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Abstract

System NEL is the mixed commutative/non-commutative linear logic BV
augmented with linear logic’s exponentials, or, equivalently, it is MELL aug-
mented with the non-commutative self-dual connective seq. System NEL is
Turing-complete, it is able to directly express process algebra sequential com-
position and it faithfully models causal quantum evolution. In this paper, we
show a basic compositionality property of NEL, which we call decomposition.
This result leads to a cut-elimination theorem, which is proved in the next paper
of this series. To control the induction measure for the theorem, we rely on a
novel technique that extracts from NEL proofs the structure of exponentials, into
what we call I-?-Flow-Graphs.

1 Introduction

This is the fourth in a series of papers dedicated to the proof theory of a self-dual
non-commutative operator, called seq, in the context of linear logic.

Together with the closely related fifth paper “A System of Interaction and Struc-
ture V: The Ezxponentials and Splitting” [GS09], it studies the normalization theory
of the logic of seq in the presence of linear logic’s exponentials. The overall objective
of this series of papers is to establish a proof system, and its normalization theory,
for the most expressive logic achievable around seq.

The first paper “A System of Interaction and Structure” [Gug07] introduced seq in
the context of multiplicative linear logic. The resulting logic is called BV. The proof
system for BV is presented in the formalism called the calculus of structures, which
is the simplest formalism in the methodology of deep inference.
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In the second paper “A System of Interaction and Structure II: The Need for Deep
Inference” [Tiu06], Alwen Tiu shows that deep inference is necessary to obtain an-
alyticity for BV. In other words, traditional Gentzen proof theory is not sufficient
to deal with seq. This is achieved by a (remarkable) construction exploiting seq for
nesting logical structures at unbounded depth level, in such a way that any sound
non-deep-inference proof system has to be incomplete.

The third paper, currently being elaborated, explores the connection between BV
and pomset logic [Ret97]. Pomset logic is a variant of linear logic possessing self-dual
non-commutativity, and it has been studied with more conventional methods than
deep inference.

Self-Dual Non-Commutativity, Pomset Logic and System BV

This line of research started from the study of pomset logic, which is the first example
known to us of a logic with a self-dual non-commutative operator. Pomset logic
naturally derives from the study of coherence spaces for multiplicative linear logic (see
Girard’s [Gir87]), and its self-dual operator has a close correspondence to sequential
operators as defined in process algebras. For example, the ‘.’ operator of CCS is
self-dual and non-commutative.

Pomset logic is derived from coherence spaces and is presented both in proof nets
and in a modified Gentzen sequent calculus. Pomset logic possesses the three logical
operators before (which is self-dual and non-commutative), and the par and tensor
that are familiar from linear logic. No complete analytic system is known for pomset
logic, and we strongly suspect that, in order to get one, deep inference is necessary;
in other words, Gentzen theory would not be sufficient, for the same reason that it is
not sufficient for BV [Tiu06].

The ‘before’ operator is a natural source of sequentialisation. For example, the
cut elimination procedure in the proof nets of pomset logic gets sequentialised by
the non-commutative links. This naturally induces a computational model where
sequentiality plays a role as important as parallelism, which is interesting in the light
of the Curry-Howard correspondence. Non-commutative logics are also important in
linguistics, their use dating back to the Lambek calculus [Lam58].

Similarly to pomset logic, system BV contains the logical operators seq (which
is self-dual and non-commutative), par and tensor, and it has been derived from
semantics. Differently from pomset logic, the semantics adopted are relation webs
(instead of coherence spaces) and the syntax is the calculus of structures, i.e., a form
of deep inference.

BV and pomset logic share their motivations: essentially, non-commutativity brings
sequentiality, and sequentiality is an archetypal algebraic composition both for human
and computer languages. As a matter of fact, BV’s self-dual non-commutativity
captures very precisely the sequentiality notion of CCS [Mil89] (and so of other process
algebras), as Bruscoli shows in [Bru02].

We know that system BV is NP-complete [Kah(7], and its feasibility for proof search
has been studied [Kah04]. Retoré and Stralburger are working at the conjecture that
BV and pomset logic are equivalent.

Recently, BV has been employed to axiomatise causal quantum computation better
than linear logic does [BPS08], and it gave rise to a new class of categorical mod-
els [BPS09).
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The Calculus of Structures and Deep Inference

Deep inference was born together with BV, precisely for giving BV a normalization
theory, and directly out of the relation web semantics. The ideology of deep inference
is very simple, and it simply generalizes Gentzen’s methodology: we stipulate that
proofs can be composed by the same logical operators as formulae. In Gentzen’s
proof theory, this composition is bounded in such a way that the shape of a proof is a
tree, which, in the analytic case, is determined by the formula structure of the proof
conclusion.

The freedom of composition in deep inference leads to a seemingly more compli-
cated normalization theory, because the principal formula in a deep-inference cut rule
instance does not determine the shape of the subproofs above it. On the other hand,
the same freedom of composition is what allows us to design an absolutely straight-
forward analytic and complete system for seq, which is what Tiu, in [T1u06], showed
to be impossible in Gentzen’s theory (no matter how complicated a system we might
design).

Deep inference is an increasingly influential ideology in proof theory. Several logics
which were lacking analytic Gentzen proof systems have been shown to enjoy very
simple analytic proof systems in deep inference. This is especially true of modal
logics [SS05) [Sto07, Bri06b], but also of Yetter’s non-commutative logic [DG04], and
there is work in progress for several intermediate logics.

Deep inference has the peculiar property of allowing proof systems whose rules are
local (i.e., rules whose complexity is bounded by a constant [BTO0I] [Str02]). Locality
is important for normalization, because it allows unprecedented possibilities of ma-
nipulating proofs. Recently, locality led us to develop geometric control structures for
normalization in classical logic, called atomic flows [GGO7], which are objects similar
to the proof nets in |[LS05]. Furthermore, the locality of deep inference has led to
proof nets for multiplicative linear logic with units [SL04] [LS06], which could not be
properly captured by proof nets based on the sequent calculus [Gir96].

Finally, we shall mention that the compositional freedom of deep inference led to
the design of proof systems for propositional logic that are as efficient as Frege or
Gentzen systems in terms of proof complexity. However, they have the following
characteristics:

e Contrary to Gentzen systems, and like Frege systems, they can be extended
with Tseitin’s extension rule or with Frege’s substitution one, and they retain
the polynomial equivalence with the corresponding Frege extensions, which are
the most powerful known proof systems in terms of proof complexity.

e Contrary to Frege systems, the deep-inference systems have a normalization
theory, i.e., a proof theory.

e Compared to analytic Gentzen systems, deep-inference analytic systems exhibit
an exponential speed-up, for example Statman formulae have polynomial proofs
in deep inference.

These results can be found in [BG09).

In this series of papers, we adopt the calculus of structures, which is the simplest
formalism conceivable in deep inference, and the only one that has been fully devel-
oped so far.
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The Exponentials and Decomposition

This fourth paper, and the fifth paper in the series are devoted to the proof theory
of system BV when it is enriched with linear logic’s exponentials. We call NEL (non-
commutative exponential linear logic) the resulting system. We can also consider NEL
as MELL (multiplicative exponential linear logic |Gir87]) plus seq. NEL, which was
first presented in [GS02], is conservative over BV and over MELL augmented by the
mix and nullary mix rules [FR94] [Ret93] [AJ94]. Note that, like BV, NEL cannot be
analytically expressed outside deep inference. System NEL can be immediately un-
derstood by anybody acquainted with the sequent calculus, and is aimed at the same
range of applications as MELL, but it offers, of course, explicit sequential composition.

NEL is especially interesting because it has been proved to be Turing-complete
[Str03c]. The complexity of MELL is currently unknown, but MELL is widely conjec-
tured to be decidable. If that was the case, then the line towards Turing-completeness
would clearly be crossed by seq, which, in fact, has been interpreted already as an ef-
fective mechanism to structure a Turing machine tape. This is something that MELL,
which is fully commutative, apparently cannot do.

Each of the two papers is devoted to a theorem: decomposition in this paper
and splitting in the next paper. Together, the two theorems immediately yield cut-
elimination, which will be claimed in the fifth paper.

Decomposition (which was first pioneered in [GS01l [Str03b] for BV and MELL) is
as follows: we can transform every NEL derivation into an equivalent one, composed
of eleven derivations carried into eleven disjoint subsystems of NEL. This means that
we can study small subsystems of NEL in isolation and then compose them together
with considerable more freedom than in the sequent calculus, where, for example,
contraction can not be isolated in a derivation. Decomposition is made available in
the calculus of structures by exploiting the top-down symmetry of derivations that is
typical of deep inference. Such a result is unthinkable in formalisms lacking locality,
like Gentzen systems.

The technique by which we prove the result is an evolution and simplification of
a technique that was first developed in [Str03b] for MELL, but that would not work
unmodified in the presence of seq. In fact, seq makes matters much more complicated,
due to similar phenomena to those unveiled by Tiu in his counterexample [Tiu06]
mentioned above, and that make seq intractable for Gentzen methods.

The main results of this paper have already been presented, without proof, in
[GS02]. For several years, the proofs of the statements have been available in a
manuscript on the web. The proofs in this paper are now much clearer and use a
cleaner induction measure, the result of the familiarity we acquired in a few years
with normalization in deep inference.

2 The System

We define the language for system NEL and its variants, as an extension of the lan-
guage for BV, defined in [Gug07]. Intuitively, [S1’® ---® S},] corresponds to a sequent

F Si,...,S, in linear logic, whose formulae are essentially connected by pars, sub-
ject to commutativity (and associativity). The structure (S; ® ---® S},) corresponds
to the associative and commutative tensor connection of Sy, ..., S;. The struc-

ture (S1 <--- <.Sy) is associative and non-commutative: this corresponds to the new
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Associativity Singleton
[R=(T)=U] = [R=T=U] [R] = (R) = (R) =R
(Re (T)eU) = (ReTeU) .
D S o o Negation
(R<(T)<U) (R<AT <U)
o = o
Commutativity _ _ _
[Ri®---®Ry] = (R1®---®Ry)
[]Exe]:] = [1:@12] (Ri®---®Ry) = [R17%--7%Ry]
ReT) = (T®R S 5% = =
( ) ( ) (qu"'th> = ( 1< <1Rh>
Unit R = IR
. . IR = 7R
or ] = [R) LA
(coR) = (R) -
(o< R) = (R) Contextual Closure
(Bao) = (B)

if R =T then S{R} = S{T}

Figure 1: Basic equations for the syntactic equivalence =

logical operator, called seq, that we add to those of I\/IELL

Definition 2.1. There are countably many positive and negative atoms. They, pos-
itive or negative, are denoted by a, b, .... Structures are denoted by S, P, Q, R, T,
U,V, W, X and Z. The structures of the language NEL are generated by

Si=alo|[§%- 28] (Se--08) (S~ a8) |25 [1S|T |
>0 >0 >0

where o, the unit, is not an atom and S is the negation of the structure S. Structures
with a hole that does not appear in the scope of a negation are denoted by S{ }.
The structure R is a substructure of S{R}, and S{ } is its context. We simplify the
indication of context in cases where structural parentheses fill the hole exactly: for
example, S[R® T| stands for S{[R*® T]}.

Structures come with equational theories establishing some basic, decidable alge-
braic laws by which structures are indistinguishable. These are analogous to the laws
of associativity, commutativity, idempotency, and so on, usually imposed on sequents.
The difference is that we merge the notions of formula and sequent, and we extend
the equations to formulae. The structures of the language NEL are equivalent modulo
the relation =, defined in Figure [l There, ]5;, T and U stand for finite, non-empty
sequences of structures (elements of the sequences are separated by ®, <, or ®, as
appropriate in the context).

!Please note that we slightly change the syntax with respect to [Gug07] [Tiu06]: In these papers
commas where used in the places of the connectives @, ®, and <. Although there is some redundancy
in having the connectives and the three different types of brackets, we think, it is easier to parse for
the reader.
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Definition 2.2. An (inference) rule is any scheme

T
p R

where p is the name of the rule, T is its premise and R is its conclusion; R or
T, but not both, may be missing. A (proof) system, denoted by .7, is a set of
rules. A derivation in a system .# is a finite chain of instances of rules of ., and is
denoted by A; a derivation can consist of just one structure. The topmost structure
in a derivation is called its premise; the bottommost structure is called conclusion.
A derivation A whose premise is T', conclusion is R, and whose rules are in .% is
denoted by

T

K% H A
R
The typical inference rules are of the kind
S{T}
" S{R}
This rule scheme p specifies that if a structure matches R, in a context S{ }, it can
be rewritten as specified by T, in the same context S{ } (or vice versa if one reasons
top-down). A rule corresponds to implementing in the deductive system any aziom
T = R, where = stands for the implication we model in the system, in our case

linear implication. The case where the context is empty corresponds to the sequent
calculus. For example, the linear logic sequent calculus rule

% FA® +FBVU

FA® B,®,V

could be simulated easily in the calculus of structures by the rule
,(Te[A»®] e [B®Y])

e [(AeB)» d% V)

where ® and ¥ stand for multisets of formulae or their corresponding par struc-
tures. The structure I' stands for the times structure of the other hypotheses in the
derivation tree. More precisely, any sequent calculus derivation

QAP FBY
FTy - Dy FA®B,®U  FTyyy - FTy,

)

FX
containing the ® rule can by simulated by
,(Me...el j©[Ad]e[BsV]|el, &..00)
Me...el_e[(AeB)sd'»¥]el, &...0))
|~ |

2/
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in the calculus of structures, where F;-, A, B, ®, W, A’ and ¥/ are obtained from
their counterparts in the sequent calculus by the obvious translation. This means
that by this method every system in the one-sided sequent calculus can be ported
trivially to the calculus of structures.

Of course, in the calculus of structures, rules could be used as axioms of a generic
Hilbert system, where there is no special, structural relation between T" and R: then
all the good proof theoretical properties of sequent systems would be lost. We will
be careful to design rules in a way that is conservative enough to allow us to prove
cut elimination, and such that they possess the subformula property.

In our systems, rules come in pairs,

S{T’} . S{R} :
pl ——— (down version) and pT ——== (up version)

S{R} S{T}

Sometimes rules are self-dual, i.e., the up and down versions are identical, in which
case we omit the arrows. This duality derives from the duality between T' = R and
R = T, where = is the implication and (7) the negation of the logic. In the case of
NEL these are linear implication and linear negation. We will be able to get rid of the
up rules without affecting provability—after all, T = R and R = T are equivalent
statements in many logics. Remarkably, the cut rule reduces into several up rules,
and this makes for a modular decomposition of the cut elimination argument because
we can eliminate up rules one independently from the other.

Let us now define system NEL by starting from an up-down symmetric variation,
that we call SNEL. It is made by two sub-systems that we will call conventionally
interaction and structure. The interaction fragment deals with negation, i.e., duality.
It corresponds to identity and cut in the sequent calculus. In our calculus these
rules become mutually top-down symmetric and both can be reduced to their atomic
counterparts.

The structure fragment corresponds to logical and structural rules in the sequent
calculus; it defines the logical operators. Differently from the sequent calculus, the
operators need not be defined in isolation, rather complex contexts can be taken into
consideration. In the following system we consider pairs of logical relations, one inside
the other.

Definition 2.3. In Figure 2] system SNEL (symmetric non-commutative exponential
linear logic) is shown. The rules ail, ail, s, ql, qT, pl, pT, el, el, wl, wT, b|, bT, g/,
and g7 are called respectively atomic interaction, atomic cut, switch, seq, coseq, pro-
motion, copromotion, empty, coempty, weakening, coweakening, absorption, coabsorp-
tion, digging, and codigging. The down fragment of SNEL is {ai],s,ql,pl,el,w]|,b],gl},

the up fragment is {ail,s,ql,pT,el,wl,bT,gl}.

There is a straightforward two-way correspondence between structures not involv-
ing seq and formulae of MELL: for example

[(7a®b)®ce!d] corresponds to !((?a ®b)®cteldt) |

and vice versa. Units are mapped into o (since 1 = 1, when mix and mix0 are added
to MELL). System SNEL is just the merging of systems SBV (which is the symmetric
version of BV) and SELS (which is the symmetric presentation of MELL in the calculus
of structures) shown in [Gug07, [GS01l, [Str03bl [Str03al; there one can find details on
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ail S{o} y S(a®a)
Sla» al S{o}
S([R=U]T)
*S(ReT)» U]
S([R»U|<[T»V]) S(RaU)e(TaV))
W S(R<T) 5 (U <V)] N ReT) 2 (UeV)
S{I[R=T]} S(?R&T)
S{o} S{70}
* St} 150}
S{o} S{IR}
"SRy T
S[?R’® R] AT
S{7R} "Sire R
S{27R} S{IR}
) 8l SOy

Figure 2: System SNEL

the correspondence between our systems and linear logic The rules s, q] and qT are
the same as in pomset logic viewed as a calculus of cographs [Ret99].

All equations are typical of a sequent calculus presentation, save those for units
and contextual closure. Contextual closure just corresponds to equivalence being
a congruence, it is a necessary ingredient of the calculus of structures. All other
equations can be removed and replaced by rules (see, e.g., [Str05]), as in the sequent
calculus. This might prove necessary for certain applications. For our purposes, this
setting makes for a much more compact presentation, at a more effective abstraction
level.

Negation is involutive and can be pushed to atoms; it is convenient always to
imagine it directly over atoms. Please note that negation does not swap arguments
of seq, as happens in the systems of Lambek |[Lam58] and Abrusci-Ruet [AR00]. The

?Note that there is a change of our system with respect to the system SELS in [Str03b] and the
version of SNEL presented in [GS02]: Here we have added the rules e, ef, g|, and g, whereas
previously we used the equations ??7R = 7R and !!R = R, as well as lo = o = 70 in [GS02] and !1 =1
and 71 = L in [Str03b] (see also [Str03al). From the viewpoint of provability, there is no difference
between the two approaches, but certain properties of the system, in particular decomposition, can
be demonstrated in a cleaner way. Also from the viewpoint of denotational semantics, our system is
now more easily accessible. For example in coherence spaces [Gir87] we do not have an isomorphism
between !R and !!R.



A System of Interaction and Structure IV: The Exponentials and Decomposition 9

unit o is self-dual and common to par, times and seq. One may think of it as a
convenient way of expressing the empty sequence. Rules become very flexible in the
presence of the unit. For example, the following notable derivation is valid:

(a®b)
RCEEEIED)
(aeb) T @s0)=eo0)
CED
aed) DRI
MUEDEIED)

[a® D]

IS

=
~

Il

The right-hand side above is just a complicated way of writing the left-hand side.
Using the “fake inference rule =" sometimes eases the reading of a derivation.

Each inference rule in Figure 2l corresponds to a linear implication that is sound
in MELL plus mix and mix0. For example, promotion corresponds to the implication
(R®T) — (IR®7?T). Notice that interaction and cut are atomic in SNEL; we can
define their general versions as follows.

Definition 2.4. The following rules are called interaction and cut:

S{o} . SReR)
sirem M T

il
where R and R are called principal structures.

The sequent calculus rule

FA® FAL W
Fo, U

cut

is realized as _
([Az®]®[A® ¥)])

° [([A®®]® A)® U]
[(A® A)» U]
(@ % U]

where ® and ¥ stand for multisets of formulae or their corresponding par structures.
Notice how the tree shape of derivations in the sequent calculus is realized by making
use of tensor structures: in the derivation above, the premise corresponds to the two
branches of the cut rule. For this reason, in the calculus of structures rules are allowed
to access structures deeply nested into contexts.

The cut rule in the calculus of structures can mimic the classical cut rule in the
sequent calculus in its realization of transitivity, but it is much more general. We
believe a good way of understanding it is thinking of the rule as being about lemmas
in contert. The sequent calculus cut rule generates a lemma which is valid in the
most general context; the new cut rule does the same, but the lemma only affects the
limited portion of structure that can interact with it.
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We easily get the next two propositions, which say: 1) The interaction and cut
rules can be reduced into their atomic forms—note that in the sequent calculus it
is possible to reduce interaction to atomic form, but not cut. 2) The cut rule is as
powerful as the whole up fragment of the system, and vice versa.

Definition 2.5. A rule p is derivable in the system . if p ¢ . and
T

T
for every instance p Z there exists a derivation .& H A

R
The systems . and .’ are strongly equivalent if

T T
for every derivation .# H A there exists a derivation . || A" |

R R

and vice versa.

Proposition 2.6. The rule i] is derivable in {ail,s,ql,pl,el}, and, dually, the rule
i1 is derivable in the system {ail,s,qT,pT,el}.

Proof. Induction on principal structures. We show the inductive cases for iT:

S(PeQe[P%Q])

s —— S((P<Q)® (P<Q)) S(?P®!P)
sS(Q®[(,P®P)?C,2]) _ qTS PeP)<(QeQ)) p_TS{?(P®P)}
it iTS[(P‘X’P)?(Q@Q)] i,i07 S(o o) ' W
o Skl “ 5 5
{0}
The cases for i| are dual. ]

Note that in the proof above we tacitly used (for the sake of saving paper) another
helpful notation: writing i,iT just means that two instances of i applied one after
the other, where the order does not matter.

Proposition 2.7. FEach rule pT in SNEL is derivable in {il,iT,s,pl}, and, dually,
each rule p| in SNEL is derivable in the system {il,il,s, p1}.

Proof. Each instance
S{T}
Pl <=5
S{R}

can be replaced by
S{T}

ST e rwR)
"S[R%(T®R)
p.l S[R»(T®T)]
S{R}
and dually. O
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S{c} S{c}

ol M Saeal L 5oy
S([R=U]T) S(R=U]a[T»V]) S{[R=T]}
*S(ReT) = U] WS R<T) 5 (U V)] PSR ® 7T

S{o} S[?R % R] S{7?7R}

"SRy S{?R} 8l SRy

Figure 3: System NEL

In the calculus of structures, we call core the set of rules that is used to reduce
interaction and cut to atomic form. We use the term hard core to denote the set of
rules in the core other than atomic interaction/cut and empty/coempty. Rules that
are not in the core are called non-core.

Definition 2.8. The core of SNEL is {ail,ail,s,ql,qT,pl,pT,el,el}, denoted by
SNELc. The hard core, denoted by SNELh, is {s,ql,qT,pl,pT}, and the non-core is

{wl,w1,bl,bT,gl,gl}.

System SNEL is up-down symmetric, and the properties we saw are also symmetric.
Provability is an asymmetric notion: we want to observe the possible conclusions that
we can obtain from a unit premise. We now break the up-down symmetry by adding
an inference rule with no premise, and we join this logical axiom to the down fragment
of SNEL.

Definition 2.9. The following rule is called unit:

o] —

©)

System NEL is shown in Figure [3l
As an immediate consequence of Propositions and 2.7] we get:
Proposition 2.10. The systems NELU{iT} and SNELU{o|} are strongly equivalent.

