

by
re

m
ov

in
g

th
e

no
nc

or
e

ru
le

s:

N
E
L
m

=
N
E
L
\{
w
↓,
b
↓}

=
{◦
↓,
ai
↓,
s,
q
↓,
p
↓}

.

7.
3.

5
L
em

m
a

(S
p
li
tt

in
g)

Le
t

R
,

T
,
P

be
an

y
N
E
L

st
ru

ct
ur

es
.

(a
)

If
[(

R
,T

),
P

]
is

pr
ov

ab
le

in
N
E
L
m

,
th

en
th

er
e

ar
e

st
ru

ct
ur

es
P

R
an

d
P

T
,
su

ch
th

at

[P
R
,P

T
]

‖N
E
L
m

P
an

d
− ‖ N
E
L
m

[R
,P

R
]

an
d

− ‖ N
E
L
m

[T
,P

T
]

.

(b
)

If
[〈R

;T
〉,P

]
is

pr
ov

ab
le

in
N
E
L
m

,
th

en
th

er
e

ar
e

st
ru

ct
ur

es
P

R
an

d
P

T
,
su

ch
th

at

〈P
R

;P
T
〉

‖N
E
L
m

P
an

d
− ‖ N
E
L
m

[R
,P

R
]

an
d

− ‖ N
E
L
m

[T
,P

T
]

.

P
ro

of
:

If
R

=
◦o

r
T

=
◦,

th
en

th
e

tw
o

st
at

em
en

ts
ar

e
tr

iv
ia

lly
tr

ue
.

L
et

us
no

w
co

ns
id

er
th

e
ca

se
R
�=
◦�=

T
.

B
ot

h
st

at
em

en
ts

ar
e

pr
ov

ed
si

m
ul

ta
ne

ou
sl

y
by

in
du

ct
io

n
on

th
e

si
ze

of
th

e
pr

oo
f

of
[(

R
,T

),
P

]
or

[〈R
;T
〉,P

],
re

sp
ec

ti
ve

ly
.

W
ha

t
fo

llo
w

s
is

a
ca

se
an

al
ys

is
w

hi
ch

is
co

nc
ep

tu
al

ly
si

m
ila

r
to

th
e

cu
t

el
im

in
at

io
n

pr
oo

f
in

th
e

se
qu

en
t

ca
lc

ul
us

.

(a
)

C
on

si
de

r
th

e
bo

tt
om

m
os

t
ru

le
in

st
an

ce
ρ

in
th

e
pr

oo
f

−
Π
‖N
E
L
m

[(
R

,T
),

P
]

.
W

e
ca

n
as

su
m

e

th
at

th
e

ap
pl

ic
at

io
n

of
ρ

is
no

nt
ri

vi
al

.
W

e
ca

n
di

st
in

gu
is

h
be

tw
ee

n
th

re
e

co
nc

ep
tu

al
ly

di
ffe

re
nt

ca
se

s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

(2
)

T
he

su
bs

tr
uc

tu
re

(R
,T

)
is

in
si

de
a

pa
ss

iv
e

st
ru

ct
ur

e
of

th
e

re
de

x
of

ρ
.

(3
)

T
he

su
bs

tr
uc

tu
re

(R
,T

)
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
re

de
x

of
ρ
.

C
om

pa
re

d
w

it
h

a
cu

t
el

im
in

at
io

n
pr

oo
f

in
th

e
se

qu
en

t
ca

lc
ul

us
(s

ee
Se

ct
io

n
2.

3)
,

ca
se

(2
)

is
si

m
ila

r
to

a
co

m
m

ut
at

iv
e

ca
se

an
d

ca
se

(3
)

is
si

m
ila

r
to

a
ke

y
ca

se
.

T
he

re
is

no
co

un
te

rp
ar

t
to

ca
se

(1
)

in
th

e
se

qu
en

t
ca

lc
ul

us
be

ca
us

e
th

er
e

is
no

po
ss

ib
ili

ty
of

de
ep

in
fe

re
nc

e.

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

T
he

re
ar

e
th

re
e

su
bc

as
es

.

(i
)

T
he

re
de

x
of

ρ
is

in
si

de
R

.
T

he
n

th
e

pr
oo

f
Π

ha
s

th
e

sh
ap

e

−
Π

′∥ ∥ NEL
m

[(
R

′ ,
T

),
P

]
ρ

.
[(

R
,T

),
P

]
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get

[P
R

′,P
T

]
∆

P ‖
N
E
L
m

P
and

−
Π

′R ‖
N
E
L
m

[R
′,P

R
′]

and
−

Π
T ‖
N
E
L
m

[T
,P

T
]

.

L
et

P
R

=
P

R
′.

From
Π

′R
,w

e
can

get−
Π

′R ∥∥
N
E
L
m

[R
′,P

R
′]

ρ
.

[R
,P

R
′]

(ii)
T

he
redex

of
ρ

is
inside

T
.

A
nalogous

to
the

previous
case.

(iii)
T

he
redex

of
ρ

is
inside

P
.

T
hen

the
proof

Π
has

the
shape

−Π
′ ∥∥
N
E
L
m

[(R
,T

),P
′]

ρ
.

[(R
,T

), P
]

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get

[P
R
,P

T
]

∆
′P ‖
N
E
L
m

P
′

and
−

Π
R ‖
N
E
L
m

[R
,P

R
]

and
−

Π
T ‖
N
E
L
m

[T
,P

T
]

.

From
∆

′P
,

w
e

can
get

[P
R
,P

T
]

∆
′P ∥∥
N
E
L
m

P
′

ρ
.

P

(2)
T

he
substructure

(R
,T

)
is

inside
a

passive
structure

of
the

redex
of

ρ.
T

his
is

only
possible

if
ρ

=
s

or
ρ

=
q↓.

T
here

are
again

three
subcases

(there
are

m
ore

than
tw

o
because

seq
is

noncom
m

utative):

(i)
ρ

=
s

and
P

=
[(P

1 ,P
2 ),P

3 ,P
4 ]

and
Π

is

−Π
′ ∥∥
N
E
L
m

[([(R
,T

),P
1 ,P

3 ],P
2 ),P

4 ]
s

.
[ (R

,T
),(P

1 ,P
2 ),P

3 ,P
4 ]

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get

[Q
1 ,Q

2 ]
∆

1 ‖
N
E
L
m

P
4

and
−Π1 ‖
N
E
L
m

[(R
,T

),P
1 ,P

3 ,Q
1 ] and

−Π2 ‖
N
E
L
m

[P
2 ,Q

2 ]
.

W
e

have
that

size ([(R
,T

),P
1 ,P

3 ,Q
1 ] )

<
size ([(R

,T
),(P

1 ,P
2 ),P

3 ,P
4 ] )

be-
cause

size (P
2 )

>
0

(because
the

instance
of
s

is
nontrivial)

and
size (Q

1 )
�

7.4.
T

h
e

U
n
d
ecid

ab
ility

of
S
y
stem

N
E

L
2
3
1

7.3.13
P

rop
osition

For
every

proof
−‖
N
E
L

R
,
there

is
a

proof

−Π‖
N
E
L
m

R
2

‖{
w↓}

R
1

‖{
b↓}

R

,

for
som

e
structures

R
1

and
R

2 .

7
.4

T
h
e

U
n
d
ecid

a
b
ility

o
f
S
ystem

N
E
L

Since
the

introduction
of

linear
logic

[G
ir87a],the

com
plexity

of
the

provability
problem

of
its

fragm
ents

has
been

studied.
T

he
m

ultiplicative
fragm

ent
( M
L
L

)
is

N
P

-com
plete

[K
an94],

the
m

ultiplicative
additive

fragm
ent

( M
A
L
L

)
is

P
SPA

C
E

-com
plete

and
full

propositional
linear

logic
is

undecidable
[L

M
SS92].

T
he

decidability
of

the
m

ultiplicative
exponential

fragm
ent

( M
E
L
L

)
is

still
an

open
problem

.
B

ut
in

a
purely

noncom
m

utative
setting,

i.e.
in

the
presence

of
tw

o
m

utually
dualnoncom

m
utative

connectives,
the

m
ultiplicatives

and
the

exponentials
are

suffi
cient

to
get

undecidability
[L

M
SS92].

In
this

section
I

w
ill

show
that

the
provability

in
system

N
E
L

is
undecidable.

T
his

m
eans

that
in

a
m

ixed
com

m
utative

and
noncom

m
utative

system
in

w
hich

there
is

only
one

single
self-dualnoncom

m
utative

connective,
the

m
ultiplicatives

and
the

exponentials
alone

are
suffi

cient
to

get
undecidability.

For
show

ing
this,A

.G
uglielm

iproposes
in

[G
ug02a]an

encoding
ofP

ost’s
correspondence

problem
,w

hich
m

akes
the

noncom
m

utativity
correspond

to
sequential

com
position

of
w

ords.
Since

I
w

as
not

able
to

find
a

com
plete

proof
along

these
lines,I

w
illhere

use
an

encoding
oftw

o
counter

m
achines

(tw
o

tape
nonw

riting
T

uring
m

achines
[M

in61]),
w

hich
also

has
the

advantage
of

being
sim

pler.
T

he
undecidability

of
N
E
L

show
s

that
it

is
possible

to
have

an
undecidable

propositional
m

ultiplicative
exponentialsystem

w
ithout

relying
on

the
additives

of
linear

logic,
tw

o
m

u-
tually

dualnoncom
m

utative
connectives

[L
M

SS92],
or

second
order

quantifiers
[L

S96].
T

his
show

s
that

the
ability

ofcopying
inform

ation
(i.e.reusing

the
program

instructions)
w

as
the

only
m

issing
ingredient

for
m

aking
B
V

(w
hich

is
obviously

decidable)
undecidable.

If
it

turns
out

that
M
E
L
L

is
decidable

(as
m

any
believe),then

the
border

to
undecidability

is
crossed

by
the

self-dualseq,because
it

allow
s

to
m

odelthe
tapes

of
a

nonw
riting

T
uring

m
achine.

In
particular,the

seq
allow

s
to

test
w

hether
the

head
of

the
T

uring
m

achine
is

at
the

end
of

a
(sem

i-infinite)
tape,

i.e.
the

zero-test.
In

the
follow

ing,
I

w
ill

first
(in

Section
7.4.1)

introduce
tw

o
counter

m
achines

[M
in61,

L
am

61]
and

show
in

Section
7.4.2

how
they

are
encoded

in
system

N
E
L

.
T

he
encoding

is
pretty

m
uch

inspired
by

[K
an00],and

the
proofofits

com
pleteness

is
an

easy
exercise

(done
in

Section
7.4.3).

H
ow

ever,
the

proof
of

the
soundness

of
the

encoding
is

quite
different

from
w

hat
has

been
done

so
far.

T
here

are
tw

o
reasons

for
this:

F
irst,

the
sim

ple
w

ay
of

extracting
the

com
putation

sequence
of

the
m

achine
from

the
proofof

the
encoding,as

done
in

[L
M

SS92,
K

an95]
for

full
linear

logic,
is

not
possible

because
the

calculus
of

structures
allow

s
m

ore
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

fo
r

so
m

e
st

ru
ct

ur
es

R
1
,

R
2
,

R
3

an
d

R
4
.

T
he

in
st

an
ce

s
of
b
↑

an
d
w
↑

di
sa

pp
ea

r
be

ca
us

e
th

ei
r

pr
em

is
e

is
th

e
un

it
◦(

co
m

pa
re

C
or

ol
la

ry
4.

4.
1)

.
In

ot
he

r
w

or
ds

,w
e

ha
ve

−
Π
‖N
E
L
m

∪
{a
i↑,
q
↑,p

↑}
R

2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

.

A
ll

in
st

an
ce

s
of
ai
↑,
q
↑

an
d
p
↑

ar
e

no
w

el
im

in
at

ed
fr

om
Π

,
st

ar
ti

ng
w

it
h

th
e

to
pm

os
t

in
st

an
ce

:
L

et
ρ
∈
{a
i↑,
q
↓,
p
↑}

.
T

he
n

w
e

ca
n

re
pl

ac
e

− ‖N
E
L
m

S
{W
}

ρ
S
{Z
}
‖N
E
L
m
∪{
ai
↑,q

↑,p
↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

by

− ‖ N
E
L
m

S
{Z
}
‖N
E
L
m
∪{
ai
↑,q

↑,p
↑}

R
2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

,

by
ap

pl
yi

ng
L

em
m

a
7.

3.
12

.
��

O
bs

er
ve

th
at

w
e

ar
e

no
t

ab
le

to
ob

ta
in

a
pr

oo
f

of
th

e
sh

ap
e

◦↓
◦ ‖{
ai
↓}

R
3 ‖{
s,
q
↓,p

↓}
R

2 ‖{
w
↓}

R
1 ‖{
b
↓}

R

,

(c
om

pa
re

P
ro

po
si

ti
on

4.
4.

14
),

be
ca

us
e

th
e

ru
le
ai
↓

ca
nn

ot
be

pe
rm

ut
ed

ov
er
q
↓

w
it

ho
ut

in
tr

od
uc

in
g

in
st

an
ce

s
of
q
↑

(s
ee

ca
se

(x
.c

)
in

th
e

pr
oo

f
of

L
em

m
a

7.
2.

4)
.

T
hi

s
is

al
so

th
e

re
as

on
,

w
hy

al
l

at
te

m
pt

s
to

pr
ov

e
cu

t
el

im
in

at
io

n
fo

r
B
V

an
d
N
E
L

vi
a

a
pe

rm
ut

at
io

n
ar

gu
m

en
t

(a
s

do
ne

in
Se

ct
io

n
4.

4
fo

r
E
L
S
)

fa
ile

d.
H

ow
ev

er
,w

e
ha

ve
th

e
fo

llo
w

in
g:

7.
3.

C
u
t

E
li
m

in
at

io
n

2
1
9

si
ze

( P
4

) .
T

he
re

fo
re

,w
e

ca
n

ap
pl

y
th

e
in

du
ct

io
n

hy
po

th
es

is
ag

ai
n

to
Π

1
.

W
e

ge
t

[P
R
,P

T
]

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

an
d

−
Π

R
‖N
E
L
m

[R
,P

R
]

an
d

−
Π

T
‖N
E
L
m

[T
,P

T
]

.

W
e

ca
n

no
w

bu
ild

[P
R
,P

T
]

∆
2

∥ ∥ NEL
m

[P
1
,P

3
,Q

1
]

Π
2

∥ ∥ NEL
m

[(
P

1
,[

P
2
,Q

2
])

,P
3
,Q

1
]

s
.

[(
P

1
,P

2
),

P
3
,Q

1
,Q

2
]

∆
1

∥ ∥ NEL
m

[(
P

1
,P

2
),

P
3
,P

4
]

(i
i)

ρ
=
q
↓a

nd
P

=
[〈P

1
;P

2
〉,P

3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ NEL
m

[〈[
(R

,T
),

P
1
,P

3
];

P
2
〉,P

4
]

q
↓

.
[(

R
,T

),
〈P

1
;P

2
〉,P

3
,P

4
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t

〈Q
1
;Q

2
〉

∆
1
‖N
E
L
m

P
4

an
d

−
Π

1
‖N
E
L
m

[(
R

,T
),

P
1
,P

3
,Q

1
]an

d
−

Π
2
‖N
E
L
m

[P
2
,Q

2
]

.

A
s

be
fo

re
,

w
e

ca
n

ap
pl

y
th

e
in

du
ct

io
n

hy
po

th
es

is
ag

ai
n

to
Π

1
(b

ec
au

se
th

e
in

st
an

ce
of
q
↓i

s
no

nt
ri

vi
al

,
w

hi
ch

m
ea

ns
th

at
si

ze
( P

2

) >
0)

.
W

e
ge

t

[P
R
,P

T
]

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

an
d

−
Π

R
‖N
E
L
m

[R
,P

R
]

an
d

−
Π

T
‖N
E
L
m

[T
,P

T
]

.

