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The quantities

I charge (basic measure)
I current I = charge per surface unit per second
I electric field = force vector at point acting on unit charge
I voltage V = potential energy of unit charge in electric field
I power S = voltage× current (in units of measure)

[Bienstock 2016, p. 2]
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Optimal Power Flow

I Decide power flows on electrical cables to minimize costs
I Alternating Current:

generated by magnetic field induced by a 50-60 Hz mechanical rotation
I Current traverses grid 50 to 60 times per second

consider average over time
I ACOPF: static approximation of a dynamic problem

approximation yields modelling/numerical difficulties
Example 1: lines directed for flow injection but undirected for admittance

Example 2: voltage V , current I , power S are complex quantities

I Different approximations by different stakeholders
⇒ ambiguities, lack of accepted formal definitions
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Notation

I Complex number: x = xr + ixc ∈ C
most ACOPF literature uses j instead of i, reserved for current

I Complex conjugate: conj(x) = xr − ixc

x conj(x) = (xr)2 + (xc)2 = |x|2

I Polar representation: αeiϑ = α cosϑ+ iα sinϑ

xr = α cosϑ

xc = α sinϑ

α =
√

(xr)2 + (xc)2

ϑ = arccos(xr/α) = arcsin(xc/α),

α called “magnitude”, ϑ “angle”/“phase”
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On the word “flow”

I Power does not “flow” as does liquid or gas in a pipe
electrons do not move much in cables: think more in terms of wave
propagation

I For a line {b, a}, think of voltage difference between b and a as
“influencing” the injection of power at b or a
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The π-model of a line {b, a}
Nba

ground

Vb

~Sba

ibba
2

rba ixba ~Sba

Vaibba
2

Yba=

(
Ybb Yba
Yab Yaa

)
=

(
( 1
rba+ixba

+ ibba
2

)/τ 2ba − 1
(rba+ixba)τe

−iθba

− 1
(rba+ixba)τbae

iθba

1
rba+ixba

+ ibba
2

)
I Vb, Va: voltage differences with ground

I ~Sba: power injected on {b, a} at b (vice versa for ~Sba)

I Y used in Ohm’s law: current= Y (Vb, Va)
>

I rba + ixba: series impedance of the line {b, a}
I bba: charging susceptange of the line {b, a}
I Nba = τbae

iθba : tap ratio of transformer at b on line {b, a}
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Subsection 1

Natural formulation
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Sets

I B: set of buses (nodes) of the power grid

I L: set of lines (links) in the power grid
edge {b, a} will index entity E as Eba

I G: set of generators
set Gb of generators at bus b,

⋃
b Gb = G
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Decision variables

I Voltage Vb ∈ C at bus b ∈ B

I Current Iba = (~Iba, ~Iba) ∈ C2 on line {b, a} ∈ L

I Power Sba = (~Sba, ~Sba) ∈ C2 on line {b, a} ∈ L

I PowerSbg ∈ C for a generator g ∈ Gb at bus b ∈ B
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Parameters
I Voltage magnitude in [V b, V b] ∈ IR at each bus b ∈ B
I Phase difference in [ωba, ωba] ⊆ [−π, π] at each line
{b, a} ∈ L

I A reference bus r ∈ B s.t. V c
b = 0 and V r

b ≥ 0

I Power demand S̃b ∈ C at bus b ∈ B
there can be buses with negative demand

I Magnitude of power injected on a line {b, a} ∈ L bounded
above by S̄ba = S̄ab ∈ R

I Power generated by g ∈ Gb installed at bus b ∈ B in
[Sbg,Sbg] ∈ IC

I Admittance matrixYba ∈ C2×2 for a line {b, a} ∈ L
I Shunt admittanceAb ∈ C at bus b ∈ B
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Bounds
I Bounds on power

∀{b, a} ∈ L |Sba| ≤ S̄ba1

where |Sba| = (|~Sba|, | ~Sba|)
>

I Bounds on generated power (enforced on real/imaginary
parts)

∀b ∈ B, g ∈ Gb S bg ≤ Sbg ≤ S bg

I Bounds on voltage magnitude

∀b ∈ B V b ≤ |Vb| ≤ V b

I Reference bus

V c
r = 0 ∧ V r

r ≥ 0
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Phase difference bounds
I Constraints:
∀{b, a} ∈ L ωba ≤ θb − θa ≤ ωba (?)

