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Abstract weak subsets of logic. Ideally, we would only like to orga-
nize one computation from which we can extract a proof or
We propose a setting in which the search for a proof of a refutation, depending on how the computation terminates.
B or a refutation of B (a proof of—B) can be carried out In this paper, we describe rzeutral approach to proof
simultaneously: this is in contrast to the usual approach in and refutatiorfor MALL (multiplicative and additive linear
automated deduction where we need to commit to provinglogic) using games in which positions ameutral graphs
either B or ~B. Our neutral approach to proof and refuta-  that are composed okutral expressionsThis extends pre-
tion is described as a two player game in which each player vious work by Miller and Saurin in [14], in which the mul-
follows the same rules. A winning strategy translates to a tiplicative part of the logic was strongly restricted to @o
proof of the formula and a winning counter-strategy trans- interactions between multiplicative connectives of ofitgos
lates to a refutation of the formula. The game is described polarities. These graphs and expressions have two dual
for multiplicative and additive linear logic without atomi  translations into logic and they can be seen as describing
formulas. A game theoretic treatment of the multiplicative the frontiers of two derivations (a proof and a refutation)
connectives is intricate and our approach to it involves two that are being extended simultaneously. In this setting; wi
important ingredients. First, labeled graph structuregar ning strategies yield proofs: depending on which player has
used to represent positions in a game and, second, the game winning strategy, either the positive or the negativesran
playing must deal with the failure of a given player and with |ation into logical formulas has a proof.
an appropriate resumption of play. This latter ingredient  Notice that our use of games here is different from the
accounts for the fact that neither player m|ght win (that iS, use of games in, say, [1’ 10], where games are used to cap-
neither B nor =B might be provable). ture the dynamics of cut-elimination for proofs in MALL.
Here, instead, games are used to model the construction of
cut-freeproofs: the cut-rule and cut-elimination result are
1. Introduction used only to state invariants about how the neutral search
for proofs unfolds (see Section 2).

Consider the behavior of an idealized Prolog interpreter ~ Our choice of MALL is made, in part, because we wish
given anoetherianlogic programA and queryG. We can  tofocus on the essential nature of multiplicative convesti
expect that an attempt to progends with either dinite (additive connectives are easy in this setting). An imprta
succes®r afinite failure In the first case, we have a proof aspect of MALL without atoms is characterized by the kind
of G (from A) and in the second case we have a proofGf of inference rules that are needed to describe proofs. It is
from (the completion of)A [8, 6]. Attempting to capture =~ common to divide the inference rules of sequent calculus
this simple observation appears difficult in the usual pre- into three groups: thstructuralrules €.g, weakening and
sentation oproof searchsince in that setting, we must first ~ contraction), thedentity rules (initial and cut), and thie-
establish what we plan to prove, namely eitidé&ior -G, troductionrules. In MALL without atoms, there is no need
and then set about to prove that selection. A failure to build for structural rules nor identity rules (since cut and aliti
a sequent calculus proof 6f, for example, may leave little  can be eliminated): thus, proofs are described entirely us-
information that helps to build a sequent calculus proof of ing introduction rules and it is these rules that correspond
—G. Our (idealized) Prolog interpreter, however, does to the moves that propel our game. While MALL without
computation from which one constructs a proof of eiter ~ atoms may seem rather weak, the complexity of establish-
or —G. This example suggests that there might meatral ing theoremhood for it is PSPACE-complete [11, 12].
approachto understanding proof search, at least in certain  The contributions of this paper are the following.



(1) We present aeutral approach to proof and refutation

in MALL by presenting a new game that can be seen as an [0]+ =0 0 =T

attempt to simultaneously prove and refute a formula. The 1] =1 1] =1

proof of our main result, Theorem 5.9, translates directly [E+ F]" = [E|t @ [F]* [E+ F]” =[E]” & [F]~

between winning strategies and (focused) proofs. [Ex F|" = [E]* @ [F]t [ExF]” =[E]” % [F]”
(2) MALL is not complete in the sense that there are for- 1 E]* = [E]~ [lE]” =[E]*

mulasB for which neitherB nor—B are provable: consider

1 ® L andl @ 1. Thus we need to consider games in

which playresumesafter one player loses so we can deter- ~ Figure 1. Translations of neutral expressions
mine whether or not the game is a win for the other player
or a loss for both.

(3) This neutral setting provides an answer to why it is
that invertibility/non-invertibility (asynchrony/syhecony)
are de Morgan duals of each other: these two qualities are Hintikka (see, for example, [9]) defined a simple game
two sides of the samprocess In our game, both players to determine the truth of a formula as follows (the game can
follow identical rules of play. Invertibility (asynchropgc- also work for quantificational formulas). Two players,
curs when a player needs to consider all possible movesand O, play with a single formula. The playé?r tries to
of the opponent: one is forced to consider all moves and falsify the formula whileO tries to validate the formula. If
no choices are considered: the set of all possible moves ighe formula is a conjunctiortf), P must move by choos-
part of the definition of the game arena. Non-invertibility ing one of the conjuncts: in particular, if the formula is the
(synchrony) occurs when the opponent picks her respond-empty conjunction ), then P can pick nothing and she
ing move: here, genuine information is injected into the loses. If the formula is a disjunctiom, O must move by
game and this is expressed in proofs as a path though nonchoosing one of the disjuncts: in particular, if the formula

invertible inference rules in a (focused) proof. is the empty disjunction0, thenO can pick nothing and
she loses. This game d@eterminaten the sense that one

player always has a winning strategy. Afhas a winning
strategy starting wittB then B is false: conversely i©) has
a winning strategy starting witl® thenB is true.
This same game can be used to provide a neutral ap-
roach to proof and refutation for the additive fragment of
inear logic based on just ®, T, &. This has been donein
[14] and we describe it here as an introduction to the neu-
tral approach. The formulas we consider are exactly those
of the form [E]~ or [E]* whereE ranges over thadditive
neutral expressions, namely

3. The additive case

2. Neutral expressions

In this neutral setting, formulas are replaced by neutral
expressions, already introduced in [14]. We restrict our-
selves to the propositional case here, but we address th
complex case of interactions between multiplicatives.réhe
is a neutral connective for each pair of dual connectives or
units of the logic. We also define two translations,, two
functions mapping each neutral expression to the two dua
formulas it represents. Since two dual connectives may ap-
pear in a single formula, we need a way to switch to the 0 L
other translation when translating a neutral expressiom. W Gu=0 |E+E E:w=Gl1G

will use the special unary operatbto this end. Let us define a similar game based on neutral expres-

Definition 2.1. Neutral expressiong andguarded neutral ~ sions. (Complete details for this example are given in Ap-
expressions; are defined by the following grammar. pendix A.) First we define a rewriting relation on neutral
expressions:
G:=0 |1|E+FE|ExE E:=G| |G

L B+ B E Ei+FE E
A guarded neutral expression is therefore a neutral expres- L b2 = B LB = b
sion Wh,'Ch dpes not begin W'tb_ The set of th,e heutral Expressions of the forifi and] E do not rewrite. Our game
EXPressIons 1S denoted By NOt'Ce, that[(] £) is not a is composed opositionsthat are guarded neutral expres-
subexpression of a neutral expression. sions and amovein this game fromE to F, denoted by

Definition 2.2. The positive and negative translations of £ p I, takes place exactly wheli —* | F'. The first rela-
neutral expressions into MALL formulas are defined in Fig- tionship on neutral expressiors denotes “micro-moves”
ure 1. Notice thatifZ is a neutral expression, théi]*+ and or “internal moves” while the second relationshigenotes
[E]~ are de Morgan duals of each other. i is guarded, “macro-moves” or actual steps in the game. The following
then[E]* is synchronous anff] ~ is asynchronous. theorem is proved in Appendix A.



