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Linear Logic Linear Logic and Process Algebras

Our target logic will be (mostly) multiplicative linear logic, with

exponentials and first-order quantification.

` Γ, A ` ∆, B
` Γ,∆, A ⊗ B

⊗
` Γ, A, B
` Γ, AM B M

` Γ,?A,?A
` Γ,?A ?C

` Γ

` Γ,?A ?W

` Γ, A
` Γ,?A ?D

` A,?Γ
`!A,?Γ !

` Γ, Bc
` Γ,∀x . Bx

` Γ, Bt
` Γ,∃x . Bx
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Process Algebras Linear Logic and Process Algebras

P ::= 0 | P | P | a.P | a

a | a.Q |Γ −→ Q |Γ
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Process Algebras Linear Logic and Process Algebras

P ::= 0 | P | P | a.P | a

a | a.Q |Γ −→ Q |Γ

A few extensions :

Value passing : a(v) | a(x).Q |Γ −→ Q[v/x] |Γ

Synchronization : a(v).P | a(x).Q |Γ −→ P |Q[v/x] |Γ

Choice : P + Q −→ P

P + Q −→ Q

Replication : !P ≡ !P | P

Fresh names : ν(x)(P) |Q ≡ ν(x)(P |Q)

if x is not free inQ
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Encoding of finite asynchronous CCS Linear Logic and Process Algebras

[0] = ⊥

[P |Q] = [P] M [Q]

[a] = a

[a.P] = a⊥ ⊗ [P]

Theorem 1 (Reduction & Deduction).

∀P . ∀Q . P→∗ Q ⇒

` [Q]↑

` [P] (1)

∀P .
` Γ

` [P] ⇒



















∃Q . Γ↑ = [Q]↑

∀Q . Γ↑ = [Q]↑ ⇒ P→∗ Q
(2)
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aCCS encoding — Correctness Linear Logic and Process Algebras

To the reduction

c | a.b | a | b.P | c.0 −→∗ P

we associate the following 1-open derivation :

` a⊥, a
` c, c⊥

` b, b⊥
` P
` P,⊥

` b, b⊥ ⊗ P,⊥
` c, b, b⊥ ⊗ P, c⊥ ⊗ ⊥

` c, a⊥ ⊗ b, a, b⊥ ⊗ P, c⊥ ⊗ ⊥
` cMa⊥ ⊗ bMaMb⊥ ⊗ PMc⊥ ⊗ ⊥
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aCCS encoding — Completeness Linear Logic and Process Algebras

Every 1-open derivation can be turned into a “reduction-derivation” :

` a⊥, a
` a⊥, a,⊥ ` b⊥, b
` a⊥, a, b⊥ ⊗ ⊥, b ` P
` a⊥ ⊗ P, a, b⊥ ⊗ ⊥, b
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aCCS encoding — Completeness Linear Logic and Process Algebras

Every 1-open derivation can be turned into a “reduction-derivation” :

` a⊥, a
` a⊥, a,⊥ ` b⊥, b
` a⊥, a, b⊥ ⊗ ⊥, b ` P
` a⊥ ⊗ P, a, b⊥ ⊗ ⊥, b

⇓

` b⊥, b
` a⊥, a

` P
` P,⊥

` a⊥ ⊗ P, a,⊥
` a⊥ ⊗ P, a, b⊥ ⊗ ