Bisimilarity is a bisimulation

Exercise: ~ is (1) an equivalence and (2) a bisimulation.

Proof (1) For reflexivity, it is enough to show that the identity relation over Q, that is
the relation Id o = {(p,p) | p € Q},is a bisimulation. This is easy.

For symmetry, we have to show that if S is a bisimulation then so is its converse S *.
But this is obvious from Definition 3.6.

For transitivity, we must show that if §; and &, are bisimulations, then so is their
relational composition

S$18: = {(p,7) | ¢. pS1q and ¢Sar} .

It is enough to show that this is a simulation. Let (p,) € §1S», and p = p’. Since
there exists ¢ such that pS;¢ and ¢S-7, there exist also ¢’ such that ¢ = ¢’ and p/S1¢,
and hence 7’ such that 7 5 ' and ¢’Sa7’. So (P, ') € 8183, and we have established
the simulation condition for §;S5.

(2) Let p ~ ¢. Then by definition pSq for some bisimulation S. Therefore if p = p/,
there exists ¢’ for which ¢ = ¢’ and p’S¢’ — hence also p’ ~ ¢’. Thus ~ satisfies the
simulation condition, and by symmetry so does its converse. |



Bisimilarity: Back-and-forth property

Theorem
p ~ q if and only if

@ p — p' implies for some ¢’, ¢ — q' and p’ ~ ¢’

© g — ¢ implies for some p', p — p’ and p’ ~ ¢’

Definition

Define p ~' g if and only if

@ p —— p’ implies for some ¢’, ¢ — ¢’ and p’ ~ ¢’

Q g BN g’ implies for some p’, p RN p' and p/ ~ ¢

Proof.

By showing that ~'=~ . Since ~ is a bisimulation ~C~' (*). To
show ~'C~, verify that ~’ is a bisimulation. This can be done by
using (*) to show that if p’ ~ ¢’ then p’ ~" ¢'.




Commutativity

Proof of commutativity of ||:

Psposlion  PlQ@ ~ QP
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Counter instructions

We have sequentialization and counters. For counter X replace C
with X and zero, inc, dec with zeroy, incx, decx. As before we use
t to signal termination.

@ The instruction X + + corresponds to incx.t and

@ The instruction X — — corresponds to decx.t + zerox.t

@ Encode the assigment instruction X := Y .

Solution.

@ Provide Rx that resets X to 0, this is easy.
@ My x(/) moves Y to X and produces
/y.inCy./y_l H c e H /1.inCy./.
o My x(I) L zeroy.l + decy.incx. (vI")( I'.incy.] |

My x(1I")).

© The assigment instruction is given by

() Rx; (Myx(1) || I.t))



Recall our sequential composition P; Q@ = (v s)( P[s/t] || s.Q)
where s is fresh and t is the last action of P.

Exercise: Prove that sequentialization is associative:
P, (Q;R) ~ (P, Q) R.
Hint: Using the algebraic equations and the fact that ~ is a
congruence we get:

o P (Q:R)~ (vs)(P[s/t] || s.(vs')(Q[s'/t] || s".R)) ~
o ~ (vs)(vs')(Pls/t] || s.(Q[s'/t] || s"-R))
o (P;Q)iR~ (vs')((vs)(Pls/t] || s.Q))Is'/t] || s"-K)) ~
(vs')(ws)(Pls/t] || s.Q)[s"/t] || s"-R)) ~
o ~ (vs)(vs')(Pls/t] || s.Q[s"/t] || s"-R))
@ It remains to prove that if s and s’ are fresh then

o Pls/t] || s.Q[s'/t] || s".R ~ Pls/t] || s.(Q[s'/t] || s".R)



Bisimilarity and Games

Exercise: Prove that p ~ q if and only if Player Il (defender)
has a winning strategy over Player | (attacker) for the

game (p, q).
Definition. Say that p is game equivalent to g iff Player Il has a
winning stretegy for (p, q).

FProol: Assume that p s game eguivalent o g We show that p - g by
establishing that the relation ® = [P 9 pand g are game ¢gquivalent] is
a bisimulation. Suppose P — p', and as this is a possible move by player
I we know that player II can respond with 94 — 9° in such a way that
P, g € K, and similarly when 9 — 9", For the other direction suppose
p ~d, and so there 15 a hisimulation relation R such that p. g € R. We
construct a winning strategy for plaver I for the game (P gl : in any play,
whatever move player | makes plaver I responds by making sure that the
resulting pair of processes remain i the relation K. Clearly player [ cannot

then win any play from P .q). O