Theorem 3.1. Let £ be a guarded neutral expression.
There exists a winning strategy fromiff - [E]|™ is prov-
able. There exists a winning counter-strategy framiff
F [E]~ is provable. In either case, the winning strategy or
counter-winning strategy provide the corresponding proof

This game gives us a neutral approach to proof and refu-
tation as follows: LetB an additive linear logic formula
and letE a guarded neutral expression such thaft" is
B. The move tree from positiofy is completely neutral
and symmetric with respect to the two players: it has a win-
ning strategy if and only iB is provable and has a winning
counter-strategy if and only it B is provable.

The rest of this paper addresses the much more comple>§i

situation that occurs when we admit the multiplicatives. A
step towards accounting for multiplicatives (togetherhwit
additives) was reported in [14] whesample neutral expres-
sionswere considered: such expressions allowed for som
multiplicative connectives as long as they essentially dis
appeared during the internal (micro-step) phase. Capgturin
full MALL in this setting is more involved and is addressed
next.

4. Accounting for multiplicatives

Unlike the case for games over purely additive connec-
tives, a game for multiplicatives cannot be determinate: fo
example, the neutral expressipii x | 1 yields the two for-
mulas,L ® L and its negation ’¢ 1, neither of which are
provable. Thus in the following description of games, we
need the possibility that there is a tie in play.

4.1. Two player games with ties

Name two players 0 and 1. Ferc {0, 1}, we denote
by & the numben — o. An arenais a graph(P, p) where
P is a set ofpositionsandp is a binary noetherian relation
on P that encode the possible gammeves if p p p’ then
p’ is ap-successor t@. A position with nop-successor is
calledfinal. All final positions are classified as 0-wins, 1-
wins, and ties, and the non-final positions as 0-positiods an
1-positions. Ifp is a position, glay fromp is a path in the
arena starting witty. A play is finite sincep is noetherian.

A play iswonby playero iff its last position is ar-win, and
is atie iff its last position is a tie.

Informally, we choose a starting positiprand put a to-
ken on it. A play fromp is a finite sequence of moves of
the token starting ip. If the current position of the token is
final, then the play ends and we conclude that either player
0 wins the play, player 1 wins the play, or nobody wins the
play. If it is a O-position (resp. 1-position), then player 0
(resp. 1) chooses@successor gh, moves the token there,
and the play continues.

A o-strategy fom is a prefixed closed sétof plays from
p containing(p) and is such that for everfpy, ..., p,) €
S
e if p, is ao-position there exist®,, .1 such thatp,, p
Pnt+1@nd(po, ..., Pny1) €S,
e if p, is ag-position then for every,,.1 such thap,, p
Prt1, (Pos -+, Pny1) € S.
A winning o-strategy forp is a o-strategy forp such that
every play in it that ends in a final position is won by

4.2. Focalization

In our neutral approach, we develop two dual derivations
multaneously. When we apply a rule in one, we apply its
dual in the other one. However, sequent calculus for MALL
lacks the symmetry we need. Consider the following dual
derivations:

e

FA B FC FD
FA®B FC®D
F(A® B)® (C® D)

- AL BY, 0, Dt
H A+, B+, C 3 DY)
ALt BL Ct e DY)
F (At e BY) » (CH» DY)

In this example, the first derivation should be seen as a strat
egy for the player, and the second one as a strategy for the
opponent. In the first derivatiosd ® B andC ® D are
decomposed in distinct branches, hence the syntax makes it
explicit that the order in which these decompaositions occur
(i.e. in which the player chooses to make them) is irrele-
vant. In contrast, in the second derivatidrt » B~ is
clearly decomposed befofe- 5 D-. However, those two
rules could be trivially permuted and the opponent’s strat-
egy should reflect this fact. focusedproof system seems
more appropriate since it considers derivations modulb suc
permutations.

Moreover, in the additive game previously, a move from
E p F exists iff E —* | F. While each rewriting step
E — E' (which we will refer to as “micro-move”) cor-
responds to the application of an individual rule in the
proof system, a movés p F (which we will refer to
as “macro-move”) corresponds to a maximal sequence of
micro-moves. This differs from Hintikka’s games, in which
each game move corresponds to the application of an indi-
vidual rule. In Hintikka’s setting, the main connective of a
formula determines which player makes the next move. In
our neutral setting, neutral expressions are decomposed by
the same player untjl is reached.

This division of inference rules into micro- and macro-
moves strongly corresponds to what one sees in focused
proof systems. Figure 2 contains a focused proof system for




FAQT FAQFG,T A B4
FarLt H Fagrsar O Fas AN
FARRT FARGT HTA@BF]] HTCL[ n
I—AﬂT,F[ ) FANF&G,T [&] Fl A B Hy Ct ®]
FALUET, FA UG, T HiAsB)®C
Frr A A IFeGTT, @ I—(A@B)@CLﬂ[ ] 1)
1,22 11,12
FA| F,T FA| R, T FC AL Hr Bt
FAYF & F,,T [691] FAYF @ F,,T [692] FC{LAL[ V] FUBL {R]“]
®
FAFAT FAAQT FAYT FC AL @ Bt
Fag et B Fagr BY Frrg D) C AL ® BL.Oq D]
Fi 2. The f d f system F. Inth AT @B, C [;T]]
igure 2. e Tocused prootr system . Inthe Fﬂ (AL®BL)>§?C (2)

release rulesF is synchronous iR 1] andT" con-

tains only asynchronous formulas|ii |}]. The de-

cide rule[D] requiresl" to be non-empty. Figure 3. Two dual derivations. Here, A, B and
C' are synchronous formulas.

MALL, called F, that contains two differemhasesnarked

by different sequents. Thasynchronous phasse marked  gan duals of the synchronous connectives.

by sequents of the forma A 4 T', while thesynchronous In Andreoli's X3, oneformula is selected and decom-
phaseis marked by sequents of the form A |} T. In posed in a synchronous phase, wtileformulas are de-
both casesA andI" are multisets of formulas (the multiset composed in an asynchronous phase. This asymmetry does
union of these two multisets is written BsA). This focus- not fit well in our neutral setting, which forces formulas to
ing proof system is a simple variant of Andreolf’s proof be decomposed simultaneously in two dual derivations. We
system in [2]. The main differences are that our system is recover some of the symmetry by allowing several foci to be
restricted to MALL without atoms and that the decide rule Selectedsomeformulas (read synchronously by the player
[D] can decide on more than one formula( D is notre-  and asynchronously by the opponent) are decomposed at
stricted to be a singleton). This extension was introduned i €ach move.

[15]. The soundness and completeness of our system here is

a trivial consequence of corresponding resultdgrin [2]. 4.3. Neutral graphs
As we shall see, micro-moves correspond to the applica-
tion of the individual rules in Figure 2 while macro-moves In order to account for the complexity and intensional

correspond to an entire synchronous or asynchronous phaséehavior of the multiplicative connectives of MALL, we
Notice that introduction rules in the asynchronous phase ar shall not enrich the structure of arenas and plays (for ex-
invertible and, as such, proof search in this phase requiresample, we do not attempt concurrent player games, etc).
no choices. On the other hand, the introduction rules in thelnstead, we enrich the notion of position by moving from
synchronous phase are not generally invertible and, as suchbeing just simple neutral expressions (as was used in the ad-
proof search in this phase requires choices to be neade,  ditive games of Section 3) to labeled graph structures, whic
which disjunction to select or how to split the side formulas we describe next.
of a tensor. Figure 3 shows an example of two dual derivations. It
In our neutral game setting, every move has two dual should be noted that at any point in the simultaneous devel-
readings: one is asynchronous and one is synchronousopment of those derivations, there are strong relatiosship
When a move is considered from the point-of-view of the between their frontiers. Each formula present in a fron-
player making the move, the interpretation is synchronous:tier has its dual in the other frontier. Moreover this is a
it is in this phase that a player must make choices in how one-to-one correspondence. For example at the bottom of
the game should unfold. When a move is considered fromthe derivations the frontier of (1) consists of the sequent
the opponent’s point-of-view, the interpretation is asyn- - (A »® B) ® C+ 1 and the frontier of (2) consists of
chronous: in this phase a player has no choices since shet (A+ ® B+) »» C. Clearly there is exactly one formula
must accommodate all possible moves of the opponent.in each frontier and they are dual. At the top of the two
This correspondence to games provides an explanation ofierivations, the frontiers ate A, B ff and-} C* for (1),
why the asynchronous connectives of MALL are de Mor- and- C ¢ A and—f B~ for (2). Here, the corresponding



pairs ared/A+, B/B+, andC+/C. [O1], ..., [On]™ 0 L], ..., [I,)”, whereOy, ..., 0,

