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2 Lutz Stra�burger

What is this?

These are the notes for a 5-lecture-coursegiven at ESSLLI 2006 in Malaga, Spain.
The URL of the school is http://esslli2006.lcc.um a.e s/ .

The course is intended to be introductory. That means no prior knowledge of
proof nets is required. However, the student should be familiar with the basics of
propositional logic, and should have seen formal proofs in some formal deductive
system (e.g., sequent calculus, natural deduction, resolution, tableaux, calculus of
structures, Frege-Hilbert-systems, . . . ). It is probably helpful if the student knows
already what cut elimination is, but this is not strictly necessary.

In these notes, I will introduce the concept of \pro of nets" from the viewpoint of
the problem of the identit y of proofs. I will proceedin a rather informal way. The
focus will be more on presenting ideasthan on presenting technical details. The goal
of the courseis to give the student an overview of the theory of proof nets and make
the vast amount of literature on the topic easieraccessibleto the beginner.

For introducing the basicconceptsof the theory, I will in the �rst part of the course
stick to the unit-free multiplicativ e fragment of linear logic becauseof its rather simple
notion of proof nets. In the secondpart of the coursewe will seeproof nets for more
sophisticated logics.

1 In tro duction

1.1 The problem of the iden tit y of pro ofs

Whenever we study mathematical objects within a certain mathematical theory, we
normally know when two of these objects are consideredto be the same, i.e., are
indistinguishable within the theory. For example in group theory two groups are
indistinguishable if they are isomorphic, in topology two spacesare consideredthe
same if they are homeomorphic, and in graph theory we have the notion of graph
isomorphism. However, in proof theory the situation is di�eren t. Although we are
able to manipulate and transform proofs in various ways, we have no satisfactory
notion telling us when two proofs are the same,in the sensethat they use the same
argument. The main reason is the lack of understanding of the essenceof a proof,
which in turn is causedby the bureaucracy involved in the syntactic presentation of
proofs. It is therefore essential to �nd new presentations of proofs that are \syntax-
free", in the sensethat they avoid \unnecessarybureaucracy".

Finding such presentations is, of course, of utter importance for logic and proof
theory in its own sake. We can only speak of a real theory of proofs, if we are able
to identify its objects. Apart from that, the problem is of relevance not only for
philosophy and mathematics, but also for computer science,becausemany logical
systemspermit a close correspondencebetween proofs and programs. In the view
of this so-calledCurry-Howard correspondence, the question of the identit y of proofs
becomesthe question of the identit y of programs, i.e., when are two programs just
di�eren t presentations of the samealgorithm. In other words, the fundamental proof
theoretical question on the nature of proofs is closely related to the fundamental
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question on the nature of algorithms. In both casesthe problem is �nding the right
presentation that is able to avoid unnecessarysyntactic bureaucracy.

1.2 Historical overview

Interestingly, the problem of the identit y of proofscan be consideredolder than proof
theory itself. Already in 1900,when Hilb ert was preparing his celebratedlecture, he
consideredto add a 24th problem, asking to develop a theory of proofs that allows
to compare proofs and provide criteria for judging which is the simplest proof of a
theorem.1 But only in the early 1920s,when Hilb ert launched his famous program
to give a formalization of mathematics in an axiomatic form, together with a proof
that this axiomatization is consistent, formal proof theory as we know it today came
into existence.

It wasG•odel [G•od31], who �rst consideredformal proofsas�rst-class citizens of the
logical world, by assigninga unique number to each of them. Even though this work
destroyed Hilb ert's program, the idea of treating proofs as mathematical objects|
in the very same way as it is done with formulas|led eventually to our modern
understanding of formal proofs. Only a few years later, Gentzen [Gen34] provided
the �rst structural analysisof formal proofs and introducedmethods of transforming
them. His concept of cut elimination is still the most central target of investigation
in structural proof theory. But even after Gentzen's work, the natural question of
asking for a notion of identit y between proofs seemedsilly becausethere are only
two trivial answers: two proofs are the sameif they prove the sameformula, or, two
proofs are the sameif they are syntactically equal.

In [Pra71], Prawitz proposedthe notion of normalization in natural deduction for
determining the identit y of proofs: two proofs are the same(in the sensethat they
stand for the sameargument) if and only if they have the samenormal form. The
normalization processin natural deduction corresponds to Gentzen's cut elimination
in the sequent calculus: All auxiliary lemmasare removed from the proof, which then
usesonly material that does already appear in the formula to be proved. However,
normalization doesnot respect any complexity issuesbecauseit is hyper-exponential.
This meansin particular that all so-calledspeed-uptheoremsare ignored. In fact, it
can happen that a proof with cuts that �ts a pageis identi�ed with a cut-free proof
that exhauststhe sizeof the universe[Boo84].

From the viewpoint of computer sciencethe situation looks similar. Through the
Curry-Howard-correspondence,formulas becometypesand proofs becomeprograms.
The normalization of the proof corresponds to the computation of the program.
Translating Prawitz' idea into this setting means that two programs are the same
if and only if they have the sameinput-output-b ehavior, which completely disregards
any reasonablecomplexity property.

Independently, Lambek [Lam68, Lam69] proposed an idea for identifying proofs
that is basedon commuting diagrams in categoriesseenas deductive systems: two
proofs are the same, if they constitute the same morphism in the category. For

1This has been discovered by the historian R•udiger Thiele while studying the original notebooks
of Hilb ert [Thi03 ]. The history of proof theory might have taken a di�eren t development if Hilb ert
had included his 24th problem into the lecture.
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propositional intuitionistic logic on the one side, and Cartesian closedcategorieson
the other side, the two notions coincide. Similarly, by using *-autonomous categories,
one can make the two notions coincide for linear logic (see Section 2.8). But for
classical logic, the logic of our every day reasoning,neither notion has a commonly
agreedde�nition (seeSection 5).2

Unfortunately, the problem of identifying proofs has not received much attention
since the work by Prawitz and Lambek. Probably one of the reasonsis that the
fundamental problem of the bureaucracyinvolved in deductive systems(in which for-
mal proofs are carried out) seemedto be an insurmountable obstacle. In fact, the
problem seemsso di�cult, that it is widely consideredto be \only philosophical".
However, behind the undeniablephilosophical aspects, the problem clearly is a math-
ematical one and deservesa rigorous mathematical treatment. The developments in
logic, proof theory, and related �elds within the last two decadessuggestthat it is
worthwhile to give it a new attack. In these notes we will seesome ideas in that
direction.

1.3 Pro of nets

The term \pro of net" has been coined by Girard [Gir87] for his \bureaucracy-free"
presentation of proofs in linear logic. He used the term \bureaucracy" for the phe-
nomenon of \trivial rule permutations" in the sequent calculus that do not change
the essenceof a proof.

In thesenotes,we will usethe term \pro of net" is a broader sense:A proof net is a
graph theoretical or geometric presentation that captures the essenceof a proof and
is free of any syntactic bureaucracy. Of course,for making this precise,it is necessary
to say what is meant by \the essenceof a proof" and by \syntactic bureaucracy".
This is far from clear and is the target of most of today's research e�orts on the
problem of the identit y of proofs.

Although we use Girard's terminology, some of the ideas and technical break-
throughs that we are going to present are much older. The proof nets for unit-free
multiplicativ e logic (that we useas playground for introducing the theory) are essen-
tially the coherence graphsof Eilenberg, Kelly, and Mac Lane [EK66, KM71]. For the
caseof classicallogic, the sameidea has beenrediscovered under the name of logical

ow-gr aph by Buss [Bus91]. A very simpli�ed version of proof nets for classicallogic
is basedon Andrews' matings [And76] and Bibel's connections [Bib81]. If the proof
presentations by Andrews and Bibel (which are identical) are restricted to \a linear
version" we can (by using the right notion of correctness)get back Girard's proof
nets. But theselinear proof nets have a much better proof theoretical behavior than
the nonlinear (i.e., classical)version. This is the reasonwhy we start our survey with
proof nets for linear logic.

2Seealso [Do�s03] for a comparison of the two notions.
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2 Unit-free multiplicativ e linear logic

Unit-free multiplicativ e linear logic (MLL� ) is a very simple logic, that hasnonetheless
a well-developed theory of proof nets.3 For this reasonI will useMLL� to introduce
the concept of proof nets.

2.1 Sequent calculus for MLL�

When we de�ne a logic in terms of a deductive system, we have to do two things.
First, we have to de�ne the set of well-formed formulas, and second,we have to de�ne
the subset of derivable (or provable) formulas, which is done via a set of inference
rules4. Here is the necessarydata for MLL� : The set of formulas is de�ned via

F ::= A j A ? j F O F j F � F

where A = f a;b;c;: : :g is a countable set of propositional variables, and A ? =
f a? ; b? ; c? ; : : :g are their duals. In the following, we will call the elements of the set
A [ A ? atoms.

The (linear) negation of a formula is de�ned inductiv ely via

a?? = a (A � B )? = B ? O A? (A O B )? = B ? � A?

Note that we invert the order of the arguments when we take the negation of a
binary connective. This is not strictly necessary(since for the time being we stay in
the commutativ e world) but will simplify our life when it comesto drawing pictures
of proof nets in later sections.

Here is a set of inference rules for MLL� given in the formalism of the sequent
calculus:

id
` A? ; A

` � ; A; B ; �
exch

` � ; B ; A; �

` � ; A; B ; �
O

` � ; A O B ; �

` � ; A ` B ; �
�

` � ; A � B ; �

` � ; A ` A? ; �
cut

` � ; �

(1)

Note that the sequent calculus needs(apart from the concept of formula) another
kind of syntactic entit y, called sequent. Very often theseare just setsor multisets of
formulas. But depending on the logic in question, sequents can be more sophisticated
structures like lists or partial orders (or whatever) of formulas. For us, throughout
these lecture notes, sequents will be �nite lists of formulas, separatedby a comma,
and written with a ` at the beginning. Usually they are denoted by � or �.

3One could even say the best developed theory of proof nets among all logics that are out there...
4To be precise,one should say axioms and inference rules. But we consider here axioms as special

kinds of inference rules, namely, those without premises.
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2.1.1 Example If A and B are two di�eren t formulas, then

` A; B ` A; B ; A ` A; A; B

are three di�eren t sequents.

We say a sequent ` � is derivable (or provable) if there is a derivation (or proof
tree) with ` � asconclusion. De�ning this formally precisetends to be messy. Since
the basic concept should be familiar for the reader, we content ourselves here by
giving someexamples.

2.1.2 Example The two sequents

` a? ; a � b? ; b� c? ; c and ` ((aO a? ) � b) O b?

are provable:

id
` a? ; a

id
` b? ; b

id
` c? ; c

�
` b? ; b� c? ; c

�
` a? ; a � b? ; b� c? ; c

id
` a? ; a

O
` aO a?

id
` b? ; b

�
` (aO a? ) � b;b?

O
` ((aO a? ) � b) O b?

(2)

Of courseit can happen that a sequent or a formula hasmore than oneproof. This
is wherethings get interesting. At least for thesecoursenotes. Hereare four di�eren t
proofs of the sequent ` a? O(a � a); aO(a? � a? ) , three of them do not contain the
cut-rule:

id
` a? ; a

id
` a;a?

�
` a? ; a � a;a?

O
` a? O(a � a); a? id

` a? ; a
�

` a? O(a � a); a? � a? ; a
exch

` a? O(a � a); a;a? � a?

O
` a? O(a � a); aO(a? � a? )

(3)

id
` a? ; a

id
` a;a? id

` a? ; a
�

` a;a? � a? ; a
exch

` a;a;a? � a?

O
` a;aO(a? � a? )

�
` a? ; a � a;aO(a? � a? )

O
` a? O(a � a); aO(a? � a? )

(4)
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id
` a;a?

id
` a? ; a

id
` a;a?

�
` a? ; a � a;a?

exch
` a? ; a? ; a � a

O
` a? ; a? O(a � a)

�
` a;a? � a? ; a? O(a � a)

O
` aO(a? � a? ); a? O(a � a)

exch
` a? O(a � a); aO(a? � a? )

(5)

and one doescontain the cut-rule:

id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); ((a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; ((a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
exch

` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a; a? � a?

O
` a? O(a � a); a O(a? � a? ) (6)

Are theseproofs really di�eren t? Or are they just di�eren t ways of writing down the
sameproof, i.e., they only seemdi�eren t becauseof the syntactic bureaucracy that
the sequent calculus forcesupon us? In the following, we will try to give a sensible
answer to this question, and proof nets are a way to do so.

2.1.3 Exercise Give at least two more sequent calculus proofs for the sequent

` a? O(a � a); aO(a? � a? ) .

2.2 From sequent calculus to pro of nets, 1st way (sequent calculus
rule based)

Although, morally, the concept of proof net should stand independently from any
deductive formalism, the proof nets introduced by Girard very much depend on the
sequent calculus. The ideology is the following:

2.2.1 Ideology A proof net is a graph in which every vertex representsan infer-
ence rule application in the corresponding sequent calculus proof, and every edge of
the graph stands for a formula appearing in the proof. A sequent calculus proof with
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conclusion ` A1; A2; : : : ; An , written as

••
••

••
••

••
••

????????????

�

` A1; A2; : : : ; An

is translated into a proof net with conclusions A 1; A2; : : : ; An , written as

�

A1 A3 : : : An

This is done inductiv ely, rule instanceby rule instance,asshown in Figure 1. Note
that the exch-rule doesnot exactly follow the ideology.

Let us see,what happens if we apply this translation to our four di�eren t proofs
(3){(6) : The �rst two, i.e., (3) and (4), both yield the sameproof net, namely

id id id

� �

O O

a?

a � a

a? O(a � a)

a a

a? a?

a

a? � a?

a O(a? � a? )

(7)

The proof in (5) yields a di�eren t proof net:

id

id id

� �

O O

a?

a � a

a? O(a � a)

a

a

a?

a?

a

a? � a?

a O(a? � a? )

(8)
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And for the proof in (6), we get

id

id id id id id

cut � �

� O

O

cut O

a? O(a � a)

(a? O a? ) � a a?

a?

(( a? O a? ) � a) � a? a O(a? O(a � a))

a

a?

a?

a a? a a a?

a � a

a? O(a � a)

a? � a?

a O(a? � a? )

(9)

The proof nets for (3) and (4) are the same, and the ones for (5) and (6) are
di�eren t. The big question is now:

2.2.2 Big Question: Is it reasonableto concludethat the two proofs in (3) and
(4) are the same,while the one in (5) is di�eren t, and the one in (6) is even more
di�eren t?

For �nding an answer, considerthe following two (partial) sequent calculusproofs.

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` B ; � ; C; D ; �
�

` � ; A � B ; � ; C; D ; �
O

` � ; A � B ; � ; C O D; �

vs.
••

••
••

??????
� 1

` � ; A

••
••

••
??????

� 2

` B ; � ; C; D ; �
O

` B ; � ; C O D; �
�

` � ; A � B ; � ; C O D; �

(10)

It is certainly reasonableto say that the two proofs in (10) are essentially the same|
whether we apply �rst the � -rule or �rst the O-rule doesnot matter in this situation.

The phenomenonshown in (10) is called a trivial rule permutation. There are
clearly more of them, and we will not give a complete list here. The point to note
here is that thesetrivial rule permutation are a type of bureaucracy, which is typical
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id
` A? ; A

;

id

A? A

••
••

••
??????

�

` � ; A; B ; �
exch

` � ; B ; A; �

;

�

� �AB

••
••

••
??????

�

` � ; A; B ; �
O

` � ; A O B ; �

;

�

O

� �

A B

A O B

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` B ; �
�

` � ; A � B ; �

;

� 1 � 2

�

� �

A B

A � B

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` A? ; �
cut

` � ; �

;

� 1 � 2

cut� �

A A?

Figure 1: From sequent calculus to proof nets (sequent calculus rule driven)

for the sequent calculus, and which was one of Girard's original motivations for the
introduction of proof nets. In fact, there is the following theorem:

2.2.3 Theorem Two sequent calculus proofs using the rules in (1) translate into
the sameproof net if and only if they can be transformed into each other via trivial
rule permutations.
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We will not give a proof here becauseit won't give any new insights5. But the
reader is invited to do the following exercise:

2.2.4 Exercise Find a sequenceof trivial rule permutations that transforms the
proof in (3) into the one in (4). Convince yourselves that it is impossibleto �nd a
seriesof rule permutations that converts the proof in (4) into the one in (5).

2.2.5 Exercise Give the proof nets for the two sequent proofs in (2).

2.2.6 Exercise Give the proof nets for the sequent proofs that you found in Ex-
ercise2.1.3, and comparethem with (7), (8), and (9).

2.3 From sequent calculus to pro of nets, 2nd way (coherence graph
based)

Let us now discussa secondmethod for obtaining a proof net from a sequent calculus
proof. Here the ideology is:

2.3.1 Ideology A proof net consists of the formula tree/sequent forest of the
conclusion of the proof, together with some additional graph structure capturing the
\essence" of the proof.

It turns out that for MLL� the \essence" of a proof is captured by the axiom
links. More precisely, the proof net is obtained by drawing the \
o w-graph" (or
\coherence-graph") through the sequent calculusproof. This meansthat we trace all
atom occurrencesthrough the proof. The idea is quite simple, but again, the formal
de�nitions tend to bemessy. For theselecture notes,I decidednot to give the detailed
de�nitions but to show the idea via examples. Figure 2 shows how it is done for the
examples(3),(4), and (5).

2.3.2 Trivial Observ ation The 
o w-graphs drawn inside the proofs have cross-
ings exactly at those placeswhere the exchangerule is applied.

Note that if the id-rule is applied only to atoms, and there is no cut-rule present,
then weget (up to sometrivial changeof notation) exactly the sameproof nets aswith
the �rst method. The reasonis that in MLL� there is a one-to-onecorrespondence
betweenthe binary connectivesO and � appearing in the sequent and the instances
of the inference rules for O and � appearing in the proof. Further, every atom
occurrencein the sequent is killed by an instance of the id-rule.

5 . . . and becauseI was too lazy to give a complete list of trivial rule permutations. . .
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id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

O
` a? O(a � a); a?

id
` a? ; a

�
` a? O(a � a); a? � a? ; a

exch
` a? O(a � a); a; a? � a?

O
` a? O(a � a); a O(a? � a? )

id
` a? ; a

id
` a; a?

id
` a? ; a

�
` a; a? � a? ; a

exch
` a; a; a? � a?

O
` a; a O(a? � a? )

�
` a? ; a � a; a O(a? � a? )

O
` a? O(a � a); a O(a? � a? )

id
` a; a?

id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

exch
` a? ; a? ; a � a

O
` a? ; a? O(a � a)

�
` a; a? � a? ; a? O(a � a)

O
` a O(a? � a? ); a? O(a � a)

exch
` a? O(a � a); a O(a? � a? )

# # #

id
` ? ;

id
` ; ?

�
` ? ; � ; ?

O
` ? O( � ); ?

id
` ? ;

�
` ? O( � ); ? � ? ;

exch
` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

O
` a? O(a � a); a?

id
` a? ; a

�
` a? O(a � a); a? � a? ; a

exch
` a? O(a � a); a; a? � a?

O
` a? O(a � a); a O(a? � a? )

id
` ? ;

id
` ; ?

id
` ? ;

�
` ; ? � ? ;

exch
` ; ; ? � ?

O
` ; O( ? � ? )

�
` ? ; � ; O( ? � ? )

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a?

id
` a? ; a

�
` a; a? � a? ; a

exch
` a; a; a? � a?

O
` a; a O(a? � a? )

�
` a? ; a � a; a O(a? � a? )

O
` a? O(a � a); a O(a? � a? )

id
` ; ?

id
` ? ;

id
` ; ?

�
` ? ; � ; ?

exch
` ? ; ? ; �

O
` ? ; ? O( � )

�
` ; ? � ? ; ? O( � )

O
` O( ? � ? ); ? O( � )

exch
` ? O( � ); O( ? � ? )

id
` a; a?

id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

exch
` a? ; a? ; a � a

O
` a? ; a? O(a � a)

�
` a; a? � a? ; a? O(a � a)

O
` a O(a? � a? ); a? O(a � a)

exch
` a? O(a � a); a O(a? � a? )

# # #

id
` ? ;

id
` ; ?

�
` ? ; � ; ?

O
` ? O( � ); ? id

` ? ;
�

` ? O( � ); ? � ? ;
exch

` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

O
` a? O(a � a); a? id

` a? ; a
�

` a? O(a � a); a? � a? ; a
exch

` a? O(a � a); a; a? � a?

O
` a? O(a � a); a O(a? � a? )

id
` ? ;

id
` ; ? id

` ? ;
�

` ; ? � ? ;
exch

` ; ; ? � ?

O
` ; O( ? � ? )

�
` ? ; � ; O( ? � ? )

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
exch

` a; a; a? � a?

O
` a; a O(a? � a? )

�
` a? ; a � a; a O(a? � a? )

O
` a? O(a � a); a O(a? � a? )

id
` ; ?

id
` ? ;

id
` ; ?

�
` ? ; � ; ?

exch
` ? ; ? ; �

O
` ? ; ? O( � )

�
` ; ? � ? ; ? O( � )

O
` O( ? � ? ); ? O( � )

exch
` ? O( � ); O( ? � ? )

id
` a; a?

id
` a? ; a

id
` a; a?

�
` a? ; a � a; a?

exch
` a? ; a? ; a � a

O
` a? ; a? O(a � a)

�
` a; a? � a? ; a? O(a � a)

O
` a O(a? � a? ); a? O(a � a)

exch
` a? O(a � a); a O(a? � a? )

# # #

a? a a a a? a?

� �

O O

a? a a a a? a?

� �

O O

a? a a a a? a?

� �

O O

Figure 2: From sequent calculus to proof nets via coherencegraphs

2.3.3 Exercise Convince yourselves that indeed the two methods always yield
the sameresult for cut-free proofs with only atomic instancesof identit y. Draw the

o w graphs for the examplesin (2) and the sequent calculus proofs that you found
in Exercise2.1.3.