W
e

ca
n

no
w

bu
ild

[P
R
,P

T
]

∆
2

∥ ∥ NEL
m

[P
1
,P

3
,Q

1
]

Π
2

∥ ∥ NEL
m

[〈[
P

1
,Q

1
];

[P
2
,Q

2
]〉,

P
3
]

q
↓

.
[〈P

1
;P

2
〉,

P
3
,〈

Q
1
;Q

2
〉]

∆
1

∥ ∥ NEL
m

[〈P
1
;P

2
〉,P

3
,P

4
]

(i
ii)

ρ
=
q
↓a

nd
P

=
[〈P

1
;P

2
〉,P

3
,P

4
]

an
d

Π
is

−
Π

′∥ ∥ NEL
m

[〈P
1
;[

(R
,T

),
P

2
,P

3
]〉,

P
4
]

q
↓

.
[(

R
,T

),
〈P

1
;P

2
〉,P

3
,P

4
]
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

A
nalogous

to
the

previous
case.

(3)
T

he
substructure

(R
,T

)
is

inside
an

active
structure

of
the

redex
of

ρ.
In

this
case

w
e

have
only

one
possibility:

(i)
ρ

=
s,

R
=

(R
1 ,R

2 ),
T

=
(T

1 ,T
2 ),

P
=

[P
1 ,P

2 ]
and

Π
is

−Π
′ ∥∥
N
E
L
m

[([(R
1 ,T

1 ),P
1 ],R

2 ,T
2 ),P

2 ]
s

.
[ (R

1 ,R
2 ,T

1 ,T
2 ),P

1 ,P
2 ]

B
y

applying
the

induction
hypothesis

to
Π

′,w
e

get

[Q
1 ,Q

2 ]
∆

1 ‖
N
E
L
m

P
2

and
−Π1 ‖
N
E
L
m

[(R
1 ,T

1 ),P
1 ,Q

1 ]
and

−Π2 ‖
N
E
L
m

[(R
2 ,T

2 ),Q
2 ]

.

Since
the

instance
of
s

is
nontrivial,w

e
have

that
at

least
one

of
R

2
and

T
2

is
not◦.

H
ence,

size ([(R
1 ,T

1 ),P
1 ,Q

1 ] )
<

size ([(R
1 ,R

2 ,T
1 ,T

2 ),P
1 ,P

2 ] ).
W

e
also

have
P

1 �=
◦

and
size ([(R

2 ,T
2 ),Q

2 ] )
<

size ([(R
1 ,R

2 ,T
1 ,T

2 ),P
1 ,P

2 ] ).
T

his
m

eans,
w

e
can

apply
the

induction
hypothesis

to
Π

1
and

Π
2

and
get

[P
R

1 ,P
T
1 ]

∆
3 ‖
N
E
L
m

[P
1 ,Q

1 ]
and

−
Π

R
1 ‖
N
E
L
m

[R
1 ,P

R
1 ]

and
−

Π
T
1 ‖
N
E
L
m

[T
1 ,P

T
1 ]

and

[P
R

2 ,P
T
2 ]

∆
4 ‖
N
E
L
m

Q
2

and
−

Π
R

2 ‖
N
E
L
m

[R
2 ,P

R
2 ]

and
−

Π
T
2 ‖
N
E
L
m

[T
2 ,P

T
2 ]

.

N
ow

let
P

R
=

[P
R

1 ,P
R

2 ]
and

P
T

=
[P

T
1 ,P

T
2 ].

W
e

can
build

[P
R

1 ,P
R

2 ,P
T
1 ,P

T
2 ]

∆
4 ∥∥
N
E
L
m

[P
R

1 ,P
T
1 ,Q

2 ]
∆

3 ∥∥
N
E
L
m

[P
1 ,Q

1 ,Q
2 ]

∆
1 ∥∥
N
E
L
m

[P
1 ,P

2 ]

and

−
Π

R
1 ∥∥
N
E
L
m

[R
1 ,P

R
1 ]

Π
R

2 ∥∥
N
E
L
m

[(R
1 ,[R

2 ,P
R

2 ]),P
R

1 ]
s

and
[(R

1 ,R
2 ),P

R
1 ,P

R
2 ]

−
Π

T
1 ∥∥
N
E
L
m

[T
1 ,P

T
1 ]

Π
T
2 ∥∥
N
E
L
m

[(T
1 ,[T

2 ,P
T
2 ]),P

T
1 ]

s
.

[(T
1 ,T

2 ),P
T
1 ,P

T
2 ]

(b)
T

his
is

very
sim

ilar
to

(a).
C

onsider
the

bottom
m

ost
rule

instance
ρ

in
the

proof
−Π‖
N
E
L
m

[〈R
;T〉,P

]
.

W
e

can
assum

e
that

the
application

of
ρ

is
nontrivial.

A
gain,

w
e

distinguish
betw

een
three

cases:

7.3.
C

u
t

E
lim

in
ation

2
2
9

7.3.12
L
em

m
a

Let
R

,
T

,
U

and
V

be
any

structures,
let

a
be

an
atom

and
let

S{
}

be
any

context.
T

hen
w
e

have
the

follow
ing

•
If

−‖
N
E
L
m

S
(a

,ā)
,

then
−‖
N
E
L
m

S{◦}
.

•
If

−‖
N
E
L
m

S
(〈R

;U〉,〈T
;V〉)

,
then

−‖
N
E
L
m

S〈(R
,T

);(U
,V

)〉
.

•
If

−‖
N
E
L
m

S
(?R

,!T
)

,
then

−‖
N
E
L
m

S{?(R
,T

)}
.

P
ro

of:
A

ll
three

statem
ents

are
proved

sim
ilarly.

I
w

ill
here

show
only

the
third.

T
o

the
given

proof
of

S
(?R

,!T
)

apply
context

reduction,
to

get
a

structure
P

,such
that

−‖
N
E
L
m

[(?R
,!T

),P
]

and
for

all
structures

X
,

either[X
,P

]
‖
N
E
L
m

S{X
}

or
![X

,P
]

‖
N
E
L
m

S{X
}

.

In
particular,

for
X

=
?(R

,T
),

w
e

have

[?(R
,T

),P
]

‖
N
E
L
m

S{?(R
,T

)}
or

![?(R
,T

),P
]

‖
N
E
L
m

S{?(R
,T

)} .

B
y

L
em

m
a

7.3.11
there

is
a

proof
−‖
N
E
L
m

[?(R
,T

),P
]

,
from

w
hich

w
e

get
−‖
N
E
L
m

S{?(R
,T

)}
.

��

N
ow

w
e

can
very

easily
give

a
proof

for
the

cut
elim

ination
theorem

for
system

N
E
L

.

P
ro

of
of

T
h
eorem

7.1.6:
F

irst,
w

e
apply

to
a

given
proof

−‖
S
N
E
L∪{◦}

R
the

second
decom

position
theorem

,
w

hich
yields

◦↓
◦‖ {
ai↓}

R
4

‖
SN
E
L
c

R
3

‖{
ai↑}

R
2

‖{
w↓}

R
1

‖{
b↓}

R
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

Fr
om

th
is

w
e

ca
n

bu
ild

:

−∥ ∥ NEL
m

〈([
R

,P
R

],
[T

,P
T

])
;(

[U
,P

U
],

[V
,P

V
])
〉

∥ ∥ {s}
〈[(

R
,T

),
P

R
,P

T
];

[(
U

,V
),

P
U
,P

V
]〉

∥ ∥ {q↓
}

[〈(
R

,T
);

(U
,V

)〉,
〈P

R
,P

U
〉,〈

P
T
,P

V
〉]

∥ ∥ NEL
m

[〈(
R

,T
);

(U
,V

)〉,
P

1
,P

2
]

.
∥ ∥ NEL

m

[〈(
R

,T
);

(U
,V

)〉,
P

]
��

7.
3.

11
L
em

m
a

Le
t

R
,T

an
d

P
be

an
y
N
E
L

st
ru

ct
ur

es
.

If
[(

?R
,!

T
),

P
]

is
pr

ov
ab

le
in

N
E
L
m

,
th

en
[?

(R
,T

),
P

]
is

al
so

pr
ov

ab
le

in
N
E
L
m

.

P
ro

of
:

B
y

ap
pl

yi
ng

sp
lit

ti
ng

to
th

e
pr

oo
f

of
[(

?R
,!

T
),

P
],

w
e

ge
t

tw
o

st
ru

ct
ur

es
P

1
an

d
P

2
su

ch
th

at
:

[P
1
,P

2
]

‖N
E
L
m

P
an

d
− ‖ N
E
L
m

[?
R

,P
1
]

an
d

− ‖ N
E
L
m

[!T
,P

2
]

.

B
y

ap
pl

yi
ng

sp
lit

ti
ng

ag
ai

n,
w

e
ge

t
P

R
,P

T
1
,.

..
,P

T
n
,s

uc
h

th
at

!P
R ‖N
E
L
m

P
1

an
d

− ‖N
E
L
m

[R
,P

R
]

an
d

[?
P

T
1
,.

..
,?

P
T

n
]

‖N
E
L
m

P
2

an
d

− ‖N
E
L
m

[T
,P

T
1
,.

..
,P

T
n

]
.

Fr
om

th
is

w
e

ca
n

bu
ild

:

−∥ ∥ NEL
m

!(
[R

,P
R

],
[T

,P
T

1
,.

..
,P

T
n

])
∥ ∥ {s}

![
(R

,T
),

P
R
,P

T
1
,.

..
,P

T
n

]
∥ ∥ {p↓

}
[?

(R
,T

),
!P

R
,?

P
T

1
,.

..
,?

P
T

n
]

∥ ∥ NEL
m

[?
(R

,T
),

P
1
,P

2
]

.
∥ ∥ NEL

m

[?
(R

,T
),

P
]

��
B

y
th

e
us

e
of

co
nt

ex
t

re
du

ct
io

n,
w

e
ca

n
ex

te
nt

th
e

st
at

em
en

ts
of

L
em

m
at

a
7.

3.
9–

7.
3.

11
fr

om
sh

al
lo

w
co

nt
ex

ts
[{
},

P
]

to
ar

bi
tr

ar
y

co
nt

ex
ts

S
{
}.

7.
3.

C
u
t

E
li
m

in
at

io
n

2
2
1

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

,T
or

P
.

A
na

lo
go

us
to

(a
.1

).

(2
)

T
he

su
bs

tr
uc

tu
re
〈R

;T
〉i

s
in

si
de

a
pa

ss
iv

e
st

ru
ct

ur
e

of
th

e
re

de
x

of
ρ
.

T
hi

s
ca

se
is

th
e

sa
m

e
as

(a
.2

),
w

it
h

th
e

on
ly

di
ffe

re
nc

e
th

at
th

e
de

ri
va

ti
on

[P
R
,P

T
]

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

is
re

pl
ac

ed
by

〈P
R

;P
T
〉

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

.

(3
)

T
he

su
bs

tr
uc

tu
re
〈R

;T
〉i

s
in

si
de

an
ac

ti
ve

st
ru

ct
ur

e
of

th
e

re
de

x
of

ρ
.

T
hi

s
ca

se
is

al
so

si
m

ila
r

to
(a

.3
).

B
ut

he
re

w
e

ha
ve

th
at

ρ
=
q
↓

an
d

th
er

e
ar

e
tw

o
po

ss
ib

ili
ti

es
:

(i
)

R
=
〈R

1
;R

2
〉,

P
=

[〈P
1
;P

2
〉,P

3
]

an
d

Π
is

−
Π

′∥ ∥ NEL
m

[〈[
R

1
,P

1
];

[〈R
2
;T
〉,P

2
]〉,

P
3
]

q
↓

.
[〈R

1
;R

2
;T
〉,〈

P
1
;P

2
〉,

P
3
]

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

′ ,
w

e
ge

t

〈Q
1
;Q

2
〉

∆
1
‖N
E
L
m

P
3

an
d

−
Π

1
‖N
E
L
m

[R
1
,P

1
,Q

1
]

an
d

−
Π

2
‖N
E
L
m

[〈R
2
;T
〉,P

2
,Q

2
]

.

Si
nc

e
th

e
in

st
an

ce
of
q
↓i

s
no

nt
ri

vi
al

(a
nd

th
er

ef
or

e
at

le
as

t
on

e
of

R
1

an
d

P
1

is
no

t
◦)

,
w

e
ca

n
ap

pl
y

th
e

in
du

ct
io

n
hy

po
th

es
is

ag
ai

n
to

Π
2

an
d

ge
t

〈P
R

2
;P

T
〉

∆
2
‖N
E
L
m

[P
2
,Q

2
]

an
d

−
Π

R
2
‖N
E
L
m

[R
2
,P

R
2
]

an
d

−
Π

T
‖N
E
L
m

[T
,P

T
]

.

N
ow

le
t

P
R

=
〈[P

1
,Q

1
];

P
R

2
〉.

W
e

ca
n

bu
ild

〈[P
1
,Q

1
];

P
R

2
;P

T
〉

∆
2

∥ ∥ NEL
m

〈[P
1
,Q

1
];

[P
2
,Q

2
]〉

q
↓ [〈P

1
;P

2
〉,〈

Q
1
;Q

2
〉]

∆
1

∥ ∥ NEL
m

[〈P
1
;P

2
〉,P

3
]

−
Π

1

∥ ∥ NEL
m

[R
1
,P

1
,Q

1
]

Π
R

2

∥ ∥ NEL
m

〈[R
1
,P

1
,Q

1
];

[R
2
,P

R
2
]〉

an
d
q
↓

.
[〈R

1
;R

2
〉,〈

[P
1
,Q

1
];

P
R

2
〉]

(i
i)

T
=
〈T

1
;T

2
〉,

P
=

[〈P
1
;P

2
〉,P

3
]

an
d

Π
is

−
Π

′∥ ∥ NEL
m

[〈[
〈R

;T
1
〉,P

1
];

[T
2
,P

2
]〉,

P
3
]

q
↓

.
[〈R

;T
1
;T

2
〉,〈

P
1
;P

2
〉,

P
3
]

Si
m

ila
r

to
(i

).
��
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
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7.3.6
L
em

m
a

(S
p
littin

g
for

E
x
p
on

en
tials)

Let
R

and
P

be
any
N
E
L

structures.

(a)
If

[!R
,P

]
is

provable
in
N
E
L
m

,
then

there
are

structures
P

R
1 ,...,P

R
h

for
som

e
h

�
0,

such
that

[?P
R

1 ,...,?P
R

h ]
‖
N
E
L
m

P
and

−‖
N
E
L
m

[R
,P

R
1 ,...,P

R
h ]

.

(b)
If

[?R
,P

]
is

provable
in
N
E
L
m

,
then

there
is

a
structure

P
R
,
such

that

!P
R

‖
N
E
L
m

P
and

−‖
N
E
L
m

[R
,P

R
]

.

P
ro

of:
In

the
case

that
R

=
◦,both

statem
ents

are
trivially

true.
L

et
us

now
assum

e
that

R
�=
◦.

I
w

illproceed
by

induction
on

the
sam

e
m

easure
as

in
the

previous
proof.

(a)
C

onsider
the

bottom
m

ost
rule

instance
ρ

in
the

proof
−Π‖
N
E
L
m

[!R
,P

]
.

W
e

can
assum

e

that
the

application
of

ρ
is

nontrivial.
T

here
are

again
the

sam
e

three
cases:

(1)
T

he
redex

of
ρ

is
inside

R
or

P
.

A
nalogous

to
(a.1)

in
the

previous
proof.

(2)
T

he
substructure

!R
is

inside
a

passive
structure

of
the

redex
of

ρ.
T

his
case

is
the

sam
e

as
(a.2)

in
the

previous
proof,but

this
tim

e
w

e
have

[?P
R

1 ,...,?P
R

h ]
∆

2 ‖
N
E
L
m

[P
1 ,P

3 ,Q
1 ]

instead
of

[P
R
,P

T
]

∆
2 ‖
N
E
L
m

[P
1 ,P

3 ,Q
1 ]

.

