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Abstract can turn out to have identical denotations—and things are

the same, if not worse, for proofs.
By Boolean category we mean something which is to a We know that much information about a proof is kept
Boolean algebra what a category is to a poset. We pro- if we replace posets by categories. A celebrated example
pose an axiomatic system for Boolean categories, similar of this is Freyd's proof [14] that higher order intuitionsis-
to but differing in several respects from the one given very tic logic has the existence and disjunction properties (as a
recently by Rihrmann and Pym. In particular everything is constructive logic should) purely by observing the free el-
done from the start in a *-autonomous category and not a ementary topos, and using this very property of freeness.
linear distributive one, which simplifies issues like the Mix The free topos is a canonical object if there ever was one.
rule. An important axiom, which is introduced later, is a The free elementary topos is one of the many, many ex-
“graphical” condition, which is closely related to denota- amples of a “Heyting category”, which is to categories what
tional semantics and the Geometry of Interaction. Then we a Heyting algebra is to posets: a bicartesian closed category.
show that a previously constructed category of proof nets is Until very recently it was absolutely mysterious how one
the free “graphical” Boolean category in our sense. This could define “Boolean categories” in the same manner. For
validates our categorical axiomatization with respect to a a long time the only known natural definition of a Boolean
real-life example. Another important aspect of this work is category collapsed to a poset. This was first corrected by
that we do not assume a-priori the existence of units in the following closely the approach to term systems for classical
*-autonomous categories we use. This has some retroactivelogic: in order to prevent collapse, introduce asymetries,
interest for the semantics of linear logic, and is motivated which is what is done for example in Selinger’s control cat-
by the properties of our example with respect to units. egories [18] (which correspond to th@—calculus [17]) or
the models of Girard’s LC [7] and the closely related work
of Streicher and Reus on continuations [20], which intro-
1. Introduction duce restrictions by the means of polarities.
But then there appeared several approaches [6, %] 13,
Unlike other mathematicians, proof theorists have accessto Boolean categories that do keep the symmetry we asso-
to very few canonical objects. All mathematicians have the ciate with Booleanness: these categories are all equipped
integers, the reals, the rationals. Geometers have projectivevith an contravariant involution, and except for the last ex-
planes and spheres, algebraists have polynomial rings anémple they are *-autonomous categories. The present paper
permutation groups. Indeed, algebraists have access to this concerned with one of these, which was given a concrete
concepbf a group and of a ring, which have been stable for construction in [13]. Itis a remarkably simple object, a can-
more than a hundred years. In contrast, a proof theorist isdidate for canonicity: a “beefed up” Boolean algebra. It is
always ready to tweak a definition like that of the sequent surprising that it was not discovered before.
calculus to suit his needs. We stie sequent calculus but In this paper we present a series of axioms for Boolean
there is no such thing. categories, in order of increasing strength. We then show
Logicians have Boolean and Heyting algebras, but theythat this category oB-nets [13] for a set of atomic formu-
are of limited interest to proof theorists since they identify las is the free Boolean category for the strongest combina-
too many things: In a Boolean or Heyting algebra two for- tion of axioms, with the atoms as generators. On the way
mulas, a seemigly complex one and a seemingly trivial one,to establishing this result, we will introduce axioms little



by little. With hindsight we can say that they fall in three 2. The axioms
classes:

It is very well known how to model a multiple-premiss,

o the “general” axioms, for which it is fair to say that sjngle-conclusion linear calculus in a symmetric monoidal
they should hold in any “really Boolean” model of category that has theo adjoint operator. It is also well-
classical logic. All axioms but three in this paper be- known how to have multiple premisses, and/or a negation.
long to this class, and they are presented first. If we want zero premiss, it is natural to think of the tensor

unit as source as representing an empty family of premises:

e the “semantical” axiom, which is the property of an empty context. But if we have the unit in the category,
“graphicality”. As the presentation implies this ax- shouldn’t we also have it in the logic? The standard ap-
iom gives the model in [13] its semantical character proach to this question is found in [1], where the existence
and relates it to coherences spaces and the Geometryf a unitI is assumed in the category that is used for the se-
of Interaction. It is a very strong axiom, and we now mantics, but its use is very restricted: it can only appear as
think it masks some important properties of intrinsic the source of a semantical map. There is a problem, though:
Booleanness. for example, the category of ordinary multiplicative proof

nets without units cannot be used to interpret itself as a the-

e two axioms that can be switched off with very inter- ory! We propose a solution to this problem: replace the unit
esting results. One we call “loop killing” for a rather  with a functor toSet, which would be the covariant func-
geometric reasons. Its status and flavor is intriguing. tor represented by the unit, if only there was a unit. This
It can be expressed in an intuitionistic model, where is seems to be a very trivial change, but it has interesting con-
says that composing (multiplying) the church numer- sequences.
als two and zero gives zero. Thus it this context it has . ) .
no meaning whatsoever. But in our Boolean world, it 2-1- *-autonomous categories without units

seems to have some real power of its own, as we will  \we will define autonomous (SMC) and *-autonomous
see; moreover it is now clear that there are “Boolean” categories not to have units by default. This spares us from
categories where it does not hold. having *-autonomous categories without units with units.

The other one of these independent-minded axioms is From now on¢” denotes a (small) category. We denote

A-V-strength. In more traditional fields of algebra it the composition of two map§, g by eithergf or g o f, de-

is automatic: when an object is equipped with both a pending on readability; the order is the standard (functional,

monoid (algebra) and comonoid (co-algebra) structure, S OPPosed to diagrammatic) order. Givene ¢, we will -

it is always required that an operation in one structure Writé €ither.X or 1x to represent the identity map on it,

be a morphism in the other structure; this is the defi- also depending on readability. We use the standard nota-

nition of a bialgebra. In the model we study this bial- tion for the covariant representable functor associated with
: for the c ;

gebraic condition holds, but it does not seem to be in- X I-€- 7" = Home (X, —), andh for the contravariant

trinsic to Booleannes and we now have new semantics'ePresentablélomq (—, X). _ .y
where it does not hold. The arguments in the following section need familiarity

with Yoneda’s Lemma: given a functdf: ¥ — Set there

Our axiomatic approach differs from that ofifrmann is a natural bijective correspondence betw&gX ) and the
and Pym [5, 6] in several respects. It is completely 1- Setof natural transformatioris® — F.
categorical and does not use something like an order en- _— o
richrgent. Also, we start with a*-autonon?ous category and 2'1'_1 Deflr_1|t|on _A category ¢ _has tensorsif it o
show how to extract (several) weakly distributive categories e_q_mpped with a b'ﬂ_mCtOF ® - with the usual associa-
it contains, while they start with a weakly distributive cat- tivity and symmetry isomorphisms
egory and then complete it to a *-automous one by adding
structure. The present approach cannot really be compared
with [?], because in the latter work the operation of cur-

ryfying (or transposition) is not intrinsic, but can only be 5t obey the usual “pentagon” and “hexagon” (see [16,

simulated. p.158,p.180]).
A side effect of our work is a novel answer to the prob-

lem of defining a *-autonomous category that does not Note that we do not ask for a unit in that defini-

have units, which we need to interpret logics without con- tion. Nonetheless the “coherence” theorem for symmet-
stants. This retroactively applies to multiplicative [1] and ric monoidal categories [15] does also hold in our case,
multiplicative-additive [9] proof nets. or more precisely everything in it that does not deal with

assocapc: AQR(BR®C)— (A®B)QC
twisty p: AQ B—- B®A



units. In particular, we can simply writd ® B® C ® D
for(A®@B)®C)®@DorA® ((B®C)® D), or even
(B® D) ® (A® C), because there is a uniquely defined
isomorphism between any two of them.

