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Queenson a Chessboard
B -

# We have a standard chessboard (8 x 8)

# How many queens can there be so that no queen is

under threat by the others? Where should we position
them?

# Formulate a program where the size of the (square)
chessboard is a parameter, and we want to find the
maximum number and position of the queens

o |

2008/2009, | sem —p. 2



Solution

POLYTECHNIQUE

.

Parameters: n = number of cells on one side of the
chessboard

Variables: z;; = 1 If there Is a queen In position (¢, j), 0
otherwise

Objective function: max }; ., i
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Solution: Constraints

POLYTECHNIQUE

- N

# At most one queen perrow: Vi <n (Y ... x;; <1)

J<n
# At most one queen per column: Vj <n (> .., xi; <1)

# At most one gqueen per NW-SE diagonal: Vi,j <n

D Tmnt > T(ith)(j+h) < 1

h<n:h<i,h<j h<n:h+i<n,h+j<n

# At most one queen per SW-NE diagonal: Vi,j <n

Z T(i—h)(j+h) T Z T(ith)(j—h) <1

h<n:h<ih+j<n h<n:h+i<n,h<j
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Solution: M odel
E gueens. nod —‘

paramn >= 0, default 8;
set N:=1..n;
var x{N, N} binary;

maxi mze queens : sum{i in N, jJ in N x[i,]];

subject torows {i in N} : sun{j in N x[i,]] <= 1,
subject tocols {j in N} : sumi in N x[i,]] <= 1;
subject to diagNW{i in N j in N
sum{h in N: h<i and h < j} x[i-h,j-h] +
sun{h in N : h+i<=n and h+j<=n} Xx[i+h,]+h] <= 1;
subject to diagSW{i in N, j in N
sun{h in N: h < i and h+j<=n} x[i-h,j+h] +
sum{h in N: h+i<=n and h < j} x[i+h,j-h] <= 1;
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Solution: Run File
(__; gueens. run ___W

nodel queens. nod;
option sol ver cpl ex;
sol ve;

di spl ay queens;

di spl ay x;
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Solution: Output

POLYTECHNIQUE

(__;LOG AMPL 10. 100, licensed to "ecol epol yt echni que- pal ai seau". ___1
AMPL Versi on 20060626 (Linux 2.6.9-5. ELsnp)
| LOG CPLEX 10.100, licensed to "ecol epol yt echni que- pal ai seau”
CPLEX 10.1.0: optinmal integer solution; objective 8
146 M P sinplex iterations
O branch-and- bound nodes
queens = 8

X [ *

*
[a—

ool oleoloell ool
R O O OO OO0 OoONDN
O OO Ok OO0 o Ww
O P O O O O O o A~
O O O O O O O kL, O
O O Fr OO O O O O
O OO0 o0 ook o N
O OO r OO O O ™

T 00N O A WDN P

|

2008/2009, | sem —p. 7



The Shortest Path Problem

POLYTECHNIQUE

- N

® We have agraph G = (V,A)andacostc: A — R™T

# We want to compute the shortest path between two
L nodes in the graph (source and sink/target) J
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Networ k Flow

POLYTECHNIQUE

.

This kind of problems can be modeled using network
flows

Main idea: see the graph as interconnected pipes, each
one with a cost

We Insert units of flow at some nodes of the network,
and want to receive some units of flow at selected
nodes

Often, there is a maximum capacity for each arc
Variables: amount of flow on each arc

Subject to flow conservation: at each node, incoming

flow = outgoing flow; if the node produces or receives
some flow, then incoming flow + inserted flow =

outgoing flow + received flow o
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Networ k Flow: M otivation

POLYTECHNIQUE

.

The shortest path problem is a very simple example of
network flow application

One more example: node-disjoint paths (arises when
building fault-tolerant networks)

ldea: put a maximum capacity of 1 on each arc; then, if
we send k units of flow from the source to the
destination, the solution of the network flow problem will
consist in £ node-disjoint paths

The formulation is very flexible!
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| ncidence M atrix

POLYTECHNIQUE

.