In Figure 3 we convert the example in (6) into a proof net via the 
o w-graph
method. Note that this time the result is di�eren t from the proof net in (9). There
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are two reasons.First, the non-atomic instanceof the id-rule, and second,the presence
of the cut-rule.

The non-atomic identit y rule is not a problem becausean important fact about the
sequent calculussystemin (1) is that the id-rule can be replacedby its atomic version
without changing derivabilit y:

id
` A? ; A

; atomic id
` a? ; a

This is done inductiv ely by systematically replacing

id
` A? O B ? ; B � A

by

id
` B ? ; B

id
` A; A?

�
` B ? ; B � A; A?

exch
` B ? ; A? ; B � A

exch
` A? ; B ? ; B � A

O
` A? O B ? ; B � A

(11)

2.3.4 Exercise Reducein (6) the leftmost instance of id to atomic version. And
draw the proof net accordingto the method in Figure 1. What doeschangecompared
to the net in (9)?

For dealing with cuts (without forgetting them!), we can prevent the 
o w-graph
from 
o wing through the cut, i.e., by keeping the information that there is a cut.
What is meant by this is shown in Figure 4.

2.3.5 Exercise Compare the net obtained in Figure 4 with your result of Exer-
cise2.3.4.

Now, we indeed get the sameresult with both methods, and it might seemfoolish
to emphasizethe di�eren t nature of the two methods if they yield the samenotion
of proof net. The point to make here is that this is the caseonly for MLL � , which
is a very fortunate coincidence. For any other logic, which is more sophisticated,
like classicallogic or larger fragments of linear logic, the two methods yield di�eren t
notions of proof nets. We will come back to this in later sectionswhen we discuss
theselogics.

2.4 From deep inference to pro of nets

The 
o w graph method has the advantage of being independent from the formalism
that is used for describing the deductive system for the logic. We will now repeat
exactly the same exercisewe did for the sequent calculus system for MLL � in the
previous section. But this time we start from a di�eren t deductive systemfor MLL � ,
which is given in the formalism of calculusof structures. It is shown in Figure 5, where
Sf g stands for an arbitrary (positive) formula context. Becauseof the possibility of
applying inferencerules deepinside any context, the name \deep inference" is used.
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id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); (( a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; (( a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
exch

` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a ; a? � a?

O
` a? O(a � a); a O(a? � a? )

#

id
` ? O( � ); ( ? O ? ) �

id
` ? ;

�
` ? O( � ); (( ? O ? ) � ) � ? ;

exch
` ? O( � ); ; (( ? O ? ) � ) � ?

id
` ? ;

id
` ? ;

id
` ; ?

id
` ? ;

�
` ; ? � ? ;

exch
` ; ; ? � ?

�
` ? ; � ; ; ? � ?

cut
` ? ; � ; ; ? � ?

O
` ? O( � ); ; ? � ?

exch
` ; ? O( � ); ? � ?

O
` O( ? O( � )) ; ? � ?

cut
` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); (( a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; (( a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a?

id
` a? ; a

�
` a; a? � a? ; a

exch
` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a ; a? � a?

O
` a? O(a � a); a O(a? � a? )

#

id
` ? O( � ); ( ? O ? ) �

id
` ? ;

�
` ? O( � ); (( ? O ? ) � ) � ? ;

exch
` ? O( � ); ; (( ? O ? ) � ) � ?

id
` ? ;

id
` ? ;

id
` ; ?

id
` ? ;

�
` ; ? � ? ;

exch
` ; ; ? � ?

�
` ? ; � ; ; ? � ?

cut
` ? ; � ; ; ? � ?

O
` ? O( � ); ; ? � ?

exch
` ; ? O( � ); ? � ?

O
` O( ? O( � )) ; ? � ?

cut
` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); (( a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; (( a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a?

id
` a? ; a

�
` a; a? � a? ; a

exch
` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a ; a? � a?

O
` a? O(a � a); a O(a? � a? )

#

a? a a a a? a?

� �

O O

Figure 3: From sequent calculus to proof nets via coherencegraphs
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id
` ? O( � ); ( ? O ? ) �

id
` ? ;

�
` ? O( � ); (( ? O ? ) � ) � ? ;

exch
` ? O( � ); ; (( ? O ? ) � ) � ?

id
` ? ;

id
` ? ;

id
` ; ? id

` ? ;
�

` ; ? � ? ;
exch

` ; ; ? � ?

�
` ? ; � ; ; ? � ?

cut
` ? ; � ; ; ? � ?

O
` ? O( � ); ; ? � ?

exch
` ; ? O( � ); ? � ?

O
` O( ? O( � )) ; ? � ?

cut
` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); (( a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; (( a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
exch

` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a ; a? � a?

O
` a? O(a � a); a O(a? � a? )

#

id
` ? O( � ); ( ? O ? ) �

id
` ? ;

�
` ? O( � ); (( ? O ? ) � ) � ? ;

exch
` ? O( � ); ; (( ? O ? ) � ) � ?

id
` ? ;

id
` ? ;

id
` ; ? id

` ? ;
�

` ; ? � ? ;
exch

` ; ; ? � ?

�
` ? ; � ; ; ? � ?

cut
` ? ; � ; ; ? � ?

O
` ? O( � ); ; ? � ?

exch
` ; ? O( � ); ? � ?

O
` O( ? O( � )) ; ? � ?

cut
` ? O( � ); ; ? � ?

O
` ? O( � ); O( ? � ? )

id
` a? O(a � a); (a? O a? ) � a

id
` a? ; a

�
` a? O(a � a); (( a? O a? ) � a) � a? ; a

exch
` a? O(a � a); a; (( a? O a? ) � a) � a?

id
` a? ; a

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
exch

` a; a; a? � a?

�
` a? ; a � a; a; a? � a?

cut
` a? ; a � a; a; a? � a?

O
` a? O(a � a); a; a? � a?

exch
` a; a? O(a � a); a? � a?

O
` a O(a? O(a � a)) ; a? � a?

cut
` a? O(a � a); a ; a? � a?

O
` a? O(a � a); a O(a? � a? )

#

a? a a a a? a? a a? a a? a a? a a a? a?

� O � �

O � O

� O

O

Figure 4: From sequent calculus to proof nets with cuts via coherencegraphs

Becauseof this possibility and becausewe do not have units in the system, we
need two variants of the i#-rule (doing the same job as the id-rule in the sequent
calculus). Similarly, the cut, i.e., the rule i" comesin two versions. This also means,
that in principle a derivation could have nothing as conclusion. Then we do not
have a proof, but a refutation. This leadsto an important property of the system in
Figure 5, namely its up-down symmetry. For every rule there is a dual co-rule, which
is obtained by negating and exchanging premiseand conclusion. This 
ipping around
can then be done also for whole derivations. A derivation from A to B becomesa
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i#
A? O A

A � A?

i"

Sf B g
i#

Sf (A? O A) � B g

Sf B O(A � A? )g
i"

Sf B g

Sf A O B g
� #

Sf B O Ag

Sf A � B g
� "

Sf B � Ag

Sf A O(B O C)g
� #

Sf (A O B ) O Cg

Sf A � (B � C)g
� "

Sf (A � B ) � Cg

Sf A � (B O C)g
s

Sf (A � B ) O Cg

Figure 5: A systemfor MLL� in the calculus of structures

derivation from B ? to A? , and a proof of a formula A becomesa refutation of A ? .

The s-rule (called switch) is dual to itself. With the help of commutativit y and
associativit y, i.e., the rule � #, � " , � #, and � " we can obtain the following variants
that we also call switch:

Sf (A O B ) � Cg
s

Sf A O(B � C)g

Sf B � (A O C)g
s

Sf A O(B � C)g

Sf (A O C) � B g
s

Sf (A � B ) O Cg
(12)

Similarly, with the help of � # and � " , we can get two other versionsif i# and i" :

Sf B g
i#

Sf B � (A? O A)g
and

Sf (A � A? ) O B g
i"

Sf B g
(13)

Here are three examplesof derivations in the calculus of structures:

i#
bO b?

i#
((aO a? ) � b) O b?

(b? O c? ) � c
s

b? O(c? � c)
i"

b?

i#
b? � (a O a? )

s
a O(b? � a? )

(aO b) � a?

s
(a � a? ) O b

i"
b

i#
(c? O c) � b

s
c? O(c� b)

(14)

The last two are dual to each other.

In order to go on, wehave to make surethat the deductivesystemshown in Figure 5
speaksabout the samelogic, asthe oneshown in (1). This doesthe following theorem:
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2.4.1 Theorem Let A be an MLL� formula. There is a sequent calculus proof of
A, denoted by

••
••

••
••

••
••

????????????

�

` A

in the system shown in (1), if and only if there is a proof of A in the calculus of
structures denoted by

�
k
k

~�

A

in the systemshownin Figure 5.

Pro of: For going from sequent calculus to calculusof structures, we show that every
rule in (1) can be simulated by the rules in Figure 5. The only interesting casesare
� and cut, which are simulated as follows:

(� O A) � (B O �)
s

� O(A � (B O �))
s

� O(A � B ) O �

and

(� O A) � (A? O �)
s

� O(A � (A? O �))
s

� O(A � A? ) O �
i"

� O �

For the rules O and exchit is trivial. Now we can mimic the sequent calculus proof
such that di�eren t branches in the proof tree, say

` � 1 ` � 2 : : : ` � n

are kept together in a single formula

� 1 � � 2 � � � � � � n

In the end, we have for every instance of id in the sequent proof tree and instance of
i# in the calculus of structures proof.

For the other direction, we �rst have to show for every rule

Sf Ag
r

Sf B g

in Figure 5, the sequent ` A? ; B is provable with the rules in (1). Here we do it
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only for the switch rule:

id
` C; C?

id
` A? ; A

id
` B ; B ?

�
` A? ; A � B ; B ?

exch
` A? ; B ? ; A � B

exch
` B ? ; A? ; A � B

�
` C; C? � B ? ; A? ; A � B

O
` C; (C? � B ? ) O A? ; A � B

exch
` (C? � B ? ) O A? ; C; A � B

exch
` (C? � B ? ) O A? ; A � B ; C

O
` (C? � B ? ) O A? ; (A � B ) O C

for the other rules it is similar. Now weshow that in fact the sequent ` Sf Ag? ; Sf B g
(for every positive context Sf g) can be proved with the rules in (1). This is doneby
structural induction on Sf g. If Sf g = f g, we are done. If Sf g = C � S0f g for
someformula C and some(smaller) context S0f g, then we have

id
` C? ; C

••
••

••
??????

� 0

` S0f B g; S0f Ag?

�
` C? ; C � S0f B g; S0f Ag?

exch
` C? ; S0f Ag? ; C � S0f B g

exch
` S0f Ag? ; C? ; C � S0f B g

O
` S0f Ag? O C? ; C � S0f B g

where � 0 exists by induction hypothesis. The other cases,i.e., Sf g = C O S0f g,
Sf g = S0f g � C, and Sf g = S0f gO C, are similar. Now we are ready to simulate
the whole derivation. We proceedby induction om the length of ~� (i.e., the number
of rule instances). If the length is 1, then it must be an instance of i#, and we get a
sequent calculusproof with id. Now assumethe length of ~� is > 1, i.e., ~� is of shape

�
k
k

~� 0

Sf Ag
r

Sf B g

Then we can build

••
••

••
??????

� 0

` Sf Ag
••

••
••

??????
� 00

` Sf Ag? ; Sf B g
cut

` Sf B g

where � 0 exists by induction hypothesisand � 00by what has beensaid above. ut
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id
a O a?

id
a O(a? � (a O a? ))

s
a O a O(a? � a? )

id
((a? O a) � a) O a O(a? � a? )

s
a? O(a � a) O a O(a? � a? )

id
a? O a

id
a? O(a � (a O a? ))

s
a? O(a � a) O a?

id
a? O(a � a) O(a? � (a O a? ))

s
a? O(a � a) O a O(a? � a? )

id
a? O a

id
a? O((a O a? ) � a)

s
a? O(a � a) O a?

id
a? O(a � a) O((a O a? ) � a? )

s
a? O(a � a) O a O(a? � a? )

# # #

id
O ?

id
O( ? � ( O ? ))

s
O O( ? � ? )

id
(( ? O ) � ) O O( ? � ? )

s ? O( � ) O O( ? � ? )

id
a O a?

id
a O(a? � (a O a? ))

s
a O a O(a? � a? )

id
((a? O a) � a) O a O(a? � a? )

s
a? O(a � a) O a O(a? � a? )

id ? O
id

? O( � ( O ? ))
s ? O( � ) O ?

id
? O( � ) O( ? � ( O ? ))

s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O(a � (a O a? ))

s
a? O(a � a) O a?

id
a? O(a � a) O(a? � (a O a? ))

s
a? O(a � a) O a O(a? � a? )

id ? O
id

? O(( O ? ) � )
s ? O( � ) O ?

id
? O( � ) O(( O ? ) � ? )

s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O((a O a? ) � a)

s
a? O(a � a) O a?

id
a? O(a � a) O((a O a? ) � a? )

s
a? O(a � a) O a O(a? � a? )

# # #

id
O ?

id
O( ? � ( O ? ))

s
O O( ? � ? )

id
(( ? O ) � ) O O( ? � ? )

s ? O( � ) O O( ? � ? )

id
a O a?

id
a O(a? � (a O a? ))

s
a O a O(a? � a? )

id
((a? O a) � a) O a O(a? � a? )

s
a? O(a � a) O a O(a? � a? )

id ? O
id ? O( � ( O ? ))
s ? O( � ) O ?

id ? O( � ) O( ? � ( O ? ))
s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O(a � (a O a? ))

s
a? O(a � a) O a?

id
a? O(a � a) O(a? � (a O a? ))

s
a? O(a � a) O a O(a? � a? )

id ? O
id ? O(( O ? ) � )
s ? O( � ) O ?

id ? O( � ) O(( O ? ) � ? )
s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O((a O a? ) � a)

s
a? O(a � a) O a?

id
a? O(a � a) O((a O a? ) � a? )

s
a? O(a � a) O a O(a? � a? )

# # #

a? a a a a? a?

� �

O O

a? a a a a? a?

� �

O O

a? a a a a? a?

� �

O O

Figure 6: From calculus of structures to proof nets

2.4.2 Corollary Let A1; A2; : : : ; An be a list of MLL� formulas. There is a se-
quent calculus derivation

••
••

••
••

••
••

????????????

�

` A1; A2; : : : ; An

if and only if there is a derivation

�
k
k

~�

A1 O A2 O � � � O An

in the calculus of structures.
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i#
a? O(a � a) O((a? O a? ) � a)

i#
a? O(a � a) O((( a? O a? ) � a) � (a O a O(a? � a? )))

s
a? O(a � a) O((( a? O a? ) � a) � (a O a)) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a))) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a? ) O(a � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a? ) O(a � a))) O(a? � a? )

i"
a? O(a � a) O((( a? O a? ) � a) � (a O a? O (a � a))) O(a? � a? )

i#
a? O(a � a) O(((( a? O a? ) � a) � (a O a? )) � (a O a? O(a � a))) O(a? � a? )

s
a? O(a � a) O a O(((( a? O a? ) � a) � a? ) � (a O(a? O(a � a)))) O(a? � a? )

i"
a? O(a � a) O a O (a? � a? )

#

i# ? O( � ) O(( ? O ? ) � )
i#

? O( � ) O((( ? O ? ) � ) � ( O O( ? � ? )))
s ? O( � ) O((( ? O ? ) � ) � ( O )) O( ? � ? )

i#
? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ))) O( ? � ? )

s ? O( � ) O((( ? O ? ) � ) � ( O ? O( � ))) O( ? � ? )
i#

? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ? ) O( � ))) O( ? � ? )
s ? O( � ) O((( ? O ? ) � ) � ( O ? O( � ? ) O( � ))) O( ? � ? )
i"

? O( � ) O((( ? O ? ) � ) � ( O ? O ( � ))) O( ? � ? )
i# ? O( � ) O(((( ? O ? ) � ) � ( O ? )) � ( O ? O( � ))) O( ? � ? )
s

? O( � ) O O(((( ? O ? ) � ) � ? ) � ( O( ? O( � ))) ) O( ? � ? )
i" ? O( � ) O O ( ? � ? )

i#
a? O(a � a) O((a? O a? ) � a)

i#
a? O(a � a) O((( a? O a? ) � a) � (a O a O(a? � a? )))

s
a? O(a � a) O((( a? O a? ) � a) � (a O a)) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a))) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a? ) O(a � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a? ) O(a � a))) O(a? � a? )

i"
a? O(a � a) O((( a? O a? ) � a) � (a O a? O (a � a))) O(a? � a? )

i#
a? O(a � a) O(((( a? O a? ) � a) � (a O a? )) � (a O a? O(a � a))) O(a? � a? )

s
a? O(a � a) O a O(((( a? O a? ) � a) � a? ) � (a O(a? O(a � a))) ) O(a? � a? )

i"
a? O(a � a) O a O (a? � a? )

#

i# ? O( � ) O(( ? O ? ) � )
i#

? O( � ) O((( ? O ? ) � ) � ( O O( ? � ? )))
s ? O( � ) O((( ? O ? ) � ) � ( O )) O( ? � ? )

i#
? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ))) O( ? � ? )

s ? O( � ) O((( ? O ? ) � ) � ( O ? O( � ))) O( ? � ? )
i#

? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ? ) O( � ))) O( ? � ? )
s ? O( � ) O((( ? O ? ) � ) � ( O ? O( � ? ) O( � ))) O( ? � ? )
i"

? O( � ) O((( ? O ? ) � ) � ( O ? O ( � ))) O( ? � ? )
i# ? O( � ) O(((( ? O ? ) � ) � ( O ? )) � ( O ? O( � ))) O( ? � ? )
s

? O( � ) O O(((( ? O ? ) � ) � ? ) � ( O( ? O( � )))) O( ? � ? )
i" ? O( � ) O O ( ? � ? )

i#
a? O(a � a) O((a? O a? ) � a)

i#
a? O(a � a) O((( a? O a? ) � a) � (a O a O(a? � a? )))

s
a? O(a � a) O((( a? O a? ) � a) � (a O a)) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a))) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a? ) O(a � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a? ) O(a � a))) O(a? � a? )

i"
a? O(a � a) O((( a? O a? ) � a) � (a O a? O (a � a))) O(a? � a? )

i#
a? O(a � a) O(((( a? O a? ) � a) � (a O a? )) � (a O a? O(a � a))) O(a? � a? )

s
a? O(a � a) O a O(((( a? O a? ) � a) � a? ) � (a O(a? O(a � a)))) O(a? � a? )

i"
a? O(a � a) O a O (a? � a? )

#

a? a a a a? a?

� �

O O

Figure 7: From calculus of structures to proof nets
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i#
? O( � ) O(( ? O ? ) � )

i# ? O( � ) O((( ? O ? ) � ) � ( O O( ? � ? )))
s

? O( � ) O((( ? O ? ) � ) � ( O )) O( ? � ? )
i# ? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ))) O( ? � ? )
s

? O( � ) O((( ? O ? ) � ) � ( O ? O( � ))) O( ? � ? )
i# ? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ? ) O( � ))) O( ? � ? )
s

? O( � ) O((( ? O ? ) � ) � ( O ? O( � ? ) O( � ))) O( ? � ? )
i" ? O( � ) O((( ? O ? ) � ) � ( O ? O ( � ))) O( ? � ? )

i#
? O( � ) O(((( ? O ? ) � ) � ( O ? )) � ( O ? O( � ))) O( ? � ? )

s ? O( � ) O O(((( ? O ? ) � ) � ? ) � ( O( ? O( � ))) ) O( ? � ? )
i"

? O( � ) O O ( ? � ? )

i#
a? O(a � a) O((a? O a? ) � a)

i#
a? O(a � a) O((( a? O a? ) � a) � (a O a O(a? � a? )))

s
a? O(a � a) O((( a? O a? ) � a) � (a O a)) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a))) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a? ) O(a � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a? ) O(a � a))) O(a? � a? )

i"
a? O(a � a) O((( a? O a? ) � a) � (a O a? O (a � a))) O(a? � a? )

i#
a? O(a � a) O(((( a? O a? ) � a) � (a O a? )) � (a O a? O(a � a))) O(a? � a? )

s
a? O(a � a) O a O(((( a? O a? ) � a) � a? ) � (a O(a? O(a � a))) ) O(a? � a? )

i"
a? O(a � a) O a O (a? � a? )

#

i#
? O( � ) O(( ? O ? ) � )

i# ? O( � ) O((( ? O ? ) � ) � ( O O( ? � ? )))
s

? O( � ) O((( ? O ? ) � ) � ( O )) O( ? � ? )
i# ? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ))) O( ? � ? )
s

? O( � ) O((( ? O ? ) � ) � ( O ? O( � ))) O( ? � ? )
i# ? O( � ) O((( ? O ? ) � ) � ( O(( ? O ) � ? ) O( � ))) O( ? � ? )
s

? O( � ) O((( ? O ? ) � ) � ( O ? O( � ? ) O( � ))) O( ? � ? )
i" ? O( � ) O((( ? O ? ) � ) � ( O ? O ( � ))) O( ? � ? )

i#
? O( � ) O(((( ? O ? ) � ) � ( O ? )) � ( O ? O( � ))) O( ? � ? )

s ? O( � ) O O(((( ? O ? ) � ) � ? ) � ( O( ? O( � ))) ) O( ? � ? )
i"

? O( � ) O O ( ? � ? )

i#
a? O(a � a) O((a? O a? ) � a)

i#
a? O(a � a) O((( a? O a? ) � a) � (a O a O(a? � a? )))

s
a? O(a � a) O((( a? O a? ) � a) � (a O a)) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a))) O(a? � a? )

i#
a? O(a � a) O((( a? O a? ) � a) � (a O((a? O a) � a? ) O(a � a))) O(a? � a? )

s
a? O(a � a) O((( a? O a? ) � a) � (a O a? O(a � a? ) O(a � a))) O(a? � a? )

i"
a? O(a � a) O((( a? O a? ) � a) � (a O a? O (a � a))) O(a? � a? )

i#
a? O(a � a) O(((( a? O a? ) � a) � (a O a? )) � (a O a? O(a � a))) O(a? � a? )

s
a? O(a � a) O a O(((( a? O a? ) � a) � a? ) � (a O(a? O(a � a))) ) O(a? � a? )

i"
a? O(a � a) O a O (a? � a? )

#

a? a a a a? a? a a? a a? a a? a a a? a?