(3)
T

he
substructure

!R
is

inside
an

active
structure

ofthe
redex

of
ρ.

T
here

is
only

one
possibility

(i)
ρ

=
p↓,

P
=

[?P
1 ,P

2 ]
and

Π
is

−Π
′ ∥∥
N
E
L
m

[![R
,P

1 ],P
2 ]

p↓
.

[ !R
,?P

1 ,P
2 ]

B
y

applying
the

induction
hypothesisto

Π
′,w

e
get

structures
?P

R
2 ,...,?P

R
h

such
that

[?P
R

2 ,...,?P
R

h ]
‖
N
E
L
m

P
2

and
−‖
N
E
L
m

[R
,P

1 ,P
R

2 ,...,P
R

h ] .

N
ow

let
P

R
1

=
P

1 .
W

e
im

m
ediately

get

[?P
1 ,?P

R
2 ,...,?P

R
h ]

‖
N
E
L
m

[?P
1 ,P

2 ]
.

7.3.
C

u
t

E
lim

in
ation

2
2
7

7.3.9
L
em

m
a

Let
P

be
a

structure
and

let
a

be
an

atom
.

If
[(a

,ā),P
]

is
provable

in
N
E
L
m

,
then

P
is

also
provable

in
N
E
L
m

.

P
ro

of:
A

pply
splitting

to
the

proof
of

[(a
,ā),P

].
T

his
yields:

[P
a ,P

ā ]
‖
N
E
L
m

P
and

−‖
N
E
L
m

[a
,P

a ]
and

−‖
N
E
L
m

[ā
,P

ā ]
.

B
y

applying
L

em
m

a
7.3.7,

w
e

get

ā‖
N
E
L
m

P
a

and
a‖
N
E
L
m

P
ā

.

From
this

w
e

can
build:

◦↓
◦

ai↓
[ā

,a]
‖
N
E
L
m

[P
a ,P

ā ]
.

‖
N
E
L
m

P
��

7.3.10
L
em

m
a

Let
R

,T
,U

,V
and

P
be

any
N
E
L

structures.
If

[(〈R
;U〉,〈T

;V〉),P
]
is

provable
in
N
E
L
m

,
then

[〈(R
,T

);(U
,V

)〉,P
]
is

also
provable

in
N
E
L
m

.

P
ro

of:
B

y
applying

splitting
to

the
proof

of
[(〈R

;U〉,〈T
;V〉),P

],
w

e
get

tw
o

structures
P

1
and

P
2

such
that:[P

1 ,P
2 ]

‖
N
E
L
m

P
and

−‖
N
E
L
m

[〈R
;U〉,P

1 ]
and

−‖
N
E
L
m

[〈T
;V〉,P

2 ]
.

B
y

applying
splitting

again,
w

e
get

P
R

,
P

T ,
P

U
and

P
V

such
that

〈P
R

;P
U 〉

‖
N
E
L
m

P
1

and
−‖
N
E
L
m

[R
,P

R
]

and
−‖
N
E
L
m

[U
,P

U
]

and

〈P
T ;P

V 〉
‖
N
E
L
m

P
2

and
−‖
N
E
L
m

[T
,P

T
]

and
−‖
N
E
L
m

[V
,P

V
]

.
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

Fr
om

th
is

w
e

ca
n

bu
ild

:

![
X

,P
R

]
∥ ∥ NEL

m

![
S
′′ {

X
},

P
1
,.

..
,P

h
]

∥ ∥ {p↓
}

[!
S
′′ {

X
},

?P
1
,.

..
,?

P
h
]

.
∆

P

∥ ∥ NEL
m

[!
S
′′ {

X
},

P
]

(v
)

S
′ {
}

=
?S

′′ {
}

fo
r

so
m

e
co

nt
ex

t
S
′′ {
}.

T
he

n
w

e
ca

n
ap

pl
y

sp
lit

ti
ng

fo
r

th
e

ex
po

ne
nt

ia
ls

(L
em

m
a

7.
3.

6)
to

th
e

pr
oo

f
of

[?
S
′′ {

R
},

P
]

an
d

ge
t:

!P
S

∆
P
‖N
E
L
m

P
an

d
−

Π
S
‖N
E
L
m

[S
′′ {

R
},

P
S

]
.

B
y

ap
pl

yi
ng

th
e

in
du

ct
io

n
hy

po
th

es
is

to
Π

S
w

e
ge

t
P

R
su

ch
th

at
− ‖N
E
L
m

[R
,P

R
]

an
d

fo
r

ev
er

y
X

[X
,P

R
]

‖N
E
L
m

[S
′′ {

X
},

P
S

]
or

![
X

,P
R

]
‖N
E
L
m

[S
′′ {

X
},

P
S

]
.

Fr
om

th
is

w
e

ca
n

bu
ild

:
![

X
,P

R
]

∥ ∥ NEL
m

[?
S
′′ {

X
},

!P
S

]
p
↓

![
S
′′ {

X
},

P
S

]
∆

P

∥ ∥ NEL
m

[?
S
′′ {

X
},

P
]

.

(3
)

S
{
}=

(S
′ {
},

T
)

fo
r

so
m

e
co

nt
ex

t
S
′ {
}a

nd
T
�=
◦.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.ii

)
fo

r
P

=
◦.

(4
)

S
{
}=
〈S

′ {
};

T
〉f

or
so

m
e

co
nt

ex
t

S
′ {
}a

nd
T
�=
◦.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.ii

i)
fo

r
P

=
◦.

(5
)

S
{
}=

!S
′ {
}f

or
so

m
e

co
nt

ex
t

S
′ {
}.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.iv

)
fo

r
P

=
◦.

(6
)

S
{
}=

?S
′ {
}f

or
so

m
e

co
nt

ex
t

S
′ {
}.

T
hi

s
is

a
sp

ec
ia

l
ca

se
of

(2
.v

)
fo

r
P

=
◦.

��

7
.3

.3
E
lim

in
a
ti
o
n

o
f
th

e
U

p
F
ra

g
m

en
t

In
th

is
se

ct
io

n,
I

w
ill

fir
st

sh
ow

th
re

e
L

em
m

at
a,

w
hi

ch
ar

e
al

le
as

y
co

ns
eq

ue
nc

es
of

sp
lit

ti
ng

an
d

w
hi

ch
sa

y
th

at
th

e
co

re
up

ru
le

s
of

sy
st

em
S
N
E
L

ar
e

ad
m

is
si

bl
e

if
th

ey
ar

e
ap

pl
ie

d
in

a
sh

al
lo

w
co

nt
ex

t
[{
},

P
].

T
he

n
I

w
ill

sh
ow

ho
w

co
nt

ex
t

re
du

ct
io

n
is

us
ed

to
ex

te
nd

th
es

e
L

em
m

at
a

to
an

y
co

nt
ex

t.
A

s
a

re
su

lt
w

e
ge

t
a

m
od

ul
ar

pr
oo

f
of

cu
t

el
im

in
at

io
n

be
ca

us
e

th
e

th
re

e
co

re
up

ru
le

s
ai
↑,
q
↑,

an
d
p
↑a

re
sh

ow
n

to
be

ad
m

is
si

bl
e

in
de

pe
nd

en
tl

y
fr

om
ea

ch
ot

he
r.

7.
3.

C
u
t

E
li
m

in
at

io
n

2
2
3

(b
)

C
on

si
de

r
th

e
bo

tt
om

m
os

t
ru

le
in

st
an

ce
ρ

in
th

e
pr

oo
f

−
Π
‖N
E
L
m

[?
R

,P
]

.
W

e
ca

n
as

su
m

e

th
at

th
e

ap
pl

ic
at

io
n

of
ρ

is
no

nt
ri

vi
al

.
T

he
re

ar
e

ag
ai

n
th

e
sa

m
e

th
re

e
ca

se
s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
R

or
P

.
A

na
lo

go
us

to
(a

.1
)

in
th

e
pr

ev
io

us
pr

oo
f.

(2
)

T
he

su
bs

tr
uc

tu
re

?R
is

in
si

de
a

pa
ss

iv
e

st
ru

ct
ur

e
of

th
e

re
de

x
of

ρ
.

T
hi

s
ca

se
is

th
e

sa
m

e
as

(a
.2

)
in

th
e

pr
ev

io
us

pr
oo

f,
bu

t
th

is
ti

m
e

w
e

ha
ve

!P
R

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

in
st

ea
d

of
[P

R
,P

T
]

∆
2
‖N
E
L
m

[P
1
,P

3
,Q

1
]

.

(3
)

T
he

su
bs

tr
uc

tu
re

?R
is

in
si

de
an

ac
ti

ve
st

ru
ct

ur
e

of
th

e
re

de
x

of
ρ
.

T
he

re
is

on
ly

on
e

po
ss

ib
ili

ty

(i
)

ρ
=
p
↓,

P
=

[!P
1
,P

2
]

an
d

Π
is

−
Π

′∥ ∥ NEL
m

[!
[R

,P
1
],

P
2
]

p
↓

.
[?

R
,!

P
1
,P

2
]

B
y

ap
pl

yi
ng

pa
rt

(a
)

to
Π

′ ,
w

e
ge

t

[?
Q

1
,.

..
,?

Q
h
]

‖N
E
L
m

P
2

an
d

− ‖N
E
L
m

[R
,P

1
,Q

1
,.

..
,Q

h
]

.

N
ow

le
t

P
R

=
[P

1
,Q

1
,.

..
,Q

h
].

W
e

ca
n

bu
ild

:

![
P

1
,Q

1
,.

..
,Q

h
]

∥ ∥ {p↓
}

[!
P

1
,?

Q
1
,.

..
,?

Q
h
]

.
∥ ∥ NEL

m

[!
P

1
,P

2
]

��

7.
3.

7
L
em

m
a

(S
p
li
tt

in
g

fo
r

A
to

m
s)

Le
t
a

be
an

y
at

om
an

d
P

be
an

y
N
E
L

st
ru

ct
ur

e.

If
th

er
e

is
a

pr
oo

f
− ‖N
E
L
m

[a
,P

]
th

en
th

er
e

is
a

de
ri

va
ti
on

ā ‖ N
E
L
m

P
.

P
ro

of
:

T
hi

s
is

ve
ry

si
m

ila
r

to
th

e
pr

ev
io

us
tw

o
pr

oo
fs

.
C

on
si

de
r

th
e

bo
tt

om
m

os
t

ru
le

in
st

an
ce

ρ
in

th
e

pr
oo

f
−

Π
‖N
E
L
m

[a
,P

]
,w

he
re

th
e

ap
pl

ic
at

io
n

of
ρ

is
no

nt
ri

vi
al

.
T

he
re

ar
e

ag
ai

n

th
e

sa
m

e
th

re
e

ca
se

s:

(1
)

T
he

re
de

x
of

ρ
is

in
si

de
P

.
A

s
be

fo
re

.
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

(2)
T

he
atom

a
is

inside
a

passive
structure

of
the

redex
of

ρ.
A

s
before,

but
this

tim
e

w
e

have
ā

∆
2 ‖
N
E
L
m

[P
1 ,P

3 ,Q
1 ]

instead
of

[P
R
,P

T
]

∆
2 ‖
N
E
L
m

[P
1 ,P

3 ,Q
1 ]

.

(3)
T

he
atom

a
is

inside
an

active
structure

ofthe
redex

of
ρ.

T
here

is
only

one
possibility:

ρ
=
ai↓,

P
=

[ā
,P

1 ]
and

Π
is

−Π
′ ∥∥
N
E
L
m

P
1

ai↓
.

[ a
,ā

,P
1 ]

T
hen,w

e
im

m
ediately

get
ā‖
N
E
L
m

[ā
,P

1 ]
.

��

7
.3

.2
C
o
n
text

R
ed

u
ctio

n

T
he

idea
of

context
reduction

is
to

reduce
a

problem
that

concerns
an

arbitrary
(deep)

context
S{
}

to
a

problem
that

concerns
only

a
shallow

context
[{
},P

].
In

the
case

of
cut

elim
ination,

for
exam

ple,
w

e
w

ill
then

be
able

to
apply

splitting.

7.3.8
L
em

m
a

(C
on

tex
t
R

ed
u
ction

)
Let

R
be

a
N
E
L

structure
and

S{
}

be
a

context.
If

S{R}
is

provable
in
N
E
L
m

,
then

there
is

a
structure

P
R
,
such

that
[R

,P
R

]
is

provable
in

N
E
L
m

and
such

that
for

every
structure

X
,
w
e

have

[X
,P

R
]

‖
N
E
L
m

S{X
}

or
![X

,P
R

]
‖
N
E
L
m

S{X
}

.

P
ro

of:
T

his
proof

w
ill

be
carried

out
by

induction
on

the
context

S{
}.

(1)
S{
}

=
{
}.

T
hen

the
lem

m
a

is
trivially

true
for

P
R

=
◦.

(2)
S{
}

=
[S

′{
},P

]
for

som
e

P
,

such
that

S{R}
is

not
a

proper
par.

(i)
S
′{
}

=
{
}.

T
hen

the
lem

m
a

is
trivially

true
for

P
R

=
P

.

(ii)
S
′{
}

=
(S

′′{
},T

)
for

som
e

context
S
′′{
}

and
structure

T
�=
◦.

T
hen

w
e

can
apply

splitting
(L

em
m

a
7.3.5)

to
the

proof
of

[(S
′′{R},T

),P
]

and
get:

[P
S
,P

T
]

∆
P ‖
N
E
L
m

P
and

−
Π

S ‖
N
E
L
m

[S
′′{R},P

S
]

and
−

Π
T ‖
N
E
L
m

[T
,P

T
]

.

B
y

applying
the

induction
hypothesis

w
e

get
P

R
such

that
−‖
N
E
L
m

[R
,P

R
]

and
for

every
X

[X
,P

R
]

‖
N
E
L
m

[S
′′{X
},P

S
]

or
![X

,P
R

]
‖
N
E
L
m

[S
′′{X
},P

S
]

.

7.3.
C

u
t

E
lim

in
ation

2
2
5

From
this

w
e

can
build:

[X
,P

R
]

∥∥
N
E
L
m

[S
′′{X
},P

S
]

Π
T ∥∥
N
E
L
m

[(S
′′{X
},[T

,P
T

]),P
S

]
s

or
[(S

′′{X
},T

),P
S
,P

T
]

∆
P ∥∥
N
E
L
m

[(S
′′{X
},T

),P
]

![X
,P

R
]

∥∥
N
E
L
m

[S
′′{X
},P

S
]

Π
T ∥∥
N
E
L
m

[(S
′′{X
},[T

,P
T

]),P
S

]
s

.
[(S

′′{X
},T

),P
S
,P

T
]

∆
P ∥∥
N
E
L
m

[(S
′′{X
},T

),P
]

(iii)
S
′{
}

=
〈S

′′{
};T〉

for
som

e
context

S
′′{
}

and
structure

T
�=
◦.

T
hen

w
e

can
apply

splitting
(L

em
m

a
7.3.5)

to
the

proof
of

[〈S
′′{R};T〉,P

]
and

get:

〈P
S ;P

T 〉
∆

P ‖
N
E
L
m

P
and

−
Π

S ‖
N
E
L
m

[S
′′{R},P

S
]

and
−

Π
T ‖
N
E
L
m

[T
,P

T
]

.

B
y

applying
the

induction
hypothesis

w
e

get
P

R
such

that
−‖
N
E
L
m

[R
,P

R
]

and
for

every
X

[X
,P

R
]

‖
N
E
L
m

[S
′′{X
},P

S
]

or
![X

,P
R

]
‖
N
E
L
m

[S
′′{X
},P

S
]

.