If it exists, we denote the usual right adjoint to tensoring
as(—) — (—) and it defines the usual bivariant bifunctor.
We will denote the “internal covariant representable func-
tor” defined byX asHX = X — (=): ¢ — €. The
following two natural isomorphisms are trivial but impor-
tant, and they are natural in bafh andY:

HXHY 2 HX®Y and h¥XHY =2 p¥®Y (1)
It is very well known that a functd®” — Set can be prof-
itably seen as a “generalized object” &f, we call such
a thing avirtual objectof ¥ and we emphasize this fact
by writing it as 2*, which is a functor, and would be the
representable functor associated to the objeiftthe latter
only existed. GivenX € ¢, mapsA — X should morally

be in bijective correspondence with natural transformations

hX — h*, and the latter are truly in bijective correspon-
dence with elements dgf*(X) and this allows us to write
ans € h*(X) as

ASHX

In general a dotted arrow will mean that at least one of
the source or target is virtual, and it is to be interpreted as
a reverse-direction natural transformation between the cor-

responding functors. For example, givén X — Y and
t = (h*f)(s), we can write this as a commutative diagram

sAt
K i
Xﬁy )

which justifies the notation = f o s, or simplyt = fs.
But we have to be very careful on how to extend ¢he—-
structure to virtuals. At least one thing works: given a vir-
tual objectA and a real oneX we can define a virtual ob-
jectA® X, by composing their “representables” (the reader

should check that this makes perfect sense, by plugging an’*

object of ¢’ in the functors)h*®X = pAHX |

So we can onlyeft- tensor a virtual object, and only to
get a virtual oné. This construction in natural in both vari-
ables: givens: A --+»B andf: X — Y then there is an
obviouss ® f: A® X --+»B ® Y. Suppose we have a
“virtual left unit” T; if it were real we would have a natural
isomorphism\: I® (—) = (—); this translates, given a real

IMore precisely: everything is a composition of functors, and there can
be as many “internal representabl&s”™— % as we want but exactly one

¢ — Set, which has to appear at leftmost end. But since we have a sym-

metry we can play notational tricks; if the logic were non-commutative,
we would have access to two implications, which would allow us to attain
similar effects.

f: X — X', as a commuting square

f
hX’ h—> hX

h/\XIJ(: :J{h)x

h]IHX’ m WX

Since this is a diagram of functors we can plug any map
Y — Y’ inthere; itis then easy to see that having a “virtual
left unit law” isomorphism is equivalent to having an iso-
morphismHom (X,Y) = h!(X — Y'), natural in bothX
andY. This is the point of the whole exercise: a “proof” of
an objectX can be seen as an element6fX ) because a
proof of X — Y will just be a mapX — Y.

The unit isomorphism in a monoidal category has to in-
teract well with the associativity iso [16, p.159]; this can be
translated here:

[9XQY —— 1Y ® X

Ax QY Ay ®@X

X®Y ———YeXx

and it is not hard to show, using the fact that we already
have—o, that this holds. But there is a missing condition:
the unit laws also have to holdith the unit itself the two
ways of going froml ® I to I have to coincide. We cannot
construct this directly; the equivalent condition for us is to
require, givens: I---»X andt: I---+Y, that the following
diagram of (mostly) virtual maps commutes:

LG X et aIeX Py eX
I J: 2)
CAY e p I@Y e X QY

Thus when this happens we have a uniquely definexd
t: [--» X ®Y. One can then show that the operatioh —
s®t: h(X) x h(Y) — AY(X ® Y) agrees well with
associativity and twist; in other words, givéfl Y, Z with

s € h(X),t € K(Y) andr € h'(Z) we always have that
t®s=twistxyo(s®t)and(s®t) ® r = assocx y,z ©
(s®(t®r)). This allows us to simply write @ t @ r: T---»
X ® Y ® Z. In technical parlancé' would be a monoidal
functor (¢’,®) — (Set, x) if € had a unit (wher¥’ does
have a unifl thenr! is always monoidal).

Notice that it is perfectly natural to write® Y or s ® 1y
for the (real) horizontal map” — X ® Y at the bottom of
the diagram. In the same way ® ¢ or 1x ® ¢ can stand
for the mapX — X ® Y which is the top horizontal map
followed by the twist.



2.1.2 Definition A category% with tensors is arau- overAi,..., A, [19, 12]. A member of such a family is
tonomous categorif is has the structure in the previous called arepresentativeand it determines the whole family.

paragraphs: the adjointo and the functoh! along with Given Ay, ..., A, and f as above we writd f] to denote
the natural isd! (X — Y) = Home (X, Y), which obeys  the equivariant family determined bf If we let! = 0 in
Equation (2). The is a*-autonomous category in addi- the situation above, we gét- LyAy9--9 Ay, that we
tion it has a functof—)~+: ¥°? — % which is an involution call thename of the equivariant familyFor! = n, we get
(for simplicity we will later assume thak -+ = X, but its conamef: A} ® --- ® A+ - L. Important examples

it could also be a natural isomorphism), and which obeys are the name and the coname of the identity:
X oY =YXt

1a 1a
2.1.3 Proposition If ¥ is an autonomous category in [-5HAT g A and  A@AT-HL
the sense above and such thais representable, thed is If we transpose the identityp o : B9 C — B3 C,
autonomous (SMC) in the usual sense (with the usual units) e get the evaluation magal: (B C)®C+ — B. Tak-
ing the tensor of thiswith 4 : A — A and transposing back
gives us a mapwitch: A ® (B®(C) — (A® B)%C,
that is natural in all three arguments, and that we call the
WX —Y) switch mapl[(E_B, 2]. I;or the sak(_a of silrg)plicity (_'TllndI since
I we are working in the symmetric world), we will also use
WX —~Y) = Hom(I, X —Y) switches that are obtained by composing with the twistmap
= Hom(I®X,Y). (for ® as well as forg). In a similar way we obtain the
mapstens: (A2 B)® (C® D) — Aw(B® C)® D and
cotens: A® (B2(C)® D — (A® B)2(C ® D). Note
that they are dual to each other and that they both can be
obtained by composing two switches. Switch is self-dual.
Although the units are only “virtual”, all the standard
In a *-autonomous category, we can define another bi- properties of *-autonomous categories can be proyed in the
functor—» — (calledcotensoror par) to be the de Morgan standard way. For example, we have that the following com-
dualof— ® —, i.e, X 9Y = (Y- ® X1)L2 Thenwe  Mutes:
haveX - Y = X1 oY,
If € is *-autonomous we also have a “virtual bottom”,

Proof: LetI be the object that represertts i.e., k! is nat-
urally isomorphic tah!. Then we have, for any, Y

Hom (X,Y)

1%

1%

By Yoneda we get an isb® X = X; itis then easy to
check, using Yoneda again and our definition of the natural
transformationh”, that this iso obeys all the requirements
for the unit of a monoidal category.