Definition 2.11. A derivation with no premise is called a proof, denoted by II. A
system . proves R if there is in the system . a proof II whose conclusion is R,

written
K% ﬂ I
A .
We say that a rule p is admissible for the system . if p ¢ . and

!
for every proof 7 U} ”H there is a proof 7 ” 1 .
R R

Two systems are equivalent if they prove the same structures.
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Except for cut and coweakening, all rules in the systems SNEL and NEL enjoy a
kind of subformula property (which we treat as an asymmetric property, by going
from conclusion to premise): premises are made of substructures of the conclusions.

To get cut elimination, so as to have a system whose rules all enjoy the subformula
property, we could just get rid of aif and wT, by proving their admissibility for the
other rules. But we can do more than that: the whole up fragment of SNEL (except
for s which also belongs to the down fragment) is admissible. This entails a modular
scheme for proving cut elimination. We state here the cut elimination theorem, but
its complete proof is shown in the accompanying paper [GS09].

Theorem 2.12. System NEL is equivalent to SNEL U {o|}.
Corollary 2.13. The rule iT is admissible for system NEL.

Any linear implication T' —o R, i.e., [T ® R], is related to derivability by:
Corollary 2.14. For any two structures T and R, we have

T

SNEL H if and only if NEL”
R [T % R]

Proof. For the first direction, perform the following transformations:

ol:

T 75 T] e
SNEL|a L snNeLfar 2 SNEL | &' & NE%HH .
R [T R] T3 R| 7% B]

In the first step we replace each structure S occurring inside A by [T ® S], or, in
other words, the derivation A’ is obtained by putting A into the context [T { }].
This is then transformed into a proof by adding an instance of i| and o|. Then we
apply Proposition 2.6l and cut elimination (Theorem [Z12)) to obtain a proof in system
NEL. For the other direction, we proceed as follows:

T
o NEL\ {o]} H A’ o
NEI__HH NEL\ {0/} | A ~ (Te[TwR]) ~ SNEL H ’
7% R 75 R SlreT) =R i
R

where the first two steps are trivial, and the last one is an application of Proposi-
tion n

It is easy to prove that system NEL is a conservative extension of BV and of MELL
plus mix and mix0 (see [Gug07, [Str03a]). The locality properties shown in [GS01]
Str03b] still hold in this system, of course. In particular, the promotion rule is local,
as opposed to the same rule in the sequent calculus.
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3 Decomposition

The new top-down symmetry of derivations in the calculus of structures allows us to
study properties that are not observable in the sequent calculus. The most remarkable
results so far are decomposition theorems. In general, a decomposition theorem says
that a given system .# can be divided into n pairwise disjoint subsystems .77, ...,
- such that every derivation A in system . can be rearranged as composition of n
derivations Ay, ..., A,, where A; uses only rules of .7, for every 1 < i < n.

System SNEL can be decomposed into eleven subsystems, and there are many
different possibilities to transform a derivation into eleven subderivations. We state
here only four of them, but, due to the modular proof, the others are evident.

T

Theorem 3.1 (Decomposition). For every derivation A H SNEL there are derivations

T T T R T
{el} {el} {el} {e1}
P U, Wi Ty
{1} {bT} {1} {bT}
Py Us W TS
{bT} {el} {bT} {w1}
Ps Us W5 T3
{ail} {wl} {w1} {el}
Py Uy Wy Ty
{wl} {ail} {ail} {ail}
Ps Us W Ts
SNELh SNELh SNELh SNELh
Qs Vs Zs Rs
{w1} {ail} {aiT} {ail}
Q4 Vi Zy4 Ry
{ait} {w1} {wl} {el}
Q3 VB Z3 Rg
{bl} {el} {bl} {wl}
QQ ‘/2 Z2 RQ
{el} {bl} {gl} {bl}
Q1 %1 Z1 Ry
{e} {el} {e} {el}
R R R R

For simplicity we will in the following call the four statements first, second, third,
and fourth decomposition (from left to right).

Apart from a decomposition into eleven subsystems, the first and the second de-
composition can also be read as a decomposition into three subsystems that could
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T
empty modality (down)
T/
noncore (up)
T T/I
destruction (( )) creation interaction (down) noncore (up)
T/ T///
mergingﬂ hard core (up and down) core (up and down)
R R
creation (( )) destruction interaction (up) noncore (down)
R RI/
noncore (down)
RI
empty modality (up)
R

Figure 4: Readings of the decompositions

be called creation, merging and destruction. In the creation subsystem, each rule
increases the size of the structure; in the merging system, each rule does some re-
arranging of substructures, without changing the size of the structures; and in the
destruction system, each rule decreases the size of the structure. Here, the size of
the structure incorporates not only the number of atoms in it, but also the modality-
depth for each atom. In a decomposed derivation, the merging part is in the middle of
the derivation, and (depending on your preferred reading of a derivation) the creation
and destruction are at the top and at the bottom, as shown in the left of Figure [l
In system SNEL the merging part contains the rules s, q|, qT, pl and pT, which coin-
cides with the hard core. In the top-down reading of a derivation, the creation part
contains the rules e], g7, bT, w| and ai|, and the destruction part consists of ef, g/,
bl, wl and aif. In the bottom-up reading, creation and destruction are exchanged.

Note that this kind of decomposition (creation, merging, destruction) is quite typi-
cal for logical systems presented in the calculus of structures, and is not restricted to
system SNEL. It holds, for example, also for systems SBV and SELS [GS01], [Str03b],
for classical logic [BTO01], and for full propositional linear logic [Str02].

The third decomposition allows a separation between hard core and noncore of
the system, such that the up fragment and the down fragment of the noncore are not
merged, as it is the case in the first and second decomposition. More precisely, we can
separate the seven subsystems shown in the middle of Figure @ The fourth decom-
position is even stronger in this respect: it allows a complete separation between core
and noncore, as shown on the right of Figured This kind of decomposition is usually
more difficult to achieve than the decomposition into creation—merging—destruction.
In fact, it is not known whether it holds for full linear logic. Furthermore, the sepa-
ration between non-core up and non-core down has not been achieved in [Str03b] for

T

T/

R/

R
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system SELS. But it is easy to see how the proof in this paper can be adapted to the
case of system SELS presented in [StrO3b]. For classical logic such a decomposition
can be proved by using the cut-elimination result for the sequent calculus LK together
with the results in [Brii06al. But there is no known direct proof in the calculus of
structures.

This decomposition into noncore-up, core, and noncore-down also plays a crucial
rule for the cut elimination argument in [GS09]. Recall that cut elimination means
to get rid of the entire up-fragment. Because of the decomposition, the elimination of
the non-core up-fragment is now trivial. Furthermore, recall that for cut elimination
in the sequent calculus, the most problematic cases are usually the ones where cut
interacts with rules like contraction and weakening, and that in our system these rules
appear as the non-core down rules. In the third decomposition these are below the
actual cut rules (i.e., the core up rules, cf. Propositions 2.6l 2.7l and 2.10) and can
therefore no longer interfere with the cut elimination. This considerably simplifies
our cut elimination argument in [GS09).

However, it is well-known that there is no free lunch. We cannot expect that the
proof of the decomposition theorem is trivial. At least, we have to expect problems
when the non-core rules (which in case of SNEL do all deal with the modalities ! and ?7)
do interact with the rules p| and p{ (which are the only core rules that properly deal
with ! and 7). The good news is that these are the only cases where the proof of the
decomposition theorem becomes problematic.

We will now continue with a very brief sketch of the proof and in the remainder of
this paper we will fill in the details.

Proof of Theorem [31] (Sketch). The third and fourth decomposition are obtained via
the five steps shown in Figure Bl where .#7 = SNEL \ {e|,el} and % = {ail],aiT} U
SNELh. The first and second decomposition are reached as shown in Figure [6l where
3 ={ail,ail,w],wl} USNELh. Some explanation: Step 1 is performed via a rather
simple rule permutation. The rule e| is permuted up in the derivation, and the rule
el is permuted down via the dual procedure. The concept of permuting rules in the
calculus of structures is explained in more detail in Section @ Step 2 is the most
critical one. In some sense it can also be considered as a simple rule permutation.
However, contrary to Step 1, it is not obvious at all that Step 2 does terminate: while
permuting gT, bT, and w7l up, new instances of g|, b], and w] are introduced, and
vice versa. For showing termination, we introduce in Section Bl the concept of !-?-flow-
graph. Steps 3, 4 and 5 are again rather simple rule permutations and are detailed
out in Section M as well. Steps 6 and 8 are essentially the same as Steps 1-3 and 5 with
the only difference that the rules wl and w| do not need attention. Steps 7 and 9 are
only slight variations of each other and are not more complicated than Step 4. They
are also done in Section @l One last remark: Treating the rules g7, b7, w{ together in
Step 2 and separating them afterwards in Step 3 has been done on purpose. Treating
them separately from the very beginning would not give termination in the general
case. ]

Remark 3.2. None of the four decompositions relies on the presence of mix nor
nullary mix. All decompositions presented here work equally well for MELL, as pre-
sented in [Str03b], where the units 1 and L are not equivalent to each other. However,
in [Str03b] only our second decomposition is given.
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T

fel} |
T Wh

fel} fel,blwi} |
T Wi Wy
SNELH N 5ﬁ|| 2, 5@}
R Z1 Zy

e} felblwl} |

R VAl

fel} |

R

T
{el} |
Wi
el
Wa
{1} |
W3
{w} |
Wy

% |
Zy
{wl} |
Z3

{1} |
Z3

el
VA
e} |
R
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T
{el} |
W1
{1} |
Wa
{1} |
W3
i} |
Wy
ail} |
Ws
SNELhH
Zs
{ait} |
Zy
fwi} |
Z3
o} |
Z
el |
Z1
e} |
R

4

—

T
el |
T
{b1} |
T
i} |
T5
fel} |
Ty
ail} |
Ts
SNELhH
Rs
ait} |
Ry
e} |
R3
i} |
Ro
{b1} |
R1
el
R

5

—

Figure 5: Obtaining the third and fourth decomposition

Remark 3.3. The proof of the decomposition theorems works equally well for the
logic which does not have the logical equivalences !R = !R and ?7R = 7R. One just
has to remove the rules g| and g from the system. This does not become clear in the
proof of the decomposition theorem given for MELL in [Str03b]. As a matter of fact,
the structure of the modalities (e.g., the fact that there are 7 idempotent modalities

in MELL or NEL) does not influence decomposition.

4 Permutation of Rules

The basic idea of permuting rules is to change the order of two consecutive rule
instances in a derivation without changing the essence of the derivation.

Definition 4.1. A rule m permutes over a rule p (or p permutes under ) if

. p
for every derivation
T

for some structure V.