� O � �

O � O

� O

O

Figure 8: From calculus of structures to proof nets

Let us now seehow derivations in the calculus of structures are translated into
proof nets. The method is exactly the sameas in the previous section: We simply
trace the atoms through the derivation. Figures 6{8 show the calculus of structures
version of Figures 2{4.

2.4.3 Trivial Observ ation We get the sameproof nets as before.
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2.4.4 Subtle Observ ation In Figures 6 and 8 the 
o w-graphs drawn inside the
proofs have the samecrossingsas the resulting proof nets, while in Figures 2 and 4,
the 
o w-graphsdrawn inside the proofshave more (seeminglyunnecessary)crossings.

2.5 Correctness criteria

We have seenhow we can obtain a proof net out of a formal proof in somedeductive
system. But what about the other way around? Supposewe have such a graph that
looks like a proof net. Can we decidewhether it really comesfrom a proof, and if so,
can we recover this proof? Of coursethe answer is trivially yesbecausethe graph is
�nite and we just need to check all proofs of that size. The interesting question is
therefore, whether we can do it e�cien tly.

The answer is still yes,and it is done via so-calledcorrectness criteria . For intro-
ducing the idea, we take the following graphs as running examples

a a? a a? c c?

O O

�

(15)

a b? b b? b a?

O O

a b? b a?

� �

(16)

By playing around, you will notice that it is quite easy to �nd a proof (in sequent
calculus or calculus of structures) that translates into the net in (15), but it seems
impossible to �nd such proofs for the two examples in (16). We are now going to
show that this is indeed impossible. For doing so, we needsomeformal de�nitions.

2.5.1 De�nition A pre-proof net is a sequent forest �, possibly with cuts, to-
gether with a perfect matching of the set of leaves (i.e., the set of occurrencesof
propositional variables and their duals), such that only dual pairs are matched.

In this context, a cut must be seenas a special kind of formula A � A ? , where � is
a special connective which may occur only at the root of a formula tree in which the
two direct subformulas are dual to each other. For example, (15) should be read as

a a? a a? c c?

� O O

�

(15')
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Clearly, the examplesin (15) and (16) are all pre-proof nets. In the following, we will
think of an inner node (i.e., a non-leaf node) of the sequent forest labelednot only by
the connective but by the whole subformula rooted by that connective. Our favorite
example (15) should then be read as

a a? a a? c c?

a � a? aO a? cO c?

(aO a? ) � (cO c? )

(15")

Although sometimeswe think of pre-proof nets to be written as in (15") , we will keep
writing them as in (15) for better readability.

2.5.2 De�nition A pre-proof net � is called sequentializable i� there is a proof
in the sequent calculus or in the calculus of structures that translates into � .

Originally, the term \sequentializable" was motivated by the name \sequent cal-
culus". But we use it here also if the \sequentialization" is done in the calculus of
structures.

2.5.3 De�nition Let � be a pre-proof net. A switching for � is a graph obtained
from � by removing for every O-nodeoneof the two edgesconnectingit to its children.

Clearly, if a pre-proof net contains n O-nodes, then there are 2n switchings. Here
are all 4 switchings for the example in (15):

a a? a a? c c?

O O

�

a a? a a? c c?

O O

�

a a? a a? c c?

O O

�

a a? a a? c c?

O O

�

(17)

2.5.4 De�nition A pre-proof net obeys the switching criterion (or, shortly, is
correct ) i� all its switchings are connectedand acyclic.

As (17) shows, the pre-proof net in (15) is correct. The two pre-proof nets in (16)
are not, as the following switchings show:

a b? b b? b a?

O O

a b? b a?

� �

(18)
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The �rst is not connected,and the secondis cyclic.
In the following, we use the term proof net for those pre-proof nets which are

correct, i.e., obey the switching criterion. The following theorem says that the proof
nets are exactly those pre-proof nets that represent an actual proof.

2.5.5 Theorem A pre-proof net is correct if and only if it is sequentializable.

We will give two proofsof this theorem. The �rst usesthe sequent calculus,and the
secondthe calculus of structures. For the �rst proof, we needthe following lemma:

2.5.6 Lemma Let � be a proof net with conclusions A 1; : : : ; An . If all A i havea
� or a cut as root, then one of them is splitting, i.e., by removing that � (or � ), the
net becomesdisconnected.

For proving this lemma, we needsomemore concepts.

2.5.7 De�nition Let � and � be pre-proof nets. We say � is a subprenet of � ,
written as � � � if all formulas/cuts appearing in � are subformulas of the formu-
las/cuts appearing in � , and the linking of � is the restriction of the linking of � to
the formulas/cuts in � . We say � is a subnet of � if � � � , and � and � are both
correct. A door of � is any formula that appearsas conclusionof � .

2.5.8 Example Consider the following three graphs:

a a? a a?

O

a a? a a?

O

a a? a a?

O

The �rst two are subprenetsof (15), the third one is not (becausea link is missing).
The secondone is in fact a subnet of (15), but the �rst one is not (becauseit is not
correct). The doors of the �rst example are a, a? , and aO a? . The doors of the
secondexampleare a � a? and aO a? .

2.5.9 Lemma Let � and � be subnetsof someproof net � .

(i) The subprenet � [ � is a subnetof � if and only if � \ � = ; .

(ii) If � \ � 6= ; then � \ � is a subnetof � .

Pro of: Intersection and union in the statement of that lemma have to be understood
in the canonicalsense:An edge/node/link appearsin in � \ � (resp. � [ � ) if it appears
in both, � and � (resp. in at least one of � or � ). For giving the proof, let us �rst
note that becausein � every switching is acyclic, also in every subprenet of � every
switching is acyclic, in particular also in � [ � and � \ � . Therefore, we needonly to
consider the connectednesscondition.

(i) If � \ � = ; then every switching of � [ � must be disconnected.Conversely, if
� \ � 6= ; , then every switching of � [ � must be connected(in every switching
of � [ � every node in � \ � must be connectedto every node in � and to every
node in � , because� and � are both correct).
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(ii) Let � \ � 6= ; and let s be a switching for � [ � . Then s is connected and
acyclic by (i). Let s� , s� , and s� \ � , be the restrictions of s to � , � , and � \ � ,
respectively. Now let A and B be two vertices in � \ � . Then A and B are
connectedby a path in s� because� is correct, and by a path in s� because�
is correct. Sinces is acyclic, the two paths must be the sameand therefore be
contained in s� \ � . ut

2.5.10 Lemma Let � be a proof net, and let A be a subformula of some for-
mula/cut appearing in � . Then there is a subnet � of � , that has A as a door.

Pro of: For proving this lemma, we need the following notation. Let � be a proof
net, let A be someformula occurrencein � , and let s be a switching for � . Then we
write s(� ; A) for the graph obtained as follows:

� If A is an immediate subformula of a formula occurrenceB in � , and there is an
edgefrom B to A in s, then remove that edgeand let s(� ; A) be the connected
component of (the remainder of) s that contains A.

� Otherwise let s(� ; A) be just s.

Now let
� =

\

s

s(� ; A)

where s ranges over all possible switchings of � . (Note that it could happen that
formally � is not a subprenetbecausesomeedgesin the formula treesmight be miss-
ing. We graciously add thesemissing edgesto � such that it becomesa subprenet.)
Clearly, A is in � . We are now going to show that A is a door of � . By way of contra-
diction, assumeit is not. This meansthere is ancestorB of A that is in

T
s s(� ; A).

Now choosea switching ŝ such that whenever there is a O node between A and B ,
i.e.,

A

C1 C2

C1 O C2

B

or

A

C2 C1

C2 O C1

B

then ŝ choosesC1 (i.e., removes the edgebetween C2 and its parent). Then there
must be a � betweenA and B :

A

D 1 D 2

D1 � D2

B

or

A

D 2 D 1

D2 � D1

B



26 Lutz Stra�burger

Otherwise B would not be in � . Now supposewe have chosenthe uppermost such
� . Then the path connecting A and D 1 in ŝ(� ; A) cannot passthrough D 2 (by the
de�nition of ŝ(� ; A)). But this meansthat in ŝ there are two distinct paths connecting
A and D1, which contradicts the acyclicity of ŝ.

Now we have to show that � is a subnet. Let s be a switching for � . Since � is a
subprenet of � , we have that s is acyclic. Now let ~s be an extensionof s to � . Then
s is the restriction of ~s(� ; A) to � , and henceconnected. ut

2.5.11 De�nition Let � be a proof net, and let A be a subformula of some
formula/cut appearing in � . The kingdom of A in � , denoted by kA, is the smallest
subnet of � , that has A as a door. Similarly, the empire of A in � , denoted by eA, is
the largest subnet of � , that has A as a door. We de�ne A � B i� A 2 kB , where A
and B can be any (sub)formula/cut occurrencesin � .

An immediate consequenceof Lemmas2.5.9and 2.5.10is that kingdom and empire
always exist.

2.5.12 Exercise Why?

2.5.13 Remark The subnet � constructed in the proof of Lemma 2.5.10is in fact
the empire of A. But we will not needthis fact later and will not prove it here.

2.5.14 Lemma Let � be a proof net, and let A, A0, B , and B 0 be subformula oc-
currencesappearing in � , suchthat A and B are distinct, A 0 is immediate subformula
of A, and B 0 is immediate subformula of B . Now suppose that B 0 2 eA0. Then we
have that B =2 eA0 if and only if A 2 kB .

Pro of: We have B 0 2 eA0\ kB . Hence,� = eA0\ kB and � = eA0[ kB are subnets
of � . By way of contradiction, let B =2 eA0 and A =2 kB . Then � has A0 as door and
is larger than eA0 becauseit contains B . This contradicts the de�nition of eA0. On
the other hand, if B 2 eA0 and A 2 kB then � has B as door and is smaller than kB
becauseit doesnot contain A. This contradicts the de�nition of kB . ut

2.5.15 Lemma Let � be a proof net, and let A and B be subformulasappearing
in � . If A � B and B � A, then either A and B are the sameoccurrence or they
are dual atoms connected via an identity link.

Pro of: If a and a? are two dual atom occurrencesconnectedby a link, then clearly
ka = ka? . Now let A and B be two distinct non-atomic formula occurrencesin �
with A 2 kB and B 2 kA. Then kA \ kB is a subnet and hencekA = kA \ kB = kB .
We have two cases:

� If A = A0O A00then the result of removing A from kB is still a subnet, contra-
dicting the minimalit y of kB .

� If A = A0� A00then kA = kA0[ kA00[ f A0� A00g. HenceB 2 kA0 or B 2 kA00.
This contradicts Lemma 2.5.14,which says that B =2 eA0 and B =2 eA00. ut

From Lemma 2.5.15 it immediately follows that � is a partial order on the non-
atomic subformula occurrencesin � . We make crucial useof this fact in the following:
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Pro of of Lemma 2.5.6: Chooseamong the conclusionsA 1; : : : ; An (including the
cuts) of � one which is maximal w.r.t. � . Without loss of generality, assumeit is
A i = A0

i � A00
i . Wewill now show that it is splitting, i.e., � = f A 0

i � A00
i g[ eA0

i [ eA00
i . By

way of contradiction, assumeA0
i � A00

i is not splitting. This meanswe have somewhere
in � a formula occurrenceB with immediate subformula B 0 such that (without loss
of generality) B 0 2 eA0

i and B =2 eA0
i . We also know that B must occur at or above

someother conclusion,say A j = A0
j � A00

j . HenceB 2 kA j and therefore kB � kA j .
But by Lemma 2.5.14 we have A i 2 kB and therefore A i 2 kA j , which contradicts
the maximalit y of A i w.r.t. � . ut

Finally, we can prove Theorem 2.5.5.

First Pro of of Theorem 2.5.5: Let us �rst show that the (in the sequent calculus)
sequentializable pre-proof nets are indeed correct. This is done by verifying that the
id-rule yields correct nets (which is obvious) and that all other inferencerules preserve
correctness. For the exch-rule this is obvious. Let us now consider the � -rule. By
way of contradiction, assumethat

� 1

� A
and

� 2

�B

are correct, but

� 1 � 2

�

� �

A B

A � B

is not correct. This meansthere is a switching that is either disconnectedor contains
a cycle. Sincea � -node doesnot a�ect switchings, we concludethat the property of
being disconnectedor cyclic must hold for the sameswitching in oneof � 1 or � 2. But
this is a contradiction to the correctnessof � 1 and � 2. For the the O-rule and the
cut-rule we proceedsimilarly.

Conversely, let � be a correct pre-proof net. We proceedby induction on the size
of � , i.e., the number n of O-, � -, and cut-nodesin � , to construct a sequent calculus
proof �, that translates into � . If n is 0, then � must be of the shape

id

A? A
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and we can apply the id-rule. Now let n > 0. If one of the conclusion formulas of
� has a O-root, we can apply the O-rule and proceedby induction hypothesis. Now
supposeall roots are � or cuts. Then we apply Lemma 2.5.6, which tells us, that
there is one of them which splits the net. Assume,without lossof generality, that it
is a � -root, say A i = A0

i � A00
i . This means,the net is of the shape

� 1 � 2

�

� �

A0
i A00

i

A0
i � A00

i

and we can apply the � -rule and proceedby induction hypothesis for � 1 and � 2. If
the splitting root is a cut, we apply the cut-rule instead. ut

Let us now seethe secondproof. For this, we needthe following lemma:

2.5.16 Lemma Let � be a proof net with conclusion

Sf (A � B f ag) O(Cf a? g� D )g ,

such that the a and the a? are paired up in the linking. Let � 0 and � 00be pre-proof
nets with conclusions

Sf A � (B f agO(Cf a? g� D ))g and Sf ((A � B f ag) O Cf a? g) � Dg

respectively, such that the linkings of � 0 and � 00(i.e., the pairing of dual atoms) are
the sameas the linking of � . Then at least one of � 0 and � 00is also correct.

Pro of: Let us visualize the information we have about � , � 0, and � 00as follows:

� 0 : � : � 00:

?

a?

a C D

B �

A O

�

 

a a?

A B C D

� �

O

!

a

A B a?

� C

O D

�

We proceedby way of contradiction, and assumethat � is correct and that � 0 and � 00

are both incorrect. If there is a switching s for � 0 (or � 00) that is disconnected,then
the sameswitching is also disconnectedin � . Hence, we need to consider only the
acyclicity condition. Supposethat there is a switching s0 for � 0 that is cyclic. Then,
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in s0 the O below B must be switched to the right, and the cycle must passthrough
A, the root � and the O as follows:

?a?

a C D

B �

A O

�

Otherwise we could construct a switching with the same cycle in � . If our cycle
continues through D, i.e.,

?a?

a C D

B �

A O

�

(19)

then we can use the path from A to D (that does not go through B or C, see
Exercise2.5.17) to construct a cyclic switching s in � as follows:

?a a?

A B C D

� �

O

Hence, the cycle in s0 goes through C, giving us a path from A to C, not passing
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through B (seeExercise2.5.17):

?a?

a C D

B �

A O

�

(20)

By the sameargumentation we get a switching s00in � 00with a path from B to D ,
not going through C. From s0 and s00, we can now construct a switching s for � with
a cycle as follows:

?a a?

A B C D

� �

O

which contradicts the correctnessof � . ut

2.5.17 Exercise Explain why we can in (19) assumethat the cycle does not go
through B or C, and in (20) not through B .

In our secondproof of Theorem 2.5.5 we will also needthe following concept:

2.5.18 De�nition Let A be a formula. The relation web of A is the complete
graph, whose vertices are the atom occurrencesin A. An edge between to atom
occurrencesa and b is coloredred, if the �rst commonancestorof them in the formula
tree is a � , and greenif it is a O.

2.5.19 Example Here is the relation web for (a? O(a � a)) O(aO(a? � a? )):

a? a

a? a

a? a

We useregular edgesfor red and dotted edgesfor green.
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2.5.20 De�nition The degree of freedom of a formula A, is the number of green
edgesin its relation web.

Second Pro of of Theorem 2.5.5: Again, we start by showing that all rules
preserve correctness. Here, the only interesting case is the switch rule (all others
being trivial), which doesthe following transformation somewhereinside the net:

O ! �

� O

(21)

By way of contradiction, assumethe net on the left is correct, and the one on the
right is not. First, supposethere is a switching for the secondnet that is cyclic. If
that cycle doesnot contain the � -node shown on the right in (21), then this cycle is
also present in the net on the left in (21). If our cycle contains the � -node, then we
can make the samecycle be present in the net on the left by switching the O-node to
the left (i.e., removing the edgeto the right). Now assumewe have a disconnected
switching for the net on the right. Then the sameswitching also disconnectsthe net
on the left. Contradiction.

Conversely, assumewe have a correct net � with conclusion F . For the time
being, assumethat � is cut-free. We proceedby induction on the degreeof freedom
of F . Pick inside F any pair of atoms that are linked together, say a and a? . Then
F = Sf S1f agO S2f a? gg. Without lossof generality, we can assumethat S1f g and
S2f g are not O-contexts. We have the following cases:

� If S1f g = S2f g = f g, we can apply the rule i#, and proceedby induction
hypothesis.

� If S1f g 6= f g and S2f g = f g, then F = Sf (A � B f ag) O a? g for someA
and B f g. We can apply the switch rule to get Sf A � (B f agO a? )g, which is
still correct (with the samelinking as for F ), but has smaller degreeof freedom
than F . The casewhere S1f g = f g and S2f g 6= f g is similar.

� If S1f g 6= f g and S2f g 6= f g, then, without loss of generality, F =
Sf (A � B f ag) O(Cf a? g� D )g, for someA, B f g, Cf g, D . By Lemma 2.5.16,
we can apply the switch rule, sinceone of

Sf A � (B f agO(Cf a? g� D ))g and Sf ((A � B f ag) O Cf a? g) � Dg

is still correct. Sinceboth of them have smaller degreeof freedom than F , we
can proceedby induction hypothesis.

If � contains cuts, we can replace inside � all cuts with � , to get a formula F 0 such
that there is a derivation

F 0

i" k
k
F

Then � becomesa cut-free net with conclusionF 0, and we can proceedas above. ut
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Note that the two di�eren t proofs of Theorem 2.5.5 yield a stronger version of
Theorem 2.4.1.

2.5.21 Theorem For every sequent calculus proof

••
••

••
??????

` A1; A2; : : : ; An

there is a proof in the calculus of structures

�
k
k

A1 O A2 O : : : O An

yielding the sameproof net, and vice versa.

A geometric or graph-theoretic criterion like the one in De�nition 2.5.4 and Theo-
rem 2.5.5 is called a correctnesscriterion . The desiredproperties are soundnessand
completeness,as stated in Theorem 2.5.5. For MLL� , the literature contains quite
a lot of such criteria, and it would go far beyond the scope of this lecture notes to
attempt to give a complete survey. But nonetheless,we will show here two other
correctnesscriteria.

For the next one, we write the pre-proof nets in a di�eren t way:

id

a? a ;

O

A B

A O B

;

�

A B

A � B

;

cut

A A? ;

(22)
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We call the resulting graphs RB-graphs. The R and B stand for Regular/Red and
Bold/Blue. The main property of thesegraphsis that the blue/b old edges(in the fol-
lowing called B-edges) provide a bipartition of the set of vertices, i.e., every vertex in
the RB-graph is connectedto exactly oneother vertex via a B-edge. The red/regular
edgesare in the following called R-edges.

Here are the examplesfrom (15) and (16) written as RB-graphs:

(23)

(24)

2.5.22 De�nition Let G be an RB-graph. An �-p ath in G is a path whoseedges
are alternating R- and B-edges,and that doesnot touch any vertex more than once.
An �-cycle in G is a �-path from a vertex to itself, starting with a B-edge and
ending with an R-edge.

The A and E stand for \alternating" and \elementary". The meaningof \alternat-
ing" should be clear, and the meaningof \elementary" is that the path or cycle must
not crossitself.

2.5.23 De�nition A pre-proof net � obeys the RB-criterion (or shortly, is RB-
correct ) i� its RB-graph G� contains no �-cycle and every pair of vertices in G� is
connectedvia an �-path.

2.5.24 Theorem A pre-proof net is RB-correct if and only if it is a proof net.

Pro of: We show that a pre-proof net is RB-correct i� it obeysthe switching criterion,
which is easy: If there are two vertices in the RB-graph not connectedby an �-path,
then there is a switching yielding a disconnectedgraph, and vice versa. Similarly,
the RB-graph contains an �-cycle if and only if we can provide a switching with a
cycle. ut
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2.5.25 Exercise Work out the details of the previous proof.

For the third correctnesscriterion, we write our nets in yet another way:

id

a? a ; � �

O

A B

A O B

; a�

�

A B

A � B

; �

cut

A A? ; � �

(25)

Now consider the following two rewriting rules on thesegraphs:
�

a�

!

�

�

and

�

�

! � (26)

It is important to note that in the �rst rule the two edgesare betweenthe samepair
of verticesand are connectedby an arc at exactly oneof the two vertices. The second
rule only applies if the two vertices on the lefthand side are distinct, and the edgeis
not connectedto another edgeby an arc.

2.5.26 Theorem The reduction relation induced by the rules in (26) is terminat-
ing and con
uent.

Pro of: Termination is obvious becauseat each step the sizeof the graph is reduced.
Hence, it su�ces to show local con
uence to get con
uence. But this is easy since
there are no (proper) critical pairs. ut

This meansthat for each pre-proof net we get a uniquely de�ned reduced graph,
and the question is now how this graph looks like.
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2.5.27 Exercise Apply the reduction relation de�ned in (26) to the nets in (15)
and (16).