An even stronger statement can be made about these sdresp. I4,..., I,) are the neutral expressions labeling the
guents on the frontier. If we admit the focused cut-rule outgoing (resp. incoming) arcs of Since all those neu-
N tral expressions are guarded, ftig] ™ are synchronous and

FALBT FAx BT ut the [I;]™ are asynchronous. Such a neutral graph is called

AL AT passive because it represents frontiers where no formula

then these frontier sequents can be combined to derive (us'—S under focus. Consider developing one of the derivations

ing just this focused cut rule) the empty sequent. In the by applying the D] rule. Some form_ulas are put ur_lderfoT
. - cus. Subsequent development of this derivation will cdnsis
above example, this cut-derivation would be

in decomposing those formulas. In our neutral setting, this

FABY H BL will be matched by a decomposition of their (asynchronous)
A cut |~ 1AL duals in the other derivation. Just as tfig rule marks for-

FC 1 cut L mulas for decomposition at the beginning of a synchronous

" cut. phase, we need a way to mark arcs of neutral graphs for

decomposition of the neutral expressions labeling them. A
While we do not make explicit use of such cut-derivations heutral graph will record which arcs are markedanused

of the empty sequent in the sequel, the existence of suchlhe focused arc

derivations provide a useful invariant concerning the evol —L—0O

tion of game playing. For example, it immediately follows u v

that at most one player will succeed to win and at least ON€(notice the thicker line) indicates thAE]" appears under

player must lose. . focus in the sequent associated withAs a formula under
In [4], the authors analyse the geometry of generalizedycys may be asynchronous, we allow neutral expressions
multiplicative rules and express the duality of two gener- labeling focused arcs not to be guarded. A neutral graph

alized multiplicatives through a graph structure. Follow- ith focused arcs is calledctivebecause one of the fron-
ing this idea, we define a graph structure to represent linksje(s it represents is in the middle of a synchronous phase.
between two frontiers as presented above. In this kind of

graph, callecheutral graph the vertices represent the se- Definition 4.1. Aneutral graplt: is a tuple(V, A, p, €, F),
quents of the frontiers. There are two colors of verticeg(on WhereV' is a finite set (possibly empty) ofrtices A C
for each frontier). As we have seen, there is a one-to-oneV X V' is asetofarcsp : V — {0, 1} associates golar-
correspondence between formulas of the two frontiers. Weity to each vertex¢ : A — & maps each arc to a neutral
represent each pair of corresponding formulas by an arc be&xpression, and” € A. In addition, the following must

tween the two vertices representing the sequents in whichhold: ) .
they appear. The arc e The undirected graph based @Y, A) is a set of trees

none of which are the degenerate (one-vertex) tree.
UFE*CUD e Foreverya € A, if e(a) is not guarded then € F'.
e Forevery(u,v) € A, p(u) # p(v).

labeled with a guarded neutral expressiomeans that the
formula [E]* occurs in the sequent representediognd
that the formuld E]~ occurs in the sequent represented by
v. A neutral graph is bipartite: recall that we have a color
for each frontier and that we do not pair two formulas in the
same frontier. For example, two frontiers

Notice that the definition requires that no vertex be iso-
lated (i.e. without neighbours).

Informally, a move of playet (for o € {0,1}) corre-
sponds to a synchronous (resp. asynchronous) phase from
the frontier consisting of the vertices of polarityresp.o).

We say that: € A is focusedf a € F. A vertexv with

FIEIIFIT Y R G | RGBT R E]T polarity o (i.e., p(v) = o) is called as-vertex. A neutral
graphG is connectedff (V, A) is weakly connected, and
will be represented by the neutral graph disconnectedtherwise. Notice that the polarity assignment
O<~F-—@—E—+O—G—@ p and the restriction above makes the gréphA) bipartite.

Definition 4.2. The neutral graphV', A’,p', ¢/, F') is a
subgraptof (V, A,p,e, F)if V! CV, A" C A, p' = py,
€ =eu,andF" = FNA. IfG = (V,A,pe, F)isa
neutral graph andd’ C A, we denote by~ 4 themaximal
subgraplof G whose arcs all belong td’. Formally

where the black (resp. white) vertices represent the saéguen
of the left (resp. right) frontier.

We are going to define transition relations on neutral
graphs that will correspond to the simultaneous devel-
opment of the derivations. In the neutral graphs intro-
duced so far, the sequent associated with a vertex- Ga= V" A py,ea, FNA)



whereV' = {veV:3ueV (u,v) € AV (v,u) € A’} o forevery(u,v) € F, p(u) = o andp(v) = and
e the passive neutral grapfd’, obtained by reversing and

A connected componeaf a neutral graph is a maximal unfocusing’s focused arcs, is weakly polarized.

connected subgraph.

Recall the “cut invariant” presented above. Cuttingafor- | et A7, (resp. N,) be the set of the weakly polarized
mula roughly corresponds to merging the two vertices its ctive (resp. passive) neutral graphs. Mét= A/, U N,
corresponding arc connects in a neutral graph. The invari-genote the set of the weakly polarized neutral graphs. In
ant thus suggests that by repeating this operation the wholgne following, all the neutral graphs we consider are weakly
neutral graph reduces to a single vertex. This should |eadpo|arized.
us to requir€V, A) to be a tree (see more about this in [4]). If S C A, let S* be the subset of consisting of its

However, we allowm(V; A) to be disconnected, as long as strongly polarized elements. Clealj* = A,.
each connected componentis a tree, since the failure of one A notion which will be useful in paroving that plays are

player may leave the graph disconnected: in that case, e is that of thesizeof a neutral graplis € A. We define
next move typically consists in the player who failed select i y, e the total number of symbols of the neutral expres-
ing a connected component on which to continue the play. oo labeling the arcs @, and denote it byize(G)

Definition 4.3. A neutral graphG is activewhen it has at
least one focused arc and passiveotherwise. A neutral 4.4. Rewriting neutral graphs
graphisdegeneratiéit has no vertices. There is exactly one

such neutral graph, denoted byand it is clearly passive. This section describes the transitions on neutral graphs

Active neutral graphs correspond to states in which g that are the basis qf the game. We first introduce six_of
synchronous phase is not finished yet. As such, they will ap-them. the aforementioned “micro-moves”, that should be in-
pear between micro-moves, but not between macro-movesterpreted as the simultaneous appl_lcanons of two du_alesmg
We need to impose restrictions on neutral graphs beforefules of the proof system. Table 1 lists them along with their
they can be introduced in a game. Since our game is notlnte_rpretanons. Wg subsequently bwlq another transitio
concurrent, we must be able to clearly state whose turn it is. Which packs a maximal sequence of micro-moves together
We will assign apolarity to suitable neutral graphs. Infor- and should be read as the simultaneous development of two

mally, if G has polarity € {0,1}, then itis playee’s turn dual phases. Failures may arise in some of these transitions

to play inG. in that case the transition is labeled with two boolean flags
A sourceof a neutral graph is a vertexsuch that there ~ fo andfi, wheref; is T if and only if playeri has encoun-
is no arc of the fornfu, v). tered a failure. A player who has failed cannot win the play
’ any more but may try to prevent her opponent from winning
Definition 4.4. A passive neutral graplis is weakly po- by making her fail as well (in which case the play ends in a
larizedif for every connected componefitof G there is a tie).
polarity o € {0, 1} such that every source 6f has polarity In the first of the micro-moves of Table 17 is pas-

o. If G is weakly polarized and has exactly one connected sive andG’ is active: with this transition, we are selecting
component, the@ is strongly polarized at polarity, where  what neutral expressions should be decomposed. The syn-
o is the polarity assigned to the sourcesaf chronous reading of this step corresponds to the multifo-
cus inference while the asynchronous reading corresponds
to selecting which formulas to use for invertible decompo-
sition. The second transition is the converse: once we have
reached the end of a phase (marked by tlogerator), the
designated formulas are released (unfocused). Hers,
active and?’ loses one of its foci. The next two transitions
result from dealing either with an additive or a multiplica-

connected component to share the same polargpsures . ) .
that players must be the next one to play in that compo- tive neutral expression labeling a focused arc. The last two
transitions deal with the additive and multiplicative @it

nent. As follows from the above explanation, when a move is with these units that failures can arise in game playin
results in a weakly (but not strongly) polarized passive-neu 9 playing.