Q
U
P

there is a derivation

™
%

Q

’p

For obtaining our decompositions, this definition is too strict. We would need, for
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T
fel} |
Py
{1} |
P
{1} |
Ps
@il} |
Py
{wl} |
Ps
SNELh H
Qs
{w} |
Q4
ait} |
Qs
{1} |
Q2
el |
Q1
e} |
R

fel}|
Py
a1} |
Py
{1} |
Ps
7|
Qs
{1} |
Q2
fel} |
@
fel}|

SNEL H 8,

T
el
Ui
o1} |
Uz
fel}|
Us
q
V3
et} |
Va
{1}
\%1
et} |
R

T
el |
U
{b1} |
Us
{el} |
Us
i} |
Uy
ail} |
Us
SNELh H
Vs
ait} |
Vi
i} |
V3
{el} |
Vo
{b1} |
Vi
el
R

Figure 6: Obtaining the first and second decomposition

example, that the rule e| permutes over all other rules in the system, which is not
the case. We give a weaker concept:

Definition 4.2. A rule m permutes over a rule p by a system ., if

Q

7'[' —_

Q V

P : — P

for every derivation U there is a derivation w
7T JR—

P 7|

P

for some structures V and W. Dually, p permutes under m by ., if
p 9

for every derivation U there is a derivation 1974
T —
P

for some structures V and W.
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local confluence permutability of rules
. .
N 7
have: o ° °
BN

.y°\1. .7.\1[/) Or ./ .
y{.py R e R. s

want:

< is the full system . is as small and restricted as possible

Figure 7: The analysis of critical pairs for local confluence and the permutability of
rules

Additionally, we will use the following terminology borrowed from term rewriting.
In a rule instance
S{w}
Psizy

we call Z the redex and W the contractum of the rule’s instance. If we have Z = W,
then the rule instance is called t¢rivial. (This can happen because of the equational
theory and the involvement of the unit o.) In the following we will assume, without
loss of generality, that the trivial rule instances are removed from all derivations.

When reading this section, the reader might notice some similarity to the analysis
of critical pairs for local confluence in term rewriting. In fact, the basic idea is the
same but the conceptual goal is different, as it is shown in Figure [7

The proofs of the following lemmas about rule permutations are done by routine
case analysis and similar to the permutation lemmas in [Str03b]. But we have given
them here in full because due to the collapse of the units 1 = o = L the situation is
a bit more complicated than in the case of MELL. However, the reader is invited to
skip these proofs in the first reading.

Lemma 4.3. The rule e| permutes over the rules eT, ail, ail, s, ql, qT, pl, pT, wT,
and g| by the system {s,ql,ql}.

In the case analysis in the proof most cases are trivial and some cases are nontrivial.
For the sake of completeness, this time we explain the case analysis in detail, and for
similar lemmas that come later, we show only the nontrivial cases.

|

™
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of Lemmal[4.3 Consider
S{w}
| 51z}
el
S{Z'}

where p € {ef,ail,ail,s,ql,qT,pl,pT,wl,gl} = SNEL\ {e|,w],b|,bT,gT}. We have
to check all possibilities where the contractum o of e| can appear inside S{Z}. We

start with the two trivial cases:

)

(i) The contractum o of e] is inside the context S{ }. That means that Z' = Z,
and we can replace

S{W) LY
Psizy = S sy
5 Pz

(ii) The contractum o of e| appears inside Z, but only inside a substructure of Z
that is not affected by the rule p. Instead of getting too formal, we show an

example:
S([R{c}=U]®T) S([R{c}»U]®T)
*SI(R{o}oT)»U] — S(R{le}®U|eT)
SRt e ) U S[(R{io} e T) = U]

The cases where the o appears inside U or T are similar. The same situation
can occur with the rules ql, qT, pl, pT, and gJ.

The next case is in fact a subcase of (), but for didactic reasons we list it separately.

(iii) The contractum o of e| is the redex of p (which is one of e, aif, wT). Then we

have
_ S(a®a)
EICL) . Slle®a)z o]
el S{o} - it Sl(a®a) o]
S{lo) ~S[owlol

B S{lo}

Finally, we come to the case which is nontrivial. It is the one where we need the
system {s,ql,qT}.

(iv) The contractum o of e| actively interferes with the rule p. This can happen
because of the equational theory for o.

(a) Let p = ai] and consider the two derivations:

S{c} . S{o}

_ail Slazal | _a'l Slazal
[ Slwsoyzal ™ T S[la<o)5a)
® Sl(aelo) = * S[a<lo) 7l
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They can be replaced by

50} S{o}
_S(o®o) _S<o<10>
eli e| —

S(o®lo) and il S{o <lo)
S([a=a] ®lo) . S{la=a] <lo)
Sl(a®lo) = al S[{a <o) al

respectively. Here we used the rules s and q] to move the redex !o of e| out
of the way of the rule ai| such that the situation could be handled similarly
to case (i). A similar situation can occur with the rules s, p|, and q]. We
will not show all possibilities here, but it should be clear that they all work
because of the same principle. We content ourselves of presenting only the
most complicated case (where p = ql):

_ S{{R<R)5U
SU[(R<R)=U] <

Q[T <T) = V)
<[(T<T)=V])®o)

S<[<R<R/>,@U]<[I<T<T/>@V]> el S((R<R)=U| < [(T<T) = V])® o)

__ S[(RAR AT T) 3 {U V)] S (SRR ST AT 5 (U V)] @ o)
S[<R<(<R/<]T>®O)<1T/>>§?<U<1v>] S[(<R<]R/<]T<]T/>®|o) <U<]V>]
S(R<((R'aT)®lo) T % (U <V)] S[(R (RM<T <T")y®lo)) ® (U <V)]
N S(R=(R<T)ek) aT") = (U V)

Here, two instances of q and one instance of s are needed to move the lo
out of the way of q.

(b) Let p = p? and consider the two derivations

S(?(Re Rl (T®T") S(?(ReRHYe(T®T")

- S{N(ReReTel)} 4  S{NReReTel)}

T SP(Re[(ReT)solaT)) T S{(2(Re (R eT)<a0) T}
S S (Re (ReT)wlo]eT)) S{(?(Re (R eT)<lo)aT)}
which can be replaced by:

 S((ReR)elT'eT") _ S(N(ReR)e|I'eT"))

S((Re®[R'®o])e(TeT)) S((Re (R <o))e(TeT))

SO(Re [R =) e (TeT)) and SC(R®(R <lo))e!(TeT))

S{?(Re [R'#»lo]®TeT)}
*S{(Re (R eT)sl]eT’)}

)&
S{?(R® (R <lo)yeTeoT)}
S{t(Re{(ReT)<lo)oT")}

Here the !o has not been moved to the outside but to the inside, such that
the permutation could be handled as in case () above. A similar situation
can occur with the rules p = s,ql,qT. Again, we do not show all possibilities.
But the reader should be able to convince himself that it is always possible
to move the lo out of the way of pﬁ O

3A complete list of all possible cases can be found in [Str03a].
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For completing Step 1 of the proof of Theorem B.1] it is also necessary to permute
e| over the rules w], b|, bT, and g, which have been left out in Lemma [£.3l The

nontrivial cases are as follows:

e for w]:
S{o}
w| ——— S{o}
S{?R{o}} wl———— (1)
L S Ro]) S{?R{lo}}
e for b|:
o) SPRL) = Rio}] o| o) LRI} Rio}]
N w ’bl S[?7R{!o} ® R{lo}] (2)
S{?R{lo}} S{?R{lo}}
e for bl:
S{IR{o}}
g LU, ' SURLy
S(IR{o} ® R{o}) b1 (3)
. S(IR{lo} ® R{lo})
S('R{'O}@R{O}) S('R{'O}®R{O})
e for gT:
gl som) NI
oo &SRy
IS U el SRy (4)
S{!(lo®!R)} S{(lo®R)}

Note that these cases do not follow the statement of Definitions [4.1] or [£.2] which is
the reason why they have been left out in Lemma 43l But together with that lemma,
they are sufficient to show by an easy inductive argument that in any SNEL derivation
all instances of e| can be permuted to the top, and dually, all instances of e can be
permuted to the bottom. This completes Step 1 in the proof of Theorem B.1

The attentive reader might complain that the permutation of rules is a tedious
business. However, the important point here is not the way it is done, but the fact
that it can be done. No other deductive formalism allows such a freedom in moving
around inference rules in a derivation. That this freedom has its price should not be
surprising.

The reader familiar with category theory might have noted that the trivial per-
mutation cases are consequences of the bifunctoriality of the connectives and the
naturality of the inference rules. However, for treating the nontrivial permutation in
a category theoretical setting, we would need more axioms. The work in [BPS09] can
be seen as a first step in that direction.

Lemma 4.4. The rules w| and ai| permute over the rules el, ail, aif, s, ql, qT, pl,
pl, wl, and g| by the system {s,ql,qT}.
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Proof. The contractum of w| and ai| is the same as of e|, namely o. Hence, this
proof is the same as the one for Lemma [£.3] O

Clearly, this lemma is more than enough to show that in a derivation in the system
{ail,aiT} USNELh = {ail,aiT,s,ql,qT,pl,pl} all instances of ai] can be permuted to
the top, and dually, all aiT can be permuted to the bottom. This completes Step 4 in
the proof of Theorem Bl Similarly, Lemma .4l is used to complete Steps 7 and 9.
Note that for Step 7, we additionally need to permute ai] over w], for which the only
nontrivial case is similar to (I).

We will now continue with Step 3, for which the following lemma (and its dual) is
sufficient.

T
{1}
T |4
Lemma 4.5. For every derivation {g],b],wT} H there is a derivation {b1}
R U
fwi}
R

Proof. This is again a simple rule permutation. First, all instances of g are permuted
up to the top. The trivial cases are as in Lemma (4.3l The only nontrivial cases are
the following:

o S{!R}
S{!R} b1 SR
bl ———— S('R®!R)
S(IR®R) — bl (5)
gl ——— S(R®!R® R)
S(MR® R) w
~ S(R®o® R)
S("R® R)
: S{IR{!T}}
S{IR{IT}}
1 SURUTY) TSUR{WT}@J%HT»
S(IR{!IT}y® R{!IT}) — b} (6)

S(IR{'T} ® RNT ®T))
" TS(R{ITY o R(o® IT))
 S(IR{I'T} ® R{IT})

& S(R{IT} ® R(TY})

Finally, all w] are permuted under the b, where

S{IR{IT)} S{IR{IT)}
. SR ~ U SOrRpTY 8 ROTD (7)
' SUR{ey e R{o)) TS (R ey o R{o))

is the only nontrivial case. O
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Remark 4.6. Note that the decomposition of Lemma, does not allow much vari-
ation. We can neither permute bl over g, nor can we permute wl over bT, as the
following examples show:

la la
gl .
g

bT
and (la®a)
TR w
(Na® la) a

Lemma 4.7. The rules gT, bT, and wT can be permuted over e].

Proof. The only nontrivial cases are the following.

o for gl:
, 56 56
S{lo} — S{lo}
) ° Sy
e for bT:
S5{o} 5{o}
oL 5oy S ey
b ——— L
S(lo®o) S(lo®o)
e for wi:
, 56
S~ s

S5{c}

In all of them the instance of g7, b, and wT, which is permuted up disappears. The
trivial cases are as in case (i) of Lemma 3l Case (ii) in the proof of that lemma
cannot occur here. O

This completes Step 5. For completing Steps 6 and 8, note that they are almost
identical to Steps 1 to 3 and 5, with the only difference that the rules wi and w] are
omitted.

After this tour de force of simple rule permutations, the proof of Theorem Bl is
completed, except for Step 2. At first sight one might expect that this can also be
done by simple rule permutations. So, let us attempt to permute all g, b, and w7
up to the top of a derivation.

4.8. Permuting g1, b7, w] up: Consider a derivation

S{W}
s(2)

P

p
m

where p € SNEL\{gT,bT,wT,e|,el} and = € {g],bT,wT}. The trivial cases () and (i)
are as in the proof of Lemma [£3] Then there is another (almost) trivial case which
does not correspond to a case in the proof of Lemma [£3]
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(iii) The redex Z of p is inside the contractum of 7, i.e., we have one of the following
three situations

S{IR{W}} S{IR{W}} S{!R{W}}
Cstrzy "SRz * SUR{ZY)
&SRz S(IR{Z} ® R{Z}) "I 510y

which can be replaced by

1 SUROVY) S{R{W}}
sgrgvy U sirgnyerr)  wiZEE
PStr{zyy " TS(R{ZY = R{ZY)

respectively.

