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Abstract. The first-order theory of MALL (multiplicative, additive linear logic)
over only equalities is an interesting but weak logic since it cannot capture u
bounded (infinite) behavior. Instead of accounting for unboundéd\her via
the addition of the exponentials (! and ?), we add least and greatestpfixe
operators. The resulting logic, which we gaMALL ~, satisfies two fundamental
proof theoretic properties. In particulaMALL ~ satisfies cut-elimination, which
implies consistency, and has a complete focused proof system. Thisdsesult
about focused proofs provides a strong normal form for cut{freef structures
that can be used, for example, to help automate proof search. Wedhsider
applying these two results abqui¥lALL ~ to derive a focused proof system for
an intuitionistic logic extended with induction and co-induction. The traditional
approach to encoding intuitionistic logic into linear logic relies heavily on us-
ing the exponentials, which unfortunately weaken the focusing disciplieegét/

a better focused proof system by observing that certain fixed point$ysiues
structural rules of weakening and contraction (without using exporgntighe
resulting focused proof system for intuitionistic logic is closely related to tiee on
implemented in Bedwyr, a recent model checker based on logic progirzg.

We discuss how our proof theory might be used to build a computatiogtdray
that can partially automate induction and co-induction.

1 Introduction

In order to justify the design and implementation architeetof a computational logic
system, foundational results concerning the normal forhpsapfs are often used. One
starts with theut-elimination theoreraince it usually guarantees other properties of the
logic (e.g, consistency) and that there is no need to automate themradtlemmas
during proof search. In many situations, the cut-elimimratiheorem implies that all
formulas considered during the search for a proof are sohftas of the original, pro-
posed theorem. This does not hold, in particular, when mighder (relation) variables
are used, which is the case in this paper where the rulesdaction and co-induction
use such higher-order variables. A second normal form #émpusually related téo-
cused proof$And92] is also important to establish. Such “focusing”dhems provide
normal forms that organize invertible and non-invertiloiierence rules into collections:
such striping of the inference rules in a cut-free derivatan be used to understand
which choices in building proofs might need to be reconsidgvia backtracking) and



which do not. As we shall see, focusing yields useful stmgcin cut-free proofs, even
when the subformula property does not hold.

Various computational systems have employefedent focusing theorems: much
of Prolog’s design and implementations can be justified leyctmpleteness of SLD-
resolution [AVvE82]; uniform proofs (goal-directed propiis intuitionistic and intuition-
istic linear logics have been used to justifirolog [MNPS91] and Lolli [HM94]; the
classical linear logic programming languages LO [AP91] Badum [Mil96] have used
directly Andreoli’s general focusing result [And92] fonéar logic.

In this paper, we establish these two foundational proeététic properties for the
following logic. We first extend the multiplicative and atide fragment of linear logic
(MALL) with equality and quantification (viaZ and J) over simply typedi-terms.
Because of the bounded use of formulas during proof congirygrovability in this
logic, call it MALL=, can be reduced to deciding unification problems (under &aix
prefix) which is decidable for the first-order fragment\ALL=. An elegant and well
known way to make this logic more expressive is to add the egptals ! and ? and
the rules of inference that allow for certain occurrence®ohulas marked with these
systems to be contracted and weakened [Gir87]. Such mib@abperators are not,
however, without their problems. In particular, the exputigds are not canonical since
there are dferent ways to formulate the rules for the promotion and stmatrules for
exponentials and some of these choices leadfferént versions of logic (for example,
elementary and light linear logics [Gir98] and soft lineagit [Laf04]). Even if we
fix the inference rules for the exponentials, as in standaeeht logic, the rules do
not describe unique exponentials. If one gives a red tenwbaalue tensor the same
inference rules, then one can prove that these two tensargdact, equivalent. All of
linear logic connectives except the exponentials yieldlaimtheorems. It is certainly
possible to consider a (partially ordered) collection gb@xentials on top of MALL
(see, for example, [DJIS93]).

An alternative to strengthen MALL with exponentials is totend it with fixed
points. Early approaches to adding fixed points [Gir92,H9&lved inference rules
that could only unfold fixed point descriptions: as a consege, such logics could
not discriminate between a least and greatest fixed poirin§r systems that allow
induction [MMO0O] as well as co-induction [Tiu04,MTO03] inale inference rules using
a higher-order variable that ranges over prefixed or postfp@nts (invariants). Of
course, approaches that use (co)induction are not withmitlgms as well: various
restrictions on fixed point expressions and on invariantg neeed to be considered. In
any case, we shall explore this alternative to exponeniialsarticular, we extend the
logic MALL" to uMALL = by adding the two fixed poinjs andy.

Besides considering fixed points as alternatives to therexuiials, there are other
reasons for examiningMALL ~. First, least and greatest fixed points are de Morgan
duals of one another and, hence, the classical nature @frlingic should ffer some
economy and elegance in developing their proof theory, mtrast to intuitionistic
logic. Second, since linear logic can be seen as the logimtehtuitionistic logic,
it will be rather easy to develop a focusing proof system fauitionistic logic and
fixed points based on the structure of the one we developMLL ~.



It is important to stress that we are using linear logic hexéthe logic behind
computational logic” and not, as it is more traditionallydenstood, as the logic of
resource management (in the sense of multiset rewritirigbdae updates, Petri nets,
etc). Instead, we find the proof theory of linear logic an appiate and powerful setting
for exploring the structure of proofs in various intuitisfic logics (see [LMO07] for
another such use of linear logic).

In the next section, we defineMALL = and prove some of the most basic aspects
of its proof theory, including the cut-elimination theoreBection 3 presents a focused
proof system that is complete faMALL ~. In Section 4 we describe a few examples of
(focused) derivations ipMALL ~. Section 5 shows how the proof theorygfALL =
can be applied to an intuitionistic logic extended with intilon and co-induction, and
to the intuitionistic logic of fixed point unfoldings that iee foundation of the recent
computational system Bedwyr [BGNA7].