A® B® (B+w At)

that we writeh , given byh, (X) = A'(X1), and as for %l o "—i‘,‘?B
h', thinking of it as an objectl. of ¢ allows us to write Be(BleAl)sA i 1 A3)
X5y COtenSBTBi,Ai,A\L iB®1A
(B® B+)9(A® At)

for an elements € h,(X). As before, we also get

uRvew: X®YRT . » L foru € hy(X)andv € and the proof goes the same way as for example in [12].
ho(Y)andw € hy (Z). . A functor between autonomous or *-autonomous cate-
Given mapsf: A — Bw®C andg: A® B+ — C gories should preserve everything on the nose. But this can-

where g is the curryfication off, we say thatf and  not entirely achieved here because of thdunctor.
g are transposesof each other. More generally, for

any objectsA;,..., A,, amapf: Af ® -+ ® A — 2.1.4 Definition Let ¥ and 2 be autonomous (*-
Aj417% -+ A, uniquely determines a map: A%, ® autonomous) categories. we define anonomous func-
p(1) . .
@ AL A (141) -8 Ap(n), Wherel < k,1 < n tor (*-autonomous functgrfrom % to 2 to be a pai( F, «)
p(®) 4 g " whereF': ¥ — & is afunctor that preservesand— (and
(—)1) on the nose, and whereis a natural isomorphism
hH@ oF — h]%;.

andp: {1,...,n} — {1,...,n} is an arbitrary permuta-
tion. Obviouslyf determines in this way a whole family of
maps, and we will call such a family aquivariant family

2Most of the times we will reverses the order when taking the negation, SQ it _ShOI_JId seem that the category F)f autonomous cat-
but not always. egories is slightly “looser” when real units are replaced by
~ strictly speaking we should use different arrows shape to denote thesevirtual units. But this makes no difference for us, as the free
virtual maps, because they deal with contravariant functoietoand not. —yjtjes5 *-gutonomous categories we will construct will be
covariant ones, and the two kinds cannot be mixed at all. But there is no . . .
risk of such a thing happening here, given the quite conservative use welT€€ iN the usual, strictest possible sense (as well as those

make of this notation. with weak units, see just below).




2.2. Weak units

2.2.1 Definition Let ¥ be autonomous in the sense
above. Aweak unitin ¥ is a pair(I,e) wheree: I — I
is an itempotent map such that splittihg in Set? gives
Al
[ p— (4)
It is well-known that composing with an idempotent is a
process of normalization. Let,Y ands: I — X — Y
be given. We can always normalizéoy taking se, and we
can say that is in normal form ifs = se. The definition

The virtual unit and virtual bottom will be denoted tryand

ff, calledvirtual truth andvirtual falsehoodrespectively. In

case there are actual objects in the category playing the roles

of the units (or weak units), they are denotedtlandf, re-

spectively. Notice that both; A — and— v —, come with

their own associativity and twist isos (see Definition 2.1.1);

but we will in both cases simply writessoc andtwist. The

dual of an objectd will be denotedA.
Unsurprisingly,A-comonoids and/-monoids are going

to be important. But since we do not have real units¥py,

we need to adapt the standard definitions of (co)monoid. In

order to define the counit to/&comonoidX’, which should

above says that there is a natural bijective correspondencde a mapX — t we (unsurprisingly) replace it by a natural

between the map& — Y and the map¥ — X — Y that
are in normal form. For any{ we can transform the virtual
maps into real ones, in the following way:

IX — »I®X — »I®X

Ax

X

thus getting two mapgx, (% with ¢x¢% = 1x and
i lx = e ® X. These are obviously natural i. The
virtual mapl: I---+I induced by (4) is called theanonical
proof of thel. If I is a real unit, then the idempotentis
just the identityly.

2.2.2 Definition An  autonomous  functor  (*-
autonomous functorpreserves the weak unifI,e) if
it preserves both the object and the idempotent.

transformationlI® : At — hX, which we call anX-pre-
projection Supposed € . We can construct

hA httHA HXHA hXHA = hX/\A ,

where the first iso comes from Definition 2.1.2 and the sec-
ond iso is just (1). By Yoneda we geta mAf : X A A —
A which is natural in4, i.e., for f: A — B, the diagram

my
XNA—— A

o | |

XANB——B
HB

®)

commutes, and thus axi-pre-projection can be seen as nat-
ural transformatiodl* : X A (=) — (—).

2.3.1 Definition A cocommutative\-comonoidin & is

Weak units can be used to give “elementary” axioma- 3 triple (X, A x, I1¥) such thatA y : X — X A X is coas-
tization of the ideas of the previous section; we can evengqgciative and cocommutative, i.e.,

define the concept of a “weakly monoidal category”, where

the unit isomorphism would be replaced by an embedding- (X A Ax) o Ax =assocx,x,x o (Ax AX)oAx
projection pair; it is easy to tweak the standard axioms for
that purpose. But they are highly non-canonical: as soon

(6)

AXZtWiStX’XOAX ,

as we have a weak unit we can construct many other weakand such thallX : ht — hX obeys

units from it. Also, having weak units is the same as saying

that splitting the idempotents i# [14] would give us an

ordinary symmetrical monoidal closed category. But these

are very semantical constructions and we work with syntax:
j, autonomous  categoryz’,

if we discuss autonomous categories without units or wit

weak units, itis not only because we have constructions that

obey these axioms, but in addititimat these constructions
do not involve quotienting by equivalence relati¢hg].

Notice that an autonomous category can have several
weak units as well as a real one at the same time. What

matters is which one is denoted by

2.3. Going Classical

Let now % be *-autonomous. We will change the nota-
tion, and use- A— for the tensor and-\V — for the cotensor.

H)‘)gOAX = 1xiX—>X. (7)
2.3.2 Definition A pre-K-autonomous categong a *-
in which every objectX is
equipped with a cocommutativeé.-comonoid structure

(X, Ax,TI) such that for all4, B, X, andY’, we have

XAY
AxNAy Axay
(8)
XNXNYNY e b XAY AXAY
and
X Alp = 115, 53: XAAAB - AAB. (9)



and such thadll isos preserve this A-comonoid structure.

We call A x andII¥ the diagonalandprojectionon X.
By duality we also have mapgx : XV X — X, calledco-
diagonal and a natural transformatid™ : (=) — (—) Vv
X, which we call thecoprojection and they give an associa-
tive, commutativev-monoid structure ok, in an obvious
sense, slightly different from the standard definition, obey-
ing the dual of equations (8) and (9).

Aword on notation: we writdI'X for the mapAA X —

A obtained by precomposirid’ with the twistmap. In the
same line of thought 1% is justII¥, and more generally,
an expression likél X 'Y"'# is the uniquely defined compos-
ite projectionX AN AAY A BAZ — AN B. Uniqueness
follows from the commutativity of

assoc

ANXAB) ———— (ANX)AB

A@ %\B

AANB

(10)

)

which is an immediate consequence of (9). By duality for
every A, X there arell’}X: A — Av X andlI§': 4 —
X v A which are natural itd. We writeII for IT%%.

2.3.3 Definition In a preK-autonomous category a map
f: X — Y is aquasientropyif it preserves the counits of
A-comonoids and the unit of-monoids, that is:

¥ A Y
and / \“

/1\/)(‘44125?“?/1\/Y7

fAla
XNA—YANA

A

both commute for everyl. The mapf is said to bestrong
if in addition it preserves the codiagonals as well as the
diagonals, that is:

(fAfloAx=Ayof and foVx=Vyo(fV[).

Thus a strong map between two objects is on that preserves

the whole of the monoid and comonoid structures.

2.3.4 Definition

e A K’-autonomous categoris a preK-autonomous
category in whichj, II, andswitch are quasientropies
(and thusV,II too), and quasientropies are closed
under A and V. A K°-autonomous functois a *-
autonomous functor that preserves the obvious monoid
and comonoid structures.

4There is a use for maps that preserve only the binary operations and
not the 0-ary ones, but we will not need them here.

e It is a Ki-autonomous categori the usual units are
present and the comonoid structure tois the stan-
dard degenerate one, obtained from the coherence isos.
A K!-autonomous functas aK’-autonomous functor
that preserves the units in the usual sense.

We speak of &*-autonomous categoif/the units are
weak; we change the preceding condition with the re-
quirement thatx = I1%: t A X — X and that

t

it S >t
o lAt (11)
tAt
tAt

commutes, where is the canonical proof oft (see
Section 2.2) , and the two conditions say that it is
strong and a quasientropy. Kf-autonomous func-
tor is aK?-autonomous functor that preserves the weak
units.

We simply say K-autonomous category andK-
autonomous functor if the discussion is independent from
the units.