The next case corresponds to case (] in the proof of Lemma 3]

(iv) The contractum !R of 7 actively interferes with the redex Z of p. This can only
happen with p € {w],b],pl}. If p is w] or b|, then the situation is similar to
() and @) above. If p = p], then we have one of

S{I[R=T)) S{I[R=T]} S{I[R=T]}
S[IR = 7T] PSR = 1T PSR = 7T
8l SiiRe T S[(IReR) = 7] " Stow 7T

which can be replaced by (respectively):

S{[R%T]} o SUE=T)
g W S([R®T]® [R*T]) S{I[R=T]}
o) SUE=T]} lS(['R@?T]@[R?T]) TS
SURLR =TT} S[(['R??T]@R)?T] " S[owo]
g SUR= T > S[(IReR) = T = T] M Slow T
SWR=T] o SR Ry e T

This means that there is indeed no objection against permuting all instances of
gT, b7, and wT up to the top of a derivation, and then (by duality) permute all g|,
bl, and w| down to the bottom. However, the problem is that while permuting g7,
bT, w] up, we introduce, in case (v]), new instances of g|, b|, w], and dually, while
permuting g, b|, w| down, we introduce new instances of g, bT, w{. This means
that this permuting up and down could run forever. At least, it is not obvious that
it terminates eventually, as it is the case with Steps 1, 4, 7 and 9 in the proof of
Theorem 311

Please note that there is no obvious induction measure related to the size of the
derivation that could be used for showing termination. The up and down permutation
of wl and w| alone is unproblematic because at each critical case the disturbing
instance of p| or pl is destroyed (but for convenience we will deal with all six rules
gT, b7, wl and g/, b], w| together). The up and down permutation of g7, b1 and
gl, bl is very problematic, however. The rules g] and g| cause a duplication of the
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disturbing instance of promotion, and the permutation of bT and b] causes an even
worse increase in the size of the derivation. In fact, the p in the middle derivation in
() could be an instance of a promotion that is disturbing for another g1 or bf.

Clearly, a different technology is needed here, and will be introduced in the next
sections.

5 Order Theoretic Preliminaries

Let (A, <) be a partial order. If a,b € A and a < b and a # b, then we write a < b.
Recall that the order (A, <) is well-founded iff there is no infinite strictly descending
chain ag > a1 > ag > - --. Let now A# denote the free commutative monoid generated
by A, i.e., the set N4 of all functions from A to the set N = {0,1,2,...} of natural
numbers, that have value 0 almost everywhere. Equivalently, we can define A% by
taking the set A* of all finite words over A, and disregarding the order of the letters
inside a word u € A*. We can write an element u € A% as a formal sum

U = Z UgQ (9)

where a € A and u, € N such that u, > 0 for only finitely many a. If u, > 0, then
we say that a occurs in u. When we think of u as a finite word over A, then u, is
the number of occurrences of the letter a in w, which is the only information that
matters when we live in the free commutative monoid. The monoid operation of two
elements u,v € A% is defined as their sum in the obvious way:

utv = Zuaa + Zvaa = Z(uaJrva)a

acA acA a€A

For simplicity, we can see A as a subset of A# by identifying a € A with 1la € A%,
For v,u € A# we write v < u if there are w, z € A# and a € A, such that u = w + a,
and v = w+ z and b < a for all b occurring in z. We define < to be the reflexive,
transitive closure of <.

Theorem 5.1. If (A, <) is a well-founded order, then (A%, <) is a well-founded
order.

This theorem is well-known, see, e.g., [Reu89, Théoreme 2.6] for a variation of it.
The proof is a direct application of Konig’s lemma [Ko6n50, Satz 6.6]. Sometimes
(A7, <) is called the multiset ordering of (A, <).

In this paper we will use Theorem .1l for the set A = w x (w + 1) X w, equipped
with the lexicographic ordering, where w = {0,1,2,...} and w+1 = wU{w} are both
equipped with the natural ordering.

6 !-?-Flow-Graphs

Definition 6.1. For instances of the rules g, gT, bl, bT, w], wl, and pJ, pT we
define their principal structure as indicated below with a gray background:

S{77T} S[?T % T| | S{o}

smm 0 s 0 Msmm
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| S{R) s{1T)
W P S’{L!R} PsiTy
. S{Ir{W}} S{IT{wi}
0 P SUR(ZY) sy
S{IR} S[IT % T]
(i) "I StRe R *L sy
| s(R) s(m)
(iv) 8l SRy 8l STy
6 b SHVAEH b SFULT) = UL
S(WV{IR} ® V{IR}) S{rU{rT}}
o SUULRY 5 U{IRY] b SUVETH
Vi) b e TRy S(V{IT} o V{T})
) S{U[R=T]) S(To1R)
M P Ry "I sp@e r)

Figure 8: Edges in the !-?-flow-graph

S{IR) ., SR S{IR)
esumry 0 "strery 0 “'spp
S{[R=T]) S(T o 'R)
SIR=?1] = P spTer)

Le., if p € {gl,b],wl}, then its principal structure is the redex ?T of p. If p €
{g1,bT,wT}, then its principal structure is the contractum !R of p. If p = p|, then its
principal structure is the !-substructure of its redex, and if p = pT, then its principal
structure is the 7-substructure of its contractum.

The basic idea of the !-?7-flow-graph of a derivation is to mark the “path” that is
taken by the principal structures of instances of gT, g|, bT, b, w{, w] while they are
traveling up and down in the derivation. Formally, the !-?-flow-graph is defined as
follows:

Definition 6.2. Let A be a derivation in SNEL. The /-?-flow-graph of A is a directed
graph, denoted by G72(A), whose vertices are the occurrences of I- and ?-substructures
appearing in A. Two such substructures are connected via an edge in Gy7(A) if they
appear inside the premise and the conclusion of an inference rule according to the
prescriptions in Figure 8
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The idea of the -?-flow-graph was implicitly already present in [StrO3b], but its
role in the proof of the decomposition theorem has not been shown explicitly.

When visualizing the !-7-flow-graph of a derivation, we draw it inside the derivation,
as indicated in Figure 8 and as shown in the example below:

Mja a]
pl m
b] A
b g Ty ) (10)
Pl e a)
d j??"(‘!a ®a)

The first two cases in Figure 8 are straightforward: The rule p either modifies
the context of |R or 7T, or p works inside !R or 7T, without touching the modality.
Cases (iii) and (iv) take care of the modalities that are actively involved in the redex
and contractum of the absorption and digging rules. Cases (v) and (vi) involve a
duplication of a modality structure due to absorption, which causes a branching in
the !-7-flow-graph. The most interesting case is (vii). It takes care of the situation
in case (iv)) in @8 Note that in Figure § the cases (vi) and (vii) are the only ones
where we have a “forking” in the graph. In cases (iv) and (v) the situation is better
described as “merging”, and in all other cases the situation is purely “linear”.

For two vertices U and V of G\7(A), we write U x V if there is an edge from U to
V in Gi2(A). We use /Z\v to denote the transitive closure of &v, and v to denote the
reflexive transitive closure of 2. We use the standard notions of paths and cycles in
directed graphs:

Definition 6.3. A path in the I-7-flow-graph of a derivation A is a sequence of vertices
Vo, Vi,..., Vy, such that V;_1 R V; for each i € {1,...,n}. A cycle is a path such that
the first vertex and the last vertex are identical. The |-?-flow-graph of a derivation
is acyclic, if it does not contain any cycle, i.e., there is no vertex V with V Q}v V. A
path p is called cyclic, if there is a vertex which occurs more than once in p.

Clearly, every cycle is a cyclic path, and the !-?-flow-graph of a derivation is acyclic,
if and only if it contains no cyclic path. To come back to our example in (I0]), consider
the following four excerpts from its !-7?-flow-graph:

"Ma® a] "la® a] "Ma® al "[!a’® a]
Na®! ?a®) [?a ]
b ——— b — b — (11)
(17la ® a) (17la ® ?a) (Nae?la)
P ?(Na® la) P ?(2a®la) P ?(i&@,@).‘a)
pT Py e

72(la ® a) Pl %% e a) Pl aea) Pl (ld e a)

The first example shows a path, where the first and the last vertex in the path are
marked with a gray background. The subgraph indicated in the second example is not
a path (direction matters). The third example shows a cycle, and the last example a
cyclic path (again, first and last vertex are marked). In particular, the !-?-flow-graph
in (I0) is not acyclic.
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Definition 6.4. A vertex V in Gi2(A) is called a !-vertez if it is a !-structure, and
?-vertex if it is a 7-structure. Note that an edge from a !-vertex to a !-vertex always
goes upwards in a derivation. Hence, we call a path that contains only !-vertices an
up-path. Similarly, a path with only ?-vertices is called a down-path. Edges from
l-vertices to 7-vertices or from 7-vertices to !-vertices are called flipping edges. The
number of flipping edges in a path p is called the flipping number of p, denoted
by fl(p).

For example, the path indicated in the leftmost derivation in (1) has flipping
number 2, and the two paths in the second derivation in (II) have both flipping
number 0.

Definition 6.5. Let A be a derivation. A vertex V in Gj2(A) is called a p-vertez if
it is the principal structure of a p| or pJ. The vertex V is called a b-vertez if it is
the principal structure of a b| or bT.

7 The Induction Measure

Definition 7.1. The p-number of a path p in Gy7(A), denoted by p(p), is the number
of p-vertices occurring in p. If p is cyclic, the vertices with multiple occurrences in p
are counted as many times as they occur in p.

For example, the path p indicated in the leftmost example in (1), we have p(p) = 2.
The rightmost one has p(p) = 3 if the path passes through the cycle once, and
p(p) = 5 if the path passes through the cycle twice, and so on. Note that we do not
have p(p) = fl(p) in general. But we have always p(p) > fl(p).

Definition 7.2. Let A be a derivation and let V' be a vertex in G2(A). Then the
p-number of V in A, denoted by p(V'), is defined as follows:

p(V) =sup{p(p) | p is a path starting in V'} . (12)

For a rule instance p in A of the kind g, b], w|, or gT, b1, w, we define its p-number,
denoted by pa(p) to be the p-number of its principal structure.

In other words, for determining p(V'), we take the maximum of all p(p), where p
ranges over all paths that have V' as starting vertex. If one of these paths is cyclic,
then p(V) = w.

For example, consider again the derivation in (I0]). Below we show it again twice
where in each derivation one vertex of the !-7-flow-graph is marked. Let us denote
them by Vi and Vs, respectively.

Mla a]

|

[[?!a® la]
bl ?Na

" (PasTa)

PT 7(?a®la)
RANMEE

??(la® a)

7?7(la® a)

On the left, we have shown all paths starting in V. There are only two of them, one
has p-number 1 and the other has p-number 0. Hence p(V;) = 1. On the right we
have shown all paths starting in V5. Because of the cycle, we have p(V3) = w.



A System of Interaction and Structure IV: The Exponentials and Decomposition 29

Definition 7.3. Let A be a derivation. A look-back tree t in Gi2(A) is a subgraph
which is a directed tree such that the edges are directed towards the root, and such
that every path from a leaf to the root in ¢ contains at most one flipping edge, and
such that every branching vertex of ¢, i.e., every vertex with two incoming edges is
the principal structure of an instance of g| or gT. The b-number of a look-back tree
t, denoted by b(t), is the number of b-vertices occurring in .

Note that because of the restriction of the flipping number of paths in ¢ to 1, a
look-back tree cannot be cyclic.