2 Linear logic extended with fixed points

For clarity, we will use simply typed-calculus as our language of formulas. We assume
that formulas are always jgn-long form. We make few restrictions on the language of
terms in this work and choose simply typaetalculus for them as well: we assume
that the reader understands the basics involving substituéquality, and complete
set of unifiers for such terms. In most of our examples vaemblill be of ground
type, and thus the possibly infinite complete set of unifiarstoe replaced by the most
general unifier when there is one. Depending on one’s irtgrié$s possible to choose
weaker €.9g, first-order) or more powerful(g, dependently typed) terms.

In the following, terms are denoted tsyt; vectors of terms are denoted Isyt;
formulas (objects of typ®) are denoted by, Q; eigenvariables are denoted kyc.
Finally, the syntactic variablB represents a formula abstracted over by a predicate and
nterms ApAx; ... A%,.Ppx ... Xy). We have the following formula constructors:

P:=P®@P|PeP|P®P|P&P|1|0|L|T
| 3,xPX| ¥, xPX| SZt] S# 1]y, Bt | vy, Bt

The syntactic variablg ranges over all simple types that do not contiThe quan-
tifiers have type — 0) — o and the equality and inequality have type» y — o.
The connectives andv have typet — 7) —» v wheretisy; —» -+ - y, > 0
for some arityn > 0. We shall almost always elide the referencesg,tassuming that
they can be determined from context when it is important mktheir value. Formulas
with top-level connectiv@ or v are called fixed point expressions and can be arbitrarily
nested. The first argument of a fixed point expression, ddrimt®, is called itsbody.
Quantifiers and (in)equality are not new and play a small iléae proof theory
results: they are, however, crucial for our example appbos. The central feature
here is the fixed point constructs. Finally, note that theeer® atoms in theMALL ~
grammar. We shall see in the following the advantages ofjusied points instead.



MALL rules First-order structure

_ vLP +v4,Q +LRPQ [ F TPt +I,Pc cnew

1l +LAP®Q +ILP®Q +I,L FIL,AXPX R ILYXPX
+rLLP +1,Q FILP {FT0:6¢ccsys=1))

A, T FILP&Q FI,Po® Py Ft=t FI,s#t

Fixed points (wheré& is closed x is new)

+ I, B(uB)t +I,St + BSX, (Sx)*

y —_—
+ I, uBt +I,vBt + uBt, vBt

Fig. 1. Inference rules fotMALL ~

Definition 1. We define theegationB of a body B, and extend the usual definition of
the involutivenegationas follows:

BE Ipax.BUux.(p)H)x)* (s=tt T'szt @Bt =

VBt
A body B is said to benonotonicwhen for any variables p ant the negation normal
and 2-normal form of B does not contain any negated instance of p.

We shall assume thatl bodies are monotonidn other words, negatiore{ for
formulas ande for bodies) is not part of the syntax since negation normehfof
formulas and bodies without atoms do not contain negatiadssance we forbid them
explicitly in fixed point expressions. When we write negatinrsome inference rules,
we shall be considering it as implicitly computing the néganormal form.

The monotonicity of a function is also a natural conditiontfee existence of fixed
points in lattices or other models. The condition of mondtity is used only syntacti-
cally here since we are not studying the semantigaMbALL ~.

We present the inference rules JavlALL ~ in Figure 1. The initial rule is restricted
to fixed points. In the rule, which provides both induction and coinducti&is called
the (co)invariant, and has the same type‘Bsof the formy; — --- - y, — 0. The
treatment of equality dates back to [Gir92,SH93]. In theyuradity rule,csustands for
complete set of unifiers. This set has at most one elemengifirft-order case, but can
be infinite in presence of higher-order term variables, Whie do not exclude. In that
case, the proofs are infinitely branching but still have adidiepth. They are handled
easily in our proofs by means of transfinite inductions. Agé#ne use of higher-order
terms, and even the presence of the equality connectiveamaessential to this work.
All the results presented below hold in the logic without &gy, and they do not make
much assumptions on the language of terms.

Proposition 1. The following inference rules are derivable:

it I, B(vB)t
F PP F T, vBt

v



Proof The admissibility ofinit is a standard result. It is proved by induction on

F, the base case being the fixed points. The unfoldiRgs derivable fromy, us-

ing the body of the definitioB(vB) as the invarianS. The proof of co-invariance

(B(B(vB))x, (B(vB)x)*) is by induction onB. Thanks to its monotonicity, non-trivial

branches end by the following derivation:
————— init
+ BvBx, BuBx

+ BvBx, uBx

|
Let's assume the admissibility of tleait rule for a moment, and prove a few inter-
esting result.

Proposition 2. The deep cut under a monotonic context B is admissibig ifew):

FI,BQt r (Qx)*, Px
+ I, BPt

deep

Proof Building a derivation oBQt — BPt from the derivation ofQx — Px relies
on the dualities of the logic. It is proved by induction on tiember of fixed point
connectives surrounding in Bpx, with a subinduction on the size & We only de-
scribe the step for the fixed points, which reduces the ptgper Ap.v(Bp)t to that for

Ap.Bp(»(BQ)X).

. F (BB’ BPHEQ)
- OBV EQL ™ (BN, BPHBQ)X |
F (v(BQU)*, v(BP)t

O

Definition 2. We classify agssynchronougresp.synchronousthe connective®, L,

&, T,V,# v (resp.®, 1,9, 0, 3, =, u). Aformula is said to be asynchronous (resp. syn-
chronous) when its top-level connective is asynchronasp(rsynchronous). A formula
is said to bdully asynchronougresp.fully synchronouywhen all of its connectives are
asynchronous (resp. synchronous). Finally, a bagyx.Bpx is said to be fully asyn-
chronous (resp. fully synchronous) when the formula Byfully asynchronous (resp.
fully synchronous).

