Section 7

Kissing Number Problem
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Definition

Givenn, K € N, determine whether n unit spheres can be
placed adjacent to a central unit sphere so that their
interiors do not overlap

Funny story: Newton and Gregory went down the pub...
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Some examples

n=~6K=2 n=12, K =3 more dimensions

n 1t (lattice) t (nonlattice)
0 0

| 2

2 6

3 12

4 24

5 40

6 72

7 126

8 240

9 272 (306)
10 336 (500)*
11 438 (582)*
12 756 (840)"
13 918  (1130)*
14 1422 (1582)
15 2340

16 4320

17 5346

18 7398

19 10668

20 17400

21 27720

22 49896
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Equivalent formulation

Givenn, K € N, determine whether there exist n vectors
T1,...,2, € RE such that:

]
—_

AV,
p—

Vi<j<n sz—x]H%
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Spherical codes

» SE~1 C R¥ unit sphere centered at origin

» K-dimensional spherical z-code:

» (finite) subset C ¢ S¥—1
» Ve #£yel r-y <z

> non—overlapping Interiors:

1
Vi<j |lzg — x4l > 2 @mi-szcos(g):§

...can use norm-1 projections
on S !instead
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Lower bounds

» Construct spherical ;-code C with |C| large
» Nonconvex NLP formulations
» SDP relaxations

» Combination of the two techniques
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MINLP formulation

Maculan, Michelon, Smith 1995

Parameters:
> K:space dimension
> n:upper bound to kn(K)

Variables:

max

Vi <n
Vi < 3
\Z)
\Z)

n
n

IA AN IA

n ||z, —

» 1, € R¥: center of i-th vector
> «; = liff vector i in configuration

m m IV |

1y
10,1}

/
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Reformulating the binary products

» Additional variables: j;; = 1 iff vectors i, j in
configuration

» l.inearize ;0L by Bij

» Add constraints:

Vz<]§n Bij 2 Oéi—l—Oéj—l
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AMPL. and Baron

» Certifying YES
» n =206, K =2: 0K, 0.60s
» n=12 K = 3: 0K, 0.07s
» n =24, K = 4: FAIL, CPU time limit (100s)
» Certifying NO
» n=7,K = 2: FAIL, CPU time limit (100s)
» n =13, K = 3: FAIL, CPU time limit (100s)
» n =25, K = 4: FAIL, CPU time limit (100s)

Almost useless
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Modelling the decision problem

max o
x,Q
Vi <n |27 = 1
Vi<j<n ||lo;i—x]* > « ’
\4) <n Tr; € [—1, ].]K
a > 0 )

» Feasible solution (z*, o)

» KNPinstanceis YES iff o* > 1

[Kucherenko, Belotti, Liberti, Maculan, Discr. Appl. Math. 2007]
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AMPL. and Baron

» Certifying YES
» n =6, K = 2: FAIL, CPU time limit (100s)
» n =12, K = 3: FAIL, CPU time limit (100s)
» n =24, K = 4: FAIL, CPU time limit (100s)
» Certifying NO
» n =17, K = 2: FAIL, CPU time limit (100s)
» n =13, K = 3: FAIL, CPU time limit (100s)
» n =25, K = 4: FAIL, CPU time limit (100s)
Apparently even more useless
But more informative (arccos o = min. angular sep)

Certitying YESbya > 1
> n=6,K =2 0K, 0.06s
» n =12, K = 3: 0K, 0.05s
> n =24 K = 4: OK, 1.48s
» n =40, K = 5: FAIL, CPU time limit (100s)
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What about polar coordinates?

y=(y1, ..,yx) — (p,01,...,9x_1)

p = |yl
K—1
VE< K vy, = psinﬁk_lncosﬁh
h=k

» Onlyneed to decide s;, = sin ¥, and ¢;, = cos Uy,
» Get polynomial program in s, c
» Numerically more challenging to solve

» But maybe useful for bounds?
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SDP relaxation of Euclidean distances

» linearization of scalar products
Vi,7<n T; - Tj — Xy

where X is ann x n symmetric matrix
> i3 = 3 3 = X
>z —z4ll3 = (lalls + (255 — 22 - 25 = X + X5 — 2X
» X =22' = X — 22" = 0 makes linearization exact
» Relaxation:

-
X—mxT§O=>Schur(X,a:):<IK ! )ZO
r X

172/185



SDP relaxation of binary constraints

» Vi <n a; € {0,1} & af =

» Let Abe ann x n symmetric matrix

» Linearize o, by A;; (hence o by A;;)
» A = aa' makes linearization exact

» Relaxation: Schur(A, «) = 0
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max