Consider for example the following derivations in which we exhibited subgraphs of
the |-7-flow-graph.

[a® 7b9b) e (7770 77a]
?4‘[[ ST pl_g% 8 0w tal
. [la = 778] ;tae(ortcl) gbll (a7 a] (14)

gl A [( ‘éa@}b) ? ?c]
aw b Pl ——— ; ?a
b1 (awa) =) [?(a®b) % ?c] gl i—’\?a

On the left we have a look-back tree, and its b-number is two. Its root and the two
b-vertices are marked with a gray background. The second example in (I4)) is not a
look-back tree because of the two flippings in the path. The third example is not a
look-back because there is a branching vertex (marked with gray background) that
is not the principal structure of an instance of g| or gT.

Definition 7.4. Let A be a derivation and let V' be a vertex in Gj2(A). We define
the b-number of V', denoted by b(V), as follows:

b(V) = sup{b(t) | t is a look-back tree with root V'} . (15)

Note that for the p-number of a vertex, we look forward in the graph, and for the
b-number we look backwards. Furthermore, for the b-number we consider only paths
with flipping number 0 or 1, and we allow branchings as in case (iv) of Figure [ but
never as in cases (v), (vi), and (vii) of that Figure.

To see some example, consider again the rightmost derivation in (I4]). Let us denote
the ?a-occurrence in the conclusion by V3. The first two derivations below in (I6])
show two look-back tree with V3 as root. The third derivation shows a look-back tree
of the '[la® a]-vertex in the premise of the derivation in (I0). Let us denote that
vertex by Vj.

27702 77a] [222a7® 77a] pl M

gl —5—— gl ——3 [?la 7 a)
 [aw2a) 7 [Pas i) bl =
&5 3 X
bl [.?a:’? al bl [??ij al bTm (16)
gl i gl—La Pl a e ta) ?(?a®!la)
?a ?a pT ————
?7(la ® a)

We have b(V3) = 1. The first look-back tree has b-number 1 and the second one
has b-number 0. We have b(V}) = 2 because both instances, bl and b| have their
principal structure as vertex in the indicated look-back tree.
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Definition 7.5. Let A be a derivation and ?7Z{!R} a structure occurring in A. Then
we say that the ?-vertex ?Z{!R} is in the onion ©(!R) of the !-vertex !R. Dually, we
define the onion of a ?-vertex 77", denoted by ©(?T), to be the set of all !-vertices
that have this occurrence of 77T as substructure. For every rule instance p in A of the
kind g, b|, w|, or g, b, w, we define its onion ©a(p) in A to be the onion of its
principal structure. The onion b-number of p in A, denoted by b@a(p), is the sum
of the b-numbers of the vertices in its onion, i.e.,

boa(p) = 3. b(V)

Veoalp)

For example, consider the bottommost occurrence of la in the derivation in (I0]). It
is marked in the leftmost derivation in (III). Its onion consists of the two ?-structures
in the conclusion of the derivation. Both have b-number 1. Hence, the onion b-number
of that la is 2.

Finally, we define the status of a rule instance to be either 0 or 1, such that it is 1 if
the rule is of the kind g|, b], w|, or g7, bT, wT, and not yet at its final destination at
the top or the bottom of the derivation. The status is 0 if the rule does not play any
further role in the up-down-permutation. The motivation of this is that Step 2 of our
decomposition process (see Figure [)) is completed if and only if all rules instances in
the derivation have status 0. Formally, the status is defined as follows.

Definition 7.6. Let SNEL’ = SNEL \ {e|,el}, let A be a derivation in SNEL’, and
let p be a rule instance inside A. Then p splits A into two parts:

Q
SNEL’ | Ay
S{w}
S{Z}
SNEL’ | A,

P

p

The status of p in A, denoted by sta(p) is 1 if we have one of the following two cases:

e pc{gl,bl,wl} and A; contains an instance of a rule in SNEL"\ {g7,bT,wT},
or

e pc{gl,bl,w]} and As contains an instance of a rule in SNEL"\ {g|,b|,w]}.
Otherwise sta(p) = 0.

The reason for using SNEL’ is that the rules e] and el are not considered in Step 2
of Figure Bl However, all statements in this section about SNEL are also valid for
SNEL.

Now we are using the status, the p-number, and the onion b-number of a rule
instance to define its rank.

Definition 7.7. For a rule instance p of the kind g|, b|, w| or g, bT, w] inside a
derivation A, we define its rank rka(p) € w x (w+ 1) x w to be the triple

rka(p) = (sta(p), pa(p), boa(p))
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For the whole of A, we define the rank rk(A) € (w x (w+ 1) x w)* to be the formal
sum of the ranks of its occurrences of g|,b],w]|,gT,bT,wT, i.e.,

k(A) = 3 ka(p)
p in A and p is one of
gl,bl,wl,gl,bT,wT

We define the down-rank of A, denoted by rkl(A) by considering only the down-rules
gl,bl,w] in the formal sum:

rkH(A) = > rka(p)

p in A and p is one of g|,b|,w]|

Similarly, the up-rank rkT(A) takes only the up-rules gT,bT,wT into account:

Al (A) = ) ka ()

p in A and p is one of gf,bT,wl

It follows immediately from the definition that rk(A) = rk!'(A) + rk'(A). For
example, in (I0), we have that the rank of the b| instance is (1,w, 1) and the rank of
the b1 instance is (1,0,0). Hence, the rank of the whole derivation is the formal sum
(1,w,1) + (1,0,0).

8 Permutations Again

After what has been said in Section [ it should be clear what is coming now. Namely,
we will use the rank of the derivation as induction measure to show that the permu-
tation process for achieving Step 2, as indicated at the end of Section [4], does indeed
terminate. For this, let us inspect what happens to the rank of a derivation during
the permutation process. Consider again the cases in [£.8. We begin with the trivial
cases (cf. the proof of Lemma [1.3)).

8.1. Permuting gT, bT, wl up: Let a derivation A be given. As in [48] Consider a
subderivation
S{W}
"sizy (17)
.
P

where p € SNEL’ \ {gT,bT,wl} and 7 € {g],b],wT}. In the following case analysis
we replace (as done in Section () in A the subderivation in (I7)) by a new subderiva-
tion with the same premise and conclusion. We use A’ to denote the result of this
replacement.

(i) The contractum !R of 7 is inside the context S{ }. Here is an example with
m=gland p=s:

SUBH(P=U] 9 T)} " SUBRH([P=U] e T)}
S{IEf((PeT)»U)} - ~ S{IRH{([P=U]eT)}

gl S{IRH[(PeT)» U]} SS’{HR}{[(P@T)?U]}
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Here, we used S’{ }{ } to denote a context with two independent holes, and
we used bold light lines to indicate bunches of parallel paths going through the
derivation. Clearly, in this case, neither pa(7) nor b@a(7) change their value
(but sta(m) could go down). The important fact to observe is that the rank
of all other rules in A remains unchanged in A’. Hence, rk! (A’) < rk(A) and
rkb(AY) = rkh(A).

(ii) The contractum !R of 7 appears inside the redex Z of p, but only inside a
substructure of Z that is not affected by p. Again, we exhibit an example with
m=gland p=s:

S(IP{R} = U] @ T) S(IP{R} 2 U] @ T)
SI(PRYe D) U] — ° S(P{iR}=U]=T)
el S PR e 1) 5 ] *S|(P{IRY e T) = U]

As in the previous case, the values of pa(7) and b@a () are not affected. This
is trivial for p € {s,ql,qT}, and we leave it as an instructive exercise to the
reader to verify it also for p = p|. For p = p7, the value of pa(7) remains
unchanged, but b@a(7) could go down. As in the previous case, sta(m) could
go down, and the rank of all other rules in A remains unchanged in A’. Hence,
rk! (A7) < rk'(A) and rkH(A)) = rkt(A).

(iii) The redex Z of p is inside the contractum !R of .
(a) If m = w7, then
S{IR{W}}
’; SUR{ZYY  —  wi
W _—
§'{e}
We have rk(A’) < rk(A) because p is removed.
(b) If 7 = g7, then

S'{IR{W}}
S'{o}

pS'{iR{W}} . S'{LR{W}}
SUR(ZYy - S SRy
& S iR(ZY) P S iR{ZY)

Note that the onion of p is changed (if p is an instance of w|, b], or g|).
But the b-number of the !-vertex in the premise of the derivations above is
the same as the sum of the b-numbers of the two !-vertices in the conclusion.
Hence, the onion b-number of p does not change. Therefore rk(A’) < rk(A).

(c¢) If m = bT, then the situation is not entirely trivial, because p gets duplicated:

S'QUR{W}}

S'(!R{Z} ® R{Z}) Tkt

S'(\R{Z} ® R{Z})

We distinguish the following cases:
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(1) If p does not involve any modalities, i.e., p € {ail,ail,s,ql,ql}, then
situation is similar to cases (i) and (ii) above. No rule changes its rank,
except that we could have that the status of the bT goes down. Hence,
we have rk!(A’) < rkT(A) and rkt(A7) = rk'(A).

(2) If p = pl, then

, S'{/RLLP ®T)}}
Pl Ss{{;];{{g :g]}}} o) TORIF =T} o R (P11
— p y
N SRIP s e ROPSIT])  pl (E(\[P=T]} @ R(P=1T])

S'(IR[!/P®?T] ® R[IP % ?T)])

As before, pa(m) and boa(7) do not change. However, the p-number,

as well as the onion b-number of other rules might go down because

some paths disappear. Hence, rk! (A’) < rk!(A) and rk}(A’) < rkt(A).
(3) If p = p7, then

, SUR(T 01P))
S'{IR(IT 21P)) b —
P SUR{X(T = P)}) L o SYRGT ®[P)e R(JT!P))

bT <

(1 ?
SURUT e P} e BT T o o iiuLe Do BT e P))
S'(IR{?(T ® P)} ® R{?(T ® P)})
Again, neither pa(m) nor b@a(m) can change (but sta(m) could go
down). No other rule in A changes its rank. Although the p{-instance
is duplicated, no path changes its p-number or its b-number. Hence,
rkT (A7) < rkT(A) and rkH(A)) = rk!(A).
(4) Finally, we have to consider the case where p € {g|,b],w|}. We show
only the case for p = g|:

, SHLR(IT))

bT

S'(\R{11T} ® R{IT})
S'(R{?T} ® R{?T})

Again, neither pa(m) nor b@a(m) can change (but sta(m) could go
down). Hence, rk!(A’) < rk!(A). However, the number of g| in-
stances in the derivation is increased. But both new instances of g]
have strictly smaller rank in A’ than the original g| in A, because their
onion b-number is reduced by 1. Hence, rkt(A’) < rk}(A). The same
holds for p = b| and p = w|. Note that for this, it is crucial that the
look-back tree of a vertex in the onion (that is used for computing the
onion b-number) is acyclic.

(,rR{m ® R{7T})

(iv) The crucial case is where the contractum !R of 7 actively interferes with the
redex Z of p. There are four subcases:

(a) For p = w], the situation is dual to case (iii.a). We show only the case

™ = gT: S{ }
SUZURD = sty
S{?Z{lIrR}}
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We have rk!(A’) < rk!(A) because 7 disappears, and rk'(A") < rkb(A)
because the status of the w] could go down.

(b) For p = g|, the situation is dual to case (iii.b). We again show only the
case T = gl:

g S22 . SQIZURY
{?Z{|Rr}} S{11Z{!\Rr}}
& S Z{IRY) & S Z{IRY

We have rk!(A’) < rk!(A) and rk'(A’) < rk'(A) because the status of
both rules could go down, and nothing else changes, for the same reason as
explained in (iii.b).