From
this

w
e

can
build:

[X
,P

R
]

∥∥
N
E
L
m

[S
′′{X
},P

S
]

Π
T ∥∥
N
E
L
m

〈[S
′′{X
},P

S
];[T

,P
T

]〉
q↓

or
[〈S

′′{X
};T〉,〈P

S ;P
T 〉]

∆
P ∥∥
N
E
L
m

[〈S
′′{X
};T〉,P

]

![X
,P

R
]

∥∥
N
E
L
m

[S
′′{X
},P

S
]

Π
T ∥∥
N
E
L
m

〈[S
′′{X
},P

S
];[T

,P
T

]〉
q↓

.
[〈S

′′{X
};T〉,〈P

S ;P
T 〉]

∆
P ∥∥
N
E
L
m

[〈S
′′{X
};T〉,P

]

(iv)
S
′{
}

=
!S

′′{
}

for
som

e
context

S
′′{
}.

T
hen

w
e

can
apply

splitting
for

the
exponentials

(L
em

m
a

7.3.6)
to

the
proof

of
[!S

′′{R},P
]

and
get:

[?P
1 ,...,?P

h ]
∆

P ‖
N
E
L
m

P
and

−
Π

S ‖
N
E
L
m

[S
′′{R},P

1 ,...,P
h ]

.

B
y

applying
the

induction
hypothesis

to
Π

S
w

e
get

P
R

such
that

−‖
N
E
L
m

[R
,P

R
]

and

for
every

X

[X
,P

R
]

‖
N
E
L
m

[S
′′{X
},P

1 ,...,P
h ]

or
![X

,P
R

]
‖
N
E
L
m

[S
′′{X
},P

1 ,...,P
h ]

.
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at
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at
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d
sh
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it

is
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P

ro
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ng
cu

t
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at
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n
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t
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m
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e
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lt
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th
e

be
gi

nn
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T

he
te

ch
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co
m
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si

ti
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an
d

sp
lit

ti
ng

ha
d

to
be

de
ve

lo
pe

d
fo

r
th
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.

T
he

im
pa

ct
of

de
co

m
po

si
ti

on
on

cu
t

el
im

in
at

io
n

ha
s

al
re

ad
y

be
en

di
sc

us
se

d
be

fo
re

.
T

he
te

ch
ni
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e

of
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lit
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e
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ne
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lt
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r
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g
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t
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at
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n
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e

ca
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te
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ha
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se
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w
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n
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e

th
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tw
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ar
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en
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th
e

ca
se

in
fu
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ea
r

lo
gi

c
an

d
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N
E
L

.
U

si
ng

se
m

an
ti

ca
la

rg
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en
ts
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s

do
ne
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[B

T
01

],
ca

nn
ot
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ap

pl
ie

d
if

no
(t

ru
th

va
lu

e)
se

m
an

ti
cs

is
av

ai
la

bl
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as
in
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e

ca
se
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B
V

an
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N
E
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.
T

he
tr

ad
it

io
na

lm
et

ho
d

of
th

e
se

qu
en

t
ca

lc
ul

us
,

as
do

ne
in

th
e

fir
st

pr
oo

f
of

T
he

or
em

3.
4.

1
on

pa
ge

42
,

ca
nn

ot
be

ap
pl

ie
d

if
no

se
qu

en
t

ca
lc

ul
us

sy
st

em
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av
ai
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bl
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in
th

e
ca

se
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V

an
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N
E
L
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th
e
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e

un
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us
in
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af
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an
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r
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qu

en
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K
an

95
]

co
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d
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t
be

ap
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ie
d.

In
fa

ct
,

fin
di

ng
a

pr
oo

f
of

th
e

un
de

ci
da

bi
lit

y
of
N
E
L

w
as

th
e

or
ig

in
al

m
ot

iv
at

io
n

fo
r

in
ve

nt
in

g
th

e
no

ti
on

of
ne

ga
ti
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ci
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t.
O

nl
y

af
te

rw
ar

ds
I

re
al

is
ed

th
e

eq
ui

va
le

nc
e

to
C

h.
R

et
or

é’
s

co
rd

le
ss

Æ
-c

ir
cu

it
s

[R
et

99
b]

.
T

he
re

is
an

ot
he

r
in

te
re

st
in

g
ob

se
rv

at
io

n
to

m
ak

e
ab

ou
t

th
e

un
de

ci
da

bi
lit

y
re

su
lt

.
In

th
e

ca
se

of
pr

op
os

it
io

na
ll

in
ea

r
lo

gi
c,

th
e

ad
di

ti
ve

s
ar

e
ad

de
d

to
M
E
L
L

in
or

de
r

to
ge

t
un

de
ci

d-
ab

ili
ty

.
If

th
e

ad
di

ti
ve

s
ar

e
ad

de
d

to
M
L
L

,
w

hi
ch

is
N

P
-c

om
pl

et
e,

th
en

th
e

co
m

pl
ex

it
y

of
th

e
pr

ov
ab

ili
ty

pr
ob

le
m

ju
m

ps
to

P
SP

A
C

E
.I

n
th

e
ca

se
of
N
E
L

,
th

e
se

q
is

ad
de

d
to
M
E
L
L

to
ge

t
un

de
ci

da
bi

lit
y.

B
ut

if
w

e
ad

d
se

q
to
M
L
L

,t
he

n
th

e
co

m
pl

ex
it

y
cl

as
s

is
no

t
in

cr
ea

se
d.

P
ro

va
bi

lit
y

of
B
V

is
st

ill
in

N
P.

T
hi

s
m

ea
ns

th
at

se
q

is
in

so
m

e
se

ns
e

w
ea

ke
r

th
an

th
e

ad
-

di
ti

ve
s.

T
hi

s
ob

se
rv

at
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n
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so
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st
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th

e
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th
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th

e
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o
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s
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r
S
E
L
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ti
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co
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ra
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w
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q
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o
fa
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w
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e
ad
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T
h
e

U
n
d
ec

id
ab

il
it
y
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S
y
st

em
N

E
L

2
3
3

Fu
rt

he
r,

a
co

nfi
gu

ra
ti

on
(q

′ ,
n
′ ,

m
′ )

is
re

ac
ha

bl
e

in
r

st
ep

s
fr

om
a

co
nfi

gu
ra

ti
on

(q
,n

,m
),

w
ri

tt
en

as
(q

,n
,m

)
→

r
(q

′ ,
n
′ ,

m
′ )

,

if

•
r

=
0

an
d

(q
′ ,

n
′ ,

m
′ )

=
(q

,n
,m

)
or

•
r

�
1

an
d

th
er

e
is

a
co

nfi
gu

ra
ti

on
(q

′′ ,
n
′′ ,

m
′′ )

su
ch

th
at

(q
,n

,m
)
→

(q
′′ ,

n
′′ ,

m
′′ )

an
d

(q
′′ ,

n
′′ ,

m
′′ )
→

r
−1

(q
′ ,

n
′ ,

m
′ )

.

A
co

nfi
gu

ra
ti

on
(q

′ ,
n
′ ,

m
′ )

is
re

ac
ha

bl
e

fr
om

a
co

nfi
gu

ra
ti

on
(q

,n
,m

),
w

ri
tt

en
as

(q
,n

,m
)
→

∗
(q

′ ,
n
′ ,

m
′ )

,

if
th

er
e

is
an

r
∈

N
su

ch
th

at
(q

,n
,m

)
→

r
(q

′ ,
n
′ ,

m
′ )

.

In
ot

he
r

w
or

ds
,t

he
re

la
ti

on
→

∗
is

th
e

tr
an

si
ti

ve
cl

os
ur

e
of
→

.

7.
4.

4
E
x
am

p
le

Fo
r

th
e

m
ac

hi
ne

in
E

xa
m

pl
e

7.
4.

2,
w

e
ha

ve
fo

r
ex

am
pl

e

(q
0
,5

,2
)
→

(q
2
,5

,1
)

an
d

(q
1
,5

,2
)
→

4
(q

1
,1

,2
)

.

7.
4.

5
D

efi
n
it

io
n

A
tw

o
co

un
te

r
m

ac
hi

ne
M

=
(Q

,q
0
,n

0
,m

0
,q

f
,T

)
ac

ce
pt

s
a

co
nfi

gu
-

ra
ti

on
(q

,n
,m

),
if

(q
,n

,m
)
→

∗
(q

f
,0

,0
)

.

7.
4.

6
E
x
am

p
le

T
he

m
ac

hi
ne

in
E

xa
m

pl
e

7.
4.

2
ac

ce
pt

s
fo

r
ex

am
pl

e
th

e
co

nfi
gu

ra
ti

on
(q

0
,8

,0
),

be
ca

us
e

(q
0
,8

,0
)
→

(q
1
,8

,0
)
→

8
(q

1
,0

,0
).

M
or

e
pr

ec
is

el
y,

it
ac

ce
pt

s
an

y
co

nfi
gu

-
ra

ti
on

(q
0
,n

,0
)

fo
r

n
�

0.
In

pa
rt

ic
ul

ar
it

al
so

ac
ce

pt
s

it
s

in
it

ia
l

co
nfi

gu
ra

ti
on

(q
0
,1

,0
).
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4.

7
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ra
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ra
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th
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r
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ra
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an
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a
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q f
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=
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.

7
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n
co

d
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r
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S
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L
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d
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∈
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T
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n
a

n
de
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te

s
th

e
st

ru
ct

ur
e
〈a

;a
;.

..
;a
〉w

it
h

n
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es
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a
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M
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e
pr

ec
is

el
y,

a
0

=
◦

a
n

=
〈a

n
−1

;a
〉

,
fo

r
n

�
1

.
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7.4.9
E
n
co

d
in

g
L

et
now

a
tw

o
counter

m
achineM

=
(Q

,q
0 ,n

0 ,m
0 ,q

f ,T
)

be
given.

For
each

state
q∈
Q

,I
w

illintroduce
a

fresh
atom

,
also

denoted
by

q.
Further,I

w
illneed

four
atom

s
a,

b,
c

and
d.

W
ithout

loss
of

generality,letQ
=
{q

0 ,q
1 ,...,q

z }
for

som
e

z
�

0.
T

hen
q
f

=
q
i

for
som

e
i∈
{0,...,z}.

A
configuration

(q,n
,m

)
w

ill
be

encoded
by

the
follow

ing
structure

〈b;a
n;q;c

m
;d〉

.

Since
T

is
finite,

w
e

have
T

=
{t1 ,t2 ,...,th }

for
som

e
h∈

N
(if

T
=

∅
,then

h
=

0).
For

each
k∈
{1,...,h},I

w
illdefine

the
structure

T
k ,that

encodes
the

transition
tk ,as

follow
s.

For
all

i,j∈
{0,...,z},

if
tk

=
(q

i ,in
c1

,q
j )

,
then

T
k

=
(q̄

i ,〈a;q
j 〉)

,

if
tk

=
(q

i ,d
ec1,q

j )
,

then
T

k
=

(〈ā;q̄
i 〉,q

j )
,

if
tk

=
(q

i ,zero
1,q

j ),
then

T
k

=
(〈b̄;q̄

i 〉,〈b;q
j 〉)

,

if
tk

=
(q

i ,in
c2

,q
j )

,
then

T
k

=
(q̄

i ,〈q
j ;c〉)

,

if
tk

=
(q

i ,d
ec2,q

j )
,

then
T

k
=

(〈q̄
i ;c̄〉,q

j )
,

if
tk

=
(q

i ,zero
2,q

j ),
then

T
k

=
(〈q̄

i ;d̄〉,〈q
j ;d〉)

.

I
w

ill
say

that
a

structure
T

encodes
a

transition
ofM

,
if

T
=

T
k

for
som

e
k∈
{1,...,h}.

T
he

m
achineM

is
encoded

by
the

structure

M
en

c
=

[?T
1 ,...,?T

h ,〈b;a
n

0;q
0 ;c

m
0;d〉,〈b̄;q̄

f ;d̄〉]
.

T
he

structureM
en

c
is

called
the

encoding
ofM

.

7.4.10
E
x
am

p
le

T
he

m
achine

in
E

xam
ple

7.4.2
is

encoded
by

the
structure

M
en

c
=

[?(〈q̄
0 ;c̄〉,q

2 ),?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈b;a;q
0 ;d〉,〈b̄;q̄

1 ;d̄〉]
.

7.4.11
T

h
eorem

A
tw

o
counter

m
achineM

accepts
its

initialconfiguration
ifand

only
if

its
encodingM

en
c

is
provable

in
N
E
L
.

From
this

w
e

can
obtain

im
m

ediately
the

follow
ing:

7.4.12
T

h
eorem

P
rovability

in
system

N
E
L

is
undecidable.

P
ro

of:
B

y
w

ay
ofcontradiction,assum

e
the

existence
ofa

decision
procedure

for
probability

in
N
E
L

.
T

hen
w

e
could

decide
w

hether
for

a
given

tw
o

counter
m

achineM
,

its
encoding

M
en

c
is

provable
in
N
E
L

.
B

y
T

heorem
7.4.11,w

e
could

therefore
decide

w
hetherM

accepts
its

initial
configuration.

T
his

is
a

contradiction
to

T
heorem

7.4.7.
��

T
he

rem
aining

sections
are

devoted
to

the
proof

of
T

heorem
7.4.11.

A
s

expected,
one

direction
is

easy
and

the
other

is
diffi

cult.
L

et
m

e
start

w
ith

the
easy

one.

7.4.
T

h
e

U
n
d
ecid

ab
ility

of
S
y
stem

N
E

L
2
4
7

B
ut

then
W̃

contains
a

negation
circuit:

[〈b •;a ◦〉,〈ā ◦;p̄
k−

1 〉,(p
k−

1 ,p̄
k−

2 ),...,(p
2 ,p̄

1 ),(p
1 ,b̄ •)]

,

w
hich

is
(by

P
roposition

7.4.30)
a

contradiction
to

the
provability

of
W̃

.
H

ence,
the

atom
a ◦

cannot
exist,

w
hich

m
eans

that
n

=
0.

T
his

m
eans

that

W̃
=

[
Ũ

2 ,...,Ũ
r ,(〈b̄ •;p̄

0 〉,〈b;p
1 〉)

︸
︷︷

︸
Ũ

1

,〈b •;p
0 ;c

m
;d〉,〈b̄;p̄

r ;d̄〉
]

.

Since
this

is
provable

in
B
V

,w
e

have
(by

L
em

m
a

7.4.28)
that

W̃
′

=
[
Ũ

2 ,...,Ũ
r ,〈b;p

1 ;c
m

;d〉,〈b̄;p̄
r ;d̄〉

]

is
also

provable.
L

et
now

W
′=

W̃
′e

and
e(p

1 )
=

q ′.
T

hen

W
′

=
[
U

1 ,...,U
l−

1 ,U
l+

1 ,...,U
r ,〈b;q ′;c

m
;d〉,〈b̄;q̄

f ;d̄〉
]

,

for
som

e
l
∈
{1,...,r}.

A
s

before,
W

′
is

a
w

eak
encoding

ofM
and

(by
L

em
m

a
7.4.20)

provable
in
B
V

.
H

ence,
w

e
can

apply
the

induction
hypothe-

sis
and

get
(q ′,0,m

)→
r−

1
(q

f ,0,0)
.

Further,w
e

have
that

U
l =

Ũ
e1

=
(〈b̄;q̄〉,〈b;q ′〉)

.

T
herefore

(q, zero
1,q ′)∈

T
.

Since
w

e
also

have
n

=
0,

w
e

have

(q,0,m
)→

(q ′,0,m
)

,

w
hich

gives
us

(q,n
,m

)→
r

(q
f
,0,0)

.

(4)
Ũ

1
=

(p̄
0 ,〈p

1 ;c〉).
Sim

ilar
to

(1).

(5)
Ũ

1
=

(〈p̄
0 ;c̄〉,p

1 ).
Sim

ilar
to

(2).

(6)
Ũ

1
=

(〈p̄
0 ;d̄〉,〈p

1 ;d〉).
Sim

ilar
to

(3).
��

7.4.39
P

rop
osition

G
iven

a
tw

o
counter

m
achineM

=
(Q

,q
0 ,n

0 ,m
0 ,q

f ,T
).