How do we represent graph connectivity?
One (typical) way is a |V'| x |A| incidence matrix M

Each element m;; is 1 if arc j is an outgoing arc for node
i, —1 IS arc j Is an incoming arc for node j, 0 otherwise

Therefore, on each row (which corresponds to an arc)
there is exactly one —1 and one 1
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Network Flow: Shortest Path

ECOLE
POLYTECHNIQUE

.

The Shortest Path Problem between two nodes of the
network can be modeled with this paradigm

We insert one unit of flow at the source, and want to
receive one unit of flow at the destination

Variables: In this case, the flow on each arc is either
Zero or one

Write a model for the SPP and a data file for the graph
showed above

Write a run file that computes and displays the shortest
path between all pairs of nodes in the graph
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Solution: Formulation

POLYTECHNIQUE

.

Sets: verticesV,arcs AcCcV xV

Parameters: cost c;;, of each arc (j, k) € A, incidence

matrix M € {—1,0, 1}1VIXI4l demands d; for each node
eV
Variables: z;; units of flow on arc (7, k)

# Objective: min Z(j,k)eA CikTjk

#® Subject to: flow conservation

VieV ( Z Mk jk = d@)
(7,k)eA
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Solution: Model =

ECOLE
POLYTECHNIQUE

e -

set Awthin V cross V;
param cost { A} ;

param i nci dence{V, A};
par am demands{ V};

var x{A} >= 0;

m nim ze pathcost: sum{(i,j) in A} cost[i,j]*x[1,]];

subject to conservation{i in V}:
sun{(j,k) in A} incidence[i,],K]*x[],k] = demands[i];
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set V :

set A :

par am cost : =
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Solution: Data

f;

w

JEs

Sul?
5,

=0
aas
sy

ECOLE
POLYTECHNIQUE

.

(a,b) (a,d) (b,c) (b,d) (c,f) (d,a) (d,e) (e, b) (e ) (f,d);

a

- ®© O O T

param denmands: =

1 a
0 a
0 b
0 b
0 C
-1; d
d
e
e
f

b

o T O H A O QO

param i nci dence(tr):

1-10000
00-100
1-1000
10-1200
0100 -1
-100100
0001-10
0-10010
00001-1
00O0-10 1,

o O o Bk

abcdef:=
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Solution: Run File =

ECOLE
POLYTECHNIQUE

opti on sol ver cplex;
nodel dij kstra. nod;

data dij kstra. dat;

for {i in V}{
for {j inVdiff {i}}{
for {hin V}{
if (h =1) then let demands[ h]: =1;
else if (h =j) then let demands[h]:= -1;
el se | et demands[h]:= O;
}
sol ve;
printf "Shortest path between % and %: ",i,] > output _dijkstra.txt;
for {hin V}{

for {(u,v) in Al u = h}{
if (xfu,v] > 0) then printf "% %, ",u,v > output _dijkstra.txt;

}
printf "wth cost %l \n", pathcost > output _dijkstra.txt;

}
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Short est

Short est
Short est
Shor t est
Short est
Short est
Short est
Shor t est
Short est
Short est
[...]

Short est
Short est
Short est
Short est
Shor t est

o

pat h
pat h
pat h
pat h
pat h
pat h
pat h
pat h
pat h
pat h

pat h
pat h
pat h
pat h
pat h

Solution: Output

bet ween
bet ween
bet ween
bet ween
bet ween
bet ween
bet ween
bet ween
bet ween
bet ween

bet ween
bet ween
bet ween
bet ween
bet ween
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with cost 1
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c, wth
d, with
d, d e,
c, ¢ f,
a, wth
th cost
th cost
e, Wth
f, with
d, with
a, f d,
c, d a,
th cost
d, with

cost 4

cost 2

wth cost 5
W th cost 6
cost 4

3

1

cost 4

cost 5

cost 8

wth cost 9

f d, with cost 12
5

cost 8

POLYTECHNIQUE

.
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Unimodularity

POLYTECHNIQUE

.

The flow variables x;;, were not constrained to be
iInteger

Yet, in the solution they were binary

This Is because the incidence matrix M IS unimodular,
l.e. the determinant of all its invertible square
submatrices is either +1 or —1

Nice property of problems with constraint Mx = d with
M unimodular: if M and d have integer elements, then
all solutions to the LP are integer

Therefore, network flow problems are easy to solve!
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