(¢) For p =b| the permutations are dual to the ones in case (iii.c.4) above.
For m = w7, we have

S[1Z{R} » Z{IR}]

o) SIPZURY ® Z{IR)] Sz (kY = Z{o)]
W SEZCRY W e )]
S{rz{o}} TSz

For m = g7, we have

S[7Z{IR} = Z{|R)]

ol s[?\%{{tfz}gkz;%zR}] 5 SUZUR) 5 Z(1R)]
ToEE : l S[KZJL@%@; Z{IR}]
oY S{?Z{"Rr}}
And for 7 = b7, we have
S[?Z{!R} ® Z{IR})
) S[?\%{\g\z} %iRZﬁ!R}] . S[7Z{{R} s Z(R ® R)]
d ?/
NS (Re )y by ! '\Z—Qﬁfz% g’fgﬁ 8 R)]

In all three cases, the rule 7 is duplicated. But both copies have a smaller
onion b-number in A’. Hence rk!(A’) < rkT(A). As in case (iii.c.4) above,
this crucially relies on the fact that the look-back tree of a vertex is acyclic.
We also have rkt(A’) < rkl(A) because the status of the b could go down,
and nothing else changes.

(d) The most interesting case is when p = p|. We have the following situations:

(1) For m = gT:
S{I[R=T]}
S{UR=T]} * S{I[R=T]}
(MR, ?T] S[R=777]

S[NR® 7T
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A single g7 is replaced by a gl and a g|. We clearly have rkT(A’) <
rk"(A) because the status of the gl-instance could go down. If Gi2(A)
is acyclic, then also its p-number goes down. Note that no other up-rule
changes its rank. We cannot make any statements about rk'(A). But,
observe that if G7(A) is acyclic, then the p-number of the new g| is
strictly smaller than the p-number of the original g]. Hence, if Gi7(A)
is acyclic, then rk(A’) < rk(A). Note that even in the case of acyclicity
of Gi»(A), we do not have rk'(A") < rkt(A).

For m = b1 we have:

S{{[R=T]}
TS(([RX@T] ® [R®T))

i "SR o (R 1)
2R - "5 lR=?T]®R)=T] "
S[('R® R)® T

sl S[(i{% ®R) ?\?\T % T
S[(IR® R) % T

This case is similar to the one for g above, but slightly more compli-
cated. The bT-instance is replaced by a bl and a b]. By this, it can
happen that the onion b-number of other down rules in A is increased.
But note that no up-rule can change its onion b-number. (This is the
reason for allowing one flipping edge in a path in the look-back tree in
Definition [Z.3] instead of forbidding any flipping edge. Note that cases
(iii.c.4) and (iv.c) above would also work without the flipping edges in
the look-back tree.) Since, as before, the status of the b could go down,
we have rk!(A’) < rk'(A). But since the rank of some down-rules can
become bigger, we cannot compare rk(A’) with rk(A). Nonetheless, it
is important to mention that if Gj2(A) is acyclic, then the p-number of
the new b is strictly smaller than the p-number of the original bT.

For m = wl we have:

S{I[R®T]}

SUIR=T]) e
PSR T -4
S[o® 7T] W Sow o]

This case is simpler than the other two because the instance of p| dis-
appears. Hence, we have rk!(A’) < rkl(A) and if G17(A) is acyclic also
rk(A’) < rk(A). But we do not have rk'(A") < rkh(A).

This case analysis is enough to show the following three lemmas.

Lemma 8.2.

Every derivation  SNEL’

P
P {el.b.wi |
A can be transformed into P
Q SNEL'\ {g1. b, wi} |
Q
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Proof. This transformation is obtained by permuting all instances of g7, bT, w7 to the
top of a derivation as described in[81] Termination is ensured by using as measure the
pair (rk!(A),4) in a lexicographic ordering, where § is the number of rule instances
in the derivation above the topmost instance of g1, b, or w{ with status 1. If we
always choose this topmost instance of g7, b, or w| with status 1 for performing the
next permutation step, then this measure always goes down, and by of Theorem [5.1]
this is well-founded. O

Lemma 8.3.

P
P SNEL'\ {gl.bl,wl} |
Every derivation  SNEL' || A can be transformed into Q'
Q fgl.blwl} |
Q
Proof. Dual to the previous lemma. O
Lemma 8.4. If the !-?-flow-graph of a derivation
P
SNEL' || A
Q
s acyclic, then A can be transformed into a derivation A’
Q
{g1,bT,w}
Ql
{ail,aif,s,ql,qaf,pl,pT} : (19)
P/
{gl,bl,wl|}
P
Proof. The derivation A’ is obtained from A by a sequence of transformations:
A=Ag~ A~ Ag~ Az~ oo~ A (20)

where A; 41 is obtained from A; by permuting all instances of g1, bT, wT up to the top
of the derivation if 7 is even, and by permuting all instances of g|, b], w| down to the
bottom of the derivation if ¢ is odd. Each of these single steps is well-defined because
of Lemma and Lemma Now assume 7 is even and ¢ > 2. Then there are no
instances of g1, b, or w] in A;11, and all instances of g|, b|, w] in A;1; have been
introduced by case (iv.d) in BJl Hence, for each p’ of the kind g/, b], w| in A;4q,
there is a p of the kind g7, bT, wl in A;, with sta,(p) = 1 and pa,(p) > pa,., (),
and therefore rka,(p) > rka, ,(p'). Hence rk(A;) > rk(A;41). By a similar argument
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we can conclude that rk(4A;) > rk(A;41) for all odd ¢ with ¢ > 1. By Theorem [5.1] we
can conclude that the process indicated in ([20]) terminates eventually. The resulting
derivation A’ is of the desired shape (I9). O

Note that the argument in the previous proof is necessary because of case (iv.d.2)
in 81 In all other permutation steps the rank does not increase. The paper [Str03b]
contains statements for MELL that are similar to Lemmas B2H84] but the proofs here
are simpler, due to the use of the rank in the measure for ensuring termination.

As the derivation in (I0]) shows, we cannot hope for a lemma saying that G\7(A) is
always acyclic. Nonetheless, the decomposition terminates for (I0), and the result is
shown in Figure @ Since in that figure, the !-?-flow-graph is acyclic, the cycle must
have been broken eventually. For understanding how this is happening, we will now
continue with an investigation in the structure of cycles in the flow-graph, and how
they are broken. Before, we exhibit another example of a derivation with a cycle in
its I-?-flow-graph:

prl')@@@a]®Mc?dD

([ tal o o 1a) o [)o] o 1o Ya)
" (llaz (pelostd e[ laf o [lcntd])

- ([law (Roele) 7 1d] (lag7d) = Ic])
(law?(b®c)=td @[z (a®d)wc])
(Ma®?(b®c)®?d] @ [?b?(a®d) = c])

(21)

®

®
S¥
B

—

gl

This derivation can be used to explain why we have Steps 2 and 3 in the proof of
Theorem [B1] (see Figure [), instead of doing something like

Wy
{et}
Wi Wy
{1} {bT}
W W Wy
snel | 2 sneU felent | 2 SNEL\ {gl, gl bl b}
Z Zy Z3
{el} {bl}
71 Zo
{el}

Z1

Running Step 2’ on the derivation in (21]) does indeed fail because of non-termination.
If we apply all the transformations of [8.1] together with the ones in (B)) and (@) (and
their duals), then the instances of g7 (and g) get caught in the cycle in (2I]), and
the process will run forever. Only if the b7 is permuted up together with the g, the
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bt ke al
bt 74()%’%?a @Q‘\Q’S’a
w91 o ST )
" /}V@V[/a?a] @!llaza) @![(la®a) = al)
(Mlawa]e![lazae!(la®a)?ad K@a ®al)

(Mlawa]®![lawalal[lazall[(la®a)7a] e [(la®a) 7 a])
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Figure 9: Result of applying the decomposition to the derivation in (I0)

process does terminate. The reason is that when the instance of b7 is permuted over
the two p| on the top of the derivation, the cycle is broken, because some edges in
the -?-flow-graph disappear. This shows the importance of case (iii.c.2) in 8] and
motivates the following definition.



A System of Interaction and Structure IV: The Exponentials and Decomposition 39

Definition 8.5. A cycle ¢ in Gi7(A) is called forked if there is an instance of

S{IR} S[PT % T
S(ReR) o sy

inside A such that both copies of R of the redex of the b, or both copies of T" in the
contractum of b| contain vertices of the cycle. We say that such an instance of b7 or
b] forks the cycle c. The number of bT and b| that fork a cycle c is called the forking
number of ¢, denoted by fk(c). A cycle ¢ with fk(c) = 0 is called unforked.

The cycles in (I0) and (21]) are both forked. The one in (I0) has forking number 2
(since both, the b| and the b fork the cycle), and the cycle in (2I]) has forking
number 1. Let us now state the key property of !-?-flow-graphs, that in the end
makes the decomposition possible.

bT

Theorem 8.6. There is no derivation A in SNEL, such that Gi2(A) contains an
unforked cycle.

The non-existence of unforked cycles is also crucial in the proof of the decomposition
theorem for MELL in [Str03b]. However, showing this theorem is more difficult in the
presence of the non-commutative connective than in the pure par-tensor case. In fact,
we will postpone the proof of Theorem to the next section. Let us now see how
this theorem can be used to show that all forked cycles are eventually broken. Thus,
Lemma B4 gives us our desired result.

Lemma 8.7. Let A be a derivation that contains no instances of g|, bl, w], and
let A" be the outcome of applying Lemma [82 to A. If A’ contains a cycle ¢ with
fk(c) = n for some n > 0, then it also contains a cycle ¢ with fk(d) =n — 1.

Proof. This proof is very similar to the corresponding statement in [StrO3b], but we
show it here for the sake of completeness. The cycle c is forked by n instances of b|
that have all been introduced by the transformation shown in (I8). Now consider
the topmost b| that forks c¢. The introduction of this b| causes a duplication of all
up-paths and down-paths through T' (we are still referring to (I8])). Furthermore, the
continued up-permutation of the b (that caused the introduction of the b|) causes a
duplication of all flipping edges connecting up-paths and down-paths through T (see
cases (iii.c.2) and (iii.c.3) in [B1]). Therefore, for every path starting or ending inside
the right-hand side copy of 1" in the contractum of the b|, we have a path starting or
ending at the same place inside the left-hand side copy of T'. Hence, from ¢, we can
construct another cycle ¢/, which does not use the right-hand side copy of T', as it is
visualized in Figure [0l Thus, the b| does not fork ¢’. Hence fk(¢) =n — 1. O

Lemma 8.8. Let A be a derivation in SNEL', and let A’ be the result of applying two
permutation steps to A (i.e., first permute all g|, bl, w| down, and second permute
all g7, bT, wl up). Then Gi2(A') is acyclic.

Proof. This follows immediately by way of contradiction from Theorem and
Lemma 87 by an induction on the forking number of the cycle. O

Now Step 2 of the decomposition theorems (see Figure [3)) is obtained via Lemmas
B 8and B4l It remains to show that unforked cycles cannot exist, which is the purpose
of the next section.
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Figure 10: The basic idea of the proof of Lemma 8.7
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9 Switch and Seq

The deep reason for the impossibility of unforked cycles in a !-?-flow-graph has noth-
ing to do with the modalities ! and 7, but is caused by a fundamental property of
derivations in the system {s,ql,ql}. This property is stated in the following lemma
(a similar result has already been shown by Retoré [Ret99]):

Lemma 9.1. Letn > 0 and let ag,a1,...,0,-1,b9,01,...,b,_1 be 2n different atoms.
Further, let Wy, ..., Wn_1,2Z0o,...,Zn_1 be structures, such that

o W;=l[a;?b;] or W; = (a; <b;), for everyi =0,...,n—1,

o Zj = (bj®ajt1) or Z; = (bj<ajt1), for every j = 0,...,n—1 (where the
indices are counted modulo n ).