If
−‖
N
E
L

M
en

c

then
(q

0 ,n
0 ,m

0 )→
∗

(q
f ,0,0)

.

P
ro

of:
F

irst
apply

L
em

m
a

7.4.34
to

get
−‖
B
V

W‖ {
w↓

,b↓}
M

en
c

,

w
here

W
is

a
w

eak
encoding

ofM
.

Since
the

rules
w↓

and
b↓

cannot
m

odify
the

substruc-
ture〈b;a

n
0;q

0 ;c
m

0;d〉
ofM

en
c ,

this
substructure

m
ust

still
be

present
in

W
.

H
ence,

w
e

have
that

W
=

[U
1 ,...,U

r ,〈b;a
n

0;q
0 ;c

m
0;d〉,〈b̄;q̄

f ;d̄〉]
,

for
som

e
r

�
0.

B
y

L
em

m
a

7.4.38,
w

e
have

that
(q

0 ,n
0 ,m

0 )→
∗

(q
f ,0,0).

��
P

ro
of

of
T

h
eorem

7.4.11:
For

the
first

direction
use

P
roposition

7.4.16
and

for
the

second
direction

use
P

roposition
7.4.39.

��
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7.
A

N
on

co
m

m
u
ta

ti
v
e

E
x
te

n
si

on
of

M
E

L
L

is
al

so
pr

ov
ab

le
.

L
et

no
w

W
′ =

W̃
′e

an
d

e(
p
1
)

=
q′

.
T

he
n

W
′

=
[
U

1
,.

..
,U

l−
1
,U

l+
1
,.

..
,U

r
,〈b

;a
n
−1

;q
′ ;

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

,

fo
r

so
m

e
l
∈
{1

,.
..

,r
}.

A
s

be
fo

re
,

W
′

is
a

w
ea

k
en

co
di

ng
of
M

an
d

(b
y

L
em

m
a

7.
4.

20
)

pr
ov

ab
le

in
B
V

.
H

en
ce

,
w

e
ca

n
ap

pl
y

th
e

in
du

ct
io

n
hy

po
th

e-
si

s
an

d
ge

t
(q

′ ,
n
−

1,
m

)
→

r
−1

(q
f
,0

,0
)

.

Fu
rt

he
r,

w
e

ha
ve

th
at

U
l

=
Ũ

e 1
=

(〈ā
;q̄
〉,q

′ )
.

T
he

re
fo

re
(q

,d
ec
1,

q′
)
∈

T
.

Si
nc

e
w

e
al

so
ha

ve
n

>
0,

w
e

ha
ve

(q
,n

,m
)
→

(q
′ ,

n
−

1,
m

)
,

w
hi

ch
gi

ve
s

us
(q

,n
,m

)
→

r
(q

f
,0

,0
)

.

(3
)

Ũ
1

=
(〈b̄

;p̄
0
〉,〈

b;
p
1
〉).

T
he

n

W̃
=

[
(〈b̄

;p̄
0
〉,〈

b;
p
1
〉)

︸
︷︷

︸
Ũ

1

,Ũ
2
,.

..
,Ũ

r
,〈b

;a
n
;p

0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

.

M
ar

k
in

si
de

W̃
th

e
at

om
b̄

in
si

de
Ũ

1
by

b̄•
an

d
it

s
ki

lle
r

by
b•

.
B

y
w

ay
of

co
nt

ra
di

ct
io

n,
as

su
m

e
no

w
th

at
b•

oc
cu

rs
in

si
de

Ũ
l

=
(〈b̄

;p̄
l−

1
〉,〈

b•
;p

l〉)
fo

r
so

m
e

l
∈
{2

,.
..

,r
}(

it
ca

n
ce

rt
ai

nl
y

no
t

be
in

si
de

Ũ
1
).

T
he

n
w

e
ha

ve
th

at

W̃
=

[
(〈b̄

• ;
p̄
0
〉,〈

b;
p
1
〉)

︸
︷︷

︸
Ũ

1

,Ũ
2
,.

..
,Ũ

l−
1
,(
〈b̄;

p̄
l−

1
〉,〈

b•
;p

l〉)
︸

︷︷
︸

Ũ
l

,Ũ
l+

1
,.

..
,Ũ

r
,

〈b;
a

n
;p

0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

.

B
ut

th
en

w
e

ha
ve

a
ne

ga
ti

on
ci

rc
ui

t
in

si
de

W̃
:

[(
b̄•

,p
1
),

(p̄
1
,p

2
),

..
.,

(p̄
l−

1
,b

• )
]

,

w
hi

ch
is

(b
y

P
ro

po
si

ti
on

7.
4.

30
)

a
co

nt
ra

di
ct

io
n

to
th

e
pr

ov
ab

ili
ty

of
W̃

.
H

en
ce

,
th

e
at

om
b•

m
us

t
oc

cu
r

in
si

de
th

e
en

co
di

ng
of

th
e

co
nfi

gu
ra

ti
on

.
T

hi
s

m
ea

ns
th

at

W̃
=

[(
〈b̄•

;p̄
0
〉,〈

b;
p
1
〉)

︸
︷︷

︸
Ũ

1

,Ũ
2
,.

..
,Ũ

r
,〈b

• ;
a

n
;p

0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

.

I
w

ill
no

w
sh

ow
th

at
n

=
0.

Fo
r

th
is

,a
ss

um
e

by
w

ay
of

co
nt

ra
di

ct
io

n,
th

at
n

>
0.

M
ar

k
th

e
fir

st
at

om
a

in
a

n
by

a
◦

an
d

it
s

ki
lle

r
by

ā
◦ .

T
he

n
ā
◦

m
us

t
oc

cu
r

in
si

de
Ũ

k
=

(〈ā
◦ ;

p̄
k
−1
〉,p

k
)

fo
r

so
m

e
k
∈
{2

,.
..

,r
}.

T
hi

s
m

ea
ns

th
at

W̃
=

[
(〈b̄

• ;
p̄
0
〉,〈

b;
p
1
〉)

︸
︷︷

︸
Ũ

1

,Ũ
2
,.

..
,Ũ

k
−1

,(
〈ā

◦ ;
p̄

k
−1
〉,p

k
)

︸
︷︷

︸
Ũ

k

,Ũ
k
+

1
,.

..
,Ũ

r
,

〈b•
;a

◦ ;
a

n
−1

;p
0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

.

7.
4.

T
h
e

U
n
d
ec

id
ab

il
it
y

of
S
y
st

em
N

E
L

2
3
5

7
.4

.3
C
o
m

p
le

te
n
es

s
o
f
th

e
E
n
co

d
in

g

7.
4.

13
L
em

m
a

G
iv

en
a

tw
o

co
un

te
r

m
ac

hi
ne
M

=
(Q

,q
0
,n

0
,m

0
,q

f
,T

).

If
(q

i,
n
,m

)
→

(q
j
,n

′ ,
m

′ )
th

en
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
′ ;q

j
;c

m
′ ;d
〉,〈

b̄;
q̄ f

;d̄
〉]

∥ ∥ NEL
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
;q

i;
cm

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

.

P
ro

of
:

T
he

re
ar

e
si

x
po

ss
ib

le
ca

se
s

ho
w

th
e

m
ac

hi
ne
M

ca
n

go
fr

om
(q

i,
n
,m

)
to

(q
j
,n

′ ,
m

′ )
:

•
T

he
fir

st
co

un
te

r
ha

s
be

en
in

cr
em

en
te

d:
(q

i,
in
c1

,q
j
)
∈

T
an

d
n
′ =

n
+

1
an

d
m

′ =
m

.
T

he
n

w
e

ha
ve

T
k

=
(q̄

i,
〈a

;q
j
〉)

fo
r

so
m

e
k
∈
{1

,.
..

,h
}.

N
ow

us
e

[?
T

1
,.

..
,?

T
h
,〈b

;a
n
+

1
;q

j
;c

m
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

ai
↓ [?

T
1
,.

..
,?

T
h
,〈b

;a
n
;(

[q̄
i,

q i
],
〈a

;q
j
〉);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

s
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
;[

(q̄
i,
〈a

;q
j
〉),

q i
];

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓ [?

T
1
,.

..
,?

T
h
,〈

[(
q̄ i

,〈a
;q

j
〉),
〈b;

a
n
;q

i〉]
;c

m
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓

[?
T

1
,.

..
,?

T
h
,(

q̄ i
,〈a

;q
j
〉),
〈b;

a
n
;q

i;
cm

;d
〉,
〈b̄;

q̄ f
;d̄
〉]

b
↓

.
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
;q

i;
cm

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

•
T

he
fir

st
co

un
te

r
ha

s
be

en
de

cr
em

en
te

d:
(q

i,
d
ec
1,

q j
)
∈

T
an

d
n

>
0

an
d

n
′ =

n
−

1
an

d
m

′ =
m

.
T

he
n

w
e

ha
ve

T
k

=
(〈ā

;q̄
i〉,

q j
)

fo
r

so
m

e
k
∈
{1

,.
..

,h
}.

N
ow

us
e

[?
T

1
,.

..
,?

T
h
,〈b

;a
n
−1

;q
j
;c

m
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

ai
↓ [?

T
1
,.

..
,?

T
h
,〈b

;a
n
−1

;(
[q̄

i,
q i

],
q j

);
cm

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

ai
↓ [?

T
1
,.

..
,?

T
h
,〈b

;a
n
−1

;(
〈[ā

,a
];

[q̄
i,

q i
]〉,

q j
);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓ [?

T
1
,.

..
,?

T
h
,〈b

;a
n
−1

;(
[〈ā

;q̄
i〉,
〈a

;q
i〉]

,q
j
);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

s
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
−1

;[
(〈ā

;q̄
i〉,

q j
),
〈a

;q
i〉]

;c
m

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓

[?
T

1
,.

..
,?

T
h
,〈

[(
〈ā

;q̄
i〉,

q j
),
〈b;

a
n
;q

i〉]
;c

m
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓

[?
T

1
,.

..
,?

T
h
,(
〈ā

;q̄
i〉,

q j
),
〈b;

a
n
;q

i;
cm

;d
〉,
〈b̄;

q̄ f
;d̄
〉]

b
↓

.
[?

T
1
,.

..
,?

T
h
,〈b

;a
n
;q

i;
cm

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

•
T

he
fir

st
co

un
te

r
ha

s
be

en
te

st
ed

fo
r

ze
ro

:
(q

i,
ze
ro
1,

q j
)
∈

T
an

d
n

=
n
′

=
0

an
d

m
′ =

m
.

T
he

n
w

e
ha

ve
T

k
=

(〈b̄
;q̄

i〉,
〈b;

q j
〉)

fo
r

so
m

e
k
∈
{1

,.
..

,h
}.

N
ow

us
e

[?
T

1
,.

..
,?

T
h
,〈b

;q
j
;c

m
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

ai
↓ [?

T
1
,.

..
,?

T
h
,〈(

[q̄
i,

q i
],
〈b;

q j
〉);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

ai
↓ [?

T
1
,.

..
,?

T
h
,〈(
〈[b̄

,b
];

[q̄
i,

q i
]〉,
〈b;

q j
〉);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓ [?

T
1
,.

..
,?

T
h
,〈(

[〈b̄
;q̄

i〉,
〈b;

q i
〉],
〈b;

q j
〉);

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

s
[?

T
1
,.

..
,?

T
h
,〈

[(
〈b̄;

q̄ i
〉,〈

b;
q j
〉),
〈b;

q i
〉];

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

q
↓

[?
T

1
,.

..
,?

T
h
,(
〈b̄;

q̄ i
〉,〈

b;
q j
〉),
〈b;

q i
;c

m
;d
〉,
〈b̄;

q̄ f
;d̄
〉]

b
↓

.
[?

T
1
,.

..
,?

T
h
,〈b

;q
i;

cm
;d
〉,〈

b̄;
q̄ f

;d̄
〉]

T
he

ot
he

r
th

re
e

ca
se

s
(w

he
re

th
e

se
co

nd
co

un
te

r
is

co
nc

er
ne

d)
ar

e
si

m
ila

r.
��
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

7.4.14
L
em

m
a

G
iven

a
tw

o
counter

m
achineM

=
(Q

,q
0 ,n

0 ,m
0 ,q

f
,T

).

If
(q,n

,m
)→

∗
(q ′,n ′,m

′)
then

[?T
1 ,...,?T

h ,〈b;a
n ′;q ′;c

m
′;d〉,〈b̄;q̄

f ;d̄〉]
∥∥
N
E
L

[?T
1 ,...,?T

h ,〈b;a
n;q;c

m
;d〉,〈b̄;q̄

f ;d̄〉]
.

P
ro

of:
B

y
definition

there
is

a
num

ber
r∈

N
such

that
(q,n

,m
)→

r
(q ′,n ′,m

′).
A

pply
induction

on
r

and
L

em
m

a
7.4.13

to
get

the
result.

��

7.4.15
L
em

m
a

G
iven

a
tw

o
counter

m
achine

M
=

(Q
,q

0 ,n
0 ,m

0 ,q
f
,T

).
T

hen
there

is
a

proof
− ∥∥
N
E
L

[?T
1 ,...,?T

h ,〈b;q
f ;d〉,〈b̄;q̄

f ;d̄〉]
.

P
ro

of:
U

se
w↓

to
elim

inate
the

?T
i ,

and
q↓

and
ai↓

for
the

rem
aining

structure.
��

N
ow

w
e

can
prove

the
first

direction
of

T
heorem

7.4.11.

7.4.16
P

rop
osition

G
iven

a
tw

o
counter

m
achineM

=
(Q

,q
0 ,n

0 ,m
0 ,q

f ,T
).

If
(q

0 ,n
0 ,m

0 )→
∗

(q
f ,0,0)

then
−‖
N
E
L

M
en

c

.

P
ro

of:
U

se
−Π ∥∥
N
E
L

[?T
1 ,...,?T

h ,〈b;q
f ;d〉,〈b̄;q̄

f ;d̄〉]
∆ ∥∥
N
E
L

[?T
1 ,...,?T

h ,〈b;a
n

0;q
0 ;c

m
0;d〉,〈b̄;q̄

f ;d̄〉]

,

w
here

Π
exists

by
L

em
m

a
7.4.15

and
∆

by
L

em
m

a
7.4.14.

��

7.4.17
E
x
am

p
le

T
he

proofof
the

encoding
in

E
xam

ple
7.4.10

has
the

follow
ing

shape:

− ∥∥
N
E
L

[?(〈q̄
0 ;c̄〉,q

2 ),?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈b;q
1 ;d〉,〈b̄;q̄

1 ;d̄〉]
∥∥
N
E
L

[?(〈q̄
0 ;c̄〉,q

2 ),?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈b;a;q
1 ;d〉,〈b̄;q̄

1 ;d̄〉]
∥∥
N
E
L

[?(〈q̄
0 ;c̄〉,q

2 ),?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈b;a;q
0 ;d〉,〈b̄;q̄

1 ;d̄〉]

7
.4

.4
S
o
m

e
F
a
cts

a
b
o
u
t

S
ystem

B
V

B
efore

I
can

show
the

soundness
of

the
encoding,

I
need

to
establish

som
e

facts
about

system
B
V

.
T

he
first

observation
is

that
if

in
a

provable
structure

R
,

som
e

atom
s

are
renam

ed
in

such
a

w
ay

that
dual

atom
s

are
m

apped
to

dual
atom

s,
then

the
result

is
still

provable.
T

his
is

m
ade

precise
as

follow
s.

7.4.
T

h
e

U
n
d
ecid

ab
ility

of
S
y
stem

N
E

L
2
4
5

(2)
Ũ

1
=

(〈ā;p̄
0 〉,p

1 ).
T

hen

W̃
=

[
(〈ā;p̄

0 〉,p
1 )

︸
︷︷

︸
Ũ

1

,Ũ
2 ,...,Ũ

r ,〈b;a
n;p

0 ;c
m

;d〉,〈b̄;p̄
r ;d̄〉

]
.