tral graph, the next move is to select a (strongly polarized) i In the f_c|>IIIOW|ng dhes;:npnolndo;‘_thg mlcré)-mr:)ve_s we use
component (if any) to continue from. igures to illustrate the formal definitions. Each micro-raov

rewrites a strongly polarized neutral graph o- (resp.a-)

Notice thatd is weakly but not strongly polarized. In a
passive neutral grap@i, all associated sequents are of the
formE T" f A, that is, not in a synchronous phase. Those
from which a synchronous phaseaboutto start (via the
[D] rule) are those for which is empty, that is, those asso-
ciated with the sources @f. Requiring all the sources of a

Definition 4.5. An active neutral grapli = (V, A, p, ¢, F) vertices are represented in black (resp. white), wheie
is (weakly or strongly) polarized at polarityiff the follow- the polarity ofG. We also refer to player (resp.7) as the
ing hold: black (resp. white) player.



Transition ~ Sync reading Async reading
eyl [D] none
G2a R Y] R 1]
G=a (@] [&]
G5a [®] 5]

G %odt o none [T]

a el @ 1] [1]

Table 1. Neutral moves and their two readings

Decision:Let G = (V, A, p,¢,0) € Ny and letvy, ..., v,
be the sources off. For eachu;, let A; be a non empty
subset of{(v;, w) : (v;,w) € A}. If we then letG’ =
(V, A, p,e, U | A;), we have the labeled transitiaH L
G
O== D Oz
V; V;
(this figure only shows one soureg) Let us give an in-

formal description of this transitioty Z @', Recall the
decision rule [D] in Figure 2). It is applied to a sequent of

This treatment of- is essentially the same as in the additive
game presented before.

If e(a) =0 (the 0-ary additive), then one can remave
and all its adjacent arcs. Formally, 16t = G| an\{w})>
and letf, and f; be the boolean values defined as follows:
fpwy = T andfy,.,) = L. Then we have the labeled tran-

sition G %2 ¢
.—0—’@. 0M1 . [ ==

(in the second graph, any isolated vertex shall be removed.)
This last transition is particular: on the white playerdesi

we simply remove a sequent of the formI™ {+ T, A, in
other words we appl{T]; on the black player’s side we are
confronted with an unprovable sequent of the forni' |

0, A. Consequently the black player fail§,(,) = T).

Multiplicatives: If ¢(a) is of the formE; x E5, then one can
split v into two vertices and into two arcs, labeling each
one with an operand. Formally, define two new vertices
andv, and for everyb = (t,u) € A\ {a}, define an ar¢/
as follows: ift # v andu # v, thend/ = b; if t = v, then
b = (v;,u) for somei € {1,2}; and ifu = v, thend/ =
(t,v;) forsomei € {1,2}. NowletG' = (V', A',p’, €', F)

the form T 1. In G, these sequents exactly correspond where
to the sources, and the transition corresponds exactly-toap e V' = (V' \ {v}) W {v1, v2},

plying [D] to each one of themG € N ensures that all
sources arer-vertices, wherer is the polarity ofG; this
micro-move shall therefore be made by player

To describe the next five labeled transitions, dét=
(V,A,p,e, F) € N, anda = (v,w) € F.

Reaction: If ¢(a) is of the form] E, then one can remove
the leading], reverse the arc, and unfocus it. Formally, let

G'=(V.(A\{a}) U{@},p, €1a\(ay U{(@ E)}, F\ {a})
wherea = (w, v) is the opposite arc te. Then we have the

transitionG £ ¢,

.—I E——Q B .ﬁEgg

In both interpretations, a formula of the wrong polarity is

reclassified.
Additives: If ¢(a) is of the formE; + E», then one can

replace this expression with one of the operands. Formally,

letG' = (V, A, p, €', F) wheree’ is the same asexcept that
¢'(a) = E; for somei € {1,2}. We then have the labeled

transitionG - G,

-~ @—Ei+By—O 4,
v w,

o A= {(v1,w), (vo,w)}U{d : b€ A\ {a}},

o p' = p\{uy U{(v1,p(v)), (v2,p(v))},

e ¢/(v1,w) = E; ande€' (v, w) = FEo, and for everyb €
A\ {a}, €(b') = €(b),

o F' ={(v1,w), (v2,w)}U{b :be F\{a}}.

We then have the labeled transiti6Gh-= .

- @—FE; x By=(j— % U Pl
v ' ? w ., - .’EQ w ™,
: bt

On the black player’s side, the splitting corresponds to tha
of the[®] rule. On the white player’s side the invertibtg]
rule is applied.

If e(a) = 1 (the O-ary multiplicative), then one can re-
movea. Formally, letG" = G|\ (.} Where fy and f; are
boolean values defined as follows;.,, = T iff v is a ver-
tex of G/, fowy = L iff w is a vertex ofG’. Then we have

the labeled transitiot? " G’ = G\ 4\ (4}

e—1—0  thh @ O
v W w

v
(in the second graph, any isolated vertex shall be removed.)

In this transition both players may fail. On the black
player’s side the transition corresponds to applyifjgThe



sequent associated toshould thus bé-| 1, therefore the
player fails (f,,y = T) if 1 is not the only formula of the
sequent. On the white player’s sifle] is applied, and ifw

Let us show property (1). (a) can be easily seen in each
one of the 5 cases. Let us show (b). Assume ¢hé not
disconnected and thét is degenerate or disconnected. The

is only connected to then its associated sequent becomes |y possible cases até 0ol v or g B0 o Inthe

Fr which is unprovable, and the player fail§,(,) = T).

Proposition 4.6. Z has the following properties:

1. ifG 2 G, thenG’ € N, and has the same polarity as
G;

2. ifG € N, then there i<’ € \V, such that =Veld

Proof. Let us show the first property. Since there is at least
one source irG, G’ has at least one focused arc and is ac-

tive. Leto be the polarity ofG. All the sources of7 are
o-vertices. InG’ all focused arcs are of the forfw, w)
wherev is a source and is thereforesavertex. LetG” be

1, fo, f1

cased 0.0, f2 G’ we havefyV f1 = T. Inthe cas&? —=
G’, the only situation in whiclfy v f1 = L is when, inG,

v is only connected tav while w is connected to at least
another vertex. This case cannot occur since it would make
G’ neither degenerate nor disconnected. (c) follows from
the observation that each relation preserves the pokritie
of the origins and ends of the focused arcs. Property (2)
is easily observed. I € N,, then it has a focused arc.
Depending on the form of the neutral expression labeling it,

one of the 5 cases applies. O

We may now pack part b) in a single transition:

the passive neutral graph obtained by reversing and unfo-

cusing the focused arcs 6f. Since every source @’ is
the origin of at least one focused arc, all the sourceS’6f
are ends of focused arcs 6f and are thereforg-vertices.
HenceG” is weakly polarized and’ has polarityo.