Then there is no derivation
(WoeWie...0eW,_1)

(s.al.al}| A (22)
[(Zo® Z17%...78 Zp_1]

Remark 9.2. This lemma can be used to prove that every theorem of BV is also
a theorem of pomset logic. But for obtaining the equivalence of the two logics, one
does also need the converse, which is still an open problem.

Before giving the proof of Lemma [0.1] let us state and prove the second lemma of
this section, which says that an unforked cycle in the !-?-flow-graph of a derivation
A can be transformed into a derivation A as shown in [22)) above. The basic idea is
to remove from A everything that does not belong to the cycle, and then construct
A such that the !-?-flow-graph of A becomes the atomic flow-graph of A.

To make this technically precise, note that in every cycle ¢ in a !-?-flow-graph, the
following numbers are all equal:

e the number of maximal !-up-paths in c,

e the number of maximal ?-down-paths in ¢,
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e the number of flipping edges in ¢ from a !-vertex to a 7-vertex, and
e the number of flipping edges in ¢ from a 7-vertex to a !-vertex.

We call this number the characteristic number of c¢. For example, the cycle in the
derivation in (I0) has characteristic number 1, and the one in (2I)) has characteristic
number 2.

Lemma 9.3. Let A be a derivation in SNEL" such that Gy7(A) contains an unforked
cycle c. Then there is a derivation

([ao®bo] ® [a1®b1] @...® [ap_27%bp2] ® [an—17by-1])

{s,al.ql} | A (23)
[(bp®ai)® (b1 ®ag)®...7% (byp—2®an—1)7% (by_1®ap)]
for some atoms ag,...,a,-1,b0,...,bn_1, where n > 0 is the characteristic number
of c.

Proof. This proof is an adaption of the corresponding construction in [Str03b]. First,

we transform A into a derivation A’ which contains only rules from SNEL'\{g|,b],w],wT}
and in which the cycle is preserved. This is done by moving the rules g, b}, and w|
down in the derivation by applying Lemma B3] and by moving all instances of w7
also down in derivation (by applying the dual of Lemma [£.4], together with ()):

P

P SNEL'\ {gl,bl,wl,wi} | &
SNEL' | A~ Q'
Q fgl.blwl,wi} |
Q

Since c is unforked, no transformation step destroys the cycle, which is therefore still
present in Gi7(A').

We continue the proof by marking some structures occurring in A’. We start by
marking all - and ?-vertices of ¢ by !* and 7°, respectively. Since ¢ is unforked, it
cannot happen that a !°- or 7®-structure occurs inside another !°- or 7*-structure (as
it would be the case in the example in (I0)). Now we replace every !® by !? and every
?7* by 73 for some i, j € {0,...,n — 1}, such that

e two !®-vertices in the same up-path get the same index, and two ?* in the same
down-path get the same index, and

e every flipping edge in c goes from a !f to a 7} vertex, or from a 77 to a 7,4
vertex, where the addition is modulo n.

Note that at every flipping edge from a !} to a 77 vertex there is another edge in
Gi72(A) also starting at 7, which continues the up-path marked by !? up to the top of
the derivation, We mark all !-vertices on this path by !*. Since there are no instances
of b| left in A/, the !* up-path is never forked, and since there are no e| and no w/]
in A/, this path does not end before the top of the derivation. Hence, the premise P
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1A 1A 1A

of A’ contains exactly n substructures, marked by !5, 11, ... Let us call them

) in—1-
AWo, MW, ..., 1A W, 1. We also have n instances of p| in A, marked as follows:
S{IAIR»T
(AR T)) o1
S[IPR=® 73T

Now we proceed similarly and mark the continuations of the ??-down-paths by ?7,
i.e., we obtain n instances of pT marked as

ST 12, R)
S{T(T®R)}

However, note that now it can happen that we meet during the marking process a
proper forking vertex, due to the presence of bT:

|_stverm)
S(IV{IT} o V{?T})

then we continue the marking in only one side, namely, into that copy of V{?T} in
the redex of b, that contains already a !®-, ?°-, !4~ or ?Y-marking. Note that it
cannot happen that both copies of V{?T} contain such a marking because the cycle
is unforked. If neither side contains a marking, we arbitrarily pick one side. Since
there are no e and wl in A/, the ?Y-paths cannot end in the middle of the derivation.
Hence, the conclusion @’ of A’ contains exactly n different marked ?Y-structures, that
we denote by 73 Zo, 2V Z1, ..., 2N _1Zn—1. Now we remove in A’ every modality that
is not marked, and we replace every atom that is not inside a marked structure by
the unit o. The important point is that after this rather drastic change we still have
a correct derivation. Every rule instance in A’ remains valid, or becomes vacuous,
i.e., premise and conclusion are identical. Note that here we make crucial use of the
fact that the cycle is unforked: Doing this deletion to a bT which forks ¢ would yield
an incorrect inference step.

Let us call the new derivation A”. Its premise P” is made from the structures

pl (25)

AWo, MW, ..., 1A W, 1 by using only the binary connectives ®, <, and ®, and its
conclusion Q" s made from ?J Zo, 7Y Z1, ..., ?Y_1Z,_1 by using only ®, <, and . Now
note that for arbitrary structures A and B, we have the following three derivations:
(A® B) B (A® B) B (A< B)
"~ ((A<o)® (0 < B)) ~ (A®[o® B])  ([A®o]<[o®B])
ql and s——— and q|
((A® o) <(c®B)) [(A®o) = B] [(A<0)® (0<B)]
(A< B) - [A®B] B [A= B]

Hence, we can extend A" as follows:
('SW() ® 'le ®-.--Q® !:_1Wn—1)

{at,s}

P//
A" (26)
Q//
{al,s}

v v v
(28 Zo% Y Zy% 82 _( Zn ]
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Let us use A” to denote the derivation in (26). We finally obtain A from A" by
replacing every !2-structure by a;, every ?f-structure by b;, every !A-structure by
[a; ® b;], and every ?Y-structure by (b;,a;41). Clearly, every inference rule remains
valid, or becomes vacuous, as for example the instances of p| in (24]) and pT in (25):

N e = - e
S[ISR® 73T Sla; ® b;]
and
S((?:T ® !;_HR) S(bZ ® CLZ‘+1)
Pl v oo — ==
S{?/(TeR)} S(b; ® ait1)
If a rule does not become vacuous, it must be one of s, q|, and qf. U

Proof of Lemma[dl The proof is carried out by induction on the pair (n,q), where
q is the number of seq-structures in the conclusion, and we endorse the lexicographic
ordering on N x N. The base case (i.e., n = 1) is trivial. For the inductive case we
assume by way of contradiction the existence of the derivation A in ([22)) and consider
the bottommost rule instance p. There are three cases.

(i) p=qT. There is only one possibility to apply this rule:
(WoeWre...0W,_1)
{s,al,qT} }A’

(Zo®--%Zj_19(bj®aj1)® Zj117% % Zp_1]
(Zo® % Zj_19(bj<qaj1)® Zj117% % Lp_1]

al

We can apply the induction hypothesis to A’ because the number n did not
change and the number ¢ of seg-structures in the conclusion did decrease by 1.
Hence we get a contradiction.

(ii) p = ql. There are several possibilities to apply this rule. We show here only two
representative cases and leave the others to the reader because they are very
similar. The complete case analysis can be found in [Str03al.

(a) If we have
(WoeWre...0W,_1)
{s.al.al} H Al

[<[b0>§?bl] < [al?ai+1]>§?Z1 ?.-.%’Zi_l?ZiH%’-.-?Zn_l]
[<b0 <1a1>’E?Z1 ?""?Zi_l’? (bi<ai+1>’?ZZ-+1’E?~~’?Zn_1]

then A’ remains valid if we replace a,, and b, by o for every m > ¢ and for
m = 0. This gives us the derivation

(W1®"'®Wi)

{s,al,qT} H A"
[<bZ <1(11> AR Zz'—l]

which is a contradiction to the induction hypothesis because i < n.
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(b) Consider
(W0®W1®...®Wn_1)
{s,ql,al} H A

[<b0<1[al’?Zkl?'--?Zkvb’?Zhl)?“-’?Zhs]
[<b0 <1a1>§?le8---$?Zn_1]

ql

where {1,...,n — 1} \ {k1,...,ky} = {h1,...,hs} and s = n —v — 1 and
(without loss of generality) k1 < ko < ... < k,. As before, the derivation A’
remains valid if we replace a,, and b,, by o for every m with 1 < m < k,.

Then we get
(WO ® ka+1 ®. .- ® Wn—l)

{s.al,qT} H A"
[(bo Qak,+1)® Zg, 4179+ ® Zn_1]

which is (as before) a contradiction to the induction hypothesis because
v > 1.

(iii) p ='s. This is similar to the case for q]. But note that a situation like in (ii.a)
cannot happen for s.

O

Proof of Theorem [80. The existence of an unforked cycle in Gy7(A) implies by Lemma[0.3]
the existence of a derivation as in (23]). By Lemma [0.1], this is impossible. O

10 Perspectives

We now briefly mention the developments that we expect to be based on this work.

Much of the arguments that we use have similarities with the techniques developed
for atomic flows [GGO7], with the important difference that, here, we are dealing with
flows of modalities rather than atoms. Nonetheless, the similarities suggest that there
might be a common structure that can perhaps be unveiled and exploited in future
research. Note that this might lead to the overcoming of a current impasse with proof
nets, which are notoriously bad behaved in the presence of exponentials.

There is reason to believe that the techniques developed here for decomposition
can be exported to the many modal logics already available in deep inference (some
of which have no know analytic presentation in Gentzen formalisms).

Both for NEL and for other modal logics, it should be possible to use decomposition
for investigating interpolation, which is a classical proof theoretic concern, and that
relies on a similar kind of decomposition (we can consider Herbrand-like theorems as
simple examples of decomposition).

We mentioned the applications of BV to process algebras and causal quantum
evolution. We expect NEL to find uses in the same directions. In the case of pro-
cess algebras, this is almost obvious, given that NEL is Turing-complete and that
exponentials have been justified since their first introduction as ways of controlling
resources (i.e., messages, processes). The logic BV has also been used to define BV-
categories [BPS09] for providing an axiomatic description of probabilistic coherence
spaces [Gir03].
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What we have in this paper is a basic compositional result, so, we expect applica-
tions to be very broad in range. That said, we think that, perhaps, the most important
outcome of this whole research on seq and its logical systems is one of extending the
limits of proof theory and of developing new insight and new techniques.

Linear logic constitutes a good example of this, in our opinion. Its value for us has
been that of a complex and provocative thought experiment. Linear logic is more
important for the notions of locality and proof nets that it brought forward than for
its intrinsic linguistic value. It’s the mathematics that it generated that makes most
of the value of linear logic.

Let us make the due proportions, but we hope that the same will hold for our
research on seq and this particular decomposition result in particular. We witness
here an interesting phenomenon: on one hand, we have a very simple system in a very
simple formalism (i.e., NEL in the calculus of structures); on the other hand, we have
a very simple property, decomposition. In the middle, connecting the two, there’s a
rich and complex combinatorial phenomenon. Sometimes, in similar situations, the
mathematics that arises has some lasting value, and this is our hope for this paper.
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