Notice, for example, thatpAx. px is fully asynchronous and fully synchronous. The
next proposition plays a central role in the focusing prostsm presented in Section
3 and is crucial for our encoding in Section 5 of intuitioiddbgic extended with least
and greatest fixed points.

Proposition 3. The following structural rules are admissible providedttigis fully

asynchronous:
+ I, vBt, vBt v T

F Bt "C FroBt

yW



Hence, the following structural rules hold for any fully astironous formula P:

FILRP Fr
FILP C I—F,PW

Proof We first prove the admissibility ofW. It is obtained by co-induction, choosing
1 as the co-invariant. We obtain the co-invariance proof flomore general result:
for any family of monotonic and fully asynchronous contefg;, it is provable that
((BiLt);, 1). This is done by induction on the total size of the familyeTgroof is trivial

if the family is empty. IfB; Lt is an inequality we conclude by induction with a newif

it's T our proof is done; if it'sL (being a recursive occurence or not) tBjglisappears.
The % case is done by induction hypothesis, the resulting famaly imore bodies but
is smaller; the & makes use of two instances of the inductiygothesis. Finally, the
case is done by applying theule with L as the invariant, the two subderivations being
built by induction.

Contraction is also an instance of thaule, choosing {x. vBx % vBX) as the
co-invariant. The proof of co-invariance follows from tlwdt(B(vB % vB)x, (BvBx %
BvBx)*), which in turn is a particular case of the more general fofrdesivation that
we are going to build:

F A(vBy ® vB1)...(vBy ® vBp)X, (AvBy ... vByX ® AvB; ... vBX)*

whereA is a fully asynchronous-ary monotonic context. We prove this by induction
onA.

— ltis trivial if Aiis an inequality;T or L.

— Ais Ap;...ApAX.piX: we have to provevBix ® vBix, (vBix ® vB;jx)*) which is
an instance oihit.

—Ais Ay ® Ay we replace A(vB))ix ® A(vB))ix)* by the equivalent formula
(A1 (vB)ix ® A1(vB)ix)* ® (Ax(vBy)ix @ Ax(vBj)ix)*, thanks tocut We can then
operate the appropriate splitting allowing us to conclugendluction hypothesis
onA; andA,.

— Ais A; & Az we build a derivation of & (vB; 2 vB;)ix, (A(vB)ix ® A(vB)ix)*),
by induction hypothesis 0A; and adee pcut using the fact that:

(A(vBi)i)* — (A(vB)i)*

The corresponding derivation f@&; is built the same way.

— AisV¥x. A’x: we introduce the quantifier, and instantiate the two erigiés under
the tensor as before, thanks to a cut.

— AisApl...Apn. v(A'p:1 ... pn): We conclude by induction hypothesis on

AP1...APnAPns1. A'P1. .. Prst

with A’(vB;)i<n asBn.1 using the following widget:

A (vBi 2 vB)i(vBni1 B vBri1)Y, (A (vB))i(vBni1)y ® A'(vBy)i(vBni)y)t  Trivial cut
Id A (vBi ® vB)i(vBni1 ® vBni1)Y, (vBriay ® vBniay)*
V(A (VB ® vBi)i)X, (v(A' (vB)i)x ® v(A'(vB;)i)x)*




O

Example 1.Units can be represented by means-and+. Assuming that 2 and 3 are
two distinct constants, then we have2 o 1and 2= 3 oo O(and hence 2 2 o—o L
and 2+ 3 o—o T). Here,P o—o Q denotes- (P —- Q) & (Q — P) andP — Q denotes
the formulaP* % Q.

Example 2.Theu (resp.v) connective is meant to represent least (resp. greatest) fix
points. For example(Ap.p) is provable (take any provable formula as the co-invayjant
while its dualu(Ap.p) is not provable. More precisely(Ap.p) o— Oandv(1p.p) o—- T.

Example 3.The least fixed point, as expected, entails the greatestfdllogving is a
proof of uBt — vBt.

+ B(uB)X, B(vB)x R
S —— I —
+ B(uB)x, vBx + uBt, vBt
+ vBt, vBt

uv

vonvBtwith S := uB

The greatest fixed point entails the least fixed point wheffixke points are noetherian,
i.e, all unfoldings ofB andB terminate.

In this paper we are investigating how far one can go witho&tetxponentials, get-
ting the infinite behavior from the meaning of fixed pointstéas of modalities. If we
were to add, however, the usual inference rules for expaaisnthe resulting proof sys-
tem would yielduBt o ! uBt (and equivalently Bt o— vBt) provided thaB is fully
synchronous. In the language of the Logic of Unity (LU) [Gi[Sfully asynchronous
(resp. fully synchronous) would be negative (resp. pasjtir right-permeable (resp.
left-permeable) formulas. Mixing synchronous and asyosbus connectives would
yield a neutral formula.

We now outline the proof of cut-elimination. Although it isdirect and relies on
cut-elimination for full second-order linear logic (LL2his is still a syntactic proof
of cut-elimination. It yields consistency gpMALL = as well as relative soundness and
completeness with respect to LL2.

Theorem 1. The logicuMALL= enjoys cut-elimination.

Proof  We first show in Lemma 1 how to translgtALL = formulas and proofs
into full second-order linear logic derivations, which #nen normalized and focused,
and finally translated back to cut-freggdALL = derivations as shown in Lemma 2.
Formally speaking, the previous work on proof normalizafior LL2 does not include
equality, but all the previous work on equality has show ithzas little role to play in
normalization. 0

Definition 3 (Translation from first-order to second-order). The translation com-
mutes with the connectives of MAL&Nd the negation, and is defined as follows on the
least fixed points:

[uBx]=VS.!(Vy.[B]Sy — Sy) — Sx



Lemma 1. If + ' is derivable inuMALL" thent [I"] is derivable in LL2.