The second property is immediate: since there are n

isolated vertices in a neutral graph, every sourc€ bias at
least one outgoing arc to focus on. O

We are going to define how to build sequences of micro
moves, which correspond to phases in focused proof searc

those sequences are therefore built as foIIowsL:lai$ used

once to initiate the sequence (thus making the neutral graptfor 1 < i < n such that3,
active), b) all the other micro-moves are applied until the vo ¢ {0,1}, f,

th, and fo, f1 booleans.G

Definition 4.9. The relationG f“—’>flT G', whereG € N,
G’ € N,, and fy, f1 are boolean values, is the smallest

relation such that for ever@z € N, G L—’%T G and such

othat for everyG € N, if G fofy f°—’>f1T G", then

aQ fo \/fo,_-,f} Vv fi IT e

This relation is simply characterized. Léte N, G’ €
j“—"fiT G' iff there aren € N,
,G, = G ¢ N and booleang‘é”, 1(”

f(l)-,f(l) f(")_]f(")
o= .. G, and

= Vicicn /&), Notice thatf, and f;

Go = G,Gq,. ..

neutral graph becomes passive again. The following defi-indicate a failure at some point in the sequence.

nition introduces a transition representing a generic oaicr
move occurring in part b).

Definition 4.7. The relationG "/} G', whereG € N,
G’ € N, and fy, f1 are boolean values, is defined to hold
in the following cases: for evergd € N, if G Eid G,
GG oGS @ thenG =5 @' andif ¢ M1 o
or G "2 ¢ thenG 20t 7.
Proposition 4.8. The relation—= is finitely branching. It
also satisfies the following properties.
1. it G 0 @ then
(@) size(G) > size(G');
(b) if G’ is degenerate or disconnected, th@&iis discon-
nected orfy VvV f1 = T;
(c) if G’ is active, then it has the same polarity @s
2. if G € N, then there ar&y’, f, and f; such that; fo.ly
G;
Proof. The relation—= is finitely branching because each

R 0, 1, . .
of =, i>, %, =23, and—= is, as can be seen from their
definitions.

A consequence is thaize(G) > size(G'), and the in-
equality is strict ifn. > 0 (e.g. if G € NV,).

Composingg and—=, yields a transition which repre-
sents a phase in the proof system:

Definition 4.10. The relationG Fodt G’, whereG ¢ N;,

G’ € N, and fo, f1 are boolean values, is defined to hold
it 2 ay f“—’>j1T G’ for someGy € N,.

Proposition 4.11. The relation~s is finitely branching. It
also satisfies the following properties.
1. ifG I o
(a) size(G) > size(G');
(b) if G’ is degenerate or disconnected, thenv f1 =
T,
2. ifG € N, thenthere ar&’, f, and f; such that&
G'.

fo,f1

S

Proof. Consider—;. The —=-sequences starting from
someG € N have lengths bounded byize(G). Since
—= is finitely branching, so is==;. So is2 (easily seen),
hence so is~.



Let us show property (1). Assume we have’ 2" ¢

. D (gl) (gl) f(gn)7 én)
We can writeG = G, — = G, =
We have

G, with Vo € {0,1},f, = V,ycie, £57.
size(G) = size(Go) > size(G'), which proves (a). Let
us show (b). Fof € N/, consider the property?(H) =
“ H is degenerate or disconnectedr. € N, henceP(G)
is false, and then so iB(Gy). Suppose thaP(G') is true.
Letk = min{l < i < n : P(G;)}. By Proposition 4.8
ék) \% fl(k) = T, hencefy v f1 = T. Property (2) follows
from similar results in Propositions 4.6 and 4.8. O

4.5. Positions and moves

We can now define the positions and moves of the game
We must also specify, for each position, whether it is a 0-

position, a 1-position, a 0-win, a 1-win or a tie.

Definition 4.12. A position is a tuple of the form
(G, fo, f1), whereG € N, and fo, f1 are boolean values,
such thatifG ¢ A*, thenfy vV f1 = T.

In other words, a game position is soifec N, repre-

2. if f, = T forsomer € {0,1},thenf. = T (p preserves
failures).

Proof. The relationp is finitely branching because neutral
graphs are finite (in case 3 of definition 4.13) awdis
finitely branching (in case 4). Property (1) is a consequence
of the fact that every connected component of a neutral
graph contains at least one arc (in case 3), and of Propo-
sition 4.11 (in case 4). Lastly, it can be immediately seen
from its definition thaip preserves failures. O

This proposition implies thgt is noetherian and more:
the plays starting from a given position have bounded
lengths.

‘5. Winning strategies as cut-free focused proofs

In this section we relate cut-free proofs (in the proof sys-
tem) to winning strategies (in the game). Our theorems state
the equivalence between provability and the existence of a
winning strategy. Their proofs effectively show how to con-
struct a winning strategy from a proof. For the converse to
hold, we would need to impose a uniformity condition on

senting goals to be achieved by the players, along with two i ategies like innocence. We leave this as future work.
boolean value§ recprdmg which player(s_) has(have) failed Tpe operator§]* and[-]~ are applied to multisets of
so far. In addition, ifG is degenerate or disconnected then o tral expressions in the obvious way. Throughout this pa-

some player must have failed.

Definition 4.13. We define the terminal game positions and

the move relatiop simultaneously as follows.

1. The two positiongd, T, L) and (4, L, T) are respec-
tively a 1-win and a 0-win;

2. the positions of the fortG;, T, T) are ties;

3. aposition(G, fo, f1), whereG # 6, G ¢ Ny, fo =T
and f> = L, is ao-position and itsp-successors are
(G, fo, f1), one for every connected componétitof
G,

4. aposition(G, fo, f1), whereG € Ny and fo A f1 = L,

is a o-position, wherer is G's polarity. If G "<{*" &,
then(G, fo, f1) p (G', fo V fo', fr V fr).

per, we shall not admit atomic formulas (propositional vari
ables) into formulas: formulas will contain no non-logical
symbols. Two focused proofs of the same sequent are
equivalentiff they differ by the order in which asynchrosou
rules are applied within asynchronous phases. This is in-
deed an equivalence relation.

We begin by formally defining two central notions relat-
ing concepts of the game to concepts of the proof system:
that of sequent associated to a vertex of a neutral graph, and
that of o-provability (foro € {0,1}).

Proposition 5.1. Let G = (V, A,p,¢,F) € N andv €
V. Consider the multisets of formulés™ = {[e(u,v)]~

(u,v) € F}, FT = {le(v,w)]T : (v,w) € F}, U™ =
{le(u,v)]” : (u,v) € A\ F}, andUt = {[e(v,w)]T :

Informally, case 1 says that if there are no goals left and (v, w) € A\ F}.
only one player has failed, then her opponent wins; case 21. At least one offF~ and F* is empty.
says that as soon as both players fail the play ends in a tie2. The elements @~ are asynchronous and thoselgf

case 3 says that when a player’s failure causes the neutral
graph to be disconnected, she should pick a connected com-
ponent to challenge her opponent to; and case 4 describeb
a normal move, which corresponds to the simultaneous de

velopment of two phases in the proof system.

It can be easily seen (see Proposition 4.11) that ever

non-final position actually has@successor.

Proposition 4.14. The relationp is finitely branching and

If (Ga anfl) P (Gla fé?f{)’ then
1. size(G) > size(G');

are synchronous.

roof. Let us show the first property. & € NV, thenF is
empty, and so ar&~ andF*. OtherwiseG € N,; sup-
pose by contradiction tha&~ andF* are both non empty.
There exist(u, v), (v,w) € F. Sinceq is strongly polar-
ized,p(u) = p(v). Yet(u,v) € AandG is a neutral graph,
hencep(u) # p(v), which yields a contradiction.