In a K-autonomous category?’, the subcategor@ .z
of quasientropies (with the same objects) inherits the two
monoidal structuresswitch, and also the involution. It
is not *-autonomous in general, but it is weakly distribu-
tive [3].

Given two objectsd and X, we defineAy : AANA — X
by transposingl': A — X v A,andV%: X — AV A
by transposindl’{* : AA X — A.

2.3.5 Proposition The transpose dai'¥: ANX — A
iSIIﬁﬂ: A— XVA.

Proof: The dual of I{¥ : ANX — AisIIX!: 4 — XV A

by definition, and it belongs to the same equivariant family.
But we can transpose the latter to §ef : X — Av A and,
using symmetry of the latter definition, transpose again to
getlIX’: A — X v A (notice thatv can be given

a virtual factorization) O

2.3.6 Proposition Let X;A,B and f: A — B be
given. Then

vg‘l lf\/B (12)
AV A v AV B

commutes.

Proof: Transpose (5). O



2.3.7 Proposition For any A, B, X, the mapVy o
A% : ANA — BV Bisindependent fronX..

Proof: Look at the following:

X
A vy
i} A _
ANA——XANY —5——BVB

VB
i
sy l
Y

It is also very easy to see thatix agrees with the
twistmap, i.e.

ANBZAE AV B

twistl J{twist

BANA——BVA
mixg, A

(13)

This gives us a unique mapx g : ANB — CV D,
which we call thedisjoint sumof f andg. This operation is
obviously stable under transposes:

Taking their transposes, we see that the left triangles com-

mute because projections are quasientropies, and the rig
triangles do because projections commute with projections.

O

~ By doing a double transposition dhy o Ap: B A B—
A N A we get themix mapmixa g: ANB — AV B.

2.3.8 Proposition The following is equal tonix 4 5

switch

anuil nlXve
ANB——AN(XVB) —— (AANX)VB—— AV B

Proof: Transposé/% o A% twice and use the definition of
switch. O

2.3.9 Proposition The mapmixs z: ANB — AV B
is natural in A and B.

Proof: This follows immediately from Proposition 2.3.8.

But alternatively we could proceed as follows: LfetA —
C andg: B — D, and look at

VEoAX

—

N
[we]

AN
ANC

CA

VvV B

Q
BvD

Vv D

X

N/
/N

~

Ev—
Vg OA)C(

Q
]

The two triangles commute by definition and the two quad-

he-3-10 Proposition Le f: AN B — Cand f': A" A

B’ — C'begiven,andlet: B — Av Candg': B’ —
A’V C' be their transposes, respectively. Then g': B A
B'— AvCV A Vv isthetranspose of X f': AANBA
ANB —-CvC.

Proof: By uniqueness of transposes. O
We also have the following:

2.3.11 Proposition In a K-autonomous category, the
mapmix 4, g IS a quasientropy for everyt and B.

Proof: Use Proposition 2.3.8, together with Defini-
tion 2.3.4. O

2.3.12 Lemma Let X, A, B be given, and let: X —

((AVA)AB)V B bethe transpose 0¥ V1g: X AB —
(AV A) A B. Then

X———— ((AVAAB)VB

le

(BVA)V(AANB) —+AV(AANB)VB

lswitch\/]g’

commutes.

Proof: Transpose (12) and use the definitiorswftch. O

rangles commute because of Proposition 2.3.6. The oute2-3.13 Proposition GivenA, B, andC, then the follow-

hexagon can be transposed to give

ANBZAE AVB

ngJ( lfvy

CAND——>CVD
miXc, p

and that completes the proof. O

Ing commutes:

AAmixp c

ANBAC) LS AN BV O) AV (BVO)

assocl lswitch lassoc

(AAB)/\C’%)(A/\B)\/C%VC)V(A\/B)\/C
mixA B

mixAnB,C

mixA, BvC
_—

Proof: Apply Lemma 2.3.12 twice on each square and
transpose. O



For those into things monoidal, this says thak would
furnish the necessary structure for identity to be a monoidal
functor (J#, A) — (£, V)—if we had units, naturally. A

consequence of this is that there is a unique way to define a

naturaln-ary mix map

X1

n

S NA, — ALV

=14, X
Al A

An

.....

VA,.
Let f,g: A — B be given. We define
f+9g=Vpo(fwg)oAs: A— B

It is easy to show, using (co)-associativity and (co)-
commutativity of A and 'V, along with naturality ofmix,
that the operation on maps is associative and commu-
tative® Thus everyHom (A, B) has a commutative semi-
group structure. In the view of Proposition 2.3.10 this semi-
group structure is also present fo¥f(X). Forh, k: t -

X defineh + k = Vx o (hXk):t > X, where

h Xk = mixx x o (h A k). Itimmediately follows that

f/+\g = f+g: t-->AV B, foreveryf,g: A — B.

2.3.14 Proposition Let f,g
C. If his strong, then

:A — Bandh,k: B —

o(f+9)=hf+hg, (14)

and if f is strong then
(h+k)of=hf+kf. (15)
Proof: Immediately from the definitions. O

Note that it doesiot follow that (14) and (15) hold in
general. In other words we do not have tHadutonomous
category.#” is enriched over commutative semigroups.

But we can consider the subcateg&y?” of all strong
maps. It shares its objects witli” since all isos (and there-
fore all identities) are strong. Clear§.#” has the semi-
group enrichment.

2.3.15 Proposition Letf: A — Candg: B — D be
given. Thenf X g = (HDCD ofo HII]AB) + (Hgn ogo Hg").

5In the theory of bialgebras and Hopf algebras this operations is tra-
ditionally called convolution [11]. This name suggests the use of both
additive and multiplicative operations, and it may not apply here, since in
the present work it is hard to tell what is additive and what is multiplicative
(and it is simply a pointwise sum for our proof nets).

Proof: Chase

XAANB,AAB,

A/\B—>A/\B/\A/\B—>(AAB)

\ J/HPABAHQU

AANB -
mixA . B
x}

CVD————CvDvCvVvVD
Vevp

(AN B)
nlB vl
AV B
fvg

CvD

I, el
o viog

The leftmost path i % g and the rightmost path 1P o
foIl'P) 4 (1% 0 g o TI4Y). The square is naturality ofix
and the triangles commute by definition. O

2.4. Going graphical

Let .# be aK-autonomous category. We defipg®
to be the category obtained frout™ by formally inverting
the mix maps. In other words, for every pair of objects
A, B we add a mapnix,'5: AV B — A A B such that
MmiX4, g © mle 5 =1lavs andmle 5 omixap = lanp.
Looking at the diagram in Proposmon 2.3.13 we get a new
diagram whose horizontal arrows now go in the reverse di-
rection. This new diagram also commutes for trivial rea-
son; thus it identifies the two associativities and switch. In
the same way, the horizontal arrows in (13) can be inverted.
The outcome of this is that not only are the bifunctarand
v identified in.7"®, but that this new bifuncto®> inherits
a singlesymmetric monoidal structure from its two parents:
they are identified too. This gives us the right to wifte g
for f Ag, f Vg, aswell asf X g.

For trivial reasons the following diagram commutes:

HE‘B AP B Hgﬂ
A \ twist B (16)
' "pep A nip

This uniquely determinesamaép z: A — B, thatwe call
thezero map

2.4.1 Lemma In_#®, the following commutes:

148048
17)

A®B



Proof: We have:

(A@0O0ap)oAy = (A@Hg”)o(A@H%B)oAA
= MY aBo(AalP)oA,
= H%BOH%AOAA
= HEL‘BO]_A
= g

The first equation is the definition 6fs 5, the second one
is (10), the third one is naturality @'Z, and the fourth one
is (7). O

2.4.2 Proposition The ma4 g is a quasientropy.
Proof: Immediately from the definition di4 5. O
2.4.3 Proposition Letf: A — B.Thenf +04p = f.