Proof The validity of this encoding strongly relies on the monatiy of definitions.
Indeed Sx will simulate correctlyuBx only if it does not get negated by the body of the
definition after an application qgi. This is more formally expressed by the following
derivation using a slight variation on the deep cut rule:

Trivial
I(Vy . [B]Sy — Sy),VS. I(Vy . [B]Sy — Sy) —o SX + Sx
[BI[uBIt + [Bl[uBIt I(Yy . [BISy — Sy), [uBIx + Sx
I(Yy . [BISY — Sy), [BI[uB]t F [B]St
I(Vy . BISy — Sy). [BI[uBIt - St
FIBITuBIt — [uBt]

They rule is naturally given by the encoding. The last non-tlivide is uv: it is trans-
lated by an instance of the identity, involving a secondeortlintroduction followed
by the corresponding introduction of the existential. Itie only time a second-order
existential is not instantiated by @rj translation. O

deep

Lemma 2. If there is a focused cut-free derivation ©f[I"], then there is a cut-free
derivation of+ I'.

Definition 4. Let® be a set of formulas. We define:

Q iffQI=P

As usual we extend this notation to multisets. We’'ll alsgdbto specify what i® when
it's obvious.

Ple = {pr if P = Sx for S atomic andVy.[BISy — Sy)* € &
0=

Proof The precise statement is:

1. Ifthereis a proof of @ : I' )} 4 where® = {(Vy.[Bi1Siy — Siy)* | i € I}, andr,
A are multisets of encodings or (positive) instances dathen there is a proof of
F LA

2. Ifthereis a proof of @ : I' || P, with the same condition o then there is a proof
of v I, P].

The asynchronous cases are easy. Only the introductiorcohdeorder universal
quantifier is not directly mapped tMALL ~. But it does not change the] translation.

Focusing on an unfolding hypothesisén the polarity ofS makes it look exactly
how we want:

FO:T |[B1Siy +6O:Sx| (Six)*
FO:T,Sx | [B1Six ® (Six)*
FO:I,Sx | Ay[B1Sy® (Siy)*
In the synchronous case, we now consider the introductioseobnd-order ex-
istential quantifier. Focusing on it introduces the exis&rand the tensor, but also




the exponential. The instantiated invariant is of the f@tirfor some closed, because
cut-elimination and focusing never change the instaotigti Thus@ is useless in the
invariance subderivation. The derivation has the form:

FO Vy.fBIy—o ly] :

FOIVY[Bly -1yl +0:T|[IXx]*
FO L (VYIBIMTy — [1Ty) ® [IX]*
FO: T | 3SI(VY.[BISYy — Sy) ® (Sx)*

Which does translate well into:

: FBly <1y _
FLCL (XY FBlty, ly -
FLCLVBX

F L], (uBXx)*

Finally, the existential can be instantiated by &s The uv rule will be used to
decode the derivation, which has the following form:

FO NMVY[Blly—oly
FO:IVY[Blly - ly +6:Sx| (Sx)*
FO:Sx | (IVy.[B]Sy — Sy) ® (Sx)*
F O :Sx || AS(Yy.[B]Sy — Sy) ® (Sx)*

O

As shown in the above proof, fixed points can be encoded by snebeecond-
order quantification and exponentials. However, first-ofd&LL with exponentials
and first-order MALL with fixed points are incomparable.

It has been observed [Gir92,SH93] that exponentials anehmamotonic definitions
combine to yield inconsistency: for example, the definitpe: p* (that is, the fixed
pointuAp.p*) does not lead to an inconsistency, whereas the definitisr?(p*) (that
is, udp. ?(p*)) does. To reproduce the latter inconsistency/MALL =, one needs to
be able to unfold the expressionip.!(p*). But this is not implied by Proposition 1
since its body is not monotonic. Thus, even in presence afretials, we currently

do not have any example of non-monotonic definition thatlidates the consistency
of uMALL ~.

3 Focused proofs

As we have explained in the introduction, completeness aicaded proof system is
a valuable property for a logic to possess. Focused proa#s &@plications in proof-



search since it reduces the proof-search space by limhmgituations when backtrack-
ing is necessary. Focused proofs are also useful for jusgifyame theoretic semantics
[MS05] and have been central to the design of Ludics [Gir01].

A good focused proof system faMALL ~ is not a simple consequence of the trans-
lation of fixed points into LL2 that is used in the proof of Them 1: applying linear
logic focusing to the result of that translation leads to arpostructured system that is
not consistent with our classification of connectives asassonous and synchronous.
On the contrary, we present the proof system in Figure 2 asod gandidate for a
focused proof system fatMALL ~. We use explicit annotations of the sequents in the
style of Andreoli. In the synchronous phase sequents havéottm+ I" || P. In the
asynchronous phase they have the ferii f} 4 wherel” and4 are both multisets of
formulas. In both sequents,is a multiset of synchronous formulas anéxpressions.
The convention od is a slight departure from Andreoli’s original proof systesmnere4
is a list (which can be used to provide a fixed but arbitraryedrdy of the asynchronous
phase).

Asynchronous phase
FITRQ4 +vI'MR4 +I'1Q4

Synchronous phase
FCUP I Q FI | P

FTIP® QA F T P& QA T iPsQ iTiPoh
W {(FTON 466 csys=t) .
Fl1 H)t=t
FT LA FLQT.A Fr szt
FraPed kPt
FT QN YXPx A FI7J IXPX
FINSLA K BSXSX: R IvBLT4 FLUBRB)X
F T 0 vBt 4 VT 1 vBt, 4 LY uBX  FvBx | uBX

Switching (whereP is synchronousQ asynchronous)

FLLPMA4 v TP T Q
FICMPA v P vTUQ

Fig. 2. A focused proof-system fQrMALL =

The rules for equality are not surprising. The main nove#tyehis the treatment of
fixed points. Depending on the body, bgttandv rules can be applied any number of
times — but not with any co-invariant concerning\otice for example that an instance
of uv can ben-expanded into a larger derivation, unfolding both fixednp®io apply
(v on the recursive occurrences. As a result, each of the fixed pannectives has two
rules in the focused system: one treats it as “an atom” anothier one as an expression
with “internal structure.”