I Issue: we don’t use phase variables θ
and cartesian→polar mapping is nonlinear

I Prop.
(?) ≡

[
tan(ωba) ≤

(Vbconj(Va))
c

(Vbconj(Va))
r ≤ tan(ωba) ∧ (Vbconj(Va))

r ≥ 0
]

Pf. tan(θb − θa) =
sin(θb − θa)
cos(θb − θa)

=
|Vb| |Va| sin(θb − θa)
|Vb| |Va| cos(θb − θa)

=
|Vb| sin θb|Va| cos θa − |Vb| cos θb|Va| sin θa
|Vb| cos θb|Va| cos θa + |Vb| sin θb|Va| sin θa

=
V c
b V

r
a − V r

b V
c
a

V r
b V

r
a + V c

b V
c
a

=
(Vbconj(Va))

c

(Vbconj(Va))
r

and tan is monotonically increasing
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Constraints
I Power flow equations

∀b ∈ B
∑
{b,a}∈L

~Sba + S̃b = −conj(Ab)|Vb|2 +
∑
g∈Gb

Sg

I Power in terms of voltage and current

∀{b, a} ∈ L Sba = Vba � conj(Iba)

where � ≡ entrywise prod. and conj(I)ba = (conj(~Iba), conj( ~Iba))
>

I Ohm’s law
∀{b, a} ∈ L Iba = YbaVba

where Vba = (Vb, Va)
> for {b, a} ∈ L
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Constraints
I Power flow equations

∀b ∈ B
∑
{b,a}∈L

~Sba + S̃b = −conj(Ab)|Vb|2 +
∑
g∈Gb

Sg

I Power in terms of voltage and current

∀{b, a} ∈ L ~Sba = Vb conj(~Iba)

∀{b, a} ∈ L ~Sba = Va conj( ~Iba)

I Ohm’s law

∀{b, a} ∈ L ~Iba = YbbVb + YbaVa

∀{b, a} ∈ L ~Iba = YabVb + YaaVa
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Objective function

I Depends on application setting

I Often: cost of generated power

min S HQS + (cHS )
r
+ c0

r

I Q hermitian⇒ S HQS ∈ R
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Subsection 2

Edge formulation
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Differences

I A line is an edge ` = {b, a}
I Entities with a direction are indexed with b or a

~Eba ≡ Eb
`

~Eba ≡ Ea
`

I This formulation is used byMatPower
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Sets, parameters, variables

I ∀b ∈ B let δ(b) = {` ∈ L | ` = {b, a}}
set of lines adjacent to b

I Upper bound S̄` to power magnitude

I Bounds [ω`, ω`] to phase difference

I Current I` = (Ib` , I
a
` ) ∈ C2 on line ` = {b, a} ∈ L

I Power S` = (Sb` , S
a
` ) ∈ C2 on line ` = {b, a} ∈ L
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Constraints
I Power flow equations

∀b ∈ B
∑
`∈δ(b)

Sb` + S̃b = −conj(Ab)|Vb|2 +
∑
g∈Gb

Sg

I Power in terms of voltage and current

∀` ∈ L Sb` = Vb conj(I
b
` )

∀` ∈ L Sa` = Va conj(I
a
` )

I Ohm’s law

∀` ∈ L Ib` = YbbVb + YbaVa

∀` ∈ L Ia` = YabVb + YaaVa
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Subsection 3

Arc formulation
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Differences

I A line is a pair of anti-parallel arcs {(b, a), (a, b)}
I Entities with a direction are indexed by (b, a) or (a, b)

~Eba ≡ Eb
{b,a} ≡ Eba

~Eba ≡ Ea
{b,a} ≡ Eab

I This formulation is easier to code in AMPL
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Sets, parameters, variables

I set L′ = {(b, a), (a, b) | {b, a} ∈ L} of all arcs
I set L0 ⊂ L′ of arcs given in data

s.t. ∀{b, a} ∈ L (b, a) ∈ L0 xor (a, b) ∈ L0

I Upper bounds S̄ba = S̄ab to power magnitude

I Bounds [ωba = ωab, ωba = ωab] to phase difference

I If (b, a) ∈ L0 has a transformer, it is on the side of b ∈ B

I Current Iba ∈ C for each (b, a) ∈ L′ injected at b ∈ B
I Power Sba ∈ C on each (b, a) ∈ L′ injected at b ∈ B
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Constraints
I Power flow equations

∀b ∈ B
∑

(b,a)∈L′
Sba + S̃b = −conj(Ab)|Vb|2 +

∑
g∈Gb

Sg

I Power in terms of current

∀(b, a) ∈ L′ Sba = Vb conj(Iba)

I Ohm’s law

∀(b, a) ∈ L0 Iba = YbbVb + YbaVa

∀(b, a) ∈ L0 Iab = YabVb + YaaVa

I Upper bounds on power magnitude

∀(b, a) ∈ L′ |Sba| ≤ S̄ba

25 / 48



Outline

Introduction

Complex Formulations
Natural formulation
Edge formulation
Arc formulation

Real formulations
Arc formulation
Parallel lines

Software
MatPower
AMPL

26 / 48



Ohm’s law matrix

Diagonal components of Yba ∈ C2×2

Ybb =

(
1

r + ix
+ i

b

2

)
/τ2 =

2(r − ix) + ib(r2 + x2)

2(r + ix)(r − ix)τ2

=
r

(r2 + x2)τ2
+ i

b(r2 + x2)− 2x

2(r2 + x2)τ2

Yaa =
1

r + ix
+ i

b

2
=

2(r − ix) + ib(r2 + x2)