Proof: Look at:

A ! p—* B
| S, W [ o

A@AlA@OA,B A®B f®lp Lo B

The upper path i’ and the lower path ig + 04 5. The
left triangle is (17), the right triangle is (7), and the middle
quadrangle is naturality di"Z. 0

2.4.4 Proposition For every quasientropy: B — C,
we havef o004 p =04,c and0c.p o f =0p, p.

Proof: The first equation is shown by:

The middle triangle commutes becaysis a quasientropy.
The second equation is similar. O

2.45 Remark The expression “zero map” has two

meanings, and they usually coincide, but hot here. A zero
map can be one which is a unit for the semigroup structure
on hom-sets, as here. It can also mean a (family of) map(s)
that “absorbs” every other map with which it is pre- or post-

But here the second definition of zero map habady for

the subcategory of quasientropjesd not in general. We
would like to emphasize that for us zero maps are just a
means to state some important properties, and, unlike [4]
we do not attribute them any logical meaning.

2.4.6 Theorem In_#® the diagram

nl? 14!
AT—_——"AepBT—— (19)
nl? mal

obeys the standard biproduct equations, i.e.,

lags = IPIE + Ay
1a = npu’p
1p = Mg

Proof: The first equation is a direct consequence of Propo-
sition 2.3.15. The second one is shown by:

1lg = HIDL‘A oAy
= MNP o(A®045)0AA
= HIDqB oHElB
The first equation is (7), the second one uses@hat is a
guasientropy, and the third one is Lemma 2.4.1. O

Notice that we do not have biproducts.# @, i.e., the
IIs do not form a product diagram and ttie do not form a
coproduct diagram in general.

2.4.7 Proposition 7The transpose @fagp.c: A®B —
CiSOA,B@C: A*}B@C

Proof: Use Proposition 2.3.5 and the definition of the zero
map. O

In the view of Proposition 2.4.7, we can make the fol-
lowing construction:
If we transposé) 4 g and compose with the projection,
we get a (virtual) map
-
B

0 _ 11
t P Ae B—2 5B (20)

that we denote byg. Clearly this is independent fror.
By duality we getB---»ff, which we also denote hyz.
2.4.8 Definition The category?® is said to bepre-
graphicalif
X

\Vif

Ao A
A

Y

Ox,y

(21)

composed. This means, usually, that the category containt,gmmutes for all. Y. andA.

an object which is both terminal and initial; if no such ob-

ject exists, just split the idempotents and one will appear.

We immediately have



2.4.9 Proposition If .¢® is pre-graphical, then

o g ad N @)
1a "u AY VE N T 1a
A A A A
commute for allX, Y, and A.
Proof: Use (20). O

2.4.10 Definition Let._# be aK-autonomous category.
We say that#” is graphicalif .#"® is pre-graphical and the
canonical functoG_ : % — ¢ is faithful. We say that
¢ is purely graphicalif in addition G is full.

2.4.11 Definition A K-autonomous category?” is
calledloop-killing, if

1A (AVA)A(AVA)

J{tens
o

A\/AWA\/(A/\A)\/A

(23)

commutes.

2.4.12 Proposition A graphical K-autonomous cate-
gory ¢ is loop-killing, if and only if

A@ig _
A— A9 AB A

lVA@A

1a A A

lAA@A

A——Ap A A
APl

(24)

commutes inz ©.

Proof: This follows immediately from the faithfulness of

2.4.13 Definition A K-autonomous category?” is
calledA-V-strongif A andV are strong.

2.4.14 Remark In a graphicalK-autonomous category
which is A-V-strong, the subcategoB.%” of strong maps
behaves quite nicely: not only is it weakly distributive,
but in addition, since every object is equipped with both
a monoid and comonoid structurehich is preserved by
every map the category has binary products and coprod-
ucts, and the semigroup structure on the hom-sets’6f

is an enrichment in the usual sense. This works in reverse:
the properties just stated suffice to shawV-strength and
graphicality.

2.4.15 Theorem InagraphicalK-autonomous category
which is loop-killing andA-V-strong, we have that 4 +

1a=1a4.

Proof: For the sake of simplicity, we show the statement
for o¢®. By graphicality it follows for.#".

g = (A@ig)o(Aa@A)o(Vad A)o(AD1y)

= (A®1s)o(VadVadA)
o (A®@twist® A® A)
c(Aa®AsBA)o(Ad1y)

= (A®ia®ia)o(AD ADtwist® A)
o(VABA®ADAY)
o(Adtwist® A® A)
oAy ADADV )
c(AAdtwistd A)o (Aaiz®iy)

= (A@la)o(VadAdA)
o (A @ twist @ A)
c(Aa@ADA)o(AD1y)

= 1la0oVa0(la®la)oAygo0ly

= la+1a4

G and transposing diagram (24) by using (8) together The first equation is just (24). The second one\isv-

with the fact thatA andV are dual. O

strength together with (8). The third equation uses that

Graphicality is quite a powerful property. One can easily @ndV are dual, together with (3) and its dual. The fourth
show that in a graphicaf-autonomous category, the maps equation uses again (24), apd the fifth gquathn is a twisted
II, 11, andswitch are strong, and that the strong maps are form of 14 = (1.4 V A) o switch o (A A 14) which holds

closed under\ andV.® But note that it does not follow
that A andV are strond. Full graphicality is an even more

powerful property, since it enters the realm of degeneracy: it

obviously identifies\, v in JZ". But it is useful technically.

in every *-autonomous category. The last equation holds by
definition. O

Note that this proof does not make any use of the pro-

jections nor the notion of quasientropy, i.e., is independent

81n fact, for showing these facts, a much weaker property than graph- from the treatment of the units.

icality (the presence of medial map2]) is sufficient. But since graphi-

cality implies medial and is needed anyway, we do not deal with medial in

this paper.

2.4.16 Corollary In a graphical Kf-autonomous cate-

"We do not need this fact here and a proof of it would go beyond the 90rY-%~ which is loop-killing andA-V-strong, we have that

scope of this paper.

10

t+t=t.



Proof: We have in# ®:

Vio(tat)
VioAgot
Vto(lt@lt)oAtof
ltOf

t

t+t

The first equation is the definition of, the second equa-
tion is (11), the third one is trivial, the fourth one is Theo-
rem 2.4.15, and the last one is trivial again. By graphicality,
the equation holds itZ". O

2.4.17 Definition A K-autonomous category idempo-
tentif f + f = f for every mapf.

In such a category every hom-set is equipped with a
semilattice structure, given by < g iff f + g = g (see
also [5]).

Note that Theorem 2.4.15 doest imply that a graph-
ical, loop-killing, andA-V-strongK-autonomous category
is idempotent. However by an inductive argument, which
is implicitely contained in the construction of the next sec-
tion, one can show that tHeee graphical, loop-killing, and
A-V-strongK-autonomous category is idempotent.

For the time being, we can show for all objects B,
C,thatAy + Ay = Ay andIB + 115 = 11§, as well
asswitch4 g ¢ +switch4 g ¢ = switch4 p ¢, as the inter-
ested reader might verify.

3. Proof nets

We will recall the notion of proof nets that has been in-
troduced in [13]. We consider only the caséihets.