2.5.28 De�nition A pre-proof net obeys the contraction criterion if its normal
form according to the reduction relation de�ned in (26) is

�

i.e., a single vertex without edges.

At this point rather unsurprisingly, we get:

2.5.29 Theorem A pre-proof net obeys the contraction criterion if and only if it
is a proof net.

Pro of: As before,we show this by showing the equivalenceof the switching criterion
and the contraction criterion. This is easyto seesinceboth reductions in (26) preserve
and re
ect correctnessaccording to the switching criterion. ut

Before we leave the topic of correctnesscriteria, let us make someimportant ob-
servations on their complexity. The naive implementation of checking the switching
criterion needsexponential time: if there are n par-links in the net, then there are
2n switchings to check. However, checking the RB-criterion needsonly quadratic
runtime. To verify this is an easygraph-theoretic exercise.It is also easyto seethat
checking the contraction criterion can be done in quadratic time. But it is rather
surprising that it can be done in linear time in the sizeof the net.6 This meansthat
(in the caseof MLL� ) when we go from a formal proof in a deductive system like
the sequent calculus or the calculus of structures (whosecorrectnesscan trivially be
checked in linear lime in the sizeof the proof) to the proof net, we do not loseany in-
formation. The proof net contains the essence of the proof, including the \deductiv e
information". Unfortunately, MLL� is (so far) the only logic (except somevariants
of it), for which this ideal of proof nets is reached. We comeback to this in Sections
3 and 5.

2.6 Tw o-sided pro of nets

The proof nets we have seenare also called one-sided proof nets. This implies that
there is another kind: the so called two-sided proof nets. Their existenceis justi�ed
by the fact, that systemsin the sequent calculuscan alsocomein a two-sidedversion.

6For references,seeSection 2.9.
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Here is a two-sidedsequent calculus system for MLL� :

id
A ` A

� ` � ; A A; � 0 ` � 0

cut
� ; � 0 ` � ; � 0

� ; B ; A; � 0 ` �
exchL

� ; A; B ; � 0 ` �

� ` � ; B ; A; � 0

exchR
� ` � ; A; B ; � 0

� ; A ` � � 0; B ` � 0

OL
� ; � 0; A O B ` � ; � 0

� ` A; B ; �
OR

� ` A O B ; �

� ; A; B ` �
� L

� ; A � B ` �

� ` A; � � 0 ` B ; � 0

� R
� ; � 0 ` A � B ; � ; � 0

� ` A; � � 0; B ` � 0

( L
� ; � 0; A ( B ` � ; � 0

� ; A ` B ; �
( R

� ` A ( B ; �

� ` A; �
�? L

� ; A? ` �

� ; A ` �
�? R

� ` A? ; �

(27)

Now sequents are not just lists of formulas, but pairs of lists of formulas, and these
pairs of lists are separatedby a ` . One reasonfor using two-sidedsequent systems
is that one can treat negation as a proper connective (i.e., it is not pusheddown to
the atoms as in the one-sidedversion) and that onecan have implication asprimitiv e
(i.e., there are rules for implication, instead of just de�ning A ( B = A ? O B ). Of
course,the disadvantage is that we heavily increasethe number of rules. Here is an
exampleof a two-sidedderivation using the rules in (27):

id
a ` a

id
a ` a

�? L
a? ; a `

( L
a;a ( a? ; a `

id
a ` a

OL
a;a ( a? ; aO a ` a

�? R
a;a ( a? ` a; (a O a)?

� L
a � (a ( a? ) ` a; (a O a)?

OR
a � (a ( a? ) ` aO(a O a)?

(28)

We omitted the instancesof the exchangerule in this example.

We can follow ideology 2.2.1 to translate two-sidedsequent proofs into proof nets.
But wehave to assignto each rule and each formula appearing in the net a label which
indicated whether the rule/form ula comesfrom the left-hand side or the right-hand
sideof the sequent. We usehere the letters L and R. Figure 9 shows how the sequent
rules in (27) are translated into proof nets. We omitted the rules for exch(compare
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with Figure 1) and �? . Here is the result of translating (28):

id id id

�? L OL

( L �? R

� L OR

a:L

a ( a? :L

a � (a ( a? ):L

a:R

a? :L

a:R
a:L a:L

a:R

(a O a)? :R

a O a:L

a O(a O a)? :R

(29)

Note that the nets in (7) and (29) are almost identical from the graph-theoretical
viewpoint. The only di�erences are that the labels are di�eren t and that there are
additional �? L and �? R nodesin (29).

Of course,we can also usethe 
o w-graph method to obtain a proof net from (28):

id
`

id
`

�? L ? ; `
( L

; ( ? ; `
id

`
OL

; ( ? ; O `
�? R

; ( ? ` ; ( O )?

� L
� ( ( ? ) ` ; ( O )?

OR
� ( ( ? ) ` O( O )?

id
a ` a

id
a ` a

�? L
a? ; a `

( L
a; a ( a? ; a `

id
a ` a

OL
a; a ( a? ; aO a ` a

�? R
a; a ( a? ` a; (a O a)?

� L
a � (a ( a? ) ` a; (a O a)?

OR
a� (a ( a? ) ` aO(a O a)?

!

id
`

id
`

�? L ? ; `
( L

; ( ? ; `
id

`
OL

; ( ? ; O `
�? R

; ( ? ` ; ( O )?

� L
� ( ( ? ) ` ; ( O )?

OR
� ( ( ? ) ` O( O )?

id
a ` a

id
a ` a

�? L
a? ; a `

( L
a; a ( a? ; a `

id
a ` a

OL
a; a ( a? ; aO a ` a

�? R
a; a ( a? ` a; (a O a)?

� L
a � (a ( a? ) ` a; (a O a)?

OR
a � (a ( a? ) ` a O(a O a)?

(30)

However, observe that from the 
o w-graph we do not get a priori the information
what is left and what is right. This means,for a proper de�nition of pre-proof net, we
need to �nd another way to determine when we may allow an identit y link between
a pair of atoms. To do so, we usepolarities : we assignto each subformula appearing
in the sequent a unique polarity, that is, an element of the set f� ; �g , where � can be
read as left/negativ e/up and � as right/p ositive/down. Let � ` � be given. Then

(i) all formulas in � get polarity � , and all formulas in � get polarity � ;

(ii) whenever A � B has polarity � (resp. � ), then A and B also get polarity �
(resp. � );

(iii) whenever A O B has polarity � (resp. � ), then A and B also get polarity �
(resp. � );
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id

A:L A:R

� 1 � 2

cut�: L; �: R � 0:L; � 0:R

A:R A:L

� 1 � 2

OL

�: L; �: R � 0:L; � 0:R

A:L B :L

A O B :L

�

OR

�: L �: R

A:R B :R

A O B :R

�

� L

�: L �: R

A:L B :L

A � B :L

� 1 � 2

� R

�: L; �: R � 0:L; � 0:R

A:R B :R

A � B :R

� 1 � 2

( L

�: L; �: R � 0:L; � 0:R

A:R B :L

A ( B :L

�

( R

�: L �: R

A:L B :R

A ( B :R

Figure 9: From two-sidedsequent calculusto proof nets (sequent calculusrule driven)

(iv) whenever A ( B has polarity � (resp. � ), then A gets polarity � (resp. � ) and
B gets polarity � (resp. � );

(v) whenever A? has polarity � (resp. � ), then A gets polarity � (resp. � ).

Note that only for negation and implication there is a change of polarity. We can
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now give the following de�nition:

2.6.1 De�nition A two-sided pre-proof net consists of a list of formula trees,
which is correctly polarizedaccordingto (ii)-(v) above, together with a perfect match-
ing of the set of leaves, such that two leaves are matched only if they are labeled by
the sameatom and have di�eren t polarity. If there are cuts in the net, then the two
cut formulas have to be identical and must have di�eren t polarity.

As an examplewe give here the net corresponding to (30):

a� a� a� a� a� a�

�?
�

O�

( � �? �

� � O�

(31)

where we put the polarity as superscript to nodes in the trees. It should not come
at a surprise that we get (again, up to sometrivial changein the notation) the same
proof nets as with the �rst method.

The correctnesscriteria are exactly the sameas we discussedthem for one-sided
proof nets in Section 2.5. The only thing to note is that the � � , O� , and ( � behave
asthe O in Section2.5, i.e., remove oneedgeto a child to get a switching, and the � � ,
O� , and ( � behave as the � in Section 2.5. Clearly, the example in (31) is correct.

Let us now for the time being forget the ( and �? nodes that 
ip the polarity.
Then we can draw the two-sidedproof net in a two-sidedway. Things with polarity �
are drawn on the top and things with polarity � are drawn at the bottom. In between
we put the identit y links. Sincewe now have again negatedatoms, we have to change
the condition on the identit y links: Two atoms occurrences may be linked, if they are
the same and have di�er ent polarity, or if they are dual to each other and have the
samepolarity. Here are two examples:

� �

O�

b?� c?� c�

a� b?� a?�

� �

O�

� �

O�

a� b� a?�

c?� c� b�

� �

O�

(32)
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Note that these are exactly the nets that are obtained via the 
o w-graph method
from the calculus of structures derivations in (14):

( ? O ? ) �
s ? O( ? � )
i" ?

i# ? � ( O ? )
s

O( ? � ? )

(b? O c? ) � c
s

b? O(c? � c)
i"

b?

i#
b? � (a O a? )

s
a O(b? � a? )

( O ) � ?

s
( � ? ) O

i"

i#
( ? O ) �

s ? O( � )

(a O b) � a?

s
(a � a? ) O b

i"
b

i#
(c? O c) � b

s
c? O(c� b)

(33)

This is the secondjusti�cation for the existenceof two-sided proof nets. They are
directly obtained via 
o w-graphs from derivations in the calculus of structures. As
before, the correctnesscriterion doesnot change.

Note that from the graph-theoretical point of view, there is now not much di�erence
between � � and O� , between � � and O� , between a� and a?� , and between a� and
a?� (at least for MLL� ). For this reason,the nets in (32) could also be written as

O

�

b c c?

a b? a?

�

O

O

�

a? b? a

c? c b

�

O

(34)

Now they are in fact the samenet just turned upsidedown. This is no surprise since
the two derivations in (33) are dual to each other.

Let us emphasizethat it doesnot matter in which way the graph is drawn on the
paper. The net on the left in (32,34) could also be drawn as

c� c?� b?� a� b?� a?�

O� � �

� � O�

or
c? c b a b? a?

� �

O O

(35)

In the caseof MLL� it makesno di�erence whether one prefers to put a proof net in
a \one-sided" (35) or \t wo-sided" (32,34) way on the paper, and whether one prefers
to usethe labels f� ; �g for left/righ t (or up/down) as in (32) or to live without them
as in (34).

This rather trivial observation can be nailed down in the following theorem which
strengthensTheorems2.4.1 and 2.5.21.



Proof Nets and the Identit y of Proofs 41

2.6.2 Theorem Let n; m � 1 and A1; : : : ; An ; B1; : : : ; Bm be any MLL� formulas.
Then the following are equivalent:

(i) There is a sequent calculus proof

••
••

••
??????

` A?
1 ; : : : ; A?

n ; B1; : : : ; Bm (36)

(ii) There is a calculus of structures proof
�
k
k

A?
1 O � � � O A?

n O B1 O : : : O Bm (37)

(iii) There is a (two-sided) sequent calculus proof

••
••

••
??????

A1; : : : ; An ` B1; : : : ; Bm (38)

(iv) There is a calculus of structures proof

A1 � � � � � An

k
k

B1 O : : : O Bm (39)

Furthermore all of (36){ (39) can be constructed such that they all yield the same
proof net.

This section can be summarizeda follows: Two-sidedproof nets are a special kind
of one-sided proof nets, and one-sided proof nets are a special kind of two-sided
proof nets. Whether one prefers the one-sidedor the two-sidedversion is a matter of
personal taste and also a matter of economicsin notation.

This observation is not restricted to the special caseof MLL � . Every theory of
two-sided proof nets can trivially transformed into a theory of one-sidedproof nets,
and vice versa. By using polarities as described above, the one-sidedversion can
usually be presented in a more compact way than the two-sided version. For this
reason,we will in the following stay in the one-sidedworld.

2.7 Cut elimination

Let us now brie
y discussan issue that usually excites proof theorists: In a well-
designeddeduction system, every formula/sequent that is derivable, can also be de-
rived without using the cut-rule. Proving this fact is usually a highly nontrivial task
and involves (depending on the logic in question) very sophisticated proof theory.

But herewe do not have time and spaceto go into the details of cut elimination and
its important consequences.We discusshere only a very simple logic, namely MLL � ,
for which cut elimination is easy. For the sequent calculus it is stated as follows:
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2.7.1 Theorem For every proof

••
••

••
??????

�

` �

using the rules in (1) there is a proof

••
••

••
??????

� 0

` �

of the sameconclusion, that does not use the cut-rule.

Pro of (Sk etch): We do only sketch the direct proof within the sequent calculus,
because,even in the simple caseof MLL� , carrying out all the details is quite tiresome
and boring. But the basic idea is simple: The cut rule is permuted up in the proof
until it disappears. Most casesare trivial rule permutations similar to the onein (10).
But there are two so called key caseswhich are not trivial. Here is the �rst one:

••
••

••
??????

� 1

` � ; A; B ; �
O

` � ; A O B ; �

••
••

••
??????

� 2

` � 0; B ?
••

••
••

??????
� 3

` A? ; � 0

�
` � 0; B ? � A? ; � 0

cut
` � ; � ; � 0; � 0 ;

••
••

••
??????

� 1

` � ; A; B ; �
••

••
••

??????
� 2

` � 0; B ?

cut
` � ; A; � ; � 0

••
••

••
??????

� 3

` A? ; � 0

cut
` � ; � ; � 0; � 0

where someinstancesof the exch-rule have been omitted. The secondkey caselets
the cut disappear when it meetsan identit y rule at the top of the proof:

id
` A? ; A

••
••

••
??????

� 1

` A? ; �
cut

` A? ; � ;
••

••
••

??????
� 1

` A? ; �

The di�cult part of a cut elimination proof is usually to show termination of this
\p ermuting the cut up" business,which is doneby coming up with a clever induction
measure.We leave that to the reader. ut

2.7.2 Exercise Complete the proof of Theorem 2.7.1. The following things still
have to be done:

1. Find a correct way of dealing with the exch-rule. (Hint: Design a \sup er-cut-
rule", that has exchangebuilt in.)

2. Show the termination of the processof permuting up the cut, i.e., �nd the right
induction measure.

3. Show that after the termination, the resulting proof is indeed cut-free.
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If you have seena cut elimination argument before, then this exerciseshould not be
too hard for you. If you have never before seensomecut elimination, you will learn
a lot about it by doing this exercise. In any case,this (rather painful) exercisewill
help you to admire the beauty of proof nets.

Let us now turn to cut elimination in the calculus of structures, where it means
that not only the cut (i.e., the rule i" ), but the whole up-fragment (i.e., all rule with
the " in the name) are not neededfor provabilit y.

2.7.3 Theorem If there is a proof

�
f i#; i" ; � #; � " ; � #; � " ; sg k

k �

A

using all rules in Figure 5, then there is a proof

�
f i#; � #; � #; sg k

k �

A

that has the sameconclusion A and that does not use any up-rule.

Pro of (Sk etch): The easy trick of permuting the cut up does not work in the
presenceof deepinference. For this reasoncompletely di�eren t techniqueshave to be
used to eliminate the up-fragment. But as in the sequent calculus, carrying out all
the details is technical and boring. For this reasonwe will give here only a sketch.
The �rst observation to make is that every up-rule

Sf B ? g
r"

Sf A? g

can be replacedby a derivation using only i#; i" ; s; r#:

Sf B ? g
i#

Sf (A? O A) � B ? g
r#

Sf (A? O B ) � B ? g
s

Sf A? O(B � B ? )g
i"

Sf A? g

(40)

This meansthat only the rule i" needsto be eliminated. The secondobservation is,
that this rule can be reducedto its atomic version:

A � A?

i" ;
a � a?

ai"

Sf B O(A � A? )g
i"

Sf B g
;

Sf B O(a � a? )g
ai"

Sf B g
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This7 is done by systematically replacing

Sf B O((A O C) � (C? � A? ))g
i"

Sf B g
by

Sf B O((A O C) � (C? � A? ))g
� "

Sf B O((( A O C) � C? ) � A? )g
s

Sf B O((A O(C � C? )) � A? )g
i"

Sf B O(A � A? )g
i"

Sf B g

(41)

Now the rules to eliminate are ai" , � " , and � " (seeExercise2.7.4).8 For this, we use
Guglielmi's powerful splitting lemma, which says that whenever there is a proof

�
f i#; � #; � #; sg k

k �

Sf C O(A � B )g
(42)

then there are formulas K A and K B , such that for every formula C, we have deriva-
tions

K A O K B

f i#; � #; � #; sg k
k � 1

Sf Cg

;

�
f i#; � #; � #; sg k

k � 2

K A O A
;

�
f i#; � #; � #; sg k

k � 3

K B O B
(43)

Additionally , we get a derivation

K A O K B O X

f i#; � #; � #; sg k
k

~� 1

Sf C O X g

(44)

for every formula X . The crucial point of this lemma is that it speaksonly about the
down-fragment. Furthermore we need a variant of the splitting lemma, which says
that whenever we have

�
f i#; � #; � #; sg k

k �

C O a
; then we also have

a?

f i#; � #; � #; sg k
k � 0

C

.

Now we can remove the rule ai" starting with the topmost instance as follows. What
we have is �

f i#; � #; � #; sg k
k �

Sf B O(a � a? )g
ai"

Sf B g

7By dualit y, we can do the same tric k to the rule i#. Compare with what we did in (11) to the
id-rule in the sequent calculus.

8 It might seem silly to �rst explain that only the rule i" needs to be eliminated, and then say
that also the other up-rules need to be taken care of. The reason is that with the tric k in (40) all
up-rules can be removed, but by reducing the rule i" to it atomic version, only some of them are
reintro duced. This is crucial for more sophisticated logics than MLL � .
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Via the splitting lemma, we can get

K a O K a?

f i#; � #; � #; sg k
k � 1

Sf B g

;

�
f i#; � #; � #; sg k

k � 2

K a O a
;

�
f i#; � #; � #; sg k

k � 3

K a? O a?

Now we can get from � 2 and � 3 the following:

a?

f i#; � #; � #; sg k
k � 0

2

K a

and

a

f i#; � #; � #; sg k
k � 0

3

K a?

now we can build:

ai#
a? O a

f i#; � #; � #; sg k
k � 0

2 O � 0
3

K a O K a?

f i#; � #; � #; sg k
k � 1

Sf B g

which givesus a proof for Sf B g that doesnot useany up-rules. ut

2.7.4 Exercise Explain, why not only the rules ai" and � " , but also the rule � "
needsto be eliminated after doing (41).

2.7.5 Exercise Complete the proof of Theorem 2.7.3. Things that remain to be
done:

1. Show how the rules � " and � " can be eliminated in a similar way as ai" . Hint:
Use ~� 1 instead of � 1. For � " plug in B � A for X . For � " , you needto apply
splitting twice.

2. Prove the splitting lemma. This is the really hard part. Hint: First show the
lemma for Sf g = f g (shallow splitting). To do so, proceedby induction on
the length of � and the sizeof C O(A � B ). Then show the lemma for arbitrary
context Sf g. For this, proceedby induction on Sf g.

3. Show that the rule
A � A?

i"

is not neededfor provabilit y, i.e., it is impossibleto prove \nothing". Hint: You
needa variant of splitting, saying, if there is a proof

�
f i#; � #; � #; sg k

k �

A � B
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then there are proofs
�

f i#; � #; � #; sg k
k � 2

A
and

�
f i#; � #; � #; sg k

k � 3

B

i.e., Sf g, C, K A , and K B are all \empt y".

Proving cut elimination via splitting in the calculusof structures is in the unit-free
casea little more messythan in the casewith units becausemany casesneed to be
consideredseparately that could be treated together in the presenceof units.

Let us now seehow proof nets deal with the problem of cut elimination. Of course,
the main point to make hereis that cut elimination will becomeconsiderablysimpler:

Consider the following reduction rules on pre-proof nets with cuts:

id

cut

A A? A ; A (45)

and

O �

cut
A O B B ? � A?

A B B ? A?

; cut

cut

B B ?

A A? (46)

2.7.6 Theorem The cut reduction relation de�ned by (45) and (46) terminates
and is con
uent.

Pro of: Showing termination is trivial becausein every reduction step the sizeof the
net decreases.For showing con
uence, note that the only possibility for making a
critical pair is when two cuts want to reducewith the sameidentit y link. Then the
situation must be of the shape:

id id id

cut cut

A A? A A? A
A?

But no matter in which order and with which identit y we reduce the cuts, the �nal
result will always be

id

A? A

Hencewe also have con
uence. ut
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However, it could happen, that we end up in a situation like

id

cut

A?A

where we cannot reduce any further. That something like this cannot happen if we
start out with a correct net is ensuredby the following theorem, which says that the
cut reduction preservescorrectness.

2.7.7 Theorem Let � and � 0 be pre-proof nets such that � reduces to � 0 via the
reductions (45) and (46). If � is correct, then so is � 0.

Pro of: For proving this, let us usethe RB-correctnesscriterion. Written in terms of
RB-graphs, the two reduction rules look as follows:

; (47)

and

; (48)

That the �rst rule preserves RB-correctnessis obvious becauseit just shortens an
existing path. For the secondrule, we proceedby way of contradiction. First, assume
that the graph on the right contains an �-cycle, while the one on the left doesnot.
There are three possibilities:

1. The �-cycle does not contain one of the new B-R-B-paths. Then the same
cycle is also present on the left. Contradiction.

2. The �-cycle contains exactly oneof the new B-R-B-paths. Then, asbefore,the
samecycle is also present on the left. Contradiction.

3. The �-cycle contains both of the new B-R-B-paths. Then we can construct an
�-cycle on the left that comesin at the upper left corner, goes down through
the � -link, and goesout at the lower left corner. Again, we get a contradiction.