In accord with Definition 2y is treated during the synchronous phasesaddring
the asynchronous phase. (Alternatives to this choice apugised later.) Roughly, what
the focused system implies is that if a proof involving-axpression proceeds by co-

10



induction on it, then this co-induction can be done at theirbegg; otherwise that
formula can be ignored in the whole derivation, except ferthrule. Focusing on a-
expression yields two choices: unfolding or applying thigahrule for fixed points. If
the body is fully synchronous, the focusing will never be.lé®r example, ihatis the
(fully synchronous) expressigr(Anatix. x = 0 & dy.X = s y® nat ), then focusing
puts a lot of structure on a proof &f || nat t eithert is a ground term representing a
natural number anfl is empty, ot = s"x for somen > 0 andI" is {(nat X*}.

We shall now proceed with the completeness proof.

3.1 Trivial extra structure

We first slightly modify the system for technical reasongheiit changing its expres-
sivity. Both changes are quite obvious to apply as they omplive modifications of
some leafs of a derivation.

— We add a new fixed point constructay. Thev rule applies only o and the initial
rule applies only om. The connective will not be classified as an asynchronous
or synchronous, it isomething else
This new connective is only about marking some greatest ficéuoks as “frozen”™
one can’t use on them. To make things clear we should also introdyggwhich
behaves exactly ag and is also classified as synchronous. This allows us toéxte
the negation:

(v0BY)* = oBt
It is possible to derive from v using they rule:

————— init
F BVoBt, B,uoBt

FI,voBt  F ByoBt, uoBt
+ I, vBt

And that's indeed what should be done before applying th@imile.

— We also avoid that the initial asynchronous rules can beiegplefore other asyn-
chronous rules. It means that the rutesind+ only apply when there is no asyn-
chronous formula in the context. It makes it possible to apply appliable asyn-
chronous rule first without increasing the size of a derorati

This “preprocessing” is only a technical device for the fazion proof, we stress
that itis possible in the focused system to applyefore other asynchronous rules, and
that the initial rule does not have to be expanded.

Definition 5. In this slightly revised system, two measures become stiege h,(7)
and|I1|, which are both ordinals|/| is the number of connectives in the conclusion,
countingl for u and v expressions, bud for vo. Theu-heightof a derivation/7 with
subderivationg/7); is inductively defined by:

h, (I7) = 1+ suph,(/7)} if the first rule of/7 is y or v,
HYS2 suph, (71} otherwise.

11



Proposition 4. The lexicographic order orth,(/7),|/1]) is compatible with the sub-
derivation order.

Proof Any application removes one connective and thus decrédsesithout chang-
ing h,(IT)), exceptu andy which decreash, (I7). O
The couple g, (77), [71]) will be simply called themeasuren the followings.

3.2 Preliminaries

Lemma 3. Proofs support instantiation: - ranges over first-order variables amdl"
thenr I'o. Moreover, the instantiated derivation has a least or equahsure.

Proof This property is a standard and straightforward one, asxbd fioints do not
change anything here. O

Lemma4. If S and S are both covariants for B then so is & S’. Moreover the
resulting covariance proof has the samg()hheight as the highest original proof of
invariance.

Proof The proof of invariance o6 & S’ starts with a & Then we get the proof
of B(S @ S')x,Sx* (resp.B(S @ S’')x,S’'x*) from the proof of BSx, Sx* (resp.
BS'x, S’x*). The transformation is straightforward and relies on ntonizity, and ob-
viously does not increase theheight. O

We now present some interesting notions introduced by Al&durin [MSO07],
which make the focalization proof clear and simple.

Definition 6 (Descendant).We distinguish several occurences of a formula in a se-
quent, and in a derivation. We define the notiorimmediate descendahetween for-
mulas involved in a rule application. For example in

FILP FQ,4
FILP® Q4

P and Q are immediate descendants @b ), and every formula id, I" in the premises
is an immediate descendant of the corresponding formul&iénconclusion. In the
rule, the formulas from the co-invariance proofs are notadgglants of any formula,
and St is the immediate descendantdt'. The relation ofdescendands the reflexive
and transitive closure of the immediate descendance.

Definition 7. Thepositive trunkof a derivation is its largest open sub-derivation which
contains only applications of synchronous rules.

Definition 8. We define the relatior on the formulas of the base sequent of a deriva-
tion I1. P < Q iff there exists P asynchronous descendant of P/ih and @, syn-
chronous descendant of Q, such thaBRd Q occur in the same sequent of the positive
trunk of I7.

1 We shall only use that notion in positive trunks anyway.
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The intended meaning & < Q is that we must focus oR beforeQ. Therefore,
the natural question is the existence of minimal elememtthét relation, equivalent to
its acyclicity.

Proposition 5. If IT starts with a synchronous rule, and P is minimal foin 17, then
so are its descendants in their respective subderivations.

Proof It is enough to notice how the relation evolves in a positive trunk. The re-
lations below and on top of @ rule are isomorphic. The same thing holds fband

4. The application o and1 ends the derivation , and hence the positive trunk. There
only remains the interesting case: the tensor. In that d¢esectation below the tensor

is (isomorphic to) the union of the two relations on top ofritwhich only two points

get merged, namely the two descendants of the split tensor. O

Lemma 5. The relation< is acyclic.

Proof We re-use previous observations on the evolutior of a proof and proceed
by induction. There is not anything to do for teeand1 cases. If the derivation starts
with a®, 3 or u, the acyclicity on< on the conclusion comes from the acyclicity for
the subderivation. Fap, assuming the acyclicity 6f on the premises, we cannot have
a cycle in the conclusion: this cycle cannot lie within theestors of a single branch,
so it has to involve the split tensor, but then it would havbéanvolved twice because
it is the only node linking the two ancestors components,wadontradict again the
acyclicity of < on the premises. O

3.3 Permutation lemmas

Lemma6. If + I, P where P is an asynchronous formula, then there is a deowati
where P is active in the conclusion, and it is has smaller aratgize than the original.