3.1. Cut-free prenets

For a given setZ = {a,b,c,...} of propositional vari-
ables the set ofK*-formulasover <7 is generated from the
sete/ U o/ U {t, f} via the binary connectives (conjunc-
tion) and v (disjunction. Here.&/ = {a,b,¢,...} is the
set ofnegated propositional variablesndt andf are the
constantgepresenting “true” and “false”, respectively. The
elements of the se¥’ U &/ U {t, f} are calledatoms The
formulas in which the constants do not appear are called
Kb-formulas A finite list of formulasl’ = A, Ao, ..., A,
is called asequent We will consider formulas as binary

trees (and sequents as forests), whose leaves are decorated
by atoms, and whose inner nodes are decorated by the con-

nectives. Given a formulad or a sequent’, we write
Z(A) or Z(I'), respectively, to denote its set of leaves.
For simplicity, we will suppose, that this is actually the set

by agreeing that for example i¥(A) = {1,...,n} and
Z(B)=A{1,...,m},thenZ(AAB) ={1,...,n+m}
with .Z(A) and.Z(B) embedded as complementary sub-
sets{1,...,n}and{n +1,...,n + m}. We will write a,,

to say that the leaf is decorated by the atom If no ambi-
guity is possible, we will omit the index or the decoration,
i.e., just writea or u for a,,.

We define the negatioA of a formulaA as follows:

e+

(AvB)=BAA

ll
=)

—f
. (25)

L r

Ql

]

Herea ranges over the set, and there is a slight abuse of
notation. However, from now on we will useto denote
an arbitrary atom (including constants), antb denote its
negation according to (25). Note that (25) impliés= A
for all A.

3.1.1 Definition A linking for a sequent’ is an undi-
rected graphP whose set of vertices i&”(I") and whose
set of edges obeys the following condition: whenever there
is an edge between two leavesy € Z(T"), denoted as

4 v, then one of the following two cases holds:
e either,u is decorated by an atomandwv by its duala,
e or,u = v and it is decorated by.

A prenef consists of a sequeitand a linkingP for it. It
will be denoted byP > T" or

P
v
r
Since no ambiguity is possible, we will identify a linking
with its set of edges. Here is an example:

{t1 t1, a1 a5, t7 b7, t7 fs}
\%
t1 VvV (ag /\tg)7 (a4 V (d5 V fﬁ)) AN (t7 V fg)

(26)

Recall that the indices simply represent the leaves (&.9.,
stands for the leaf which is decorated by). We can also
think of the indices as distinguishing different atom occur-
rences, i.e.qs anday are not different atoms but different
occurrences of the same atamHere is another example:

{b1 bs, by b, by bs, by bs, az as, ag ar }
~ Vv
bl/\a2763/\b4,b5/\a6,d7/\b8

(27)

Figure 1 shows several graphical presentations of (27): The
left-most diagram shows it in the proof net tradition as as it

{1,...,n} if there aren leaves. We can accomplish this

11

8What we callprenetis sometimes also calledmoof structure.
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Figure 1. Several ways of drawing the same prenet

has been done in [13]. The two middle ones are “two-sided” 3.3. Prenet categories

versions. But we think that for the intuition it is better to
think of it as someting like in the right-most diagram, where
the formulas live in a circle around the linking graph.

On the set of prenets we define the following two oper-
ations: LetP > I"and@ > I' and R > © be given. Then
(P + @) > T is obtained by taking the union of the two
graphsP and(Q (the set of vertices does not change), and
(P ® R) > T, 0O is obtained by taking the disjoint union of
the two graphs (i.e., they are simply put next to each other).

Let P>T be aprenetand C £ (T") an arbitrary subset
of leaves. Ther|;, denotes the subgraph &finduced by
L. We also have a subforebt = T'|;, of ", whose set of
leaves is precisely and such that an inner nod®f I is in
|, if one or twoof its children is inl'| . We will say that
P|p > T" is asub-prenebf P > T'. Since this sub-prenet is
entirely determined b¥”, we can also write it ag|r > T
without mentioningl any further.

3.2. Cuts and cut elimination

A cutis a formula of the shapa ¢ A, where¢ is called
the cut connective. Itis allowed only at the place of the root
of aformulatree. Aprenet with cutsés a prenePr>T", where
I may contain cuts. On these, the cut reduction relation
is defined by

>(AANB)O (BVA,I — P>AQGABOBT
Pl>au®afv7r - (P|F+Q)‘>F

where

Q = {ijli,jeZMandi u,v j € PtU

{ii|ie LT andi u,v v €P}U
(i jljeZTandu u,v j €P}

3.2.1 Theorem The cut reduction relation on prenets is
confluent and terminating.

Proof: See [13].
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An important consequence of Theorem 3.2.1 is that we
can construct a category of prenets: The objects are the for-
mulas and the arrows are the two-conclusion prenets. More
precisely, any preneP > A, B is an arrow fromA to B.

The composition of two arrowB > A, B and@ > B, C'is
defined by eliminating the cutfroR & Q> A, B¢ B, C.

Furthermore, for each formuld we can define thelen-

tity net 4 > A, A inductively as follows: For every atom

a we have{a a} > a,a, and for compound formulas we
have: Iung > BV A, AANBandlayg>BAA AV B,
wherelanp = Iavp = 14 @ Ip. Itis easy to see that the
identity prenet behaves indeed as identity with respect to the
composition defined in the previous section. This is enough
to give us a category of prenets. We denote this category by
Pre’ (<), respectivelyPre’ (), if the objects are th’-,
respectively th&*-formulas, generated fron¥ . Preb(g/ )

is a full subcategory oPre (7).

3.3.1 Proposition For every., the categoryPre’ (<)
is a K’-autonomous category, an®re’(«/) is a K-
autonomous category.

Proof: The mapsssoc andtwist are given by the obvious
prenets. The functoh® is given by lettingh®(A) be the
set of all prenets” > A; notice that this always contains
the empty linking. The duality functor is defined on the
objects as in (25), and on arrows by assigning’to A, B
the netP > B, A. We obviously have the natural bijections
Hom (A A B,C) = Hom(B,AV C) andh*(AV B) =
Hom(A4, B), givenbyP > BV A,C +— P> B, AV C and
P> AV B+~ P A, B. For every formulad we have the

diagonal net\ s> A, AA A, whereA, = {a; az, a1 as}
andA s = Aave = A4 @ Ap. For every formulad
(resp. sequent) we can define the zero-linking which is
just the graph without any edges. We will denote that with
04 (resp.Or). For obtaining the projection néty > X v

A A, letTI¥ = 05 @ I4. ltis easy to see that all the
necessary properties and equations hold.



In the case oPre”(,QZ) (i.e, whent, f are present), let

be the linking{ t ¢ } > £, t. Itis easy to see that cutting
with itself yieldse again; moreover, given any > A then
cuttinge with P> f, A will give us P> f, A again; thus for

any formulaA the seth®(A) is in bijective correspondence

with the set of maps: t — A such thate = s. O

3.3.2 Proposition Pre’(</) and Pre*(«) are purely
graphical, loop-killing, andA-V-strong.

Proof: In both categories\ andV are isomorphic. Note
that in particular the prenét; ; > A, B plays the role of
the zero-ma 4 5: A — B in our categories.

A-V-strength and the equations (21) and (23) can be

shown by performing cut elimination. O

3.4. Prenets and equivariant families

Purely graphicaK-autonomous categories are pretty ab-
surd creatures, since they implement the same structure

twice under the different names ofandv. But they are

useful for us, because we are working in a situation where
all the structure is preserved on the nose. If we took the
viewpoint that two equivalent categories are “the same” cat-

3.4.2 Notation The associativity ofA allows us to omit
the parentheses iN — X A X A X. More generally, for
everyk > 0 we can unambiguously define the map

Ak X XNk
whereX"* is an abbreviation for

XANXNAN---NX
—_—
k

by k — 1 applications ofAx. ObviouslyA% = Ax and
Al = 1x. Dually we define

XVF=XVXV.-.-VX
~—_——
k

and getVs : XV¥— X. In a A-V-strongK-autonomous
category, we have that the following commutes

egory, then we could replace the categoﬂih&"(d) and
Pre’ (<) by much simpler beasts, where objects would
setsM decorated with atoms, and a map — N would
be a binary relation on the disjoint subd + N, and com-

XVn
Avn lvn&v-;vw)’;
X
(XVn)/\m X (X/\m)\/n (28)
V% A--AV% Vi Am
X/\m

be This can be shown by induction en+ m and usingA-V-

strength’

position would be defined with our version of the Execution 3.4.3 Equivariant family construction (cut-free case)

Formula [13, Section 5].