That �-path connectednessis preserved is shown in a similar way. ut

2.7.8 Exercise Complete the proof of Theorem 2.7.7, i.e., show that if we apply
(48) to an RB-correct net, then in the result every pair of vertices is connectedby an
�-path. Hint 1: Note that the two rightmost vertices in (48) must be connectedby
an �-path that doesnot touch the new B-R-B-paths (why?). Hint 2: You will need
the fact that the �rst net is also �-cycle free.

The important point of Theorem 2.7.7 is that it allows us to give short proofs of
Theorems2.7.1 and 2.7.3: Let � be a proof with cuts in MLL � given in the sequent
calculus or the calculus of structures. We can translate � into a proof net � , as
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described in Sections2.2{2.4 and remove the cuts from the proof net as described
above. This gives us a proof net � 0, which we can translate back to the sequent
calculus or the calculus of structures. This works becauseremoving the cuts from
the proof net preserves the property of being correct (i.e., being a proof net), and
translating back doesnot introduce any new cuts.

This raisesan important question: Supposewe start out with a proof � with cuts
in MLL� (given in sequent calculus or the calculus of structures). Now we could �rst
remove the cuts as sketched out in the proofs of Theorems2.7.1 and 2.7.3, and then
translate the resulting cut-free proof � 0 into a proof net � 0

1. Alternativ ely, we could
�rst translate � into a proof net � , and then remove the cuts from � , to obtain the
cut-free proof net � 0

2. Do we get the sameresult? Is � 0
1 = � 0

2?
The answer is of courseyes. To seethis, note that the cut reduction steps in the

sequent calculus either preserve the proof net (if the cut is just permuted up via a
trivial rule permutation) or do exactly the sameas the cut reduction stepsfor proof
nets.

The sameis true for the calculus of structures. The proof of the splitting lemma
is designedsuch that it preserves the net. To make this formally precisewould go
beyond the scope of theselecture notes,but by comparing Figures 7 and 8 the reader
should get an idea.

We can summarizethis by the following commuting diagram:

proof with cuts
(in SC or CoS)

proof net with cuts

cut-free proof
(in SC or CoS)

cut-free proof net

cut elimination
(in SC or CoS)

cut elimination
(in proof nets)

(49)

Our basic introduction into the theory of proof nets for MLL � is now �nished.
However, a very important and fundamental question has not yet beenmentioned:

2.7.9 Big Question Let � and � 0 be two proof nets such that � 0 is obtained from
� by applying somecut reduction steps. Do � and � 0 represent the same proof?

By comparing (7) and (9), one might be tempted to say no. But by looking at
Figures 3 and 7, one is tempted to say yes. Furthermore, from the viewpoint of proof
nets it makesno di�erence, whether we eliminate the cut from

••
••

••
??????

� 1

` A? ; B
••

••
••

??????
� 2

` B ? ; C
cut

` A? ; C
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in the sequent calculus or whether we perform the the composition

A

� 1
k
k
B

� 2
k
k
C

!

A
k
k
C

in the calculus of structures (no matter whether we useone-sidedor two-sidedproof
nets, cf. Section 2.6).

In the following section we are going to give another justi�cation for the \y es",
which is independent from proof nets, sequent calculus, calculusof structures, or any
other way of presenting proofs.

2.8 *-Autonomous categories (without units)

In this section we will introduce the concept of *-autonomous categories.We do not
presupposeany knowledge of category theory. We introduce what we need on the
way along. It is not much anyway. The basic idea is to give an abstract algebraic
theory of proofs, which is basedon the following postulates about proofs:

(i) for every proof f of conclusion B from hypothesis A (denoted by f : A ! B )
and every proof g of conclusion C from hypothesisB (denoted by g: B ! C)
there is a uniquely de�ned composite proof g� f of conclusionC from hypothesis
A (denoted by g � f : A ! C),

(ii) this composition of proofs is associative,

(iii) for each formula A there is an identit y proof 1A : A ! A such that for f : A ! B
we have f � 1A = f = 1B � f , i.e, it behavesas identit y w.r.t. composition.

Theseaxiomssay no moreand no lessthan that the proofsare the arrows in a category
whoseobjects are the formulas. Let us now add more axioms that are speci�c to logic
and do not hold in general in categories:

(iv) Whenever we have a formula A and formula B , then A � B is another formula.
For two proofs f : A ! C and g: B ! D we have a uniquely de�ned proof
f � g: A � B ! C � D , such that for all h : C ! E and k : D ! F , we have

(h � k) � (f � g) = (h � f ) � (h � g) : A � B ! E � F : (50)

Using category theoretical language,Axiom (iv) just says that � is a bifunctor. What
doesthis mean? Consider the following two derivations (using the notation from the
calculus of structures):

A � B

f � B k
k

C � B

C � g k
k

C � D

and

A � B

A � g k
k

A � D

f � D k
k

C � D

(51)
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In the left one we use �rst f to go from A to C, and do nothing to B ,9 and then
useg to go from B to D (and do nothing to C). In the right derivation, we �rst use
g to go from B to D , and then f to go from A to C. Equation (50) says that the
two derivations with premiseA � B and conclusionC � D in (51) represent the same
proof, denoted by f � g. Mathematicians cameup with a very clever way of writing
an equation betweenobjects as in (51), namely, via commuting diagrams. Instead of
writing the two derivations in (51) and saying they are equal, we write:

The diagram

A � B

f � B
��

A � D//A � g

C � B
C � g

//C � D
��
f � D commutes .

From the proof theoretical viewpoint, this equation is indeed wanted. The di�erence
betweenthe two derivations in (51) is an artefact of syntactic bureaucracy. The kind
of bureaucracy in exhibited in (51) is called bureaucracy of type A. This implies that
there must also be a bureaucracy of type B. Consider the following two derivations:

A � (B O C)

f � (B O C) k
k

A0� (B O C)
s

(A0� B ) O C

and

A � (B O C)
s

(A � B ) O C

(f � B ) O C k
k

(A0� B ) O C

(52)

In the left onewe �rst usethe proof f , taking us from A to A 0 (and doing nothing to
B and C), and then we apply the switch rule. In the derivation on the right we �rst
apply the switch rule, and then do f . Clearly the two are essentially the sameand
should be identi�ed eventually. Let us write this as commuting diagram:

A � (B O C)

f � (B O C)
��

(A � B ) O C//sA;B ;C

A0� (B O C) sA 0;B ;C

//(A0� B ) O C
��
(f � B ) O C (53)

Using category theoretical language,equation (53) says precisely that the morphism
sA;B ;C : A � (B O C) ! (A � B ) O C is natural in A. Of course,in the end, we should
have that switch is natural in all three arguments.

Beforewecancontinue with our list of axioms,weneedanother categorytheoretical
concept. Supposewehave two formulasA and B and proofsf : A ! B and g: B ! A.
If we have for somereasonthat f � g = 1B and g � f = 1A , then we say that A and B
are isomorphic. In this casef and g are isomorphisms. The following axiom shows
two examples:

(v) For all formulas A, B , and C, we postulate the existenceof proofs

� A;B ;C : A � (B � C) ! (A � B ) � C

� A;B : A � B ! B � A
(54)

9More precisely, it is the identit y 1B taking us from B to B .
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which are isomorphisms,and which are natural in all arguments,10 and which
obey the following equations:

A � (B � (C � D ))
A � � B ;C;D //A � ((B � C) � D )

� A;B � C;D

��
(A � B ) � (C � D )

��
� A;B ;C � D

(A � (B � C)) � D

� A;B ;C � Dvvnnnnnnnnnnnn

((A � B ) � C) � D
((� A � B ;C;D

PPPPPPPPPPPP

(55)

A � (B � C)

� A;B ;C

��

A � (C � B )//A � � B ;C

(A � B ) � C

� A � B ;C

��

(A � C) � B
��
� A;C;B

C � (A � B ) � C;A;B
//(C � A) � B

��
� A;C � B

(56)

A � B
� A;B //B � A

� B ;Azzt t t
t t t

t t t

A � B
$$1A � B

JJJJJJJJJ
(57)

What we have de�ned so far, could be called a symmetric monoidal category with-
out unit . This terminology is not standard, becausethe notion has not much been
usedin mathematics. What is standard is the notion of monoidal category and sym-
metric monoidal category (the �rst one being without the � ), which additionally
have a distinguished unit object 1 and natural isomorphisms � A : 1 � A ! A and
%A : A � 1 ! A obeying the equations

A � (1 � B )
� A; 1 ;B //(A � 1) � B

%A � Bxxqqq
qqq

qqq
q

A � B
&&A � � B

LLLLLLLLLL
and

1 � A
� 1 ;A //A � 1

%A||zz
zz

zz
zz

A
""� A

DDDDDDDD
(58)

10 At this point you should start to seewhy it makessenseto usethe category theoretical language.
Without it, we would have, for example, to postulate for all formulas A, B , and C another proof
� � 1

A;B ;C such that the two derivations

A � (B � C)

� A;B ;C
k
k

(A � B ) � C

� � 1
A;B ;C

k
k

A � (B � C)

and

(A � B ) � C

� � 1
A;B ;C

k
k

A � (B � C)

� A;B ;C
k
k

(A � B ) � C

are both doing nothing (i.e., are equal to the identit y proof). Furthermore, we would need a lot of
equations in the form of (52), in order to expressthe naturalit y.
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An important property of monoidal categories is MacLane's coherence theorem.
Stated in terms of proofs, it says the following:

2.8.1 Theorem Let n � 1 and A1; : : : ; An be formulas. Now let B and C be
formulas built from A1; : : : ; An by using � such that every A i appears exactly once
in B and C. If Axioms (i) { (v) hold, then all proofs from B to C formed with the
availabledata are equal. This proof alwaysexists, is an isomorphism, and is natural
in all n arguments.

We will not give a proof here.

For being able to really speak about logic and proofs, we neednegation, which is
introduced by the following axioms:

(vi) For every formula A there is another formula A ? , and for every proof f : A ! B ,
there is another proof f ? : B ? ! A? such that 1?

A = 1A ? : A? ! A? and such
that (g � f )? = f ? � g? : C? ! A? for every f : A ! B and g: B ! C.

(vii) For every formula A and proof f : A ! B we have that A ?? = A and f ?? = f .
(More precisely, the mapping A?? ! A is the identit y on A).

Spoken in category theoretical terms, Axiom (vi) says that (� )? is a contravariant
endofunctor. With this, we can de�ne the O via A O B = (A ? � B ? )? . Axiom (vii)
says that if we 
ip around a derivation twice, we get back where we started from.11

It also allows us to concludethat the O that we just de�ned has the sameproperties
as postulated for the � in (iv) and (v) , i.e., it is a bifunctor and carries a monoidal
structure (without unit).

2.8.2 Exercise Formulate the statements of Axioms (iv) and (v) for the O de�ned
via A O B = (A? � B ? )? , and show that they follow from (i) {(vii) .

Before stating our �nal postulates about proofs, let us introduce the following
notation. For two formulas A and B , we write Hom(A; B ) for the set of proofs from
A to B , and we write h

�

(B ) for the set of proofs of B that have no premise.12

(viii) For all formulas A, B , and C, there is a bijection

' : Hom(A � B ; C) ! Hom(A; B ? O C) (59)

which is natural in all three arguments.

11 What we imposehere is also called strictness, and doesusually not hold. For example, the double
dual of a vector spaceis usually not the spaceitself. Even in the �nite dimensional casewe only have
a natural isomorphism between A and A ?? .

12 The reason for this notation is the following: Hom(A; B ) is in fact the value of the functor
Hom(� ; � ) in two arguments. The functor Hom(A; � ) in one argument is also written as hA . If
there is a proper unit 1 then the proofs of A are the elements of the set Hom(1; A), i.e., h1 is a
functor mapping every formula to its set of proofs. In h

�

, the unit is virtual .
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(ix) For all formulas A and B , we have a bijection

' : h
�

(A? O B ) ! Hom(A; B ) (60)

which is natural in both arguments and respects the monoidal structure.

In the casewith units, Axiom (viii) would complete the de�nition of a *-autonomous
category. It essentially says that weareallowed to do currying and uncurrying. To see
this, note that linear logic knows the connective ( , standing for linear implication,
de�ned via A ( B = A? O B .13 Equation (59) now says that we can jump freely
back and forth betweenproofs A � B ! C and A ! B ( C.14

Sincewe do not have units, we also need(ix) , which says that the proofs of A (
B are the same as the proofs A ! B . To be precise, we need to give additional
equation saying that h

�

is a functor, i.e., every proof f : A ! B is mapped to a
function h

�

(f ) : h
�

(A) ! h
�

(B ) such that composition and identit y are preserved.
Furthermore, the h

�

needs to go well along with the monoidal structure, to say
what that meansexactly would take us too far astray. But to give you an idea of
the problem, let us �gure out how we could construct a proof B ! (A O A ? ) � B ,
corresponding to the rule i# in Figure 5, by using the axioms (i) {(ix) . If we had a
unit 1 together with the equations (58), then it would be easy: we could start out
with � A : 1 � A ! A, apply (59) to get

�̂ A = ' (� A ) : 1 ! A O A?

By (iv), we can form a proof �̂ A � 1B : 1 � B ! (A O A? ) � B . We can precompose
this with � � 1

B : B ! 1 � B , to get

(�̂ A � 1B ) � � � 1
B : B ! (A O A? ) � B

Constructing this map without using the unit requires heavy category theoretical
machinery that we are not going to show here. SeeSection 2.9 for references.

2.8.3 Exercise We mentioned switch in (52) and (53) but we did not postulate
it in (i) {(ix) . In this exerciseyou are asked to construct sA;B ;C : A � (B O C) !
(A O B ) � C, corresponding to the switch rule in Figure 5, by using (i) {(viii) . Hint:
Start with the identit y B � C ! B � C and apply (59). You will also need the
associativit y of O that you have constructed in Exercise2.8.2.

The wonderful point of Axioms (i) {(ix) is that they precisely describe the mathe-
matical structure spannedby cut-free proof nets for MLL � . This meanstwo things:

First, the proof nets for MLL� that we discussedin the previous sectionsform a
category: The objects are the formulas and the maps A ! B are the cut-free proof

13 As in classical logic, \ A implies B " is the sameas \not A or B ".
14 If you have never seencurrying, think of a function f in two arguments, denoted by f : A � B ! C.

This is essentially the sameas a function f 0: A ! B ! C, taking and argument from the set A and
returning a function B ! C which asks for an element of B to �nally return the result in C.
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nets with conclusion ` A? ; B ,15 and the composition g � f of two maps f : A ! B
and g: B ! C is de�ned by eliminating the cut from

••
••

••
??????

f

` A? ; B
••

••
••

??????
g

` B ? ; C
cut

` A? ; C

In the calculus of structures, this corresponds to performing the composition

A
k
k
B
k
k
C

!

A
k
k
C

It is easyto verify that this category, denotedby PN , obeys(i) {(ix) (where h
�

(A) is
just the set of cut-free proof nets with conclusionA).

Second,the the category PN is the free category with this property. This means
that whenever there is a categoryC, obeying (i){(ix) , then there is a uniquely de�ned
functor (i.e., map that preservesall the structure de�ned in (i) {(ix) ) from PN to C.

2.8.4 Theorem The category of cut-free proof nets for MLL � , with arrow compo-
sition de�ned by cut elimination, forms the free *-autonomous category without units
(generated from the set A of propositional variables).

Another way of seeingthis is that we can trivially translate proofs in the sequent
calculus or the calculus of structures into the free *-autonomous category (without
units), by simply following the syntax. Theorem 2.8.4 says, that if we do this to two
proofs � 1 and � 2, we get the samemap in the category, if and only if � 1 and � 2

yield the sameproof net after cut elimination.
In other words, if you have no objections against any of the Axioms (i) {(ix) , you

must answer the Big Question 2.7.9 with yes.
But there is also a but : Let us emphasizethat this yes is valid only for MLL � .

What we have said in this section doesnot allow us to draw any conclusionsabout
any other logic.

2.9 Notes

As already mentioned in the introduction, the terminology of \pro of nets" and \bu-
reaucracy" is due to Girard. He introduced proof nets along with sequent calcu-
lus presentation for linear logic in [Gir87]. He essentially followed Ideology 2.2.1
for obtaining his proof nets. The terminology \coherence" is due to MacLane.
In [Mac63] he proves the \coherence theorem" for symmetric monoidal categories.
Seealso [Mac71]. The concept of coherencegraph is basedin the work of Eilenberg,

15 Or, equivalently , the two-sided proof nets where A has polarit y � and B has polarit y � .
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Kelly, and MacLane [EK66, KM71], who also provided the acyclicity condition and
observed that it is preserved by composition, i.e., cut elimination. The observation
that cut elimination is composition in a category is due to Lambek [Lam68, Lam69].
The terminology \
o w-graph" is due to Buss [Bus91].16

The calculusof structures hasbeendiscovered by Guglielmi [Gug02], who initiated
the systematic proof theoretic investigation of the concept of deep inference. For
more details on this see[GS01, BT01, Str03a, Br •u03].

The notion of \correctness criterion" is also due to Girard. In [Gir87] he gave
the \long-trip-criterion" that we did not present here. The splitting tensor theorem
(our Lemma 2.5.6) also �rst appeared in [Gir87]. The proof given in Section 2.5
follows the presentation of Bellin and van de Wiele in [BvdW95], who also give a
proof of Theorem 2.2.3 and discussin more detail the relation between proof nets
and trivial rule permutations. Another well-written short discussionon this issue
can be found in [Laf95]. Our secondproof of Theorem 2.5.5 (i.e., the one using the
calculus of structures) follows the presentation in [Str03a]. However, the result is
already implicit present in the work of [DHPP99] and [Ret97]. A di�eren t way of
proving Theorem 2.5.5 via the calculus of structures is presented in [Joi06].

The switching criterion (De�nition 2.5.4 and Theorem 2.5.5) is due to Danos and
Regnier [DR89]. For this reasonthe switching criterion is in the literature alsocalled
Danos-Regnier-criterion or DR-criterion. However, the contraction criterion is also
due to Danos and Regnier17 and should therefore also be called DR-criterion. See
[Moo02, Pui01] for a more recent investigation of the contraction criterion. That (a
version of) the contraction criterion can be checked in linear time in the size of the
net has beendiscovered by Guerrini [Gue99]. The RB-correctnesscriterion has been
found by Retor�e [Ret93, Ret99a, Ret03], who provided a detailed analysis of proof
nets using RB-graphs in various forms.

The concept of two-sided proof nets must be consideredas folklore. In several
early paperson proof nets the possibility of a two-sidedversion is mentioned, but the
details are never carried out becausethe one-sidedversion is more economic. In the
literature, two-sided proof nets are used when for somereasonthe authors want to
avoid the useof negation (e.g., [BCST96, FP04]). The conceptof polarities has to be
attributed to Lamarche (e.g., [Lam95]). In [Lam01] he developsthe algebraic theory
of polarities and structural contexts in full detail.

The notion of cut elimination has been developed by Gentzen [Gen34, Gen35].
For a variant of linear logic it has �rst been proved by Lambek [Lam58]. For full
linear logic (sequent calculus and proof nets) it has been proved by Girard [Gir87].
For linear logic presented in the calculus of structures, the �rst direct proof of cut
elimination was also based on rule permutation (similar to the sequent calculus)
[Str03a, Str03b]. The idea of using splitting assketched in the proof of Theorem 2.7.3
is due to Guglielmi [Gug02].

*-Autonomous categorieshave been discovered by Barr [Bar79]. That there is a
relation to linear logic was discovered immediately after the introduction of linear
logic (see,e.g., [Laf88, See89]). Blute [Blu93] was the �rst to note that the category

16 Strictly speaking, coherencegraphs and 
o w graphs are not the same thing. But in the simple
caseof MLL � , the two notions coincide.

17 It �rst appears in Danos' thesis [Dan90], but he insists that it is joint work with Regnier.
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of proof nets is actually the free *-autonomous category without units. However, no
completeproof was given; there was no proper de�nition of a *-autonomous category
without units. That there is in fact a non-trivial mathematical problem to give
such a de�nition was observed only 12 years later, but then by three research groups
independently at the sametime [LS05a, DP05, HHS05] (seealsoSections3.5 and 5.1).
The most in-depth treatment is [HHS05]. We usedhere the notation of [LS05a].

The terminology of \F ormalism A" and \F ormalism B" is dueto Guglielmi [Gug04a,
Gug04b]. Seealso [Hug04, McK05, Str05a, Str05b] for the relation between deep
inferenceand category theory.

3 Other fragmen ts of linear logic

In this sectionwe will very brie
y inspect how proof nets for larger fragments of linear
logic look like. We will �rst look at the so-calledexponentials (which are modalities)
and the additiv es(which are a secondpair of conjunction/disjunction). Then we will
go back to the purely multiplicativ e fragment and play with variations of it.

3.1 Multiplicativ e exp onential linear logic (without units)

The formulas of unit-free multiplicativ e exponential linear logic (MELL� ) are gener-
ated by the syntax

F ::= A j A ? j F O F j F � F j !F j ?F

where everything is as in Section 2.1. The modalities are dual to each other:

(!A)? = ?A? (?A)? = !A?

The inferencerules in the sequent calculus are the sameas in (1) plus the onesfor
the new modalities:

` �
?w

` ?A; �

` ?A; ?A; �
?c

` ?A; �

` A; �
?d

` ?A; �

` A; ?B1; : : : ; ?Bn
!

` !A; ?B1; : : : ; ?Bn
(61)

where in the !-rule n � 0. In Figure 10 we show how these rules are translated into
proof nets accordingto Ideology2.2.1. This is exactly the way how Girard intro duced
them in [Gir87]. Note that for dealing with the !-modalit y, we do not exactly follow
Ideology 2.2.1. Instead, the concept of box around a proof net is introduced. Such
a box always has a main door, the formula !A, and auxiliary doors, which are all
occupied by ?-formulas.