2(r + ix)(r − ix)

=
r

r2 + x2
+ i

b(r2 + x2)− 2x

2(r2 + x2)
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Ohm’s law matrix
O�-diagonal components of Yba ∈ C2×2

Yba = − 1

(r + ix)τe−iθ
= − 1/τ

(r cos θ + x sin θ) + i(x cos θ − r sin θ)

= −1

τ

r cos θ + x sin θ − i(x cos θ − r sin θ)

(r cos θ + x sin θ)2 + (x cos θ − r sin θ)2

= −r cos θ + x sin θ

τ(r2 + x2)
− i r sin θ − x cos θ

τ(r2 + x2)

Yab = − 1

(r + ix)τeiθ
= − 1/τ

(r cos θ − x sin θ) + i(x cos θ + r sin θ)

= −1

τ

r cos θ − x sin θ − i(x cos θ + r sin θ)

(r cos θ + x sin θ)2 + (x cos θ − r sin θ)2

=
x sin θ − r cos θ

τ(r2 + x2)
+ i

r sin θ + x cos θ

τ(r2 + x2)
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Subsection 1

Arc formulation
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Constraints
I Linear constraint: separate real and imaginary parts

I Power in terms of voltage and current

∀(b, a) ∈ L′ Sr
ba = V r

b I
r
ba + V c

b I
c
ba

∀(b, a) ∈ L′ Sc
ba = −V r

b I
c
ba + V c

b I
r
ba

I Ohm’s law

∀(b, a) ∈ L0 I r
ba = Y r

bbV
r
b − Y c

bbV
c
b + Y r

baV
r
a − Y c

baV
c
a

∀(b, a) ∈ L0 Ic
ba = Y r

bbV
c
b + Y c

bbV
r
b + Y r

baV
c
a + Y c

baV
r
a

∀(b, a) ∈ L0 I r
ab = Y r

abV
r
b − Y c

abV
c
b + Y r

aaV
r
a − Y c

aaV
c
a

∀(b, a) ∈ L0 Ic
ab = Y r

abV
c
b + Y c

abV
r
b + Y r

aaV
c
a + Y c

aaV
r
a
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Subsection 2

Parallel lines
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The situation

b a

1

2

3

quantify over
(bus, bus, counter)

Can’t easily merge properties of separate cables on a single line
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Modelling

I Natural formulation: L̄ ⊂ L× N
quantification: ∀({b, a}, i) ∈ L̄

I Edge formulation: L̄ ⊂ L× N
quantification: ∀(`, i) ∈ L̄

I Arc formulation: L̄′ ⊂ L′ × N
quantification: ∀(b, a, i) ∈ L̄′
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Indexing entities

I Natural formulation: Sbai, Ibai, ωbai, ωbai, S̄bai,Ybai, . . .

I Edge formulation: S`i, I`i, ω`i, ω`i, S̄`i,Y`i, . . .

I Arc formulation: Sbai, Ibai, ωbai, ωbai, S̄bai,Ybai, . . .
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Subsection 1

MatPower
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Generalities

I Matlab package
I Designed by electrical engineers not optimizers/computer

scientists
I Very popular/mature code, works well
I Provides an instance library
I Data coded in a counterintuitive way
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Rosetta stone: buses

∀b ∈ B:

I S̃b = (PD + iQD)/baseMVA ∈ C

I −conj(Ab) = (−GS + iBS)/baseMVA ∈ C

I [V b, V b] = [VMIN, VMAX] ∈ IR

I’ve never seen baseMVA being anything other than 100
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Rosetta stone: branches
∀{b, a} ∈ L:

I S̄ba = RATE_A/baseMVA ∈ R

I rba = BR_R ∈ R

I xba = BR_X ∈ R

I bba = BR_B ∈ R

I τba = TAP ∈ R

I θba = π
180

SHIFT ∈ R

I ωba = π
180

ANGMIN ∈ R

I ωba = π
180

ANGMAX ∈ R
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Rosetta stone: generators

∀b ∈ B, g ∈ Gb:

I [S bg,S bg] = GEN_STATUS ([PMIN, PMAX] + i[QMIN, QMAX])
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Subsection 2

AMPL
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The ACOPF in AMPL

I Natural, edge, arc: which formulation?

I Translating data fromMatPower .m to AMPL .dat files
many defaults are wrong: e.g. RATE_A = 0 means S̄ba = +∞, TAP = 0

means τ = 1, ANGMIN < −90 means ANGMIN = 90, ANGMAX > 90

means ANGMAX = 90

I Comparing results: polar vs. cartesian formulation
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Implementation pitfalls

I Implementing theYmatrix is error-prone

I Power is S = V conj(I): don’t forget the conjugate

I Many papers enforce upper bounds on power magnitude,
some have current

I The shunt admittanceAb is never used per se; instead, we use
−conj(Ab) = −Ar

b + iAc
b, i.e. we flip the sign of the real part

I The bus indexing is not a progressive counter

I Some text file lines are commented in some instances
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