Let us show the second property. For every A\ F,
¢(a) is guarded, hencle(a)]~ is asynchronous ane(a)|™
is synchronous. O



Definition 5.2 (Sequent associated with a vertekptG =
(V,A,p,e, ) € N andv € V. We associate with a
sequenks , defined as follows:

if 7+ is empty

by
G otherwise

)

JrutvrFun
o \Fut yFH U

whereF—, Ft,U~, andi/T are defined as above.

Definition 5.3 (c-provability). LetG € N ando € {0,1}.
G is o-provableiff the sequents associated with s
vertices are all provable. A tripléG, fo, f1) whereG € N
and fy, f1 are boolean values is-provableiff f, = L and
G is o-provable.

oo !

(G 15, ) - G 7% 67}, @ is o-provable iff there exists

(G, f§, f1) € S’ which iso-provable.G is z-provable iff

every(G’, f§, fi) € S’ is-provable. Therefore

e (G, fo, 1) is o-provable iff there exist$G’, f}, f1) €
S’ such tha(G’, fo V f§, fo V f1) is o-provable,

e (G, fo, f1) is 7-provable iff for every(G’, f{, f1) € S,
(G, foV fb, foV f{) isT-provable.

The result follows from the fact th&t = {(G’, foV f{, foV

1) (@ fa 1) € S O

Theorem 5.9. Letq be a position an@ € {0,1}. There is
a winningo-strategy fromy iff ¢ is o-provable.

Proof. We know that the lengths of the plays fromare

We relate game moves to derivations by proceeding bounded. Let us prove the result by induction on the maxi-
gradually from small steps (micro-moves and inference mal lengthn, of a play fromg.

rules) to large objects (winning strategies and proofs).
The proofs of the four following propositions are rather
long and can be found in Appendix B.

Proposition 5.4. LetG € N, and leto beG’s polarity. Let

S={(G, fo, L) : G fo.Jy G'}. G is o-provable iff there
exists(G’, fo, f1) € S which iso-provable.

Proposition 5.5. LetG € N, and leto beG’s polarity. Let
S ={(G, fo, f1) : G foty G'}. G isz-provable iff every
(G, fo, f1) € SisT-provable.

Proposition 5.6. LetG € N, and leto beG’s polarity. Let

S ={(H, fo, f1) : G f“—’>fl1. H}. G is o-provable iff there
exists(H, fo, f1) € S which isc-provable.G is 7-provable
iff every(H, fo, f1) € S isT-provable.

Proposition5.7. LetG' € N and leto beG’s polarity. Let

S = {(H, fo, f1) : G 2" H). G is o-provable iff there
exists(H, fo, f1) € S which isc-provable.G is 7-provable
iff every(H, fo, f1) € S is-provable.

Lemma 5.8. Letq = (G, fo, f1) be a non-finab-position.
LetS ={q¢ : ¢ p ¢} qiso-provable iff there existg' € S
which iso-provable. ¢ is z-provable iff everyy’ € S is
g-provable.

Proof. ¢ is a non-final position; we may be either in case 3

If n, = 0, thengq is a final position. Playes has a
winning strategy fromy iff ¢ is ac-win, iff ¢ is o-provable
(see Definition 4.13).

Suppose that, > 0. ¢ is not a final position. Let =
{¢’ : ¢ p ¢'}. There are two cases: eithgrs ac-position,
or it is ac-position.

If ¢ is ao-position, then there is a winning-strategy
from q iff there is a winnings-strategy from some’ € S,
iff, by induction hypothesisi{,, < n,), there existg’ € S
which iso-provable, iff, by Lemma 5.8; is o-provable.

If ¢ is a@-position, then there is a winning-strategy
from g iff there is a winningo-strategy from every’ € S,
iff, by induction hypothesisi{,, < n,), everyq € S'is
o-provable, iff, by Lemma 5.8; is o-provable. O

6. Related and future work

There is a great deal of work that address various game-
theoretical aspects of logic. Most of the work on using
game semantics with linear logic is centered around mod-
eling cut-elimination: in particular, on viewing one playe
as a processing element and the other player as the environ-
ment. Blass introduced a game semantics for linear logic
in [3]. From the point of view of modeling cut-free proof
search, the most closely related work to that described here
is Miller and Saurin’s [14]: there the use of games to pro-

or case 4 of Definition 4.13. Let us prove the result in each vide a neutral approach to proof and refutation was applied

case separately.

Case 3 of Definition 4.13f, = T and fz = L and for
every(G', fb, f1) € S, f. = T andf. = L. It means
that neitherg nor anyq’ € S is o-provable. Alsoyg is 7-
provable iff G is a-provable (sincef; = L), iff for every
(G, i, f1) € S, G' is o-provable (since th&’ are the
connected components &), iff every ¢’ € S is-provable
(since thefZ all equal.l).

Case 4 of Definition 4.13.G € N; and has polar-
ity o. We may apply Proposition 5.7 t&. Let S’ =
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to additive games weakly extended with some multiplica-
tive aspects: no approach to the full multiplicative seftin
was considered in that paper. Our work is strongly related,
atleastin spirit, to a part of Girardiaudics[7]. Less closely
related is work by Pym and Ritter [16] where game seman-
tics is proposed as a way to control the search for proofs in
intuitionistic and classical logics.

We leave several topics as future work. These include
extending the logic to stronger fragments by incorporating
for example, first-order quantification, equality, and fixed



points. Developing technical connections to Ludics, inrpar [16] D. Pym and E. Ritter. A games semantics for reductive
ticular works such as [5] would be of particular interest. It
would also be of interest to relate proofs and strategiegmor

closely, by switching to asynchronous games and innocent

strategies ([13]).
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A. Additive Games

Games in the additive setting adeterminate that is,

provable, which is easily seen by applying the introduction
rule for T.
If Eis of the form] F, thenS = {E} and the two prop-

from every position, one player or the other has a winning erties are trivial. _
strategy. For determinate games, a simpler notion of game SUPpose now that is of the form £, + FE;. Then

and arena is appropriate. For this section, we takarana

to be a directed graptP, p), whereP is the set opositions

andp C P x P is themoverelation. Afinal position is

a sink,i.e., a position with nop-successor. Aplay from

a positionp is a (finite or infinite) sequence of-related

positions starting irp, that is, a sequend® = po,p1,...)

such that for every > 0, p; p p;+1. We will suppose that

p is noetherian i.e., that there are no infinite plays. The

lengthof a play(po, - - . , pn) IS 1.

A winning strategyS from a positionp is a set of plays
from p with the following properties:

° (p) €S

e it is prefix closed, that is, for every € S and every
prefixn’ of r, 7’ € S;

o for every play(po,...,pn) € S such thatn is even,
there existsp,+1 € P such thatp, p p,+1 and
(p07 s apn-i—l) €S;

o for every play(po,...,pn) € S such thatn is odd,
for every p,,.1 € P such thatp, p p,+1, we have
(Po,---,Pnt1) €S,

The definition of awinning counter strategys from a
positionp is obtained by swapping the words “even” and
“odd” in the two last properties.

In this section, we will work with the additive fragment
of linear logic, which corresponds to the following fragmen
of neutral expressions:

G:=0|E+F E:=G|]G

We define a rewriting relation on neutral expressions:
Ei+Ey, — By Ei+Ey— By

Expressions of the forr® and ] E' do not rewrite. In our

game the positions are the guarded neutral expressions an

a move fromE to F' takes place exactly whell —* | F'.

To establish a correspondence between winning strategie

and proofs, we first need the following lemma.

LemmaA.1. LetE be a neutral expression. L8t= {] F :

e For everyF' € S, the sequent [E]" derives from-
[F]*.

e The sequerit [E]~ derives from the sequenfs [F]~ :
F e S}.