The correctnessof such a proof net with boxes is de�ned as in Section 2.5 (?c be-
havesas O) with the di�erence, that each box has to be treated separately. However,
the correctnesscriteria do only work if no instance of ?w is present. 18

Cut elimination is not as simple as for MLL� . There are now not only more
reduction rules, we also have the problem that showing termination is no longer

18 There is a generalproblem with multiplicativ e proof nets when someform of weakening is around.
We come back to this in Sections 3.5 and 5.1.
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••
••

••
??????

�

` �
?w

` ?A; �

;

?w �

�?A

••
••

••
??????

�

` ?A; ?A; �
?c

` ?A; �

;

�

?c

?A ?A

�?A

••
••

••
??????

�

` A; �
?d

` ?A; �

;

�

?d

A

�?A

••
••

••
??????

�

` A; ?B1; : : : ; ?Bn
!

` !A; ?B1; : : : ; ?Bn

;

�

: : :

: : :

A ?B1 ?Bn

!A ?B1 ?Bn

Figure 10: From sequent calculus to proof nets: exponentials

trivial becausethe size of the net can increaseduring the reduction process. This
is due to the presenceof contraction. In the sequent calculus, the problematic case
appearswhen

••
••

••
??????

� 1

` � ; ?A; ?A
?c

` � ; ?A

••
••

••
??????

� 2

` A; ?B1; : : : ; ?Bn
!

` !A; ?B1; : : : ; ?Bn
cut

` � ; ?B1; : : : ; ?Bn
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is reducedto

••
••

••
??????

� 1

` � ; ?A; ?A

••
••

••
??????

� 2

` A; ?B1; : : : ; ?Bn
!

` !A; ?B1; : : : ; ?Bn
cut

` � ; ?A; ?B1; : : : ; ?Bn

••
••

••
??????

� 2

` A; ?B1; : : : ; ?Bn
!

` !A; ?B1; : : : ; ?Bn
cut

` � ; ?B1; : : : ; ?Bn ; ?B1; : : : ; ?Bn
?c ...

?c
` � ; ?B1; : : : ; ?Bn

where the proof � 2 has beenduplicated. In terms of proof nets, this meansthat the
whole box with � 2 inside is duplicated.

3.1.1 Exercise Visualize this reduction in terms of proof nets by using the trans-
lation of Figure 10.

In spite of this nasty behavior, we have the following theorem, which we are not
going to prove her. The interested reader is referred to [Gir87, Dan90, Joi92].

3.1.2 Theorem Cut elimination for MELL� proof nets is terminating, con
uent,
and preservescorrectness.

So far, there are no proof nets for MELL� that follow Ideology 2.3.1. One of the
reasonsmight be that the sequent calculusrules in (61) do not allow to properly trace
the modalities in the derivation. However, in the calculus of structures, this becomes
very natural (see[Str03a, Str03b, GS02]).

3.1.3 Op en Researc h Problem Find for MELL� a notion of proof nets without
boxes, that is basedon Ideology 2.3.1.

3.2 Multiplicativ e additiv e linear logic (without units)

Let us now turn to unit-free multiplicativ e additiv e linear logic (MALL � ). The for-
mulas of MALL� are generatedby the syntax

F ::= A j A ? j F O F j F � F j F � F j F N F

whereagain everything is as in Section2.1. The two new connectivesare dual to each
other:

(A N B )? = B ? � A? (A � B )? = B ? N A?

The inferencerules in the sequent calculus are the sameas in (1) plus the onesfor
the new connectives:

` A; � ` B ; �
N

` A N B ; �

` A; �
� 1

` A � B ; �

` B ; �
� 2

` A � B ; �
(62)
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In his �rst proposal for proof nets for MALL� , Girard [Gir87] usedboxes (as for the
exponentials). The problem with this approach is that it distinguishes between the
two proofs

••
••

••
??????

� 1

` A; C; �
••

••
••

??????
� 2

` A; D ; �
N

` A; C N D; �

••
••

••
??????

� 3

` B ; C; �
••

••
••

??????
� 4

` B ; D ; �
N

` B ; C N D; �
N

` A N B ; C N D; �

(63)

and

••
••

••
??????

� 1

` A; C; �
••

••
••

??????
� 3

` B ; C; �
N

` A N B ; C; �

••
••

••
??????

� 2

` A; D ; �
••

••
••

??????
� 4

` B ; D ; �
N

` A N B ; D ; �
N

` A N B ; C N D; �

(64)

In his secondproposal [Gir96], Girard proposedthe notion of monomial proof nets
(still following Ideology 2.2.1), where he introducesthe notion of slice and attachesa
monomial (boolean) weight to the identit y links.

Here we will sketch a very recent proposal by Hughesand van Glabbeek [HvG03],
which follows Ideology 2.3.1. Remember that in Section 2.3, we observed that the
additional graph structure that captures the essenceof the proof for MLL � consist of
a linking, which is just a pairing of dual atom occurrences.

The discovery of Hughes and van Glabbeek was that for MALL � , this additional
graph structure is a set of linkings, where a linking is again, simply a pairing of dual
atom occurrences. But this time, a single linking neednot to be exhaustive (i.e., it
doesnot necessarilypair up everyone).

We can extract the proof net from the sequent calculus proof in the same way
as in Section 2.3. But when we encounter a N-rule, we have to separate the two
linkings of the two branches, and we have to keep track of which pairing belongsto
which linking. Figure 11 shows an example (taken from [HvG03]) where we do this
by choosing di�eren t line style/colors.

In [HvG03], Hughes and van Glabbeek provide a correctnesscriterion and a cut
elimination that preserves the correctness. Part of the correctnesscriterion is that
each linking itself has to be multiplicativ ely correct (in the senseof Section 2.5).
Unfortunately, we do here not have time and spaceto go into the details. However,
from the viewpoint of the identit y of proofs, there is an important observation to
make about these proof nets: The following two sequent proofs are mapped to the
sameproof net for all possible� 1, � 2, and � 3:

••
••

••
??????

� 1

` � ; A; C
••

••
••

??????
� 3

` D ; �
�

` � ; A; C � D ; �

••
••

••
??????

� 2

` � ; B ; C
••

••
••

??????
� 3

` D ; �
�

` � ; B ; C � D ; �
N

` � ; A N B ; C � D ; �

(65)
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id
` a;a? id

` a;a?

�
` a � a ; a? ; a?

id
` a;a?

� 1
` a;a? � b

id
` a;a?

�
` a � a ; a? ; a? � b

N
` a � a ; a? ; a? N(a? � b)

O
` (a � a) O a? ; a? N(a? � b)

#

id
` ; ? id

` ; ?

�
` � ; ? ; ?

id
` ; ?

� 1
` ; ? �

id
` ; ?

�
` � ; ? ; ? �

N
` � ; ? ; ? N( ? � )

O
` ( � ) O ? ; ? N( ? � )

id
` a;a? id

` a;a?

�
` a � a ; a? ; a?

id
` a;a?

� 1
` a;a? � b

id
` a;a?

�
` a � a ; a? ; a? � b

N
` a � a ; a? ; a? N(a? � b)

O
` (a � a) O a? ; a? N(a? � b)

#

id
` ; ?

id
` ; ?

�
` � ; ? ; ?

id
` ; ?

� 1
` ; ? �

id
` ; ?

�
` � ; ? ; ? �

N
` � ; ? ; ? N( ? � )

O
` ( � ) O ? ; ? N( ? � )

id
` a;a?

id
` a;a?

�
` a � a ; a? ; a?

id
` a; a?

� 1
` a; a? � b

id
` a; a?

�
` a � a ; a? ; a? � b

N
` a � a ; a? ; a? N(a? � b)

O
` (a � a) O a? ; a? N(a? � b)

#

a a a? a? a? b

� �

O N

Figure 11: From sequent calculus to MALL proof nets via coherencegraphs

••
••

••
??????

� 1

` � ; A; C
••

••
••

??????
� 2

` � ; B ; C
N

` � ; A N B ; C
••

••
••

??????
� 3

` D ; �
�

` � ; A N B ; C � D ; �

(66)

In other words, the proof nets identify the two sequent proofs (65) and (66). Is this
wanted from the proof theoretical perspective? At the current state of the art there
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is no de�nite answer.

An important point against the identi�cation is that in (65) the subproof � 3 ap-
pearstwice, while in (66) it appearsonly once,which meansthat with the identi�ca-
tion of (65) and (66) it becomesdi�cult to speak about the sizeof proofs.

An important point in favor of the identi�cation comesfrom algebra,whereadding
the connectives N and � means adding cartesian products and coproducts to the
axioms of *-autonomous categories. If we want that N behavesas cartesian product
in our category of proofs, we have to identify (65) and (66).

Maybe in the end both worlds have their right to exist. In any case,the observation
above leadsto the following:

3.2.1 Op en Researc h Problem Find for MALL� a notion of proof nets that
doesnot identify (65) and (66). A good starting point could beto consider
o w-graphs
in the calculus of structures for MALL (see[Str02, Str03a]). Of course,the problem
is to �nd the right correctnesscriterion and the right notion of cut elimination.

3.3 In tuitionistic multiplicativ e linear logic (without unit)

Formulas of intuitionistic multiplicativ e linear logic19 without unit (IMLL� ) are gen-
erated by the syntax:

F ::= A j F ( F j F � F (67)

Note that there is no O and no �? . The sequent calculus for IMLL� is usually given
in two-sided form:

id
A ` A

� ` A A; � 0 ` C
cut

� ; � 0 ` C

� ; B ; A; � 0 ` C
exchL

� ; A; B ; � 0 ` C

� ; A; B ` C
� L

� ; A � B ` C

� ` A � 0 ` B
� R

� ; � 0 ` A � B

� ` A � 0; B ` C
( L

� ; � 0; A ( B ` C

� ; A ` B
( R

� ` A ( B

(68)

Note that the right-hand side of each sequent contains at most one formula. Apart
from that, the rules are exactly the sameas in (27). We can thereforesimply take our
notion of two-sided proof nets from Section 2.6. The correctnesscriterion remains
unchanged. This can be used to prove that IMLL� is a conservative extension of

19 This is the logic that Kelly and MacLane studied in their seminal paper [KM71 ]. Of course, they
did not use that name. But they did have the correctness criterion of proof nets, called coherence
graphs. They only had the acyclicit y condition and not the connectednesscondition becausethe unit
was present. They proved their results via cut elimination (they used that terminology). They even
envisaged the notion of polarit y.
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MLL� , i.e., an IMLL� formula is provable in IMLL� if and only if it is provable in
MLL� .20

We can use polarities to provide a one-sidedversion of proof nets for IMLL � . For
this we de�ne the set of negative and positive formulas as follows:

F � ::= A ? j F � O F � j F � � F � j F � � F �

F � ::= A j F � � F � j F � O F � j F � O F �
(69)

We can now de�ne a proof net for IMLL� to be a proof net for MLL� in which at
most oneof the conclusionsis in F � and all other conclusionsare in F � . See[LR96]
or [Lam01] for further details.

3.4 Cyclic linear logic (without units)

In Section2.1wede�ned sequents to be lists of formulas, but wealsohad the exchange
rule which made the order of the formulas irrelevant for provabilit y, and indeed, the
two connectivesO and � werecommutativ e. In this sectionwe discusswhat happens
if we drop the exchange rule. As expected, the two connectives O and � will lose
their property of being commutativ e, and we enter the realm of non-commutativ e
logics. But not everything works as one might expect...

Recall that in Observation 2.3.2 we noted that in the proof nets we always get a
crossingof edgeswhen we apply the exchangerule. Let us hencechangethe correct-
nesscriterion. We keep everything as in Section 2.5, but we add as condition that
there must be no crossingof edgesin the proof net (in graph theoretical terminology:
the graph has to be planar). Hence,our running examplesfrom Sections2.2{2.4 are
not correct in the senseof this new criterion. And indeed, we usedthe exchangerule
in all sequent proofs.

Luckily, there is another proof net for our favorite sequent in which there are no
crossings:

a? a a a a? a?

� �

O O

(70)

It clearly obeys the correctnesscriterion.

3.4.1 Exercise Give a sequent calculusproof in the systemin (1) that translates
into the net (70). Then try to �nd such a proof that doesnot usethe exchangerule.

Here we are in for a surprise. It is very easy to �nd a sequent calculus proof for
(70), but it is impossible to �nd one that does not use the exch-rule. What went
wrong?

20 This is not true for full intuitionistic linear logic with respect to linear logic. Also classical logic
is certainly not a conservativ e extension of intuitionistic logic, since there are formulas, lik e Peirce's
law ((A ! B ) ! A) ! A) that are provable in classical logic, but not in intuitionistic logic.
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There are two explanations. The �rst is basedon the following observation. If we
have a planar proof net, i.e., a list of formula trees together with a perfect matching
of their atom occurrencessuch that there is no crossingamongthe links that connect
the atoms, then we can from that data not tell a priori which formula is the �rst in
the list. We have to think of the formulas to be grouped in a cycle around the graph
with the axiom links. We now have to think of a proof net not as something like

�

A1 A2 A3 A4 A5 A6

but as something like

�x•y~ z}{ |





111




 111

A1

A2A3

A4

A5 A6

To go along with this behavior, we cannot just drop the exchange rule, but have
replace it by the cyclic exchangerule:

` � ; A
cycl

` A; �

where � is an arbitrary list of formulas. This is also the reasonwhy the name cyclic
linear logic hasbeenchosenfor this logic. It hasbeeninvestigated in detail by Yetter
[Yet90].

We can now give a sequent proof that translates into (70):

id
` ? ;

id
` ; ? id

` ? ;
�

` ; ? � ? ;
cycl

` ; ; ? � ?

O
` ; O( ? � ? )

�
` ? ; � ; O( ? � ? )

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
cycl

` a; a; a? � a?

O
` a; a O(a? � a? )

�
` a? ; a � a; a O(a? � a? )

O
` a? O(a � a); a O(a? � a? )

!
id

` ? ;

id
` ; ? id

` ? ;
�

` ; ? � ? ;
cycl

` ; ; ? � ?

O
` ; O( ? � ? )

�
` ? ; � ; O( ? � ? )

O
` ? O( � ); O( ? � ? )

id
` a? ; a

id
` a; a? id

` a? ; a
�

` a; a? � a? ; a
cycl

` a; a; a? � a?

O
` a; a O(a? � a? )

�
` a? ; a � a; a O(a? � a? )

O
` a? O(a � a); a O(a? � a? )

But there is still this disturbing fact that there are crossingsin the 
o w-graph but no
crossingsin the net.

This leadsus to our secondexplanation: The sequent calculus is simply too rigid
to fully capture the phenomenon. Recall that in Observation 2.4.4 we noted that in
the calculus of structures we can provide a derivation such that crossingsappear in
the 
o w-graph only if they alsoappear in the net. This meanswe should now be able
to comeup with a derivation that has no crossingsin the 
o w-graph, and hencedoes
not needthe exchangerule nor a cyclic replacement. Of course,we needto adapt the
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i#
A? O A

A � A?

i"

Sf B g
i#

Sf (A? O A) � B g

Sf (A � A? ) O B g
i"

Sf B g

Sf B g
i#

Sf B � (A? O A)g

Sf B O(A � A? )g
i"

Sf B g

Sf A O(B O C)g
� #

Sf (A O B ) O Cg

Sf A � (B � C)g
� "

Sf (A � B ) � Cg

Sf A � (B O C)g
s

Sf (A � B ) O Cg

Sf (A O B ) � Cg
s

Sf A O(B � C)g

Figure 12: A system for cyclic MLL� in the calculus of structures

system a little bit: we needanother version of i# and i" , namely the one in (13) and
we needtwo versionsof switch. Note that sincewe do not have � # nor � " , we cannot
generatethe di�eren t four versionsof switch as in (12). The new system is shown in
Figure 12 (both versionsof switch are self-dual).

Here is now our favorite examplewithout crossings:

id
? O

id ? O( � ( O ? ))
s ? O( � ) O ?

id ? O( � ) O(( O ? ) � ? )
s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O(a � (a O a? ))

s
a? O(a � a) O a?

id
a? O(a � a) O((a O a? ) � a? )

s
a? O(a � a) O aO(a? � a? )

!

id
? O

id ? O( � ( O ? ))
s ? O( � ) O ?

id ? O( � ) O(( O ? ) � ? )
s ? O( � ) O O( ? � ? )

id
a? O a

id
a? O(a � (aO a? ))

s
a? O(a � a) O a?

id
a? O(a � a) O((a O a? ) � a? )

s
a? O(a � a) O aO(a? � a? )

That deepinferenceis powerful enoughto get rid of the cyclic exchangerule has �rst
beenobserved by Di Gianantonio [DG04]. But he did not useproof nets to show this
fact.

By combining the last two sections,i.e., proof nets for cyclic linear logic and intu-
itionistic linear logic, we can obtain proof nets for the Lambek calculus [Lam58]. We
leave the details asan exercise.The interestedreaderis referredto [LR96] or [Lam01],
which contain a systematic treatment.

It is also possibleto combine usual commutativ e MLL� and cyclic MLL� together
in a single system. Then there is a par/tensor pair which is commutativ e and one
which is non-commutativ e. This is done in [AR00].
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3.5 Multiplicativ e linear logic with units

Let us now �nally discussthe problem of the units. We stick to the multiplicativ e
fragment of linear logic. The formulas of MLL are generatedby

F ::= A j A ? j F O F j F � F j ? j 1

where again everything is as in Section 2.1. The two units are dual to each other:

? ? = 1 1? = ?

The inferencerules in the sequent calculus are the sameas in (1) plus the onesfor
the units:

` � ; �
?

` � ; ? ; �
1

` 1
(71)

If we now follow the argumentation of avoiding trivial rule permutations as in (10),
we have to identify the following three derivations in the sequent calculus:

� ; A
?

? ; � ; A B ; �
�

? ; � ; A � B ; �

 !

� ; A B ; �
�

� ; A � B ; �
?

? ; � ; A � B ; �

 ! � ; A

B ; �
?

? ; B ; �
�

? ; � ; A � B ; �

becausethey are obtained from each other by permuting the ? -rule under and over
the � -rule. Furthermore, following the equations that are imposed on proofs by
the axioms of *-autonomous categories(with units) these three proofs have to be
identi�ed.

However, if we follow the idea of having a graph as proof net, we have to attach
the ? somewhere. But there is no canonical place to do so. This is explained in
further detail in [LS04]. That there is this problem with the ? -rule, and in fact with
every kind of weakening rule has already beenobserved in [Gir87, Laf95, Gir96] and
others.21

The solution to the problem is instead of considering graphs as proof nets, to
considerequivalenceclassesof such graphs. There are now three di�eren t proposals
in the literature to do so. In [BCST96] the authors usea two-sided version of proof
nets and attach the ? to the edgesin the graph (seealso Section 5.1). We will show
here the approach taken by [SL04, LS04] which clearly follows Ideology 2.3.1. The
additional graph structure attached to the sequent forest does no longer consist of
only the identit y links, but of another formula tree. Then the resulting graph behaves
as ordinary unit-free proof net and obeys the usual correctnesscriteria. The basic
idea is the following. The ordinary proof net

a a? b b?

�

21 To be precise, one should note that the problem has already been noted in [KM71 ].
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is now written as
O

� �

a a? b b?

�
i.e., the identit y links are replacedby � -nodeswhich are connectedby a O.22 If we
now have to attach a ? , we attach it via a � to the root of linking tree of the proof
to which we apply the ? -rule. Figure 13 shows three examples. Since all three of
them are the sameproof accordingto what hasbeensaid above, we have to put them
in the sameequivalenceclass. To achieve this, we consider linking trees equivalent
modulo the following equation:

�

O

? P Q

=

O

�

? P Q

(72)

provided going from right to left in (72) doesnot destroy the correctness.23

The details of this kind of proof nets are carried out in [SL04, LS04], where it is
also shown that they form the free *-autonomous category (in the usual sense,with
units).

Let us note here only that the linking tree of an MLL proof net can be seenas the
up-side in a two-sidedunit-free proof net, as we discussedit in Section 2.6, provided
we read the units ? and 1 as ordinary atoms. Here is an example:

O

�

� �

? a a? b b?

�

;

O�

� �

� � � �

? � a� a?� b� b?�

? � a� a?� b� b?�

� �

An alternative approach to the problem of the units has recently proposed by
Hughes. In [Hug05b] he de�nes a notion for proof nets for MLL (also following Ideol-
ogy 2.3.1) wherehe attachesthe ? to someatom in the proof. This hasthe advantage

22 If there are more than two axiom links we either usen-ary O or take the equivalenceclassmodulo
associativit y and commutativit y of O in the linking tree. This is not problematic since we have to
take equivalenceclassesanyway.

23 Observe that going to left to right cannot destroy correctness becausethis corresponds to an
application of the switch rule in the calculus of structures, which always preserves correctness (see
secondproof of Theorem 2.5.5).
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id
` a; a?

?
` ? ; a; a?

id
` b;b?

�
` ? ; a; a? � b;b?

;

O

�

� �

? a a? b b?

�

id
` a; a?

id
` b;b?

�
` a; a? � b;b?

?
` ? ; a; a? � b;b?

;

�

O

� �

? a a? b b?

�

id
` a; a?

id
` b;b?

?
` b;b? ; ?

�
` a; a? � b;b? ; ?

;

O

�

� �

a a? b b? ?

�

Figure 13: From sequent calculus to MLL proof nets with units

that there is no need to consider equivalenceclassesof proof nets for de�ning cut
elimination. However, for constructing the free *-autonomous category he also needs
equivalenceclasses[Hug05a].

3.5.1 Op en Researc h Problem Find for a notion of proof nets that is alsoable
to accommodate the additiv e units > and 0 of linear logic.

3.6 Mix

In order to avoid the problems with the units, one can simply ignore them, as we did
in the whole �rst part of thesenotes. An alternative is to add the rules

` � ` �
mix

` � ; �
and mix0

`
(73)

called mix and nullary mix. Adding thesetwo rule to (1) or (1)+(71) is equivalent to
saying that ? = 1. By doing this, the correctnesscriteria shown in Section2.5 change
only slightly: The acyclicity condition remains, but the connectednesscondition has
to be dropped. A detailed analysis for this can be found in [FR94].
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3.7 Pomset logic and BV

Before we leave the realm of linear logic, let us show another variation, which has
a particularly nice theory of proof nets. It has been introduced by Retor�e [Ret97]
under the name pomset logic. The set of formulas is generatedvia

F ::= A j A ? j F O F j F � F j F C F

Negation is de�ned as in Section2.1. The new connective C is non-commutativ e and
self-dual, i.e.,

(A C B )? = A? C B ?

We will also allow to write A B B for B C A.
For de�ning proof nets we use Retor�e's RB-graph presentation. The O, the � ,

the cut and the identit y are translated into RB-graphs as in Section 2.5. The new
connective is translated as follows:

C

A B

A C B

;

The correctnesscriterion hast to be changed such that in an �-cycle we can walk
through a red edgewith an arrow only in the direction of the arrow. Through undi-
rected edgeswe can still walk either way. Furthermore, the connectednesscondition
has to be dropped.24 Here are 4 examples:

(74)

(75)

The two examples in (74) ful�ll the correctnesscriterion, while the two examples
in (75) do not.

24 The reason for this is that becauseof the self-duality of the new connective C the two units ?
and 1 are identi�ed.
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Sf�g
i#

Sf A? O Ag

Sf A � A? g
i"

Sf�g

Sf A O B g
� #

Sf B O Ag

Sf A � B g
� "

Sf B � Ag

Sf A O(B O C)g
� #

Sf (A O B ) O Cg

Sf A � (B � C)g
� "

Sf (A � B ) � Cg

Sf A C(B C C)g
� / #

Sf (A C B ) C Cg

Sf (A C B ) C Cg
� / "

Sf A C(B C C)g

Sf A � (B O C)g
s

Sf (A � B ) O Cg

Sf (A O C) C(B O D)g
q#

Sf (A C B ) O(C C D)g

Sf (A � C) C(B � D )g
q"

Sf (A C B ) � (C C D)g

Figure 14: SystemSBV in the calculus of structures

Note that we can de�ne cut elimination as before, but we have to make sure that
the arrows go in the right direction. Here is the new reduction rule that has to be
added to the onesin (47) and (48):

; (76)

With the samemethods as in Section 2.7, we can show the following theorem:

3.7.1 Theorem Cut elimination for pomset logic proof nets is terminating, con-

uent, and preservescorrectness.

You might already have wondered why for pomset logic we did not intro duce the
sequent calculus systembefore introducing the proof nets, as we did it with all other
logics so far. The reasonis simple. There is no sequent calculus system for pomset
logic.

This of coursequestionsthe label \logic" for the object we have here, if there is not
even an ordinary deductive systemfor it. And what is the meaningof cut elimination
in that respect?

Fortunately, there is deep inference and the calculus of structures. The system
shown in Figure 14 hasbeenintroducedby Guglielmi [Gug02] who called it SBV. For
that system,we extend our languagefor formulas with another generator, the unit � .
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Furthermore, we consider formulas to be equivalent modulo the smallest congruence
relation generatedby the equations

A O � = A = � O A A � � = A = � � A A C � = A = � C A (77)

The reasonfor this is to avoid to have �v e di�eren t versionsof i# and i" .25 Further-
more, we want the following derivation to be valid:

A � B
=

(A C � ) � (� C B )
q"

(A � � ) C(� � B )
=

A C B
=

(A O � ) C(� O B )
q#

(A C � ) O(� C B )
=

A O B

!

A � B
q"

A C B
q#

A O B

(78)

Here we implicitly usethe \fak e inferencerule"

Sf B g
=

Sf Ag

where A = B according to the equations in (77). Without it, we would needseveral
more variants of q# and q" , and the system would becomerather big. The frag-
ment of SBV without the up-rules (i.e., without the rules with the " in the name) is
called BV. As usual in the calculusof structures, the up-fragment corresponds to the
cut, and we have for BV the cut elimination theorem (proved by Guglielmi [Gug02]):

3.7.2 Theorem Let A be any pomset formula. Then,

for every derivation

�

SBV k
k
A

there is a derivation

�

BV k
k
A

:

The proof usesthe technique of splitting and works essentially the same way as
we have sketched it for Theorem 2.7.3. The logic that is de�ned by BV is the �rst
logic that de�nitely needsdeep inference. Alwen Tiu [Tiu01, Tiu06] has shown that
there cannot be a shallow inferencesystem(in particular, no sequent calculussystem)
de�ning the logic of BV.

We can apply the 
o w-graph method (see Section 2.4 to obtain proof nets from
proofs in BV. Or, if you prefer, you can obtain two-sidedproof nets from derivations
in SBV. Everything that hasbeensaid in Section2.6 doesalso apply here. Figure 15
shows two small examplesof proof nets obtained from BV derivations. They, in fact,
correspond to the two RB-graphs in (74).

The reasonfor mentioning all this is the following theorem:

25 Remember that for cyclic linear logic we had already three of them.



Proof Nets and the Identit y of Proofs 71

�
i#

bO b
=

bO(� C(� O b? ))
i#

bO((a O a? ) C(� O b? ))
q#

bO(a C � ) O(a? C b? )
=

bO aO(a? C b? )

�
i#

bO b
=

(bO b? ) C �
i#

(bO b? ) C(a O a? )
q#

(bC a) O(b? C a? )
=

(bC a) O(a? B b? )

# #

�
i#

O
=

O(� C(� O ? ))
i#

O(( O ? ) C(� O ? ))
q#

O( C � ) O( ? C ? )
=

O O( ? C ? )

�
i#

bO b
=

bO(� C(� O b? ))
i#

bO((a O a? ) C(� O b? ))
q#

bO(a C � ) O(a? C b? )
=

bO aO(a? C b? )

�
i#

O
=

( O ? ) C �
i#

( O ? ) C( O ? )
q#

( C ) O( ? C ? )
=

( C ) O( ? B ? )

�
i#

bO b
=

(bO b? ) C �
i#

(bO b? ) C(a O a? )
q#

(bC a) O(b? C a? )
=

(bC a) O(a? B b? )

# #
�

i#
O

=
O(� C(� O ? ))

i#
O(( O ? ) C(� O ? ))

q#
O( C � ) O( ? C ? )

=
O O( ? C ? )

�
i#

bO b
=

bO(� C(� O b? ))
i#

bO((a O a? ) C(� O b? ))
q#

bO(a C � ) O(a? C b? )
=

bO aO(a? C b? )

�
i#

O
=

( O ? ) C �
i#

( O ? ) C( O ? )
q#

( C ) O( ? C ? )
=

( C ) O( ? B ? )

�
i#

bO b
=

(bO b? ) C �
i#

(bO b? ) C(a O a? )
q#

(bC a) O(b? C a? )
=

(bC a) O(a? B b? )

# #

b a a? b?

O C

b a a? b?

C B

Figure 15: From BV to proof nets

3.7.3 Theorem Let A and B be any pomset logic formulas. Then

A

SBV k
k
B

if and only if

�

BV k
k

A? O B

(79)

and if thesederivations exist, then they have the same proof net, and this proof net
obeys the pomset logic correctnesscriterion, when written as RB-graph.
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Pro of (Sk etch): Let us start with the �rst part of the theorem which is easy,
provided we have cut elimination: From

A

SBV k
k
B

we can build
�

i#
A? O A

SBV k
k

A? O B

Now we apply Theorem 3.7.2 to get

�

BV k
k

A? O B

(80)

The other direction is even easier. From (80), we can directly build

A
=

A � �

BV k
k

A � (A? O B )
s

(A � A? ) O B
i"

� O B
=

B

Note that this part of the proof did not usethe fact that we are speaking about BV.
It in fact holds for any logical system in the calculus of structures, provided we have
the switch rule and a cut elimination that preserves the 
o w-graph.26

Let us now come to the secondmore interesting and more di�cult part or the
theorem. There are two ways to show that every BV proof net obeys the pomset
logic criterion. The �rst is to show that every rule in BV preservesthe criterion (and
that the unique net with � as conclusion is correct). This has beendone already by
Retor�e [Ret99b]. The secondway, which has beenusedin [Str03a, GS02] is basedon
the following claims:

Claim 1: Let n � 1 and atoms a1; : : : ; an and formulas A1; : : : ; An be given, such
that for all i 2 f 1; : : : ; ng, we have A i = a?

i � ai +1 or A i = a?
i C ai +1

26 Roughly speaking, this is the same as saying that the proofs in the logic form some sort of
*-autonomous category.
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(where we count indices modulo n). Then there is no derivation

�

BV k
k

A1 O � � � O An

(81)

For proving the claim we proceedby way of contradiction and by induction on n.
We have to perform a caseanalysis how the rules of BV could be applied inside
A1 O � � � O An . We also need the concept of a quasi-subformula. We say that A
is a quasi-subformula of B , if A can be obtained from B by replacing some atom
occurrencesby � .27

Claim 2: Let � be a pomset logic pre-proof net with conclusionB , and let A be a
quasi-subformula of B such that whenever an atom occurrenceis replaced
by � , then also its mate (according to the linking in � ) is replaced by � .
Then we have the following:

If

�

BV k
k
B

then

�

BV k
k
A

:

This is easyto seebecausethe proof of B remains valid if we replacepairs of atoms
by � .

Claim 3: Let � be a pomset logic pre-proof net with conclusionB . Then � doesnot
ful�ll the pomset logic correctnesscriterion if and only if B has a quasi-
subformula A1 O � � � O An , where all A i are as in Claim 1, and all pairs ai ,
a?

i are paired up in the linking of � .

Claims 1{3 together imply the result. ut

3.7.4 Remark The Claim 3 in the proof above states a secondcorrectnesscrite-
rion for BV/p omset logic, which does not need RB-graphs, and which �rst appears
in [Str03a]. Claims 1 and 2 in the proof above show that BV derivations obey this
criterion. Proving Claim 3 then means showing that the two criteria are indeed
equivalent.

3.7.5 Exercise Complete the proof of the secondpart of Theorem (3.7.3), i.e.,
show that every proof net coming from a BV derivation obeys the pomset logic cor-
rectnesscriterion.

3.7.6 Op en Researc h Problem Prove the converse. I.e., show that for every
correct pomset logic proof net there is a BV derivation having it as 
o w graph.

Solving this problem would �nally (becauseof Tiu's result [Tiu06]) show that it is
indeed impossibleto give a sequent calculus system for pomset logic.

27 When A is a quasi-subformula of B , then the relation web (seeDe�nition 2.5.18) of A is a subweb
of the relation web of B .
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4 In tuitionistic logic

We will not speak about intuitionistic logic in this course. But I will mention here
someimportant facts related to the title of the lecture notes,becausethesefacts have
had a strong impact on the development of proof nets for classicallogic that we will
discussin the next section.

The inferencerules in natural deduction for implication in intuitionistic logic

� ; A ` B
! I

� ` A ! B
and

� ` A ! B � ` A
! E

� ` B

are the sameas the typing rules

� ; x : A ` u : B
abs

� ` �x:u : A ! B
and

� ` u : A ! B � ` v : A
app

� ` uv : B

for the simply typed � -calculus. This is the basis for the so-called Curry-
Howard-correspondence (also known as formulas-as-types-correspondence and proofs-
as-programs-correspondence). It is also called \isomorphism" becausethe normaliza-
tion in natural deduction [Pra65] does the sameas � -reduction in the � -calculus.28

If we add conjunction to the logic (or equivalently product types to the � -calculus)
we can use the proofs in natural deduction (or equivalently � -terms) for specifying
morphism in cartesian closed categories (short: CCCs). What makesthings interest-
ing is the fact that the identit y forced on proofs by the notion of normalization in
natural deduction (or equivalently the identit y forced on � -terms by normalization29)
is exactly the same as the identit y of morphism that is determined by the axioms
of CCCs. For further details on this see[LS86]. Of course, this simple observation
has beenextendedto more expressive logics and larger type systems(e.g., SystemF
[Gir72], calculus of constructions [CH88], . . . ).

Since there is already a well-understood canonical and bureaucracy-freepresenta-
tion of proofsin intuitionistic logic, namely terms in the (simply) typed� -calculus,the
concept of \pro of nets for intuitionistic logic" is not well investigated. To my knowl-
edgethere are only two proposalsin that direction. The �rst, by Lamarche [Lam94]
usesthe encoding of intuitionistic logic into (intuitionistic) linear logic (the multi-
plicative exponential fragment). The second,by Horbach [Hor06], restricts a classof
proof nets for classicallogic (that we will discussin the next section) to intuitionistic
logic. Of course, this cannot be as simple as for IMLL� (see Section 3.3) because
classicallogic is not a conservative extensionof intuitionistic logic.

5 Classical Logic

It is surely very tempting to extend the beautiful connection betweendeductive sys-
tem, � -calculus, and category theory from intuitionistic logic to classicallogic.

28 One could also argue that we have here just two di�eren t syntactic presentations of the same
mathematical objects.

29 � -reduction, � -expansion, and � -conversion



Proof Nets and the Identit y of Proofs 75

We get from intuitionistic logic to classical logic by adding the law of excluded
middle (i.e., A _ �A), or equivalently, an involutiv e negation (i.e., ��A = A). Adding this
to a Cartesian closedcategory C, meansadding a contravariant functor (� ) : C ! C
such that ��A �= A and (A ^ B ) �= �A _ �B where A _ B = �A ) B . However, if we do
this we get a collapse: all proofs of the sameformula are identi�ed, which leads to
a rather boring proof theory. This observation is due to Andr �e Joyal, and a detailed
proof and discussioncan be found in [LS86] and in the appendix of [Gir91].

We will not show the category theoretic proof of the collapse. But we will explain
the phenomenonin terms of the sequent calculus (the argumentation is due to Yves
Lafont [GLT89, Appendix B]). Supposewe have two proofs of the formula B in some
sequent calculus system:

••
••

••
??????

� 1

` B and
••

••
••

??????
� 2

` B

Then we can with the help of the rules weakening, contraction, and cut

` �
weak

` � ; A

` � ; A; A
cont

` � ; A

` � ; A ` �A; �
cut

` � ; �

form the following proof of B

••
••

••
??????

� 1

` B
weak

` B ; A

••
••

••
??????

� 2

` B
weak

` A? ; B
cut

` B ; B
cont

` B

(82)

If we eliminate the cut from this proof, we get either

••
••

••
??????

� 1

` B
weak

` B ; B
cont

` B

or
••

••
••

??????
� 2

` B
weak

` B ; B
cont

` B

(83)

depending on a nondeterministic choice. Now note that one can hardly �nd a reason
why for any proof �, the two proofs

••
••

••
??????

�

` B
weak

` B ; B
cont

` B

and
••

••
••

??????
�

` B

(84)
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should be distinguished. After all, duplicating a formula and immediately afterwards
deleting one copy is not doing much. Also the laws of category theory tell us to
identify the two.

On the other hand, if we want the nice relationship betweendeductive systemand
category theory, we needa con
uent cut elimination, which meanswe have to equate
the two proofs in (83). Consequently, by (84), we have to equate � 1 and � 2. Since
there was no initial condition on � 1 and � 2, we conclude that any two proofs of B
must be equal.

But the problem with weakening, which could in fact be solved by using mix (see
Sections3.6 and 5.2), is not the only one. We run into similar problems with the
contraction rule. If we try to eliminate the cut from

••
••

••
??????

� 1

` � ; A; A
cont

` � ; A

••
••

••
??????

� 2

` �A; �A; �
cont

` �A; �
cut .

` � ; �

(85)

we again have to make a nondeterministic choice. In the sectionsbelow, we will see
a concreteexample for this.

There are several possibilities to cope with these problems. The easiestis to say
that there cannot beany good proof theory for classicallogic, and stop thinking about
the problem30. A more seriousand more di�cult approach is of courseto say that
we have to drop someof the axioms, i.e., someof the equationsthat we would like to
hold betweenproofs in classicallogic. But which onesshould go?

There are now essentially two di�eren t approaches,and both have their advantages
and disadvantages.

1. The �rst says that the axioms of cartesian closedcategoriesare essential and
cannot be dispensedwith. Instead, one sacri�ces the dualit y between ^ and
_. The motivation for this approach is that a proof system for classical logic
can now be seenas an extensionof the � -calculus and the notion of normaliza-
tion does not change. With this approach one has a term calculus for proofs,
namely Parigot's �� -calculus [Par92] and a denotational semantics [Gir91].
An important aspect is the computational meaning in terms of continuations
[Thi97, SR98]. There is a well explored category theoretical axiomatization
[Sel01], and, of course,a theory of proof nets [Lau99, Lau03], which is basedon
the proof nets for MELL (seeSection 3.1). Although theseproof nets are very
important from the \normalization-as-computation" point of view, we will not
discussthem herebecauseat the current state of the art it is not clear how they
can be used to identify proofs in various deductive systemsfor classical logic
(sequent calculus, resolution, tableaux, . . . ).

30 and making sure that also other people do not think about the problem...



Proof Nets and the Identit y of Proofs 77

2. The secondapproach considersthe perfect symmetry between^ and _ to be an
essential facet of Boolean logic, that cannot be dispensedwith. Consequently,
the axiomsof cartesianclosedcategoriesand the closerelation to the � -calculus
have to be sacri�ced. It is much less clear than in the �rst approach, what
the category theoretical axiomatization [DP04, FP04, LS05a, McK05, Str05b,
Lam06] should be, and how a theory of proof nets should look like. There
are now two di�eren t versions in the literature, one following Ideology 2.2.1
(Section 5.1), and the other following Ideology 2.3.1 (Sections5.2 and 5.3).

5.1 Sequent calculus rule based pro of nets

Classical logic can be obtained from multiplicativ e linear logic by adding the rules of
contraction and weakening. But for obvious reasonswe will herechangethe notation
and use the symbols ^ and _ instead of � and O. Negation will be denoted by ��,
instead of �? . In other words, our formulas are generatedby the syntax

F ::= A j �A j F _ F j F ^ F (86)

Note that as before,we ignore the units31 and push negation to the atoms. Here are
the inferencerules in the sequent calculus:

id
` �A; A

` � ; A ` �A; �
cut

` � ; �

` � ; A; B ; �
exch

` � ; B ; A; �

` �
weak

` A; �

` A; A; �
cont

` A; �

` A; B ; �
_

` A _ B ; �

` � ; A ` B ; �
^

` � ; A ^ B ; �

(87)

Note that there are various di�eren t sequent calculus systemsfor classicalproposi-
tional logic, starting with the one by Gentzen [Gen34]. For a systematic treatment,
the reader is referred to [TS00]. The motivation for choosing the one in (87) is that
it allows for the simplest notion for proof nets according to Ideology 2.2.1. When we
look at Ideology 2.3.1 and the notion of 
o w-graphs in the next sections,it doesnot
matter which sequent system is taken as starting point.

The rules in (87) are essentially the same as the ones in (1) plus the ones for
contraction and weakening. In order to obtain proof nets accordingto Ideology 2.2.1,
we can therefore proceedas shown in Figures 1 and 10.

5.1.1 Exercise Give the translation of the rules in (87) into proof nets as it is
done in Figures 1 and 10.

31 Note, that in classical logic, this does not change the logic becausewe can pick a distinguished
atom, say p0 , which may not appear in the formulas, and de�ne t = p0 _ �p0 and f = p0 ^ �p0 .
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Here is an example of a sequent calculus proof

id
` �b;b

id
` a; �a

^
` �b^ a; �a; b

id
` �b;b

^
` �b^ a; �a ^ �b;b;b

cont
` �b^ a; �a ^ �b;b

id
` �b;b

id
` a; �a

id
` �b;b

^
` �b;a; �a ^ b

^
` �b;�b;�b^ a; �a ^ �b

cont
` �b;b^ a; �a ^ b

cut
` �b^ a; �a ^ �b;b^ a; �a ^ b

(88)

and its translation into a proof net:

id id

id id id id

^ ^ cont cont ^ ^

cut

a �a �b b

�b b
a �ab�b

b�b

b �b�b^ a �a ^ �b b^ a �a ^ b

(89)

That this can easily be done has already beennoted by Girard in the appendix of
[Gir91], wherehe alsoexplained the problemswith this approach that we will discuss
below. In [Rob03], Robinson carries out the details. He usesa two-sided version of
the set of rules in (87), but with what we learned in Section2.6, it is an easyexercise
to translate back and forth betweenthe one- and two-sidedversion.

Robinson also proves the soundnessand completenessof the switching correctness
criterion (seeDe�nition 2.5.4 and Theorem 2.5.5). For the acyclicity condition this
is not surprising since the rules in (87) are the sameas in (1) (recall that contrac-
tion behaves as O). The connectednesscondition is obtained simply by attaching a
weakening somewhere,similarly as we did it with ? in Section 3.5. The price to pay
is that now certain proofs are distinguished that should be identi�ed according the
rule-permutabilit y-argument. To seea very simple example, consider the following
three sequent calculus proofs (we systematically omit the exchangerule).

id
` �a; a

weak
` c; �a; a

id
` b;�b

^
` c; �a; a ^ b;�b

id
` �a; a

id
` b;�b

^
` �a; a ^ b;�b

weak
` c; �a; a ^ b;�b

id
` �a; a

id
` b;�b

weak
` c;b;�b

^
` c; �a; a ^ b;�b

(90)

They di�er from each other only via sometrivial rule permutation, and should there-
fore be identi�ed. But according to [Rob03] they can be translated into �v e di�eren t
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proof nets. Two of them are shown below:

id id

weak ^

�a a b

�b
c �a a ^ b

(91)

and
id

id weak

^

a

b

�b

�a

c

b

a ^ b

(92)

5.1.2 Exercise What are the other three proof nets corresponding to (90)? Com-
pare the nets with the onesin Figure 13.

Let us now come to cut elimination. We have already seenin the intro ductory
part of Section 5, that there is a problem with weakening. The short discussionin
Section 3.1 suggeststhat there might also be a problem with contraction. Observe
that in Section3.1, the contraction rule could appearonly on onesideof the cut, never
at both sidesat the sametime (becauseonly ?-formulas could be contracted, never
!-formulas). This is the reasonwhy in the end we get con
uence of cut elimination for
MELL� proof nets. However, for classicallogic the situation is di�eren t. Contraction
can appear on both sidesof the cut, as it is shown in the example in (88) and (89).
For typesetting reasons, let us use the more compact notation (as we also did in
Section 2.5):

�b a �a �b b b �b �b b a �a b

^ ^ cont cont ^ ^
(93)

Let us stressthat (89) and (93) are only di�eren t notations for the same proof net.
Note that wehaveherean examplefor the generalcasein (85). If wewant to eliminate
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the cut from (93), we have to make a nondeterministic choice, which subproof we
duplicate. As outcome we get either

�b a �a �b �b a �a �b b b a �a b b

^ ^ ^ ^ cont cont

cont cont ^ ^

(94)

or

�b �b a �a �b �b b a �a b b a �a b

cont cont ^ ^ ^ ^

^ ^ cont cont

(95)

In the appendix of [Gir91], Girard argues that for this reason it is impossibleto
have a con
uent notion of cut elimination for proof nets for classicallogic. Of course,
his argumentation is valid only for proof nets following Ideology 2.2.1.