Proof We proceed by induction on the height of the proofPIfs not active in the
first rule, then by induction make it active in the immediatdbderivations where it
occurs. Then permute the first two rules. The resulting ddaon will have the same
conclusion, and it is also easily checked that it has no maredy rules, so it will have
equal (in most of the cases) or smaller size (e.g/mn).

The MALL permutations are usual and interact well with ourasigre. Most of the
permutations involving the new rules are not surprisinghsas® /v:

+I,P, St + BSx,Sxt +rILPSt +I7,P
+I,P,vBt I P FLI',P®P,St +BSx,Sxt
+ I, I, P® P, vBt — v+ I, I, P® P, vBt

13



& /v holds thanks to Lemma 4:

7 UL Jig UE
+I,PSt rBSx,Sx+ +I,P,S't rBSXSx*
+ I, P, vBt v I P, vBt
+I,P& P,vBt
U
17 7
FI,P,St FP,S't ¢1(11s) ¢2(l1s')
rILPSteS't +ILP.,.SteS't FBS® )X (SX)* +B(S®S)X (S'X)*
+rLP& P.St®S't F B(S @ S)x, ((S @ S')x)*
+rI,P & P,vBt

Another non-trivial case i® / # which makes use of Lemma 3:

{+ (I, P)o | o € csyu, V)} {F (I;P)oc + (", Qo }
FILP (U= V)t FI7,Q FILT,P® Qo |oecsyu,V)
FOLT,P®Q,(u=v)* — FLLT,P®Q,(u=v)*

O

Lemma 7. In a sequent without any asynchronous formula, if P isi@imal syn-
chronousthen it can be applied first. Moreover the new derivation hasraller or
equal measure.

Proof If Pis active, there is nothing to do. Otherwise, we will makeciiae in the
subderivations. We can do that by induction: by minimalifyPothe subderivation’s
conclusion does not have any asynchronous formulafaisdstill minimal in the sub-
derivations. Then we permute the first two layers of rulesctvlare synchronous. The
permutation of synchronous rules are already know for MA&ahd the new cases in-
volving = or u are straightforward. The size preservation is easy to check O

Theorem 2. The focusing system is sound and complete with respaélifd L=.

Proof Soundness is trivial. We prove completeness by induction:

— Ifthere are any, pick an asynchronous formaulbitrarily , and transform the deriva-
tion by making that formula active thanks to Lemma 6. By irtéhrg focalize the
subderivations, and add the first rule in the focalized syste

— When there is no asynchronous formula left, we've shown intoerd that there is
a minimal synchronous. Lemma 7 allow us to get a proof wheasestmchronous is
active, we focalize its subderivations, choosing the malifarmula’s subformulas
as new minimal formulas, which makes it possible to glue thahe focalized
system.

We actually still have a derivation i@MALL ~+vg, but it is structured in a way that
makes it simple to translate it to the focalized system. Tilg pon-trivial thing is the
handling ofvy: vg is translated tor and toplevel occurences af are moved to the left
of |l. m]
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Remark 1.The derivations resulting from the transformation destithere are not
optimal. For example the immediate prooftofBt, uBt is first transformed into

[ voBt,uEt
+ BvoBt, BuBt

F voBt,,uEt k BvoBt,,uEt
F vBt,yEt

then it is focalized and finally translated in the focalizgdtem. We end up with a
derivation of the form

+ vBt || uBt

F vBt, uBt

+ vBt ) uBt :

H1 vBt,uBt 0 BvBt, uBt
N vBt,uEt

The point of the expansion of the initial rule was to allow germutation of a & fol-
lowed byv on one side andv on the other.

4 Examples

We shall now give a few theorems iMALL ~. Although we do not give their deriva-
tions here, we stress that all of these examples are provechfigin the focused proof
system. The reader will also note that althou@§)hALL ~ is linear, these derivations are
intuitive and their structure resemble that of proofs imitibnistic logic.

We first define a few least fixed points expressing basic ptigseof natural num-
bers. We assume two constartand s of respective types andn — n. Note that all
these definitions are fully synchronous.

nat difp(/lnat/lx. X=z®dy.Xx=sy®naty)
evendifp(/levemx. x=z®dy.x=5s(sy)®eveny
plusdifp(/lplu&la/lb/lc. a=z®b=c
@Jadd.a=sd®c=sc®plusdbc)
leq difp(/lleq/lx/ly. Xx=yoAy.y=sy ®leqxy)
half €' y(ihalfixih. (x=z@ x=s) @ h=z
@ IXIN. x=s(sX)®h=sH @ half X h)

The following statements are theorems, all of which can begu by induction. The
main insights required for proving these theorems involeeiding which fixed point
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expression should be introduced by induction: the propeariant is not the dficult
choice here since the context itself is adequate in thesscas

F VYX. hat X — even x® even(s X

F VX nat Xx— Yy3dz plus xy z

F VX nat X—o plus x z X

F VX nat Xx—o Yy. naty— ¥z plus Xy z— nat z

In the last theorem, the assumptiora{ XY+ is not needed and can be weakened, thanks
to Proposition 3. In order to prov&' . nat x— Jh. half x h) one has to use a complete
induction,i.e., use the strengthened invariank(nat x® Vy. leq y x— 3h. half y h).

A typical example of co-induction involves the simulatioglation. Assume that
step: state— label — state— ois an inductively defined relation encoding a labeled
transition system. Simulation can be defined using the digimi

sim %' v(AsimipAq. Yavp'. steppa p— dq. stepgag® sim g ).

