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I ntrOd U Ctl O n Least and greatest fixed points in linear logic

We are interested in (first-order) reasoning over (co)itgacpecifications:
arithmetic, various computational and logical systems, €his is provided
for example by LINC, an extension of intuitionistic logic.

We shall exhibit useful structure in derivations, even tfothe subformula
property does not hold, by extending focusing to fixed points

We will work on a simple extension of linear logic, and by thaywv
e get an elegant system, more dualities and less techniciaiaisns;
e prove cut-elimination and completeness of a focused @gstem;
e explore (partial) alternatives for dealing with infinity Imear logic.

But this work is not only about linear logic, and we will condk by
outlining how it impacts intuitionistic logic.
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(CO)IndUCtIOn In IntUItIOmStIC IOgIC Least and greatest fixed points in linear logic

The logic LINC does it as follows:

[SX+rC BSY+rSYy T+ BuBX
[, uBx+ C I+ uBX

IB(vB)XrC I'+SX Syr BSy
[,vBXrC [+ vBX

For example:
def
nat X = u(Anatix. x =zVv dy. X = SyA nat y)x

We derive:
I F nat x

I'tnatz T +nat(sX
Flz Tyrl(sy I,IxrG
I',nat X+ G
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/,l MAL L - Least and greatest fixed points in linear logic

The logicuMALL ~ is MALL. ..

FILP A Q FILP,Q
FILALP® Q FILP® Q

FI, P FILP FTL,Q
FI,Po® Pq FI,P& Q

... plus first-order quantifiers and equality. . .

FIL,Pt FILPy
FILAX.P X FIL,VX.P X

y fresh

{rT0:0ecsys=t)}
Ft=1 FI,Ss#1

(s=t) € sxt
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/,l MAL L - Least and greatest fixed points in linear logic

... plus fixed points (but no atom).

- T, B(uB)X FT,SX + BSX (SX)* ,

I, uBX 2 T, vBX
S—
+F uBX, vBX
(uBR)* €' By

B S Ap. AR (B(R(pR)1)R)*

Definition 1. Bodies are required to llmonotonic there should be
no negative occurence @fin (the negation normal form o8 px.

Invalid: u(devenix. Xx=z& dy. X = sy® (even y—o 0))X
Valid: u(levenmx. x=z® dy. x=s(S})) ® even yXx
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Ad m ISSI ble rU |€S Least and greatest fixed points in linear logic

Proposition 1. The general initial rule is admissible:

B Pl Init

Proposition 2. The other unfolding rule is admissible:

- T, B(vB)X
T, vBX

The following are provable:
e 2=2001 and 2=30-0
o ((AX.X) o= 0
o BT’ — VBl

e vBf' — uBf if all unfoldings of B andB terminate.
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C U t' e I I m I n atl O n Least and greatest fixed points in linear logic

We provide a proof of cut-elimination, and thus consistemathout
restricting the system at all.

The proof relies on thaormalization of full second-order linear log(ave
cheat regarding equality) and the following translatiomigh relies on
monotonicity):

[uBX] = VS.!(¥y.[B]SY - Sy) — SX
[vBX] = [uBX]*

The backward translation from second-order cut-free moofirst-order
cut-free proofs is quite simple thanksfmcusingof second-order linear
logic.
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EXponentlals, nOn- monOtOnlClty Least and greatest fixed points in linear logic

Exponentials As shown aboveyMALL ~ can be encoded using
exponentials and second-order quantifiers. But at firstipekponentials
and fixed points are incomparable.

We could add exponentials in further work, but conjectusd the essential
observations done in this work would stay the same.

Non-monotonicity and consistency There has been previous work on
Induction, considering logics with left and right unfolds, but no
(co)induction rule. In linear logic, Girard observed thatlip
non-monotonicity and exponentials were needed to breagist@mcy.

Here, it seems unlikely to obtain the left unfolding for nmonotonic
definitions. Hence, we don’t know any counter-example tasiancy even
with non-monotonic definitions and exponentials.
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Asyn C h rO ny / Syn C h rO ny Least and greatest fixed points in linear logic

We classify the following connectives asynchronous
®,&,¥,# andv

The others arsynchronous
®,®,d,= andu

Proposition 3. The following structural rules are admissible providedttha
B is fully asynchronous:

I, vBX vBX FT
I, vBX Y T, vBX Y

W

If we had exponentials, the following would hold for any fulynchronous
P and fully asynchronou®:

PoolP and Qoo?Q
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FOCUS I n g fOT MAL L Least and greatest fixed points in linear logic

Asynchronous phasea (s an asynchronous atom)

FITTABA FrITAA T'BA FI'TACGA FI,af A
FITTADB,A FI'TTA& B,A FITTYX.AXA T fTaA

Synchronous phasa (s a synchronous atom)

FI U A FT'TUA 17 B FI'J At
FTT A Ay +HILIVJA®B T IX.AX +ala

Switching P synchronouslN asynchronous)

FILPTA vT'UP TN
FI'TPA +ILPY T UN

Theorem 1(Andreoli).
FIT o T
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FOCU SI n g fO r IL[ MAL L - Least and greatest fixed points in linear logic

Asynchronous phase

FI'TABA +FITAA FrT'TBA FI'TACA
FI'TA®BA FI'TA& B A FITTVX.AXA

FTONAG:0eccsys=t)} FTTSXA I BSXSX- +I,vBXT A
FLCs#t, A FI 1 vBX A FT 1 vBX A
Synchronous phase

FIU A FT'JA +17] B FIJ At
FI Y Ag @ Aq FILIV JA® B T AX.AX

FT | B(uB)X
Flt=t +T JuBX +vBX| uBxX
Switching (whereP is synchronous() asynchronous)

FILPTA TP +T1Q
FITTPA +ILPY +rTJQ
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FOCUSI ng fOI',u MAL L - Least and greatest fixed points in linear logic

This is a RTeX bug. ..
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CO m p I Ete n eSS p rO Of Least and greatest fixed points in linear logic

We prove the completeness of the focused proof system, @singn’s
polarization graph technique.