M
ark

inside
W̃

the
atom

ā
inside

Ũ
1

by
ā •

and
its

killer
by

a •.
B

y
w

ay
of

contradiction,
assum

e
now

that
a •

occurs
inside

Ũ
l

=
(p̄

l−
1 ,〈a •;p

l 〉)
for

som
e

l∈
{2,...,r}.

T
his

m
eans

that

W̃
=

[(〈ā •;p̄
0 〉,p

1 )
︸

︷︷
︸

Ũ
1

,Ũ
2 ,...,Ũ

l−
1 ,(p̄

l−
1 ,〈a •;p

l 〉)
︸

︷︷
︸

Ũ
l

,Ũ
l+

1 ,...,Ũ
r ,

〈b;a
n;p

0 ;c
m

;d〉,〈b̄;p̄
r ;d̄〉

]
.

B
ut

then
W̃

contains
a

negation
circuit:

[(ā •,p
1 ),(p̄

1 ,p
2 ),...,(p̄

l−
1 ,a •)]

,

w
hich

is
(by

P
roposition

7.4.30)
a

contradiction
to

the
provability

of
W̃

.
H

ence,
the

atom
a •

m
ust

occur
inside

the
encoding

of
the

configuration,
w

hich
m

eans
that

n
>

0.
Further,w

e
have

that

W̃
=

[
(〈ā •;p̄

0 〉,p
1 )

︸
︷︷

︸
Ũ

1

,Ũ
2 ,...,Ũ

r ,〈b;a
n ′;a •;a

n ′′;p
0 ;c

m
;d〉,〈b̄;p̄

r ;d̄〉
]

,

for
som

e
n ′,n ′′

w
ith

n
=

n ′+
1

+
n ′′.

I
w

ill
now

show
that

n ′′
=

0.
For

this,
assum

e
by

w
ay

of
contradiction,

that
n ′′

>
0.

M
ark

the
first

atom
a

in
a

n ′′
by

a ◦
and

its
killer

by
ā ◦.

T
hen

ā ◦
m

ust
occur

inside
Ũ

k
=

(〈ā ◦;p̄
k−

1 〉,p
k )

for
som

e
k∈
{2,...,r}.

T
hen

w
e

have
that

W̃
=

[(〈ā •;p̄
0 〉,p

1 )
︸

︷︷
︸

Ũ
1

,Ũ
2 ,...,Ũ

k−
1 ,(〈ā ◦;p̄

k−
1 〉,p

k )
︸

︷︷
︸

Ũ
k

,Ũ
k
+

1 ,...,Ũ
r ,

〈b;a
n ′;a •;a ◦;a

n ′′−
1;p

0 ;c
m

;d〉,〈b̄;p̄
r ;d̄〉

]
.

B
ut

then
W̃

contains
a

negation
circuit:

[〈a •;a ◦〉,〈ā ◦;p̄
k−

1 〉,(p
k−

1 ,p̄
k−

2 ),...,(p
2 ,p̄

1 ),(p
1 ,ā •)]

,

w
hich

is
(by

P
roposition

7.4.30)
a

contradiction
to

the
provability

of
W̃

.
H

ence,
the

atom
a ◦

cannot
exist,w

hich
m

eans
that

n ′′=
0

and
n ′=

n−
1.

T
his

m
eans

that

W̃
=

[
Ũ

2 ,...,Ũ
r ,(〈ā •;p̄

0 〉,p
1 )

︸
︷︷

︸
Ũ

1

,〈b;a
n−

1;a •;p
0 ;c

m
;d〉,〈b̄;p̄

r ;d̄〉
]

.

Since
this

is
provable

in
B
V

,w
e

have
(by

L
em

m
a

7.4.28)
that

W̃
′

=
[
Ũ

2 ,...,Ũ
r ,〈b;a

n−
1;p

1 ;c
m

;d〉,〈b̄;p̄
r ;d̄〉

]
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38
L
em

m
a

Le
t
M

=
(Q

,q
0
,n

0
,m

0
,q

f
,T

)
a

tw
o

co
un

te
r

m
ac

hi
ne

an
d

le
t

W
=

[U
1
,.

..
,U

r
,〈b

;a
n
;q

;c
m

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

be
a

w
ea

k
en

co
di

ng
of
M

.

If
− ‖B
V

W
th

en
(q

,n
,m

)
→

r
(q

f
,0

,0
)

.

P
ro

of
:

B
y

in
du

ct
io

n
on

r:

B
as

e
ca

se
:

If
r

=
0

th
en

W
=

[〈b
;a

n
;q

;c
m

;d
〉,〈

b̄;
q̄ f

;d̄
〉].

T
hi

s
is

on
ly

pr
ov

ab
le

if
n

=
m

=
0

an
d

q
=

q f
,

i.e
.

if
W

=
[〈b

;q
f
;d
〉,〈

b̄;
q̄ f

;d̄
〉].

W
e

ce
rt

ai
nl

y
ha

ve
th

at
(q

f
,0

,0
)
→

0

(q
f
,0

,0
).

In
d
u
ct

iv
e

ca
se

:
B

y
L

em
m

a
7.

4.
36

,
th

er
e

is
a

se
t
P

=
{p

0
,.

..
,p

r
}o

f
r

+
1

fr
es

h
at

om
s,

a
m

ap
pi

ng
e

:P
→
Q

an
d

a
pr

ov
ab

le
st

ru
ct

ur
e

W̃
=

[Ũ
1
,.

..
,Ũ

r
,〈b

;a
n
;p

0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

,

w
it

h
W̃

e
=

W
,a

nd
su

ch
th

at
th

e
ki

lle
r

p̄
0

of
p
0

is
in

si
de

Ũ
1
.

N
ow

w
e

ha
ve

si
x

ca
se

s:

(1
)

Ũ
1

=
(p̄

0
,〈a

;p
1
〉).

T
he

n

W̃
=

[Ũ
2
,.

..
,Ũ

r
,(

p̄
0
,〈a

;p
1
〉)

︸
︷︷

︸
Ũ

1

,〈b
;a

n
;p

0
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

.

Si
nc

e
W̃

is
pr

ov
ab

le
in
B
V

,w
e

ha
ve

(b
y

L
em

m
a

7.
4.

28
)

th
at

W̃
′

=
[Ũ

2
,.

..
,Ũ

r
,〈b

;a
n
;a

;p
1
;c

m
;d
〉,〈

b̄;
p̄

r
;d̄
〉]

is
al

so
pr

ov
ab

le
.

L
et

no
w

W
′ =

W̃
′e

an
d

as
su

m
e

e(
p
1
)

=
q′

.
T

he
n

W
′

=
[
U

1
,.

..
,U

l−
1
,U

l+
1
,.

..
,U

r
,〈b

;a
n
+

1
;q

′ ;
cm

;d
〉,〈

b̄;
q̄ f

;d̄
〉]

,

fo
r

so
m

e
l
∈
{1

,.
..

,r
}.

W
e

ha
ve

th
at

W
′ i

s
a

w
ea

k
en

co
di

ng
of
M

be
ca

us
e

W
is

a
w

ea
k

en
co

di
ng

of
M

.
B

y
L

em
m

a
7.

4.
20

,
W

′ i
s

pr
ov

ab
le

in
B
V

.
H

en
ce

,
w

e
ca

n
ap

pl
y

th
e

in
du

ct
io

n
hy

po
th

es
is

an
d

ge
t

(q
′ ,

n
+

1,
m

)
→

r
−1

(q
f
,0

,0
)

.

Fu
rt

he
r,

w
e

ha
ve

th
at

U
l

=
Ũ

e 1
=

(q̄
,〈a

;q
′ 〉)

.

T
he

re
fo

re
(q

,i
n
c1

,q
′ )
∈

T
.

H
en

ce

(q
,n

,m
)
→

(q
′ ,

n
+

1,
m

)
,

w
hi

ch
gi

ve
s

us
(q

,n
,m

)
→

r
(q

f
,0

,0
)

.

7.
4.

T
h
e

U
n
d
ec

id
ab

il
it
y

of
S
y
st

em
N

E
L

2
3
7

7.
4.

18
D

efi
n
it

io
n

A
se

t
P

of
at

om
s

is
ca

lle
d

cl
ea

n
if

fo
r

al
l

at
om

s
a
∈
P,

w
e

ha
ve

ā
/∈
P.

L
et

e
:P
→
Q

be
a

m
ap

pi
ng

,w
he

re
P

an
d
Q

ar
e

tw
o

cl
ea

n
se

ts
of

at
om

s.
If

R
is

a
B
V

st
ru

ct
ur

e,
th

en
R

e
is

th
e

st
ru

ct
ur

e
ob

ta
in

ed
fr

om
R

by
re

pl
ac

in
g

ev
er

y
at

om
a

by
e(

a
).

M
or

e
pr

ec
is

el
y,

th
e

m
ap

pi
ng

(·)
e

is
de

fin
ed

in
du

ct
iv

el
y

on
B
V

st
ru

ct
ur

es
as

fo
llo

w
s:

◦e
=
◦

a
e

=

    e(
a
)

if
a
∈
P

e(
a
)

if
ā
∈
P

a
ot

he
rw

is
e

[R
,T

]e
=

[R
e
,T

e
]

(R
,T

)e
=

(R
e
,T

e
)

〈R
;T
〉e

=
〈R

e
;T

e
〉

R̄
e

=
R

e

7.
4.

19
E
x
am

p
le

L
et
P

=
{ā

,b
}a

nd
Q

=
{c
},

an
d

le
t

e(
ā
)

=
e(

b)
=

c.
T

he
n

[〈a
;b

;c
;d
〉,〈

ā
;d̄

;b̄
;ā
〉]e

=
[〈c̄

;c
;c

;d
〉,〈

c;
d̄
;c̄

;c
〉]

.

7.
4.

20
L
em

m
a

Le
t

e
:
P
→
Q

be
a

m
ap

pi
ng

,
w
he

re
P

an
d
Q

ar
e

tw
o

cl
ea

n
se

ts
of

at
om

s,
an

d
le

t
R

be
a

st
ru

ct
ur

e.
If

R
is

pr
ov

ab
le

in
B
V

,
th

en
R

e
is

al
so

pr
ov

ab
le

in
B
V

.

P
ro

of
:

L
et

−
Π
‖B
V

R
be

gi
ve

n.
N

ow
le

t
Π

e
be

th
e

pr
oo

f
ob

ta
in

ed
fr

om
Π

by
re

pl
ac

in
g

ea
ch

st
ru

ct
ur

e
S

oc
cu

rr
in

g
in

si
de

Π
by

S
e
.

E
ac

h
ru

le
ap

pl
ic

at
io

n
re

m
ai

ns
va

lid
.

T
he

re
fo

re
,

−
Π

e
‖B
V

R
e

is
a

va
lid

pr
oo

f.
��

7.
4.

21
E
x
am

p
le

L
et
P

=
{ā

,b
}

an
d
Q

=
{c
},

an
d

le
t

e(
ā
)

=
e(

b)
=

c
as

ab
ov

e.
L

et
R

=
[〈ā

;b
;d
〉,〈

a
;b̄

;d̄
〉],

w
hi

ch
is

pr
ov

ab
le

in
B
V

.
B

y
L

em
m

a
7.

4.
20

,
w

e
ha

ve

◦↓
◦

ai
↓

[d
,d̄

]
ai
↓ 〈

[b
,b̄

];
[d

,d̄
]〉

ai
↓ 〈

[ā
,a

];
[b

,b̄
];

[d
,d̄

]〉
q
↓ 〈

[ā
,a

];
[〈b

;d
〉,〈

b̄;
d̄
〉]〉

q
↓

�
[〈ā

;b
;d
〉,〈

a
;b̄

;d̄
〉]

◦↓
◦

ai
↓ [d

,d̄
]

ai
↓ 〈

[c
,c̄

];
[d

,d̄
]〉

ai
↓ 〈

[c
,c̄

];
[c

,c̄
];

[d
,d̄

]〉
q
↓ 〈

[c
,c̄

];
[〈c

;d
〉,〈

c̄;
d̄
〉]〉

q
↓

.
[〈c

;c
;d
〉,〈

c̄;
c̄;

d̄
〉]

T
he

co
nv

er
se

of
L

em
m

a
7.

4.
20

do
es

in
ge

ne
ra

l
no

t
ho

ld
.

Fo
r

ex
am

pl
e

R
=

[ā
,b̄

]
is

no
t

pr
ov

ab
le

,b
ut

R
e

=
[c

,c̄
]

is
.

7.
4.

22
O

b
se

rv
at

io
n

If
a

st
ru

ct
ur

e
R

is
pr

ov
ab

le
in
B
V

,
th

en
ev

er
y

at
om

a
oc

cu
rs

as
of

te
n

in
R

as
ā
.

T
hi

s
is

ea
sy

to
se

e:
T

he
on

ly
po

ss
ib

ili
ty

,
w

he
re

an
at

om
a

ca
n

di
sa

pp
ea

r
is

an
in

st
an

ce
of
ai
↓.

B
ut

th
en

at
th

e
sa

m
e

ti
m

e
an

at
om

ā
di

sa
pp

ea
rs

.

Fo
r

a
gi

ve
n

pr
oo

f
Π

of
a

st
ru

ct
ur

e
R

,
I

w
ill

ca
ll

th
e

ki
lle

r
(i

n
Π

)
of

a
gi

ve
n

oc
cu

rr
en

ce
at

om
a
,

th
at

oc
cu

rr
en

ce
of

ā
,

th
at

va
ni

sh
es

to
ge

th
er

w
it

h
it

in
an

in
st

an
ce

of
ai
↓.

T
he



2
3
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

situation
is

trivial,
if

in
R

every
atom

occurs
exactly

once.
For

exam
ple

in
the

left-hand
side

proof
in

E
xam

ple
7.4.21,

the
killer

of
b̄

is
b.

In
the

right-hand
side

proof,m
ore

care
is

necessary:
T

he
killer

of
the

first
occurrence

of
c̄

is
the

first
c.

T
he

killer
of

the
second

c
is

the
second

c̄.

7.4.23
D

efi
n
ition

A
B
V

structure
R

is
called

a
nonpar

structure
ifit

it
does

not
contain

a
par

structure
as

substructure,i.e.
it

is
generated

by
the

gram
m

ar

R
::=
◦|

a|(R
,R

)|〈R
;R〉|

R̄
.

7.4.24
L
em

m
a

Let
V

and
P

be
B
V

structures,
such

that
V̄

is
a

nonpar
structure.

If
−‖
B
V

[V̄
,P

]
,

then
V‖
B
V

P
.

P
ro

of:
B

y
structuralinduction

on
V̄

.
T

he
base

case
is

either
trivial(for

V
=
◦)

or
a

case
of

L
em

m
a

7.3.7
(if

V
is

an
atom

).
For

the
inductive

cases
apply

splitting
(L

em
m

a
7.3.5).

��

7.4.25
D

efi
n
ition

L
et

R
be

a
B
V

structure
and

let
a

be
an

atom
occurring

in
R

.
T

he
atom

a
is

unique
in

R
if

it
occurs

exactly
once.

7.4.26
E
x
am

p
le

In
[〈c̄;c;d〉,〈c;c̄;d̄〉],

the
atom

s
d

and
d̄

are
unique,

but
c

and
c̄

are
not.

7.4.27
L
em

m
a

Let
V
�=
◦

be
a
B
V

structure
and

S{
}

and
S
′{
}

be
tw

o
contexts,

such
that

all
atom

s
in

V
are

unique
in

S{V}.

If
S
′{V}
‖
B
V

S{V}
,

then
S
′{X
}

‖
B
V

S{X
}

for
every

structure
X

.

P
ro

of:
P

ick
any

atom
a

inside
V

,and
replace

every
other

atom
occurring

in
V

everyw
here

inside
S
′{V}
∆‖
B
V

S{V}
by◦.

T
his

yields
a

derivation
S
′{a}

∆
′‖
B
V

S{a}
,

in
w

hich
the

atom
a

can
everyw

here
be

replaced
by

the
structure

X
.