Vi <n
Vi<ji<n
Ve <n
Vi<ji<n
Vi<ji<n
Vi<ji<n

SDP relaxation of [MMS95]

n
Z %
=1

(X}

A
Ajj
Schur( X, )
Schur(A, )

o< o B

M M MMIYIYIVINIA I IV
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Python, PICOS and Mosek

» bound always equal to n

» prominent failure :-(

>

> can combine inequalities to remove A from SDP
» integrality of o completely lost
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SDP relaxation of |[KBLMO7]

max )
Vi<n X = 1
Vi<ji<n X;+X;—-2X;, > «

X € [-1,1]" >
X = 0

a > 0 )
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Python, PICOS and Mosek

With K =2
n a*
2 | 4.00
3 | 3.00
4 | 2.66
5 | 2.50
6 | 240
7 2.33
3 | 2.28
9 2.25

10 2.22
11 | 2.20
12 2.18
13 2.16
14 2.15
15 2.14
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Python, PICOS and Mosek

With K =3

'knlpsdpFeaSSD,out' uzing 1:2 ——

2,06

1 1 1
10 15 20 25 20

Enforces some separation between “relaxed vectors”
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An SDP-based heuristic

1. X* € R™: SDP relaxation solution of [KBLMO7]

2. Perform Principal Component Analysis (PCA), get 7 € R™*

» concatenate K eigenveetors c R™ corresponding to K largest eigenvalues

3. Use 7 as starting point for local NLP solver on |KBLMO7]
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Python, PICOS, Mosek + AMPL, IPOPT

» n =06, K =2: 0K, 0.02s

» n =12, K = 3: 0K, 0.02s

» n =24 K = 4:4% error, 0.32s
» n =40, K = 5: 5% error, 1.57s
» n="72,K =6:7% error, 12.26s
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Surface upper bound
Szpiro 2003, Gregory 1694

Consider a kn(3) configuration

inscribed into a super-sphere of
radius 3. Imagine a lamp at the
centre of the central sphere that
casts shadows of the surround-
ing balls onto the inside sur-
face of the super-sphere. Each
shadow has a surface area of 7.6;
the total surface of the super-
ballis 113.1. So % = 14.91s an

upper bound to kn(3).
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Another upper bound

Thm.

1,j<n
Thenn < -
Co

Let:C. = {x; e SE71 | i<nAVj#£i(z;-x; <2)}c0>0;f:[—1,1] — Rs.t
® > flxi-z;)>0 (i) f(t) +co < Ofort € [—1, 2] @iii) f(1) +co <1

71200 <

IA

IA

(|IDelsarte 1977]; [Pfender 2006])
Let g(t) = f(t) + co

n?co + Z f(z; - xj) by (i)
i,j<n
> (flmi-zj) +co)= > glxi-x))
'LaJSn ’I:,jS’n
Zg(aci L) since g(t) < Ofort < zandz; € C, fori < n
1<n
ng(1) since ||z;|[2 = 1fori < n

n since g(1) < 1.
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The Linear Programming Bound

» Condition (i) of valid for conic combinations of
suitable functions 7 = {f1,..., fu}:

f(t) = Z chfn(t) forsomec, >0

h<H

> LetT:{ti|7j§s/\t1 = —1 ANt :Z/\V’i<j (tq; <tj)},getLP:

max Co n = 1/co smallest
CGRK+1
VteT Z cnin (t) +cg < O (11)
1<h<H \
Z Chfh(l) +cg < 1 (111)
1<h<H
VI<h<H c, > 0 (coniccomb.) )

» E.g. F = Gegenbauer polynomials | Delsarte 1977]

> T C [-1, 2], don’t know how to solve infinite LPs so we discretize it
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Some results

» Gegenbauer polynomials G} (recursive definition):

Gy(t) = 1, Gi(t)=21t,
Vh > 1hG](t) = 2t(h+~v—1)G]_,(t) — (h—2v—2)G] _,(t)

(all normalized so G} (1) = 1)

» Special case G] = P of Jacobi polynomials:

) 1 << /h h . »
o= 53 (1) (4 s -

» [Delsarte 1977, Odlyzko & Sloane 1998]

kn(3) < 12,kn(4) < 25,kn(5) < 46, kn(8) < 240, kn(24) < 196560
> Used to prove the “Twelve spheres theorem” (kn(3) = 12)

> My test: works for K > 4, couldn’t make it work for K = 3
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Where does K appear in the LP bound?

» F containing Gegenbauer polynomials

» InGJ(t),y =52

» K determined by lowest v appearing in F

» Eg. F = {G}(t),G,°(t) | h < 10} yields bound
25.5581 > kn(4) = 24
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