Reflexivity of simulation {p. sim p p is proved easily by co-induction with the co-
invariant @pAg. p = ). Instances oftepare not subject to induction but are treated
“as atoms”. Proving transitivity, that is,

Ypvygvr. sim pg— simqgr—osimpr

is done by co-induction ors{m p 1) with the co-invariant{pAr. 9g. sim p g® sim q ).
The focus is first put ongim p g+, then on 6im q n*. The fixed points §im g ')
and im d r’) appearing later in the proof are treated “as atoms”, as laregative
instances oftep

Except for the totality ofhalf, all these theorems seem simple to prove using a
limited number of heuristics. For example, one could firgtttr treat fixed points “as
atoms”, an approach that would likely fail quickly if inapmriate. Second, depending
on the “rigid” structure of the arguments to a fixed point egsion, one might choose
to either unfold the fixed point or attempt to use the surrinppdontext to generate an
invariant.

5 Translating Intuitionistic Logic

The examples in the previous section make it clear that tlegpisimplicity and linear-
ity, uMALL = can be related to a more conventional logic. In particulaavesnterested
in drawing some connections with an extension of intuitinilogic with inductive
and coinductive definitions. We will show that the focusirfguMALL = derivations
yields a similar result in the intuitionistic setting. A gaal approach for making such
a connection is to first encode intuitionistic logic iMALL ~, focus the derivations
of encodings, and translate them back to intuitionistidva¢ions. When doing so, it
is interesting to minimize the use of exponentials in theoelimy since these connec-
tives weaken the focusing discipline. This is precisely itha extension of the asyn-
chronougsynchronous classification allows. In the following, we st simple first

16



step to this program, in which we actually capture a noriarivagment of intuitionis-
tic logic extended with fixed points even thougMALL ~ does not have exponentials
atall.

We shall consider an intuitionistic logic in which there aeatomic formulas but
were there are (positive) equalities and the two fixed podmstructorsy andv. Let
uLJ™ be the proof system that extends Gentzen'’s cut-free LJ [Hewith the following
rules for equality and (co)inductive expressions.

{(I'FG)9:fecsus=t)}

Is=trG =L 7=t =R
BSx+Sx I,St+rG L u I+ B(uB)t
TLuBtr G K TuBtruBt ' ° T+ uBt
IB(vB)t+G vy ~SxrBSx I'kSt o
rLvBtrG ” I,vBt - vBt T+ vBt v

We have observed (Prop. 3) that structural rules are adviesgor fully asyn-
chronous formulas fMALL ~. This property will allow us to get a faithful encoding of
afragment ofiLJ™ in uMALL ~ despite the absence of exponentials. The encoding must
be organized so that formulas appearing in the left-harel&idLJ~ sequents must be
encoded as fully asynchronopALL = formulas. The only connectives allowed to
appear negatively will thus be, v, =, u and 3. Moreover, the encoding must com-
mute with negation, in order to translate the (co)inductigles correctly. This leaves
no choice in the following design.

Definition 9. We restrict formulas to two fragments described by the twtesyic vari-
ablesG andH:

G=GAG|GVG|s=t|uApx.Gpx)t | IXGX
| YXGX|H DG |v(Apx.gpx)t
Hi=HAH|HVH|s=t]|u@pXx.HpxX)t | IXHX

Formulas inH and G are translated inuMALL" as follows:

def
[PAQI= [Pl @[Q] [vxPX = vx[PX

def
[P V_Q] d;f [PE & [Q] Bt def Bl
[S_ t] = s=t def
[uBt] = uB]t [P>QI = [Pl —~[Q
[3x.PX def IxX[PX] [ApAX.BpX = ApAx.[BpX

Proposition 6. For any Pe G, P is provable inuLJ~ if and only if[P] is provable in
UMALL=, under the restrictions that (co)invariantx.Sx in uMALL= (resp.uLJ™) are
such that X is in [H] (resp.H).

Proof The proof transformations are simple and compositionaé iflduction rule
is mapped tor rule for uBt)*; the left unfolding for co-inductives tp for (vBt)*. In
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order to restore the additive behavior of some intuitioaistles €.g, AR) and translate
the structural rules, we can contract and weaken our fullgetsronous formulas on the
left of uLJ~ sequents. O

Linear logic provides an appealing proof theoretic settiegause of its empha-
sis on dualities and on its clear separation of conceptsitfagjchultiplicative, asyn-
chronougsynchronous). Our experience is thdALL ~ is a good place to study fo-
cusing in the presence of least and greatest fixed point tmpserdo get similar results
for intuitionistic logic, one can either work from scratchtieely within, say,ulLJ~, or
use an encoding into linear logic. Given a mapping from tiduistic to linear logic,
and a complete focused proof system for linear logic, oneofem build a complete
“focalized” proof-system for intuitionistic logic. The ual encoding of intuitionistic
logic into linear logic involves exponentials, which canrdage focusing structures (by
causing both synchronous and asynchronous phases to esmye Ha careful study of
the polarity of linear connectives must be done (cf. [DJER®7]) in order to minimize
the role played by the exponentials in such encodings. Hera result of Proposition 6,
it is possible to get a complete focused systemulod~ on G (under the assumptions
that (co)invariants are ifH) that inherits the strong structure of the linear focusing
derivations.

Although G is not as expressive as fulLJ", it catches many interesting and use-
ful problems. For example, any Horn-clause specificationtmexpressed iftf as a
least fixed point and theorems that state properties suabta@yt or functionality of
predicates defined in this manner arggnTheorems that state more model-checking
properties, for examplé&,x.p(x) > g(x), wherep andq are one-placed least fixed point
expressions ove], are also inGg. Finally, the theorems about natural numbers pre-
sented in Section 4 are withig[ although two of the derivations (for the totality bélf
and that the sum of natural numbers is a natural number) deatisfy the restriction
on co-invariants.