��

T
he

follow
ing

lem
m

a
w

illplay
a

crucialrole
in

the
proofofthe

soundness
ofthe

encoding
of

tw
o

counter
m

achines.

7.4.
T

h
e

U
n
d
ecid

ab
ility

of
S
y
stem

N
E

L
2
4
3

7.4.36
L
em

m
a

LetM
=

(Q
,q

0 ,n
0 ,m

0 ,q
f ,T

)
be

a
tw

o
counter

m
achine,

let
W

=
[U

1 ,...,U
r ,〈b;a

n;q;c
m

;d〉,〈b̄;q̄
f ;d̄〉]

be
a

w
eak

encoding
ofM

,
and

letP
=
{p

0 ,...,p
r }

be
a

clean
set

of
r+

1
fresh

atom
s.

If
W

is
provable

in
B
V

,
then

there
is

a
m

apping
e

:P
→
Q

and
a

structure
W̃

=
[Ũ

1 ,...,Ũ
r ,〈b;a

n;p
0 ;c

m
;d〉,〈b̄;p̄

r ;d̄〉]
,

such
that

(1)
W̃

is
provable

in
B
V

,

(2)
all

atom
s

p
0 ,p̄

0 ,...,p
r ,p̄

r
occur

exactly
once

in
W̃

,

(3)
for

every
l∈
{1,...,r},

the
atom

s
p̄

l−
1

and
p

l
occur

inside
Ũ

l ,

(4)
W̃

e
=

W
,
and

(5)
for

every
l∈
{1,...,r},

w
e

have
Ũ

el
=

U
l ′

for
som

e
l ′∈
{1,...,r},

P
ro

of:
L

etO
=
{o

0 ,...,o
r }

be
another

clean
set

of
r

+
1

fresh
atom

s.
T

he
structure

W
contains

r
+

1
occurrences

of
atom

s
q∈
Q

and
r

+
1

occurrences
of

atom
s

q ′
w

ith
q̄ ′∈

Q
(because

each
U

l
for

l
=

1,...,r
contains

exactly
one

q
∈
Q

and
one

q ′
w

ith
q̄ ′∈

Q
).

Since
W

is
provable,

each
such

q
and

q ′
m

ust
have

its
killer

inside
W

.
N

ow
let

W
′

be
obtained

from
W

by
replacing

each
such

q
and

its
killer

by
o
l

and
ō
l ,

respectively,
for

som
e

l
=

0,...,r,
such

that
each

o
∈
O

is
used

exactly
once.

T
hen

W
′

is
also

provable
because

the
replacem

ent
can

be
continued

to
the

proofΠ
of

W
.

T
his

also
yields

a
m

apping
f

:O
→
Q

w
ith

f(o)
=

q
if

an
occurrence

of
q

has
been

replaced
by

o.
W

e
now

have

W
′=

[U
′1 ,...,U

′r ,〈b;a
n;o

l ;c
m

;d〉,〈b̄;ō
l ′;d̄〉]

for
som

e
l,l ′∈

{0,...,r}.
Further,allatom

s
o
0 ,ō

0 ,...,o
r ,ō

r
occur

exactly
once

in
W

′.
T

he
atom

ō
l

m
ust

occur
inside

a
U

′s
1

for
som

e
s
1 ∈
{1,...,r}

(i.e.
l�=

l ′).
O

therw
ise

the
atom

s
o
0 ,ō

0 ,...,o
l−

1 ,ō
l−

1 ,o
l+

1 ,ō
l+

1 ,...,o
r ,ō

r
w

ould
form

a
negation

circuit
inside

[U
′1 ,...,U

′r ],
w

hich
is

by
P

roposition
7.4.30

a
contradiction

to
the

provability
of

W
′.

N
ow

let
W

′0
be

obtained
from

W
′

by
replacing

o
l

and
ō
l

by
p
0

and
p̄
0 ,

respectively.
L

et
o
l1

be
the

atom
from

O
that

occurs
inside

U
′s
1 .

A
gain,

w
e

have
that

ō
l1

m
ust

occur
inside

U
′s
2

for
som

e
s
2
∈
{1,...,r}

(i.e.
l1
�=

l ′),
because

otherw
ise

there
w

ould
be

a
negation

circuit
inside

[U
′1 ,...,U

′r ].
L

et
W

′1
be

obtained
from

W
′0
by

replacing
o
l1

and
ō
l1

by
p
1

and
p̄
1 ,respectively.

R
epeat

this
to

get
the

structures
W

′2 ,...,W
′r .

T
his

also
defines

a
bijective

m
apping

g
:

O
→
P

w
ith

g(o)
=

p
if

o
has

been
replaced

by
p.

N
ow

let
W̃

=
W

′r
and

e(p)
=

f(g −
1(p)).

Further
let

Ũ
1

=
U

′s
1

g,
Ũ

2
=

U
′s
2

g,
and

so
on.

T
hen

W̃
is

provable
in
B
V

,
because

W
′

is
provable

in
B
V

.
Further,

all
atom

s
p
0 ,p̄

0 ,...,p
r ,p̄

r
occur

exactly
once

in
W̃

because
all

atom
s

o
0 ,ō

0 ,...,o
r ,ō

r
occur

exactly
once

in
W

′.
T

he
replacem

ent
of

atom
s

is
done

in
such

a
w

ay
that

for
every

l∈
{1,...,r},the

atom
s

p̄
l−

1
and

p
l occur

inside
Ũ

l and
W̃

e
=

W
.
��

7.4.37
E
x
am

p
le

For
the

w
eak

encoding
in

E
xam

ple
7.4.35,

w
e

get

W̃
=

[(〈p̄
0 ;d̄〉,〈p

1 ;d〉)
︸

︷︷
︸

Ũ
1

,(〈ā;p̄
1 〉,p

2 )
︸

︷︷
︸

Ũ
2

,〈b;a;p
0 ;d〉

,〈b̄;p̄
2 ;d̄〉]

,

w
ith

e(p
0 )

=
q
0

and
e(p

1 )
=

e(p
2 )

=
q
1 .

T
he

follow
ing

lem
m

a
is

the
core

of
the

proof
of

the
soundness

of
the

encoding.
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7.
A

N
on

co
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m
u
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ti
v
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E
x
te

n
si

on
of

M
E

L
L

fo
r

so
m

e
r,

n
,m

�
0

an
d

q
∈
Q,

w
he

re
th

e
st

ru
ct

ur
es

U
1
,.

..
,U

r
en

co
de

tr
an

si
ti

on
s

of
M

,
i.e

.
fo

r
ev

er
y

l
∈
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,.
..

,r
},

w
e

ha
ve

th
at

U
l

=
T

k
fo

r
so

m
e

k
∈
{1

,.
..

,h
}.

O
bs

er
ve

th
at

in
a

w
ea

k
en

co
di

ng
W

of
a

m
ac

hi
ne
M

,
so

m
e

tr
an

si
ti

on
s

T
k

m
ig

ht
oc

cu
r

m
an

y
ti

m
es

an
d

so
m

e
m

ig
ht

no
t

oc
cu

r
at

al
l.

7.
4.

34
L
em

m
a

G
iv

en
a

tw
o

co
un

te
r

m
ac

hi
ne
M

=
(Q

,q
0
,n

0
,m

0
,q

f
,T

).

If
− ‖N
E
L

M
en

c

,
th

en
th

er
e

is
a

w
ea

k
en

co
di

ng
W

of
M

,
su

ch
th

at

− ‖ B
V

W ‖{
w
↓,b

↓}
M

en
c

.

P
ro

of
:

B
y

P
ro

po
si

ti
on

7.
3.

13
,

w
e

ha
ve

a
pr

oo
f

−
Π
‖N
E
L
m

M
′ en

c

∆
‖{
w
↓,b

↓}
M

en
c

.

L
et

W
be

th
e

st
ru

ct
ur

e,
w

hi
ch

is
ob

ta
in

ed
fr

om
M

′ en
c

by
re

m
ov

in
g

al
l

ex
po

ne
nt

ia
ls

,
an

d
le

t
Π

′
be

th
e

pr
oo

f
ob

ta
in

ed
fr

om
Π

by
re

m
ov

in
g

th
e

ex
po

ne
nt

ia
ls

fr
om

ea
ch

st
ru

ct
ur

e
oc

cu
rr

in
g

in
si

de
Π

.
B

y
th

is
m

an
ip

ul
at

io
n,

al
l

ru
le

in
st

an
ce

s
re

m
ai

n
va

lid
,

ex
ce

pt
fo

r
th

e
pr

om
ot

io
n

ru
le

,w
hi

ch
be

co
m

es
tr

iv
ia

l:

S
{![

R
,T

]}
p
↓

S
[!R

,?
T

]
�

S
[R

,T
]

p
↓′

S
[R

,T
]

,

an
d

ca
n

th
er

ef
or

e
be

om
it

te
d.

T
hi

s
m

ea
ns

th
at

Π
′ i

s
va

lid
pr

oo
fo

fW
in

sy
st

em
B
V

.
Fu

rt
he

r,
M

′ en
c

do
es

no
t

co
nt

ai
n

an
y

!
be

ca
us

e
M

en
c

is
!-f

re
e.

T
he

re
fo

re
,

th
er

e
is

a
de

ri
va

ti
on

W ‖{
w
↓,b

↓}
M

′ en
c

be
ca

us
e

of

S
{R
}

w
↓ [?

R
,R

]
b
↓

.
S
{?

R
}

H
en

ce
,

w
e

ha
ve

W ‖{
w
↓,b

↓}
M

en
c

.
��

7.
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35
E
x
am

p
le

In
ou

r
ex

am
pl

e,
w

e
ge

t

W
=

[(
〈ā

;q̄
1
〉,q

1
),

(〈q̄
0
;d̄
〉,〈

q 1
;d
〉),
〈b;

a
;q

0
;d
〉,〈

b̄;
q̄ 1

;d̄
〉]

.

T
he

fo
llo

w
in

g
le

m
m

a
is

no
th

in
g

bu
t

an
ac

t
of

bu
re

au
cr

ac
y.

T
he

id
ea

is
to

re
na

m
e

th
e

at
om

s
q 0

,.
..

,q
z

th
at

en
co

de
th

e
st

at
es

of
th

e
m

ac
hi

ne
in

su
ch

a
w

ay
th

at
ea

ch
ne

w
at

om
oc

cu
rs

on
ly

on
ce

.
T

hi
s

w
ill

th
en

si
m

pl
ify

th
e

ex
tr

ac
ti

on
of

th
e

co
m

pu
ta

ti
on

se
qu

en
ce

fr
om

th
e

pr
oo

f.
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h
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U
n
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L
em

m
a

Le
t

R
=

[Z
,(

V̄
,T

),
〈U

;V
;W
〉]

be
a
B
V

st
ru

ct
ur

e,
su

ch
th

at
V̄

is
a

no
np

ar
st

ru
ct

ur
e

an
d

al
l
at

om
s

oc
cu

rr
in

g
in

V
ar

e
un

iq
ue

in
R

.
If

R
is

pr
ov

ab
le

in
B
V

,
th

en
R

′ =
[Z

,〈U
;T

;W
〉]

is
al

so
pr

ov
ab

le
in
B
V

.

P
ro

of
:

L
et

−
Π
‖B
V

[Z
,(

V̄
,T

),
〈U

;V
;W
〉]

be
gi

ve
n.

B
y

sp
lit

ti
ng

(L
em

m
a

7.
3.

5)
,

th
er

e
ar

e
st

ru
ct

ur
es

P
an

d
Q

su
ch

th
at

[P
,Q

]
∆
‖B
V

[Z
,〈U

;V
;W
〉]

an
d

−
Π

1
‖B
V

[V̄
,P

]
an

d
−

Π
2
‖B
V

[T
,Q

]
.

B
y

ap
pl

yi
ng

L
em

m
a
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to

Π
1
,w

e
ge

t

V
∆

1
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V

P
,

fr
om

w
hi

ch
w

e
ca

n
ge

t
th

e
fo

llo
w

in
g

de
ri

va
ti

on
:

[V
,Q

]
∆

1
‖B
V

[P
,Q

]
∆
‖B
V

[Z
,〈U

;V
;W
〉]

.
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L
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m
a

7.
4.

27
,

w
hi

ch
gi

ve
s

us

[T
,Q

]
∆

3
‖B
V

[Z
,〈U

;T
;W
〉]

,

C
om

po
si

ng
Π

2
an

d
∆

3
yi

el
ds

th
e

de
si

re
d

pr
oo

f
of

R
′ .

��
In

th
e

fo
llo

w
in

g,
I

w
ill

ge
ne

ra
lis

e
P

ro
po

si
ti

on
6.

2.
13

(p
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ā

n
w

hi
ch

ar
e

un
iq

ue
in

R
su

ch
th

at
R

co
nt

ai
ns

a
〈 a

1
,ā

1
,a

2
,ā
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7.
A

N
on

com
m

u
tativ

e
E

x
ten

sion
of

M
E

L
L

w
ay

of
contradiction,

assum
e

that
there

is
a

proof
of

R
.

T
his

proof
rem

ains
valid,

if
all

atom
s

other
that

a
1 ,ā

1 ,a
2 ,ā

2 ,...,a
n
,ā

n
are

replaced
by◦

everyw
here

(som
e

rule
instances

becom
e

trivial
and

can
be

rem
oved).

T
his

yields
a

proof

−Π‖
B
V

[Z
1 ,Z

2 ,...,Z
n ]

,

for
som

e
n

�
1,

w
here

•
Z

j
=

(ā
j ,a

j+
1 )

or
Z

j
=
〈ā

j ;a
j+

1 〉
for

every
j

=
1,...,n−

1,
and

•
Z

n
=

(ā
n
,a

1 )
or

Z
n

=
〈ā

n ;a
1 〉.

N
ow

,
I

w
ill

proceed
by

induction
on

n
to

show
a

contradiction.
T

his
w

ill
be

very
sim

ilar
to

the
proof

of
L

em
m

a
7.2.6.

T
he

induction
m

easure
is

sim
pler

because
the

rule
q↑

cannot
occur.

(I
w

illagain
use

the
convention

that
j

+
1

=
1

in
the

case
of

j
=

n.)

B
ase

C
ase:

If
n

=
1,

then
obviously,there

is
no

proof

−Π‖
B
V

(ā
1 ,a

1 )
or

−Π‖
B
V

〈ā
1 ;a

1 〉
.

In
d
u
ctive

C
ase:

Suppose
there

is
no

proofΠ
for

all
n ′

<
n.

N
ow

consider
the

bottom
m

ost
rule

instance
ρ

in
−Π‖
B
V

[Z
1 ,Z

2 ,...,Z
n ]

,

w
here

Z
j

=
(ā

j ,a
j+

1 )
or

Z
j

=
〈ā

j ;a
j+

1 〉
for

every
j

=
1,...,n.

W
ithout

loss
of

generality,
w

e
can

assum
e

that
ρ

is
nontrivial.

(1)
ρ

=
◦↓

or
ρ

=
ai↓.

T
his

is
im

possible.

(2)
ρ

=
q↓

or
ρ

=
s.

T
his

case
is

exactly
the

sam
e

as
in

the
proof

of
L

em
m

a
7.2.6.

T
he

only
difference

is
that

w
e

are
now

talking
about

proofs
instead

ofderivations
w

ith
prem

ise
(W

1 ,...,W
n ).

��

T
his

proposition
is

related
to

provability
in
B
V

,as
L

em
m

a
7.2.6

is
related

to
derivability.

M
ore

precisely,
I

believe,
that

the
converse

of
P

roposition
7.4.30,

i.e.
a

generalisation
of

P
roposition

6.2.16
does

also
hold.

7.4.31
C

on
jectu

re
Let

R
be

a
balanced

B
V

structure
(i.e.

every
atom

in
R

is
unique)

such
that

for
every

atom
a

occurring
in

R
,
its

dual
ā

does
also

occur.
T

hen
R

is
provable

in
B
V

if
and

only
if

R
does

not
contain

a
negation

circuit.