Proof. Let us show these properties by inductionon
If E =0, thenS is empty and the first property is true.
The second property expresses thatE]~ (i.e, - T)is
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S = 51U Sy, whereS; = {]F : E; —* | F} for ev-
eryi € {1,2}. By induction hypothesis the properties hold
for F; with respect taS;, for every: € {1,2}. Let us prove
the first property. Lef” € S. There is some € {1, 2} such
thatF € S;, therefore- [E;]™ derives fromt [F]T. All we
have to do is show that [E]|T (i.e, - [Fi]T @& [Es]T)
derives fromt [E;]T, which is easily seen by applying
the introduction rule fom. Let us now prove the second
property. The sequents [E;]~ andk [E;]~ derive from
{F[F]” : F € S} and{+ [F]” : F € Sy} respectively,
therefore both derive froff- [F]~ : F' € S}. All we need
to do is show that [E]~ (i.e, b [E1]” & [F2]") derives
fromt [F1]~ andF [E:]~, which is easily seen by apply-
ing the introduction rule fo&:. O

There is a converse to this lemma. Namely, every cut-
free proof of~ [E]™ begins with a derivation of [E]™
fromt [F]*, for someF' € S; and every cut-free proof of
F [E]~ begins with a derivation af [E]~ from {F [F]~ :

F € S}. We do not give the proof here for the sake of
brevity, but it is easily obtained by reversing the above ar-
guments.

We can now prove Theorem 3.1, which establishes the
correspondence between winning strategies and proofs in
this purely additive setting.

Theorem (3.1). Let £ be a guarded neutral expression.
There exists a winning strategy fromiff - [E]™ is prov-
able. There exists a winning counter-strategy fr@miff
F [E]~ is provable. In either case, the winning strategy or
counter-winning strategy provide the corresponding proof

Proof. We know that- [E]™ andl- [E]~ cannot be both
provable, and that there cannot exist both a winning strat-
egy and a winning counter strategy frath It is therefore
anough to show that either[E]* is provable and there ex-
Ists a winning strategy fron®, or that [E]~ is provable

gnd there exists a winning counter strategy frBm

The length of a play fronE is bounded by the maximal
number of nested in E. Letn g be the maximal length of
a play fromFE. Let us prove our claim by induction ong.

If ng = 0, thenE is a final position and there is a winning
counter strategy. In the above lemifiags empty, and there
is a proof of [E]~. Suppose now thatgy > 0. In the
above lemmaS is not empty. There are two cases. First
case: there exists @gsuccessof’ of E such that there is
a winning counter strategy frori. Then there is a win-
ning strategy fromFE (just prependE to all plays). We
haveE —* [ F andng < ng. By induction hypothe-
sis, - [F]~ is provable. By the previous lemnta [E]*™



derives front [| F|*, which ist [F]~. Therefore- [E]*

CaseG = @'. [e(a)]t is of the form¢; @ ¢y v

is provable. Second case: there is a winning strategy fromis replaced inG’ with two o-verticesv; andve. ¢ 4,

everyp-successoF’ of E. Then there is a winning counter
strategy from£ (just take the union of those strategies and
prependFE to all plays). DefineS as in the above lemma.
Forevery] F € S, np < ng; therefore, by induction hy-
pothesist- [F|* (i.e, F [] F]7) is provable. By the previ-
ous lemma- [E]~ derives from those sequents, hence it is
provable. O

B. Winning strategies as focused proofs

The proofs omitted in Section 5 are given here.
Proposition (5.4). LetG € N, and lete be G’s polarity.

LetS = {(G, fo, f1) : G foty G'}. G is o-provable iff
there exist§G’, fo, f1) € S which iso-provable.

Proof. Let us writeG = (V, A, p,¢, F'). We prove this re-
sult in two parts: (1) the “if” part, (2) the “only if” part.
(1) Suppose that there exists’, fo, f1) € S whichiso-
provable. Let us show thét is o-provable. We have, =
1 andG' is provable. Letus writ&?’ = (V' A’,p', €', F').
fo.f1

We examine the cases f6r == G’. In each case we con-

sidera = (v, w) € F from the definition of the correspond-

0, fo,f1
Ak

ing transition. First of all, the cas@é G’ does not
happen, sincg, = L. In the other cases is the onlyo-
vertex of G affected by the transition, hence all we need to

show is that¢ ,, is provable.

CaseG & @' Y. is of the form- U+ || F* .U~
(see Definition 5.2), withp = [¢(a)]™ € F+. Let us write
Ft =F*' ¢. Remarkthate (w,v)]” = ¢; itis then clear
that

EG’,U

FUt U, if 7+ is empty
Fut  FH U, ¢ otherwise

SinceG' is o-provable X ,, has a proofr. First remark
that if ' is not empty, therEq , = 3¢, andr proves
Ya,». Now suppose thatt’ is empty. Since(a) begins
with ], ¢ is asynchronous. Also, all formulas i~ are
asynchronoustg , is therefore provable:

™
FUt U,
FUutyus, ¢
CaseG =& @'. [e(a)]™ is of the form¢, & ¢2. T, is
of the formk U+ || F*', 1 ® ¢, U~ (see Definition 5.2)
andXq: ., =F Ut || Ft' ¢;,u~, for somei e {1,2}.
SinceG is o-provable ¥ ,, has a proofr. £¢, is there-
fore provable:

(R {]

i
Fut F b U
FUt L F gy @ do, U

(@3]
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and ¢ ,, are of the forms- U™ | F*, ¢1,U; and
FUf | Fry, ¢0,Uy, and we hav&e,, =F U, U |
FHLFth 61 ® ¢o,Uy,Uy. SinceG is o-provable,
Y0, andXe ., have some proofs; andme. g, IS
therefore provable:
1 2
FUS L F e Us R U F g0, Uy
FUS U P Y 60 © do, Uy Uy

(]

CaseG "I ¢, [e(a)]T = 1. Sincef, = L, vis not
a vertex ofG’. a is therefore the only arc connected to it in
G andX¢ , =F| 1. £¢,, is provable:

Fpr

(2) This is the converse to the previous part. Suppose
thatG is o-provable.G € N, has a vertex which is the
origin of one or more focused arcs. Ashas polarityo,

v is ac-vertex. X, is of the formt U™ || F*. U~ (see
Definition 5.2) and has a proaf We are going to consider
several cases and definergorovable(G’, fo, f1) € S in
each case. Sinaewill be the only affectedr-vertex in the

transitionG 1% 7 in each case, it will be enough to show
that f, = L and thatr contains subproofs of the sequents
associated with the affected/newvertices of G’. These
cases match those of the previous part.

First case. Suppose that there exists a focused arc of
the forma = (v, w) such that(a) is not guarded. There
is a corresponding transitio® £ &', and (G',L1,1) €
S. The only affectecr-vertex isv. Let us write F*
Ft' le(a)]t. We have

{i— Ut U=, [e(a)]t if 71" is empty
EG v =

- Fut L Fr U [e(a)]t  otherwise

If 7+ is empty, it is clear that begins with thgR |}] rule
then provesi¢: ,,; otherwiseXg: , = X ,,. In both cases
m contains a subproof a¢ .

Other cases. All focused arcs of the form= (v, w)
are such that(a) is guarded. ThetF™ contains only syn-
chronous formulas. Moreover it is nhot empty, hence the
first rule of r is the introduction rule for the principal con-
nective of one of the formulagin F*. Leta = (v, w) be
the corresponding arc df (we havep = [¢(a)]™) and let
us examine the different cases for (guarded).

Casec(a) = Ey + E». ¢ = [E1]T @ [E2]™ and the first
rule of  is [®]; for somei € {1,2}. As we did in part (1),
we match this rule with the transiticd = G’ wheree(a)
is replaced withE;. Then(G’, L, 1) € S andx contains a
subproof ofS¢ .



Casec(a) =0. ¢ = 0. This case does not happen, since
there is no introduction rule fdr.

Casec(a) = By x Ey. ¢ = [E1]T ® [Es]* and the
first rule of 7 is [®]. As we did in part (1), we match this
rule with a transitiorG = G'. Then(G’, L, 1) € S andr

contains subproofs of the sequents associated with the tw

newo-vertices ofG’.