The logiculLJ™ is closely related to LINC [Tiu04]. The mainfiigrence is the ab-
sence of th& quantifier in our system: we suspect tiWatan be added toMALL = in
the same relatively orthogonal fashion that LINC added itioThe resulting exten-
sion touMALL = (anduLJ™) should allow natural ways to reason about specifications
involving variable bindings, in the manner illustrated BGM*07,Tiu04,Tiu05]. An-
other diference is that fixed points in LINC have to satisfy a stratificacondition,
which is strictly stronger than monotonicity; co-invarialso have to satisfy a techni-
cal restriction related to stratification. While our systel@rived from linear logic, does
not share such restrictions, neithefféience is relevant when we restrict our attention
to formulas inG.

Interestingly, the fragmeng has already been identified in LINC [TNMO5], and
the Bedwyr system [BGND7] implements a proof-search strategy for it that is com-
plete under the assumption that all fixed points are noeth€and hence that least and
greatest fixed points coincide and that (co)induction camestricted to unfolding).
This strategy coincides with the focused systemudod™ restricted to noetherian fixed
points: there is no need for any explicit contraction and gan always eagerly elimi-
nate left-hand side (asynchronous) connectives beforkimgon the goal (right-hand
side); moreover there is no need for the initial rule
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6 Discussion about the focusing system

The design of the above focused proof systemufdALL ~ is rather satisfactory. For
example, its treatment @f as synchronous andas asynchronous is consistent with
a similar treatment of these operators via game semanties gi [MS05,Sti96]. Fo-
cusing is also natural and helpful when trying to prove teews inuMALL ~, such as
the examples proposed in Section 4. Finally, as we have segedtion 5, this focused
proof system yields another one for an intuitionistic logjimilarly extended with fixed
points, and accounts for the proof search strategy underfyie implemented prover
Bedwyr [BGM*07]. It is worth noting, however, two unusual aspects of &smiproofs
in uMALL ~.

6.1 A choice inside asynchronous rules.

As we noted, there are two rules for each of the fixed point eotives. Having a
choice of rules in the asynchronous phase is, at first, ratimprising since it is during
this phase of proof construction that we expect to see iientules and no choices.
One way to look at this is that, in fact, threconnective should bannotatecor divided
into an infinite number of dierent connectives. In particular, consider replacingithe
constructor with bothv, (with the same types and arity ay andvs (whereS is an
annotated formula abstraction of the appropriate typejv Slansider the proof system
that results from replacing the three rules involvinig Figure 2 by the rules
FI {1 St,4 +) BSX, Sx* Fv.Bx N 4

X new _— — =
+ I N vsBt, 4 +I N veBX,4 FveBXx | uBx

Notice that using such annotated formulas, there is no loagg choice in the asyn-
chronous phase. Furthermore, if in the expressigBi it is really the case theb is a
co-invariant,.e., (BSx, Sx*) is provable, then the first inference rule is invertible.

From afocused proof d¥, itis possible to extract an annotationfothat is provable
in the disambiguated focused system. This extraction regtine non-trivial composi-
tion of co-invariants in a manner similar to that used for pleemutation ofv and &.
Such annotations might be useful for the partial automatifoproof search involving
induction and co-induction. For exampbeconnectives could be labeled with partial
information about what to do with the connective in the asyonous phase: unfold,
freeze {.e, treat as atomic), use the sequent as the invariant, etb. I8nts might be
enough to mechanize a large amount of simple but tediousfpimo(co)induction.
Notice that since we have annotatetiut notu, we should not think that's with an-
notations are logical connectives: instead, such anwootthint at the structure of a
particular proof involving that annotated expression.

6.2 Are the polarities of u and v forced?

While the classification gf as synchronous andas asynchronous is rather satisfying
and is backed by several other observations, that choicerdieseem to be forced from
the focusing point of view alone. Mayhecan be handled in the asynchronous phase,
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instead? After all the rule is invertible. Consider replacing the fixed point rukeshe
focused proof system in Figure 2 with the following four irdace rules:

I B(uB)t, 4 FLuBt 4 FI St +ft BSX, (Sx)*
F T Q) uBt, 4 F I uBt, 4 F I | vBt + uBt | vBt

We conjecture that the resulting proof system is complatgfbALL ~. The non-trivial
step in such a proof would involve the permuting of the infreeerules foru and &.
The invertibility of 4 allows it, but we have not proved the termination of the whole
transformation.

To go one step further, one wonders if arbitrary assignmgfitias” to expressions
such asgBt) and ¢Bt) can be made in a fashion similar to the way literals are given
fixed but arbitrary “bias” in Andreoli’s original focused guf system [And92]. Thus,
maybe somg@ expressions can be synchronous while others are asynalg:ono

7 Conclusion and Future Work

UMALL ~ is an elegant logic supporting reasoning on inductive anshdoctive spec-
ifications. We have shown that it has two important proofteé&c properties: namely,
cut-elimination and the completeness of focused proofe. ddsign and completeness
of a focused proof system is the major contribution of thipggaWe have also shown
that uMALL ~ is expressive and formally connected it to a fragment ofifilmiistic
logic extended with fixed points, a step that bripydALL ~ closer to applications. Fi-
nally, we have identified an implemented system that atterpfind focused proofs
within the noetherian part of this logic.

There are a number of interesting open questions to cons@kerAt the proof the-
ory level, we would like to understand better whether or mop@ing the monotonicity
requirement leads to inconsistency or not and to what extertan provide alternative
assignment of polarities (synchrongasynchronous) to fixed points. We can also con-
sider adding exponentials and atomic formulagMALL = so that all ofuLJ~ could be
encoded (in which case, a precise connection to the focusad gystems of [LMO7]
should be explored). Such an extensionudALL = could also be used to generalize
the uses of induction in the linear logic programming sgtoh[PMO05]. At the system
designing and implementation level, our focused proofesysthould help in designing
a logic engine that attempts to prove formulas involvinguictibn and co-induction.
Our hope is that the focused proof system would help in utaleding the strengths
and limitations of various heuristics for generating in&ats and co-invariants.
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