Let ¢ be a purely graphical, loop-killing, and-V-
strongK-autonomous category, aidef : o/ — Obj(.#") a
map that chooses an objectof #” for every atom: € 7.
It is obvious how to extend this map to every formula

the logic, since we want things to be preserved on the nose.
We can now give a construction that assigns to every prenet
., A, an equivariant family over
, A, In 2, and this in a unique way. We will start
with the cut-free case and then extend the construction to

P>TwithT = A, ..
A

the prenets with cuts.

3.4.1 Definition Let P >TI" be given and let. ¢ £ (")
and.(u) = {v e ZT) | v v € P}. We callu celibate

if |7 (u)] = 0, we sayu is monogamou#f |.77(u)| = 1,
andpolygamousf |.(u)| > 2. Thesizeof P > T is the
sum of

e the number of\-nodes and/-nodes inl’,

¢ the number of polygamous and celibate leaves,in

e the number of edges iR.

Note that the monogamous leaves are not counted.

The unique family[¢] that we are going to construct will
be denoted byP > T']*. We proceed by induction on the
size of P > I'. We have the following cases:

0. Ifthere are no edges i, then[P>T']* is a family all
whose members are zero maps (see Proposition 2.4.7).
It is easy to see that this is the only possible choice
since the prenet without edgesihare the zero maps
in our prenet category, and zero maps are uniquely de-
fined by the categorical structure (compare with the
proofs of Propositions 3.3.1 and 3.3.2).

of

1. If P>Tis{a a} > a,a for some atoma, then
[P > TI']* is determined by the identity om This is
obviously uniquely defined.

2. Ifitis {t t} >t (thus.# is Kf-autonomous and
there ise: t — t in J# satisfying the requirement
of 2.2.1), then purely equational considerations force

{t/\t} = t € h*(t) in the category of prenets to be
mapped tat € h(t) in JZ (see also Section 2.2 and
Definition 2.3.4).

9Note that the outer quadrangle in (28) also commutes in a graphical
K-autonomous category. But this is not the case for the inner two quadran-
gles, for whichA-V-strength is crucial.
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3. If one of the root nodes in the prenet isva say formulas inl that are not cuts, anB; ¢ B, ..., By, O B,

Ay =BVvC,thenPr>B,C, As,..., A, is of smaller are the cuts. We construct a uniquely defined equivariant
size thanr. By induction hypothesis we immediately family [P > I']* of arrows overA,, ..., A,. This is done
have the representativé$ A ... A A? — B® Vv C*® of by first applying our construction to the prerét> I with
[P > T]°. In case there is more than okeroot, then I"=A4,...,A,, BiIABy,...,B,,AB,,, where all cuts are
the result is obviously independent from the order in replaced byr-formulas. This yields the equivariant family
which thevs are attached. [P > T']* with the representative
4. If one of the roots in the prenetis\asayA; = BAC, g: AYA .. ANAL—(BYABY) V...V (B}, ABy,)
then we can proceed as in the previous case sir® | ook atlps: B$ A BS - »ff, the coname of the identity for
V are isomorphic (since?” is purely graphical). B in ¢, which exists for every3?. By taking thev of the
5. If the prenet can be split into two subnets, i.e., family (1ss), we construct (see Section 2.1)
P = P/@P”WithP,DAl...Aj and P" > h: (B® e . He
e : AB})V ...V (B, AB?)-ff
Ajy1,..., Ay, then by induction hypothesis we have (B B ) i (B "i) _
two equivariant familie§P'> A, , . .., A;]* and[P" > and by composition we gety A ... A A7 - ff, which
Aji1,...,An]®.  Their disjoint sum yields[P > represent§ P > I']* that we want to define.

I'J*. That this is well-defined follows from Proposi-
tion 2.3.10, and that it is independent from the order in
which the subnets are put together (in c&seI splits
into more than two parts) follows from the remark after 3.4.5 Lemma Let P>1I" be a prenet, and® > I" be

The important fact about this construction is that it is
preserved by cut elimination:

Proposition 2.3.13. the result of applying the cut elimination procedure to it.
) ) ~ Then[P>T]* and[P’' >I"]* are same equivariant family
6. If there is a formula in", whose leaves are all celi- i
bate, without loss of generality, assume itdsg, then _
we can look atP|r > IV, wherel” = A,, ..., A,. Proof: Let 7w denoteP i>T and«’ denoteP’ >T". ltis

This means that by induction hypothesis there is an sufficient to show the case wher¢is obtained fromr by
equivariant family[ P|r- t I"]*. We can compose an & Single cut elimination step. Then the lemma follows by
arbitrary member of it witHI4! to get a member of induction on the length of the cut reduction. There are two
[P > T]*. That this is indeed independent from the Cases:

choice of the member dfP|r > T']* follows imme- First, a compound cut has been reduced, i¥.~ P
diately from (9). That we get the same result if we first andl' = (AAB) ¢ (Bv A),© andl'= A¢ A, B B, ©.
decomposet; according to cases 3 and 4 and then ap- Consider the following diagram i":

ply 1T follows from the fact thafl is a quasientropy. A* A B® A (B VA%

Note: at present this case is redundant, and could be / o Taenpe
simply removed from the proof. But it becomes impor- O cotens S (29)
tant when we deal with proof nets instead of prenets. e

_l]/ . Te . 7. lpeAlge

7. If one of the 4, is a polygamous atom, saj; = (A* A A®%) v (B* A B®)

a, then letk = |<7(a})|. Say ‘yi(al) iy The upper path represenfs]® and the lower path repre-
{v1,..., v}, where each; is labelled bya. LetT’ sents[7’]*. The left triangle commutes because of graphi-
beay,...,ap, As,..., Ay (i€, itisT whereaisre-  qjin (in @ cotensis an iso), and the right triangle com-
placed byk copies ofa) and letP’ = P|a,, . a, +Q mutes by (3).
be the linking forI”, whereQ = {ajv; | j € The second case is where an atomic cut has been re-
{1,...,k}}. ThenP’ >T" is of smaller size than  duced. We will proceed by induction on the sizerofCon-

P >T. Hence, we can apply the induction hypothesis sider first the case whereis connected and contains no bi-

to get the equivariant familyP’ > I""]* with member nary connectives except for the cut to be reduced, and where
ASAN .. NAS — a®V...Va®. If we compose this all leaves not belonging to the cut are monogamous. Then
with V¥, : a®* Vv ...V a® — a®, we get the desired 7 must be of the following shape (we first assume thist
equivariant family[P > T']®. not a constant)

3.4.4 Equivariant family construction (with cuts) We

now extend this construction to prenets with cuts. Consider 77//_% K—\ (30)
aprenetP >TwithT' = Ay,...,A,,B1 0 Bi1,...,Bn a a - a a\ /a a - a

B,, (for somen > 1,m > 0), whereA,,..., A, are the o
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or
ﬁ/\m
a a - a a a a --- a (31
\ /
In both cases the redugt is:
= e

It can easily be seen that a representativgrdf® is given
by

Am AGNNAT Ammn Mix

\GAIVERVA il
a " a —=a e

vmn

a’", (33)

wherem is the number of; in (32) andn the number of:.

By applying (8) and (28), we can see that (33) is the same

as

m n

\4 mix
a\/m, a a a a/\n

Am  Mix

a5 a’™.

