
Bisimilarity is a bisimulation

Exercise: ∼ is (1) an equivalence and (2) a bisimulation.



Bisimilarity: Back-and-forth property

Theorem
p ∼ q if and only if

1 p α−→ p′ implies for some q′, q α−→ q′ and p′ ∼ q′

2 q α−→ q′ implies for some p′, p α−→ p′ and p′ ∼ q′

Definition
Define p ∼′ q if and only if

1 p α−→ p′ implies for some q′, q α−→ q′ and p′ ∼ q′

2 q α−→ q′ implies for some p′, p α−→ p′ and p′ ∼ q′

Proof.
By showing that ∼′=∼ . Since ∼ is a bisimulation ∼⊆∼′ (*). To
show ∼′⊆∼, verify that ∼′ is a bisimulation. This can be done by
using (*) to show that if p′ ∼ q′ then p′ ∼′ q′.



Commutativity
Proof of commutativity of ‖:



Counter instructions

We have sequentialization and counters. For counter X replace C
with X and zero, inc , dec with zerox , incX , decX . As before we use
t to signal termination.

The instruction X + + corresponds to incX .t̄ and
The instruction X −− corresponds to decX .t̄ + zeroX .t̄
Encode the assigment instruction X := Y .

Solution.

1 Provide RX that resets X to 0, this is easy.
2 MY ,X (l) moves Y to X and produces

lY .incY .lY−1 ‖ . . . ‖ l1.incY .l .

MY ,X (l) def
= zeroY .̄l + decY .incX . (νl ′)( l ′.incY .̄l ‖

MY ,X (l ′)).

3 The assigment instruction is given by
(νl)( RX ; (MY ,X (l) ‖ l .t̄))



Recall our sequential composition P; Q = (ν s)( P[s/t] ‖ s.Q)
where s is fresh and t̄ is the last action of P.

Exercise: Prove that sequentialization is associative:
P; (Q; R) ∼ (P; Q); R .

Hint: Using the algebraic equations and the fact that ∼ is a
congruence we get:

P; (Q; R) ∼ (νs)(P[s/t] ‖ s.(νs ′)(Q[s ′/t] ‖ s ′.R)) ∼
∼ (νs)(νs ′)(P[s/t] ‖ s.(Q[s ′/t] ‖ s ′.R))

(P; Q); R ∼ (νs ′)((νs)(P[s/t] ‖ s.Q))[s ′/t] ‖ s ′.R)) ∼
(νs ′)(νs)(P[s/t] ‖ s.Q)[s ′/t] ‖ s ′.R)) ∼

∼ (νs)(νs ′)(P[s/t] ‖ s.Q[s ′/t] ‖ s ′.R))

It remains to prove that if s and s ′ are fresh then
P[s/t] ‖ s.Q[s ′/t] ‖ s ′.R ∼ P[s/t] ‖ s.(Q[s ′/t] ‖ s ′.R)



Bisimilarity and Games

Exercise: Prove that p ∼ q if and only if Player II (defender)
has a winning strategy over Player I (attacker) for the
game (p, q).

Definition. Say that p is game equivalent to q iff Player II has a
winning stretegy for (p, q).