O
bviously,there

is
a

close
relationship

betw
een

C
onjecture

7.2.12
and

C
onjecture

7.4.31.
In

fact,
both

statem
ents

are
equivalent,w

hich
m

eans
that

it
suffi

ces
to

prove
one

of
them

.
I

w
ill

not
go

into
further

details
here.

I
only

w
ant

to
m

ention
that

from
C

onjecture
7.4.31

the
equivalence

to
C

h.R
etoré’s

pom
set

logic
follow

s
m

ore
obviously

because
the

definition
of

a
negation

circuit
corresponds

exactly
to

C
h.R

etoré’s
cordless

Æ
-circuits

[R
et99b].

7.4.
T

h
e

U
n
d
ecid

ab
ility

of
S
y
stem

N
E

L
2
4
1

7
.4

.5
S
o
u
n
d
n
ess

o
f
th

e
E
n
co

d
in

g

B
efore

I
now

prove
the

second
(m

ore
diffi

cult)
direction

of
T

heorem
7.4.11,

let
m

e
explain

w
here

the
diffi

culties
arise.

T
he

m
ain

problem
is

the
freedom

of
applying

rules
in

the
calculus

of
structures.

If
a

structure
is

provable
in
N
E
L

then
there

is
usually

not
only

one
w

ay
of

doing
so.

In
our

situation
this

has
the

follow
ing

consequence.
T

he
encodingM

en
c

of
a

given
m

achineM
has

a
certain

shape
(nam

ely
a

big
par

structure
containing

several
w

hy-not
structures

and
tw

o
seq

structures),w
hich

has
been

preserved
w

hile
sim

ulating
the

com
putation

of
the

m
achine

in
the

proof
of

P
roposition

7.4.16
(see

E
xam

ple
7.4.17).

B
ut

this
shape

does
not

at
all

have
to

be
preserved

in
an

arbitrary
proof

ofM
en

c .

7.4.32
E
x
am

p
le

T
he

encoding
in

E
xam

ple
7.4.10

could
also

be
proved

as
follow

s:

− ∥∥
N
E
L

[〈a;q
0 ;d〉,〈ā;q̄

0 ;d̄〉]
∥∥
N
E
L

[〈[a;q
0 ;d],〈ā;[?(〈q̄

0 ;d̄〉,〈q
1 ;d〉),〈q̄

0 ;d̄〉]〉〉]
w↓

[〈[a
,!?(〈q̄

0 ;c̄〉,q
2 )];q

0 ;d〉,〈ā;[?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈q̄
0 ;d̄〉]〉]

q↓
[?(〈q̄

0 ;d̄〉,〈q
1 ;d〉),〈[a

,!?(〈q̄
0 ;c̄〉,q

2 )];q
0 ;d〉,〈ā;q̄

0 ;d̄〉]
∥∥
N
E
L

[?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈[a
,!?(〈q̄

0 ;c̄〉,q
2 )];q

0 ;d〉,〈[q̄
1 ,?(〈ā;q̄

1 〉,q
1 )];d̄〉]

q↓
[?(〈ā;q̄

1 〉,q
1 ),?(〈q̄

0 ;d̄〉,〈q
1 ;d〉),〈[a

,!?(〈q̄
0 ;c̄〉,q

2 )];q
0 ;d〉,〈q̄

1 ;d̄〉]
p↓

[?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈[a
,?(〈q̄

0 ;c̄〉,q
2 )];q

0 ;d〉,〈q̄
1 ;d̄〉]

q↓
[?(〈q̄

0 ;c̄〉,q
2 ),?(〈ā;q̄

1 〉,q
1 ),?(〈q̄

0 ;d̄〉,〈q
1 ;d〉),〈a;q

0 ;d〉,〈q̄
1 ;d̄〉]

ai↓
[?(〈q̄

0 ;c̄〉,q
2 ),?(〈ā;q̄

1 〉,q
1 ),?(〈q̄

0 ;d̄〉,〈q
1 ;d〉),〈[b,b̄];[〈a;q

0 ;d〉,〈q̄
1 ;d̄〉]〉]

q↓
,

[?(〈q̄
0 ;c̄〉,q

2 ),?(〈ā;q̄
1 〉,q

1 ),?(〈q̄
0 ;d̄〉,〈q

1 ;d〉),〈b;a;q
0 ;d〉,〈b̄;q̄

1 ;d̄〉]

in
w

hich
the

com
putation

steps
of

the
corresponding

tw
o

counter
m

achine
are

not
obvious.

T
he

basic
idea

of
w

hat
follow

s
is:

if
there

is
a

proof

−Π‖
N
E
L

M
en

c

,

then
there

is
also

a
proof

−Π ′‖
N
E
L

M
en

c

,

that
preserves

(to
som

e
extend)

the
shape

of
the

encoding
and

from
w

hich
w

e
can

extract
the

com
putation

of
the

m
achine.

For
this,the

notion
of

w
eak

encoding
is

introduced.

7.4.33
D

efi
n
ition

L
etM

=
(Q

,q
0 ,n

0 ,m
0 ,q

f ,T
)

a
tw

o
counter

m
achine.

T
hen

a
B
V

structure
W

is
called

a
w
eak

encoding
ofM

,
if

W
=

[U
1 ,...,U

r ,〈b;a
n;q;c

m
;d〉,〈b̄;q̄

f ;d̄〉]
,
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Q
u
a
n
ti
fi
er

s

T
he

ca
lc

ul
us

of
st

ru
ct

ur
es

is
al

so
ab

le
to

de
al

w
it

h
qu

an
ti

fie
rs

.
T

he
ru

le
s

fo
r

cl
as

si
ca

l
fir

st
or

de
r

pr
ed

ic
at

e
lo

gi
c

ha
ve

al
re

ad
y

be
en

sh
ow

n
in

[B
T

01
,

B
rü

03
b]

.
T

he
ru

le
s

fo
r

th
e

fir
st

or
de

r
qu

an
ti

fie
rs

in
lin

ea
r

lo
gi

c
ar

e
ve

ry
si

m
ila

r:

S
{∀

x
.[
R

,T
]}

u
1
↓ S

[∀
x
.R

,∃
x
.T

]
an

d
S
{R
{x
←

t}}
n

1
↓

S
{∃

x
.R
}

,

w
he

re
th

e
D

e
M

or
ga

n
la

w
s

an
d

th
e

eq
ua

ti
on

s

∀x
.R

=
R

=
∃x

.R
if

x
is

no
t

fr
ee

in
R

ar
e

ad
de

d
to

th
e

eq
ua

ti
on

al
th

eo
ry

.
T

he
tw

o
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nt

ag
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er

th
e
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t
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at
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pr
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s
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be

co
nt

in
ue

d
to
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∃a
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ee
in

R
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2
5
0

8.
O

p
en

P
rob

lem
s

w
e

can
extend

system
SL
S

by
the

follow
ing

rules:

S{∀
a
.[R

,T
]}

u
2 ↓

S
[∀

a
.R

,∃
a
.T

]
,

S
(∃

a
.R

,∀
a
.T

)
u

2 ↑
S{∃

a
.(R

,T
)}

,

S{R{T
←

a}}
n

2 ↓
S{∃

a
.R}

,
S{∀

a
.R}

n
2 ↑

S{R{T
←

a}}
.

A
gain,observe

that
there

is
no

proviso
saying

that
the

propositionalvariable
a

is
not

allow
ed

to
be

free
in

the
context,

as
it

is
the

case
in

the
sequent

calculus.
A

s
already

observed
in

[B
T

01,
B

rü03b],
it

is
possible

even
under

the
presence

of
the

quantifiers
to

reduce
contraction

to
its

atom
ic

version,by
adding

the
rules

S
[ •∀

a
.R

,∀
a
.T

] •
l3 ↓

S{∀
a
.[ •R

,T
] •}

,
S{∃

a
.( •R

,T
) •}

l3 ↑
S

( •∃
a
.R

,∃
a
.T

) •
,

S
[ •∃

a
.R

,∃
a
.T

] •
l4 ↓

S{∃
a
.[ •R

,T
] •}

,
S{∀

a
.( •R

,T
) •}

l4 ↑
S

( •∀
a
.R

,∀
a
.T

) •
.

H
ow

ever,even
ifcontraction

is
atom

ic,the
new

system
can

no
longer

be
called

localbecause
in

the
rule
n

2 ↓
a

structure
of

arbitrary
size

is
introduced.

T
he

question
that

arises
now

is
w

hether
the

various
properties

ofproofs
and

derivations
that

I
presented

in
this

thesis
are

still
valid.

In
particular,

w
hat

happens
w

ith
splitting,

context
reduction

and
decom

position?

8
.2

A
G

en
era

l
R
ecip

e
fo

r
D

esig
n
in

g
R
u
les

T
he

core
part

of
each

system
in

the
calculus

of
structures

can
be

given
by

a
very

sim
ple

recipe
[G

ug02c].
C

onsider
the

core
rules

of
the

system
s

show
n

in
this

w
ork.

L
et

us
start

w
ith

the
rules

for
the

binary
connectives.

S
( •[R

,U
],[T

,V
]) •

d↓
S

[( •R
,T

) •,[ •U
,V

] •]
,

S
([ •R

,U
] •,( •T

,V
) •)

d↑
S

[ •(R
,T

),(U
,V

)] •
,

S〈[R
,U

];[T
,V

]〉
q↓

S
[〈R

;T〉,〈U
;V〉]

,
S

(〈R
;U〉,〈T

;V〉)
q↑

S〈(R
,T

);(U
,V

)〉
.

T
hey

follow
a

certain
schem

e,w
hich

can
(by

a
little

abuse
of

notation)
be

w
ritten

as:

S{[R
,U

]•
[T

,V
]}

x↓
S

[R
•

T
,U
◦

V
]

and
S

(R
◦

U
,T
•

V
)

x↑
S{(R

,T
)◦

(U
,V

)}
,

w
here•

and
◦

are
tw

o
binary

connectives
that

are
(by

D
e

M
organ)

dualto
each

other.
For

exam
ple

conjunction
and

disjunction.
It

has
to

be
postulated

w
hich

one
is•

(usually

In
d
ex

absorption,
32

accepts,
233

active,
87

additive,
5,

32
additive

group,19,
32

additives,
18

adm
issible,

30
Æ

-circuit,
185,

187,
240

atom
,

17,
25,

180,
198

atom
ic

cocontraction,
147

atom
ic

cointeraction,
33

atom
ic

contraction,
147,

152
atom

ic
cothinning,

149
atom

ic
cut,

33
atom

ic
interaction,

33,
160

atom
ic

thinning,149,
173

axiom
,

18,
28

balanced,
186,

213
balanced

negation
circuit,

239
basic

context,
108,

204
bottom

,
17,

19,
26

B
rouw

er-H
eyting-K

olm
ogorov

interpreta-
tion,

4

calculus
of

structures,9
C
C
S,

6
chain,105

!-chain,
101,

104
?-chain,

101,
104

characteristic
num

ber,106
circuit,

213
classical

logic,
4,

148,
149,

154,
167

clean,
237

coabsorption,
32

coadditive,
32

cocircuit,
213

cocontraction,
32

cointeraction,
30

com
m

utative
case,

22

conclusion,
18,

19,
28,

29
configuration,

232
connected,

102
connectives

�
,17

�
,17

�
,17

�
,17

conservative
extension,

201
constants,

17,
26

⊥
,17,

26
1,17,

26
0,17,

26
�

,17,
26

contains
a

balanced
negation

circuit,
239

a
circuit,

187,
214

a
cocircuit,

187,
214

a
negation

circuit,
187,

214
context,

27
n-ary,101
L
S,

27
context

reduction,
44,

68,
215,

216,
224,

251
for
L
L
S,151

for
L
S,

69
for
N
E
L
m

,
224

contraction,
20,

32,
144,

152
contractum

,
87

coprom
otion,

32
core,

34,
199,

250
coseq,

198
cothinning,32
cow

eakening,32
creation,

96
croissant,

5
infinite

supply,6
C

urry-H
ow

ard-isom
orphism

,1
cut,

19,
30

2
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8.
O

p
en

P
rob

lem
s

L
et

m
e

now
call

the
noncore

of
a

system
“w

ell-designed”
if

every
proof

−‖
n
o
n
co

re
u
p

R
is

trivial
and

every
proof

−‖
d
ow

n
fra

g
m

en
t

R
can

be
decom

posed
into

−‖
in

tera
ctio

n
d
ow

n∪
co

re
d
ow

n

R
′‖
n
o
n
co

re
d
ow

n

R

.

T
hen

w
e

have
the

follow
ing:

8.3.1
O

b
servation

A
system

w
ith

a
“w

ell-designed”
noncore

adm
its

a
cut

elim
ination

result
if

and
only

if
the

second
decom

position
theorem

holds
for

it.

P
ro

of:
I

w
ill

only
sketch

the
proof

here.
For

the
first

direction
proceed

exactly
as

in
the

proofs
of

T
heorem

s
5.3.2

and
5.3.25.

T
he

separation
of

interaction
from

the
core

is
alw

ays
possible.

(O
bserve

that
both

fragm
ents

of
the

core
are

needed.
It

is
in

generalnot
possible

to
separate

interaction
dow

n
from

core
dow

n.)
For

the
other

direction
proceed

sim
ilar

as
in

the
case

of
system

S
N
E
L

.
A

s
m

entioned
before,

splitting
and

context
reduction

(and
therefore

also
cut

elim
ination)

do
alw

ays
hold

if
there

is
no

noncore
to

consider.
��

T
he

definition
of

“w
ell-designed”

that
I

gave
is

is
certainly

not
a

good
definition.

F
irst,

for
pragm

atic
reasons

“w
ell-designed”

should
im

ply
cut

elim
ination

and
second,

the
tw

o
conditions

are
too

sophisticated
for

a
basic

definition.
A

nyw
ay,

w
hat

I
w

ant
to

show
here

is
that

cut
elim

ination
and

the
second

decom
position

theorem
are

based
on

the
sam

e
underlying

principles.
T

he
question

is,
w

hat
exactly

those
principles

are.
It

m
ight

w
ell

be
that

subatom
ic

logic
[G

ug02d]
can

help
to

unveilthem
.

8
.4

C
o
n
tro

llin
g

th
e

N
o
n
d
eterm

in
ism

T
he

system
s

presented
in

this
thesis

are
not

very
w

ellsuited
for

proofsearch.
T

he
reason

is
the

huge
am

ount
ofnondeterm

inism
intrinsically

connected
to

the
calculus

ofstructures.
It

should
therefore

be
a

topic
offuture

research
to

find
w

aysofcontrolling
this

nondeterm
inism

.
T

his
m

ight
be

possible
by

m
eans

ofthe
perm

utability
ofrules,as

it
already

happened
in

the
sequent

calculus
[A

nd92,M
il96],but

it
m

ight
also

be
possible

by
totally

different
m

ethods.
A

.
G

uglielm
i

suggested
to

use
the

technique
of

splitting.

8
.5

T
h
e

E
q
u
iva

len
ce

b
etw

een
S
ystem

B
V

a
n
d

P
o
m

set
L
o
g
ic

I
have

already
discussed

this
problem

in
C

hapter
7.

L
et

m
e

sum
m

arise
here,

w
hat

has
already

been
achieved

and
w

here
the

diffi
culty

lies.
T

here
is

a
one-to-one

correspondence
betw

een
A
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alküle
der

P
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über
das

logische
Schließen.

II.
M

athem
a-

tische
Z
eitschrift,

39:405–431,
1935.

[G
H

S96]
G

ert
G

roße,Steffen
H

ölldobler,and
JosefSchneeberger.L

inear
deductive

plan-
ning.

Journal
of

Logic
and

C
om

putation,
6(2):233–262,

1996.

[G
ia03]

P
ietro

D
i

G
ianantonio.

Structures
in

cyclic
linear

logic.
T

echnical
report,

U
niversità
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