(34)

It follows immediately from the construction in 3.4.3 and
3.4.4 that this is a representative[af]® if = is (30). (See

e.g., [12] for a more detailed treatment.) For showing that

(34) also represenis]* if 7 is (31), we use the loop-killing
property of7".
Let us now assume is a constant, say = t. Then the

Let us now consider the general case in which the size of
m is larger. Since the cut is atomic, any step in 3.4.3 which
can be applied tar without touching the cut can also be
applied torr’. Therefore we can proceed by induction.d

An immediate consequence of the equivariant-family-
construction is

3.4.6 Theorem Pre’(«/), resp. Pre’(«), is the
free purely graphical, loop-killing, and\-V-strong K”-
autonomous category, respf-autonomous category, gen-
erated fromes'.

Proof: We have to show that there is a unique
autonomous functolG: Pre(&) — £ with G°
Obj(G) o ne, whereObj(G) is the restriction of¥ on ob-
jects andy, : o7 — Obj(Pre(«)) maps everys € 7 to
itself, seen as formula. We l&t(A) = A® for objects,
and given a mapf: A — B in Pre(&), i.e., a prenet
P> A, B, we letG(f): A* — B* be the correspond-
ing member of[P > A, B]*. That this is indeed a func-
tor (i.e., preserves identies and composition) follows from
Lemma 3.4.5. By the construction of the equivariant fam-
ilies it now follows that is is &”-autonomous functor, re-
spectively &K*-autonomous functor. O

3.5. From prenets to proof nets

In this section we will consider those prenets, that come

situation is exactly the same, with the difference that there from actual proofs—the proof nets.

might be a t-loop™:

fqtn fK\

t ot (35)
\ /
o

This represents the map

thm th AL t/\’m/ m4i><>t\/m' vin; t ilb) t\n ﬂ) tvn
(36)
wherem’ = m + 1. If we eliminate the cut from (35), we
get

FrRN\g @)
f f t -

S

A representative of the equivariant family obtained from

this is

gAm AP ANAY gAmn tATARA- A t/\m’n mix

, . (38)

AVAARIRVARRVA vl
E—

t\/m’n tVn

3.5.1 Definition A conjunctive resolutiorof a prenet
P > T is a sub-preneP|r > T” whereI” has been ob-
tained by deleting one child subformula for every conjunc-
tion node and every cut node Bf(i.e., in P|r > IV every
A-node and every-node is unary).

3.5.2 Definition A prenetP > I'is said to becorrectif

for every one of its conjunctive resolutiod¥r > I’ the
graph P|r/ has at least one edge. @goof netis a correct
prenet.

The examples in (27) and in the proof of Lemma 3.4.5
are proof nets.

3.5.3 Theorem The cut reduction relatior~ preserves
correctness [13].

Proof: There are two cases to consider: First, a compound
cut is reduced. LeP > (A A B) ¢ (B V A),T be correct.
Then, by definition,P|4sr > A,T and P|gr > B,T" and
P|g ar > B, AT are also correct. Hence, al$j4 p,r >
A,B,TandP|, s> A B, andP|z pr > A,B,T are
correct. Therefore, we immediately get thiat- A ) A, B¢

As before we have that (36) and (38) are the same, this timeB, T" is correct. The second case to consider is the reduction

also using (11).
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of an atomic cut. Assume thd > a, ¢ a,,I" is correct



and the reducf’ > T" is not, i.e., we have a conjunctive we construct the mag by
resolutionI” where P’|r» has no edges. This means that ,
P|r+ also has no edges. By correctness of the first net, we A Ahoe = = =
' e — O*ANANO*ANO®
must have thaP|,, r- as well asP|;, r» cannot be edge- A A A A

free. There are now three possibilities. Either we hayec NNGNIE e (C*VB*)AC*® (39)

Z(I") with i a,,a, j € P, or we haveh € Z(I") cotens,(Be AC*)V (B A C®)

with ay, a,, a:h/\e P Ei;e., a must bet), or we have Vgence B ACe

h e Z(I") with a, a,, a, h € P (i.e.,a = f). Butthen, I

. . ~ . We let[P>T°® = .

in the first case we have j € P’, and in the other two [ ]] L]

casesh h  P'. Contradiction. 0 5. We apply_that case/ onlylllf the net ca/n be split into two
subnets (i.e.? = P’ @ P"” suchthatP’ > Ay, ..., A4;
andP” > Ajq,..., A, forsomel < j < n)which

Observe that the identity nets, as well as the nets defining ~ areboth correct Then we can apply the induction hy-

A, 11, assoc, twist, andswitch are all correct. The only net pothesis and proceed as in 3.4.3.
that is not correct is the one representing*. Therefore
we immediately have that also the two conclusion proof nets

form a graphicaK-autonomous category, which is-V- 3.4.3 (but here it only works i > I' is correct). By The-

strong and loop-killing. Butitis no longer purely graphical.  5rem 3.5.3 and Lemma 3.4.5 it follows that the constructed
We call this categoryNet’(«7), resp.Net’(«/). Itisa . Net (/) — # is indeed a functor, O
subcategory ofPre’(«7), resp.Pref(</) that shares the
same objects. We now have:

It follows from graphicality (and Theorem 2.4.15), that this
construction yields the same map as the construction in

4. Conclusions and Future Work

3.5.4 Theorem Net’(«), resp. Net! (<), is the free There are not e_nql_Jgh examples yet for.anybody to be
graphical, loop-killing, andA-V-strong K’-autonomous able to give a definitive answer the question “what is a

category, resp. Ki-autonomous category, generated from Boolean category?”. The final axiomatization will be the
o product of a succession of refinements. But we believe

we have made a significant progress in that quest: the ax-

ioms for aK-autonomous category are general and easy to
Proof: The proof is almost the same as for prenets. The Verify; they should inspire new semantics. The conditions
only thing that we have to show is that the construction of Of graphicality andA-V-strength build a bridge for deno-
the equivariant families can be done on proof nets without tational semantics and the Geometry of Interaction; they
usingmix~!. Let us inspect the cases in 3.4.3. Most impor- also show that the world is very big and that our cate-
tantly, case 0 no longer exists. It is easy to see, that casegory of proof-nets is still at the degenerate end of the spec-
1 and 2 can be used without change. Furthermore, cases 3fum. From Theorem 2.4.15 we learned that things like
6 and 7 remain valid (case 6 now being necessary) becaus#eighted nets [13] have limitations if we want to construct
the net to which the induction hypothesis is applied is cor- Boolean categories that are not idempotent. In the near fu-
rect, provided theé® o> T" from which we started was already ture, we intend to work on
correct. Hence, only cases 4 and 5 are problematic. We
modify them as follows. Let?” be an arbitrary graphical,
loop-killing, and A-V-strongK-autonomous category, and e incorporating Hyland’s recent work [10] in that frame-

¢ finding Boolean categories that are not idempotent.

let P > T" be correct. Everything else is as in Section 3.4: work.
e the study of the Kleisli categories associated with

4. If one of the roots in the net is/a say4; = B A C, comonoids of the forniX, Ay, Iy ). As Lambek has
then let® = A,,... A, and P, = P|pe and pointed out a long time ago, this corresponds to the-
P, = Plce andP; = Plpce. If P>T is cor- ories that are no longer pure, but wheXehas been
rect, then all three nets, > B,© and P, > C, © and added as an axiom. We can now try to relate the com-
P31> B, C, 0 are also correct (and of smaller size than plexity of X to the structure of that category, and ask
P ©>T). Hence, by induction hypothesis we have a questions like “when does such a category of have cut-
unique equivariant family ioZ” for each of them, with elimination?”.

representatives : A\ ©° — B*andgy: \©° — C* _ . .
andgs: \©° — C*V B*, respectively. From these ~ ® extension to first-order logic.
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