The core of the proof is a bunch of size-preserving permuntiati Bothu
andy actually commute with everything. An interesting step s th
commuting of & andv:

I1 Is T Iy
FT,P.SU rBSXSXt +rI,P.ST +rBSYXS'X
T, P, vBt FT, P, vBU
rT,P& P, vBU
U
I1 T
- I, P St FILP, ST ¢1(Ils) $2(Ils)
FT,P,Ste ST rI,P,STe ST +B(S® S)X (SX* +B(Sa )X (S'X)*
rT,P& P,Ste ST FB(S® S)X ((S® S)X)*
-T,P & P, vBU
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FOCUSIng d ISCUSSIOn Least and greatest fixed points in linear logic

The focused system is satisfying, convenient to use to (alBnwsearch for
a proof, or to reason about non-provability (exghat X% nat X) — nat X).

Choices in the asynchronous phaselt is a bit surprising to find several
choices in the asynchronous phase. One way to look at thatmnisider
annotating the in order to guide the choices:

FT O SEA ) BSX SX* o -T,v.BU A
> new o =P o
FI T vsBt, A FI veBt A v Bt uBt

Conjecture: a formula is provablé it has an annotation which is provable
In the annotated focusing system.
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FOCUSIng d ISCUSSIOn Least and greatest fixed points in linear logic

Some flexibility in assigning polarities We conjecture a completeness
result withu treated among the asynchronousmong the synchronous:

Tt BuB)LA  +T,uBin A
T uBE A T uBE A

T U ST T 1 BSX (SX)*
T | vBU = uE’fU vBr

We can probably allow some mixing of both choices, a bit liedtoms Iin
Andreoli’s result. What does it mean? What can it be used for ?
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Appllcatl()n tO IntU|t|0n|St|C |Og|C Least and greatest fixed points in linear logic

Focusing is not restricted to linear logic. It has been ex¢eito
Intuitionistic and classical logics. There are two apphascfor doing so:
either start from scratch, or use an encoding.

I—[F]%I—:F

v
N [F] ——H1

A known strategy for getting a better behaved focused systam
minimize the use of exponentials in the encoding, by pusfifgsp. !)
through asynchronous (resp. synchronous) connectives.

We do not have exponentials yet, but we can already handlgasng
fragment.
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BaCk tO LI N C Least and greatest fixed points in linear logic

Goal: design a fragment such that all formulas appearing nedatan be
encoded in a fully asynchronous way.

H = HAH|HVH|s=t|uHT| IXHX
G = GAGIGVG|s=t|uGt| IXGX|YXGX|H > G| vGT

We can encode it without exponentials as follows:

def

[AAB] = [Al®][B]  def
, def [VX.AX = Vx[AX
[AvB] = [Ale][B] o def
[s= 1] def ct [VBf] = v[B]T
- - . def
BT < ulBIf A e
[AXAX def X [AX [ApAXBpY = ApAX[BpA
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BaCk tO LI N C Least and greatest fixed points in linear logic

Proposition 4. For any Pe G, P is provable inuLJ™ if and only if[P] is
provable inuMALL"™, under the restrictions that (co)invarianix.SX in
UMALL" (resp.ulLJ™) are such that S is in[H] (resp.H).

From that proposition follows a strongly focused proof systfor the
fragmentG (under the restriction that. . .)

The fragmentH contains (slightly more than) Prolog — and it is handled in
a single focusing phase! Thuyg,can express that a sptdescribed by Horn
clauses satisfy some other Horn clause property:

YX.pX>DQgX

When the fixed points are noetherian, the focusing disapfields the
re-discovery of Bedwyr, our logic programming engine fastflfagment.
We have used it to specify logics and calculi, perform maxhedeking,
check bisimulation forr-calculus, etc.
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An Other Ope n q UeStl On Least and greatest fixed points in linear logic

Adding exponentials is required to encode fulllJ".

Is there a need to restrict the possible invariants used eritiear side, In
order to be able to encode them as intuitionistic invari&nts

e |t seems diicult to translate any linear invariant into an intuitiomsst
one.

- [B]7SX*+, SX [T, ST, [G]* ?
- [, v[B] L [G]* — T,uBi+G

e On the other hand, as soon as this derivation is cut om-tgoression,
the linear invariant has to disappear — the subformula ptpp®Ids if
you get rid of they rule.

Answering this question could lead to a Logic of Unity withefdkpoints.
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CO n CI U S I O n Least and greatest fixed points in linear logic

Contributions:
e An expressive extension of MALL with a complete focused syst
e insights on the treatment of atoms and infinity;
e encodes (a fragment of) LINC, without as much technicariegins.
Further work:
e EXxtension with exponentials and atoms;
e study (use?) systems with non-monotonic definitions;
e understand (use?) the flexibility in the design of the fodusgstem;
e study the relationship with full LINC;

e use partial focusing annotations in order to guide an autedniarover.
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