5.1.3 Exercise Show that (94) and (95) obey the switching criterion, and give
the sequent proofs corresponding to (94) and (95).

Although there is no con
uent cut elimination, F•uhrmann and Pym [FP04] man-
agedto give a category theoretical axiomatization for the proof identi�cations made
by theseproof nets. This could be donebecausethe authors dropped the \equation"

cut elimination = arrow composition in the category of proofs

and added an order enrichment instead. They de�ned for two proofs f ; g: A ! B
that f 4 g i� f reducesto g via cut elimination. See[McK05] for relating this to the
calculus of structures.

5.2 Flo w graph based pro of nets (simple version)

In the previous section we have seenwhat happensif we naively carry the approach
of Section 2.2 to classicallogic. Now we are going to seewhat happensif we naively
carry the approach of Section 2.3 to classical logic. We can de�ne a pre-proof net
as in De�nition 2.5.1, but now the identit y links do not provide a perfect matching
for the set of leaves of the sequent forest. It can happen that someatoms have no
mate, i.e., live celibate, and that some atoms have more than one mate, i.e., live
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id
` �a;a

weak
` �a; a;a

id
` �a;a

id
` �a; a

weak
` �a; �a; a

^
` �a;a ^ �a; �a; a

^
` �a;a;a ^ �a;a ^ �a; �a; a

exch5
` �a; �a;a ^ �a;a ^ �a;a; a

cont3
` �a;a ^ �a;a

#

id
` � ;

weak
` � ; ;

id
` � ;

id
` � ;

weak
` � ; � ;

^
` � ; ^ � ; � ;

^
` � ; ; ^ � ; ^ � ; � ;

exch5
` � ; � ; ^ � ; ^ � ; ;

cont3
` � ; ^ � ;

id
` �a;a

weak
` �a;a;a

id
` �a;a

id
` �a;a

weak
` �a; �a; a

^
` �a;a ^ �a; �a; a

^
` �a;a;a ^ �a;a ^ �a; �a; a

exch5
` �a; �a;a ^ �a;a ^ �a;a; a

cont3
` �a;a ^ �a; a

#

id
` � ;

weak
` � ; ;

id
` � ;

id
` � ;

weak
` � ; � ;

^
` � ; ^ � ; � ;

^
` � ; ; ^ � ; ^ � ; � ;

exch5
` � ; � ; ^ � ; ^ � ; ;

cont3
` � ; ^ � ;

id
` �a;a

weak
` �a; a;a

id
` �a;a

id
` �a; a

weak
` �a; �a; a

^
` �a;a ^ �a; �a; a

^
` �a;a;a ^ �a;a ^ �a; �a; a

exch5
` �a; �a;a ^ �a;a ^ �a;a; a

cont3
` �a;a ^ �a;a

. &

(simple) �a a �a a

^

�a a �a a

^

(extended)

Figure 16: From sequent calculus to classicallogic proof nets via 
o w graphs

polygamous. It could even happen that there are two or more identit y links between
a pair of atoms, as the example (on the right) in Figure 16 shows. This example
also shows that we can now completely forget about the correctnesscriteria that we
have seenin Section2.5. But most importantly, this exampleshows that for classical
logic it makesa huge di�erence whether we follow Ideology 2.2.1or Ideology 2.3.1 to
obtain proof nets. This also means, that the term \pro of net" should be used with
care,becauseit is not necessarilyclear what a proof net for classicallogic actually is.
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Let us, for the time being, restrict ourselves to those nets that have at most one
identit y link betweenany pair of atoms, and call them simple prenets:

5.2.1 De�nition A simple prenet is a sequent forest �, possibly with cuts, to-
gether with a symmetric, irre
exiv e binary relation P on its set of leaves, such that
whenever two atom occurrencesare related by P then they must be dual to each
other. We will usethe notation P � �.

As in Section 2.5, we have to treat cuts as special formulas (seepage22).
In the left of Figure 16 we have shown an example how to translate a sequent

calculus proof into a simple prenet. We draw the 
o w-graph as we did in Section 2.3
and forget how often a pair of atoms is connectedto each other. Here is an example
of a simple prenet with cut. It is the one obtained from (88):

�b a �a �b b �b b a �a b

^ ^ ^ ^

(96)

We will call a simple prenet sequentializableif it can be obtained via the 
o w-graph
method from the sequent calculus system in (87) extendedby the mix-rule

` � ` �
mix

` � ; �

5.2.2 Exercise Draw the simple prenets that are obtained from the sequent cal-
culus proofs corresponding to the proof nets in (94) and (95). Hint: You can do this
exercisewithout doing Exercise5.1.3.

We are now going to de�ne a correctnesscriterion for simple prenets.

5.2.3 De�nition Let � be a sequent. A conjunctive pruning of � is the subforest
obtained � by deleting one of the two immediate subformulas for every ^ and for
every cut. Let � = P � � be a simple prenet. we call the prenet � 0 = P0 � � 0 a
conjunctive pruning of � if � 0 is a conjunctive pruning of � and P 0 is the restriction
of P to (the set of leaves of) � 0.32

Here are two examplesfor conjunctive prunings of (96):

�b a �a �b b �b b a �a b

^ ^ ^ ^
and

�b a �a �b b �b b a �a b

^ ^ ^ ^
32 Strictly speaking, � 0 is not a simple prenet because� 0 is not a sequent becauseevery ^ in � 0 is

unary. For this reason � 0 is not a subprenet in the senseof De�nition 2.5.7.
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5.2.4 Exercise How many others are there?

5.2.5 De�nition A simple prenet P � � is called correct (or, obeys the pruning
condition, if every conjunctive pruning P 0� � 0 of � contains at least one identit y link,
i.e., P0 is not empty.

Clearly, the example in (96) is correct. Here is an example, which is not correct,
becausethere is a pruning, in which all links disappear:

a b �b �a

^ ^

! a b �b �a

^ ^

Interestingly, also in the correctnesscriterion given by Hughesand van Glabbeek
in [HvG03] for MALL� (seeSection 3.2) the pruning condition plays a role.

5.2.6 Theorem A simple prenet � is correct, if and only if it is sequentializable.

Pro of: First, observe that the id-rule produces correct prenets and that all rules
in (87), including mix, preserve correctness. For the rules _, exch, weak, cont, and
mix, this is obvious. Let us show it here for the ^ -rule. Let � 1 and � 2 be the simple
prenets obtained from

••
••

••
??????

� 1

` � ; A and
••

••
••

??????
� 2

` B ; �

respectively. Let us assumeby induction hypothesis that they are correct, and let �
be the simple prenet obtained from

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` B ; �
^

` � ; A ^ B ; �

Let � 0 be a conjunctive pruning of � . If it removes B from A ^ B , then � 0 contains
a link because� 1 is correct, and if � 0 removesA, then it must contain a link because
� 2 is correct. For the cut-rule it is similar.

Conversely, let � = P � � be a correct prenet. we will proceedby induction on the
sizeof � (that is, the number of ^ , _ , atoms, and cuts appearing in it) to construct
a a corresponding sequent proof using the rules in (87) plus mix.

� If � contains a formula A _ B , then we can apply the _-rule and proceedby
induction hypothesis.

� If � contains a formula A ^ B , i.e., � = � ; A ^ B , then we can form three correct
simple prenets � 1 = P0� � ; A, and � 2 = P00� � ; B , and � 3 = P � � ; A; B , where
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P0 and P00are the restrictions of P to � ; A and � ; B , respectively. Since � 1,
and � 2, and � 3 are all correct, we get three sequent calculus proofs

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` � ; B
••

••
••

??????
� 3

` � ; A; B

from which we can form the following proof (we omit the instancesof exch):

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 3

` � ; A; B
^

` � ; � ; A ^ B ; A
••

••
••

??????
� 2

` � ; B
^

` � ; � ; � ; A ^ B ; A ^ B
cont ...

cont
` � ; A ^ B

(97)

which translates into � . Let us make three remarks about that case:

{ Note that we made crucial use of the fact that we forget how often an
identit y link is usedinside the proof.

{ The proof � 3 is neededfor keeping the links that crossA ^ B . If there is
in � no link betweenan atom in A and an atom in B , then we do not need
� 3 and could replace(97) by

••
••

••
??????

� 1

` � ; A
••

••
••

??????
� 2

` � ; B
^

` � ; � ; A ^ B
cont ...
cont

` � ; A ^ B

{ For dealing with cuts we proceedsimilarly. But to be formally precise,
we needto allow to apply the contraction rule not only to formulas in the
sequent, but also to cuts.

� If � = � ; A such that no link is coming out of A, then we apply the weakening
rule and proceedby induction hypothesis.

� The only remaining caseis whereall formulas in � are atoms. Then our sequent
calculus proof is obtained by a su�cien t number of instancesof id, cont, exch,
and mix. ut

We will usethe term simple proof net for the correct (i.e., sequentializable) simple
prenets. They have been introduced in [LS05b]. However, the idea of looking at
paired atom occurrencesin classicallogic is much older. In [And76] Andrews applied
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the \
o w-graph" method to resolution proofs and called the result matings. He had,
in fact, exactly the samecorrectnesscriterion as we have seenabove. Independently,
Bibel [Bib81] investigated the sameobjects and called them connection proofs. Also
the term matrix proofsis usedbecauseformulashavebeenwritten in form of matrices.

However, both authors, Andrews and Bibel, did not allow the linking of two atoms
that are connectedin the tree by a conjunction33. From the viewpoint of provabil-
it y/correctness, this perfectly makessense.Note that such links (we have an example
in Figure 16) disappear in every conjunctive pruning. So, why having them in the
�rst place?

The reasonis cut elimination, i.e., the composition of proofs. We de�ne it in the
sameway as for MLL� in Section 2.7. In the caseof a cut on a compound formula,
we do the obvious thing:

A B �B �A

^ _ !
A B �B �A

(98)

To seethat this preservescorrectness,note that a conjunctive pruning of the cut on
the left yields either A or B or �B _ �A, and a conjunctive pruning of the cut on the
right yields either A; B or A; �B or �A; B or �A; �B . Hence,every conjunctive pruning of
the reducedsimple prenet contains a conjunctive pruning of the non-reducedsimple
prenet. Therefore it most contain at least one link.

For the cut reduction on atomic cuts, we have to be careful, since the atoms can
be connectedto many other atoms (or no other atoms). Instead of simply having:

�a a �a a ! �a a

the reduction looks as follows:

�a �a � � � �a a �a a � � � a ! �a �a � � � �a a � � � a

If one of the two cut atoms is celibate, no link remains:

�a �a � � � �a a �a ! �a �a � � � �a

If the two cut atoms are linked together, then this link is ignored in the reduction
(and, of course,removed with the cut):

�a �a � � � �a a �a a � � � a ! �a �a � � � �a a � � � a

33 That means they are connected by a red edge in the relation web, seeDe�nition 2.5.18.
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The atomic cut reduction alsopreservescorrectness.If we could in the reducedsimple
prenet construct a conjunctive pruning that does not contain an identit y link, then
the same pruning would not contain a link in the non-reducednet, where one cut
atom is always removed.

5.2.7 Theorem Cut elimination for simple proof nets preservescorrectness, is
con
uent, and terminating.

Pro of: Preservation of correctnesshas already been shown above. Termination is
obvious sinceeach stepreducesthe sizeof the simpleproof net. For con
uence weonly
need to consider atomic cuts since the reduction of compound cuts does not create
critical pairs. Let � be a simple proof net with atomic cuts and let � 0 be the result of
reducing theseatomic cuts. Then there is a link betweentwo dual atom occurrences
a and �a in � 0, if either that link is already present in � , or there is an alternating
link-cut-link-cut-. . . -link path in � that connectsa and �a. This is independent from
the order in which the atomic cuts are reduces. ut

The natural question that arisesnow is: How does this con
uent cut elimination
relate to the non-con
uent cut elimination in the sequent calculus?

Let us look again at the two problematic cases(82) and (85). The problem with
weakening (82) can easily be solved by using the mix-rule:

••
••

••
??????

� 1

` �
weak

` � ; A

••
••

••
??????

� 2

` �
weak

` �A; �
cut

` � ; �

! ••
••

••
??????

� 1

` �
••

••
••

??????
� 2

` �
mix

` � ; �

Both subproofs � 1 and � 2 are kept in the reduced net. With the help of mix, this
can also be done in the sequent calculus, and in simple proof nets it is done in the
sameway.

For the contraction case(85) the situation is less obvious. Consider again the
simple proof net in (96), which corresponds to the sequent calculus proof in (88). If
we apply the cut elimination for simple proof nets, we obtain the following result:

�b a �a �b b a �a b

^ ^ ^ ^

(99)

If you did Exercise 5.2.2, you will notice that this is exactly the simple proof net
obtained from the sequent proofs corresponding to (94) and (95). However, let us
emphasizethat this correspondencealsomakescrucial useof the fact that we deliber-
ately forget how often an identit y link is usedin the proof. If wekept this information,
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i# �A _ A

A ^ �A
i"

Sf B g
i#

Sf ( �A _ A) ^ B g

Sf B _ (A ^ �A)g
i"

Sf B g

Sf A _ B g
� #

Sf B _ Ag

Sf A ^ B g
� "

Sf B ^ Ag

Sf A _ (B _ C)g
� #

Sf (A _ B ) _ Cg

Sf A ^ (B ^ C)g
� "

Sf (A ^ B ) ^ Cg

Sf A ^ (B _ C)g
s

Sf (A ^ B ) _ Cg

Sf A _ B g
mix

Sf A ^ B g

Sf (A ^ B ) _ (C ^ D)g
m

Sf (A _ C) ^ (B _ D)g

Sf A _ Ag
c#

Sf Ag

Sf Ag
c"

Sf A ^ Ag

Sf B g
w#

Sf B _ Ag

Sf A ^ B g
w"

Sf B g

Figure 17: A system for classicallogic in the calculus of structures

the proofs in (94) and (95) would be represented by

�b a �a �b b a �a b

^ ^ ^ ^

and �b a �a �b b a �a b

^ ^ ^ ^

respectively. See[LS05b] for further details.
It should be clear that simple proof nets are not particularly connected to the

sequent calculus. We can obtain them in the sameway from proofs presented in the
calculus of structures. Figure 17 shows a deductive system for classical logic in the
calculusof structures. It is a (unit-free) variation of systemSKS, presented in [BT01].
The rules are the sameas the onesfor MLL� in Figure 5. As in the sequent calculus,
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we add the rules for contraction, weakening, and mix. We also add the m-rule,
called medial. As it is the casewith mix, it is is not necessaryfrom the viewpoint of
provabilit y, but its presencegives the system a much nicer proof-theoretic behavior.
See[BT01, Br •u03, Str05b, Lam06] for further details.

Most of the theory on the relation betweenproof nets, sequent calculusand calculus
of structures, that has beendeveloped in Section 2, can be ported easily to classical
logic. In particular, we can obtain Theorem 2.6.2 and the commutativit y of (49),
provided we restrict ourselves to simple proof nets.

5.2.8 Op en Researc h Problem Find a categorytheoretical axiomatization that
generatesthe same identi�cation for proofs as it is done by simple proof nets for
classicallogic. (This is meant in the samesenseas *-autonomous categoriesprovide
the axiomatization for proof nets for MLL, and cartesian closedcategoriesfor typed
� -terms.)

There is already preliminary research in this direction in [LS05b, LS05a, Str05a,
Lam06, Str05b], but there is still no satisfactory solution.

5.3 Flo w graph based pro of nets (extended version)

The �rst problem with simple proof nets is that they are too simple. When speaking
about the identit y of proofs one should also take into account the size of proofs.
But simple proof nets have a size at most quadratic in the size of the conclusion
sequent. This meansthey are not able to observe any kind of complexity, not even
the exponential blow-up related to cut elimination.

The secondproblem with simple proof nets is that they are too simple. They omit
too much important information about the proof. Checking their correctnesstakes
exponential time, which is not faster than trying to prove the conclusionfrom scratch.
But checking a proof should be a feasibletask, taking only linear time in the sizeof
the proof.

A naive solution could be to simply keeptrack of how often an identit y link is used
in the proof, i.e., allow more than one link between a pair of dual atoms, as shown
on the right in Figure 16. Let us call thesenew objects extended prenets.

The �rst problem we encounter now is not only to de�ne what correctness means,
but also,what sequentializablemeans. To seethe di�cult y, consideragain the simple
proof net in (99). Now, all of the sudden,there is no sequent calculus proof that has
it a 
o w-graph. However, we can �nd a proof in the calculus of structures, in the
systemshown in Figure 17:

i#
( ^ ) _ ( ^ ) _ (( _ ) ^ ( _ ))

m
(( _ ) ^ ( _ )) _ (( _ ) ^ ( _ ))

c#4

( ^ ) _ ( ^ )
i#2

( ^ ( _ ) ^ ) _ ( ^ ( _ ) ^ )
s4

( ^ ) _ ( ^ ) _ ( ^ ) _ ( ^ )

i#
(�b^ �b) _ (�b^ �b) _ ((b_ b) ^ (b_ b))

m
((�b_ �b) ^ (�b_ �b)) _ ((b_ b) ^ (b_ b))

c#4

(�b ^ �b) _ (b ^ b)
i#2

(�b^ (a _ �a) ^ �b) _ (b^ (a _ �a) ^ b)
s4

(�b^ a) _ (�a ^ �b) _ (b^ a) _ (�a ^ b)

i#
( ^ ) _ ( ^ ) _ (( _ ) ^ ( _ ))

m
(( _ ) ^ ( _ )) _ (( _ ) ^ ( _ ))

c#4

( ^ ) _ ( ^ )
! i#2

( ^ ( _ ) ^ ) _ ( ^ ( _ ) ^ )
s4

( ^ ) _ ( ^ ) _ ( ^ ) _ ( ^ )

i#
(�b^ �b) _ (�b^ �b) _ ((b_ b) ^ (b_ b))

m
((�b_ �b) ^ (�b_ �b)) _ ((b_ b) ^ (b_ b))

c#4

(�b ^ �b) _ (b ^ b)
! i#2

(�b^ (a _ �a) ^ �b) _ (b^ (a _ �a) ^ b)
s4

(�b^ a) _ (�a ^ �b) _ (b^ a) _ (�a ^ b)
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This meansthat for extendedprenets, it dependson the chosendeductive system
whether a given prenet is sequentializable or not.

5.3.1 Op en Researc h Problem Find a good notion of \sequentializabilit y" and
a corresponding correctnesscriterion for extendedprenets.

The second,more serious problem comeswith cut elimination. In [LS05b] it is
explained, how cut elimination for extended prenets has to look like. For a cut on
compound formulas it is the sameas for simple proof nets. But for an atomic cut,
we now have to multiply the number of edges.For example

�a a �a a reducesto �a a

If there are already somelinks betweenthe remaining pair of atoms, then theselinks
have to be added. For example

�a a �a a reducesto �a a

Of course,we cannot say whether this preserves correctness,since we do not know
what correctnessmeans. But the good newsis that cut reduction is still terminating,
and that we can get an exponential blow-up in the sizeof the proof when doing cut
elimination.

The bad newsis that cut elimination is no longer con
uent. This has already been
observed in [LS05b]. The following example is taken from [Hor06]. Depending on
which cut in

�a a �a a �a a

we reduce�rst, we get either

�a a �a a or �a a �a a

If we reducethe remaining cut, we get

�a a
or

�a a

respectively. The basic reasonof this non-con
uence is that we do have the acyclicity
condition anymore, and it dependson the order of the cut reductions how often \the

o w-graph runs through a cycle". In [Hor06], Horbach proposesa way of keeping
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track of the cyclesin order to get con
uence for cut elimination on extendedprenets
representing intuitionistic proofs.

An alternative possiblesolution could be to rede�ne cut elimination such that no
longer all atomic cuts are reduced. In [Str05a, Str05b] it is shown how this can be
done such that we get a con
uent cut elimination which corresponds to composition
of derivations in the calculus of structures:

A
k
k
B
k
k
C

!

A
k
k
C

Which still allows to keepthe equation

cut elimination = arrow composition in the category of proofs

But then cut elimination for extendedprenetsdoesno longer correspond to cut elimi-
nation in the sequent calculus. That it is indeedimpossibleto make the diagram (49)
commute for the sequent calculusand extendedprenetshasalready beenshown with
the examplein (99) in the previoussection. But it is not known whether we can make
it commute for the calculus of structures.

5.3.2 Op en Researc h Problem Find for the calculusof structures (possibly for
the systemin Figure 17) a cut elimination procedure,possibly basedon splitting (as
done in the proof of Theorem 2.7.3) such that it behaves in the sameway as the cut
elimination for extendedprenets, i.e., such that diagram (49) commutes.

In any case,what has been said in this section shows that for classical logic the
answer to the Big Question 2.7.9 on page48 is no longer an obvious yes. In fact, the
answer might be No!

5.3.3 Op en Researc h Problem Make a nice theory out of this mess.
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