Casec(a) = 1. ¢ = 1 and the first rule ofr is [1]. It
means thakq , =F| 1. As we did in part (1), we match
this rule with a transitiorG " /f! G’, and it is clear that
v is not a vertex of7’, thereforef, = 1 as needed. Also,

there are no new/affectedvertices inG’. O

Proposition (5.5). LetG € N, and lete be G’s polarity.
LetS = {(G, fo, f1) : G foty G'}. G is z-provable iff
every(G', fo, f1) € S isT-provable.

Proof. Let us writeG = (V, A,p,¢, F). We are going to

prove both directions simultaneously. Let us give names

to the two hypotheses: (A} is a-provable, and (B) every
(G', fo, f1) € S is o-provable. Sinces € N, Proposi-

tion 4.8 implies thatS is not empty. Le{G’, fo, f1) € S.

We examine the cases fof fo.y G’. In each case we

show that (A) implies thatG’, fo, f1) € S is a-provable,
and that (B) implies (A). This will prove the proposition,
since we chos¢G’, fy, f1) € S arbitrarily and we cover
all the cases foG ™%} @’. In each case we consider
a = (v,w) € F from the definition of the corresponding
transition. Since everg-vertexu of G or G’ exceptw is
such thatlq , = X¢ ., We will only considerw.

CaseG & @' Y w is of the form= Ut ff F~ U~
(see Definition 5.2) withp = [e(a)]” € F~. Sincee(a)
begins with[, ¢ is synchronous. Letus write~ = F' 0.
Remark thafe’ (w, v)|" = ¢; itis then clear thatg ., =+
Ut,¢ + F~',u~. There is a derivation frontc: ,, to
EG,w:

Ut o Fu-
Ut F o U

(R 1]

If (B), thenX¢ ., has a proof, hence so doEg; ,,, hence
(A). If (A), then X4 ., has a proof, which is equivalent to
a proof beginning with the above derivation, hentg ,,
is provable; moreovefs = L, hence(G, fo, f1) is -
provable.

Case(G G'. ¢(a) is of the form E; + F> and
a choice is made betweeh; and E, in G’. Consider
both choices. They lead to two elementsHf(Gy, L, 1)
and (G, L, 1) (one of them iSG’, fo, f1)). Let us write
Gi = (V,A,p,¢;, F) for eachi € {1,2}. [e(a)]” is of the
form ¢1 & ¢ and[e;(a)]” = ¢i. X, is Of the form
FUt A F'd1 & éo, U (see Definition 5.2), anBl, .,

+
—
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is of the form- ¢/ # F~', ¢;,U~. There is a derivation
fromXq, w andXa, o 10 X¢ !
FUT R F U U F U
U FT b & o, U

&]

Bl (B), thenX¢, , and X, ., have proofs, hence so does

Ye.w, hence (A). If (A), thent¢ ,, has a proof, which is
equivalent to a proof beginning with the above derivation,
henceZq, . andXq, ., are provable, hendér;, L, 1) and
(G2, L, 1) (and thereforéG’, fo, f1)) area-provable.

CaseG " . [e(a)]” = T. Zg,w is of the form
Fut o F~', T, U~ (see Definition 5.2). It is provable:

— — [T]

FUTHF,T,U
Sincefz = L andw is not a vertex of¥, (G’, fo, f1) iso-
provable iff G is. If (B), then (A). If (A), then(G', fo, f1)
is 7-provable.

CaseG = G'. [e(a)]” is of the forme; 2 ¢a. Y. IS
of the form- Ut 4+ F~', ¢ %9 ¢2,U~ (see Definition 5.2)
andXg ., = UT 1t F~', ¢1,do,U~. There is a deriva-
tion from X/ o, 10 X 00

FUT N F by, o U
FUt D F 109 o, U

(%]

and we conclude as we did in the previous cases.
caseG "L G [e(a)]” = L. Y. is of the form
Fut 4 F-', LU~ Thereis a derivation:
Fut g F U
Fut e F LU

[L]

If (B), then fz = L andw is avertex of’. ThenX¢/ ., =F

u+ 4 F~'.u~, it has a proof, hence so dokg; ., by the
above derivation, hence (A). If (A), thedg ., has a proof

7. Theni/t, =" andi/~ cannot be all empty, therefore

is a vertex of’, fz = L, andSqr ., =F UT 4+ F~ U,

m is equivalent to a proof beginning with the above deriva-
tion, henceX¢: ,, is provable; thereforéG’, fo, f1) is o-
provable. O

Proposition (5.6). LetG € N, and letes be G’s polarity.
LetS = {(H, fo, f1) : G j“—"fiT H}. G is o-provable iff
there existy H, fo, f1) € S which isc-provable. G is 7-
provable iff every H, fy, f1) € S is7-provable.

Proof. For convenience, let us extend this resulGte A
In the case&> € N, we cannot define to beG’s polarity,
so just let it be any element ¢, 1}.

We know that the lengths of the=~-sequences from
someG € N are bounded byize(G). Letng be the max-
imal length of such a sequence. Let us prove the properties



by induction onng. If ng = 0, thenS = {(G, L, 1)}
and the result is immediate. Suppose now that > 1.

Let S = {(G".fo,fi') : G folfy’ G'}. For every

(G' fol . f1') € S, letSg, = {(H. fo", fi") : G "=
H}. Let (G, fo', fi') € S". It G’ € N,, then it has po-
larity o by Proposition 4.8na: < ng and we may apply
the induction hypothesisG’ is o-provable iff there exists
(H, fo", f1") € SZ, which iso-provable.G’ is 7-provable
iff every (H, fo", f1"') € S is o-provable. Therefore for
every(G', fo', i') € &,

o (G', f',f1)) is o-provable iff there exists
(H, f()l/, flll) S S/C/J’ such tha'(H, fol V f()l/, f1/ V flll)
is o-provable,

o (G, fo', f1') is7-provable iff for every(H, fo", f1") €
St (H, fo' vV fo"", i v f1"") is5-provable.

By Propositions 5.4 and 5.5, we have

e G is o-provable iff there existéG’, fo', f1’) € S’ which
is o-provable,

e (G is T-provable iff every(G’, fo', fi') € S is &-
provable.

The result follows from the fact tha§ = {(H, fo' Vv
follafll \ .flll) : E(G/v.folafll) € S/v(vaollaflll) €
St O

Proposition (5.7). LetG € N and leto be G's polarity.

LetS = {(H, fo, 1) : G foft H}. G is o-provable iff
there existy H, fo, f1) € S which isc-provable. G is 7-
provable iff every(H, fy, f1) € S is7-provable.

Proof. Let &’ = {G’ : G 2 G'}. S = {(H, fo, f1) :
3G' e 8, G f”—’»flT H}. ForeveryG' € S, G’ € N, has
polarity o and we may apply Proposition 5.6 &'. It is
therefore enough to show that

e (G iso-provableiff there i<z’ € S’ which iso-provable,
e (G isc-provable iff everyG’ € S’ is z-provable.
Suppose that there exist§ € S’ which isc-provable and
let us show that7 is o-provable. Consider the transition

G 2 @' The only affectedr-vertices are the sources of
G. It is enough to show that for each sourcef G, ¥¢ ,

is provable. Let be a source o&f. X¢ , is of the form
Fut § Fr, with F non empty. g, =F UT, F+ 1.
SinceG’ is o-provable, it has a proof. ¥4, is therefore
provable:

7T
FUt | Fr
— = DI
FUT,FT
Suppose thati is o-provable. Consider a soureeof

G. Yg,, is of the form- U™ 4 and has a proof,. m,
begins with an application of the] rule. We can match

the applications of these rules with a transitién> G’
and ther, contain subproofs of thE¢: ,. G’ is therefore
o-provable.
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Consider a transitios 2 G’ and az-vertexw of G
affected by the transition. All that changes foris that
some arcs of the fornfw, w) become focused. This does
not change the sequent associated withThereforeG is
o-provable iff some, or equivalently, evety € S’ is o-
provable. O



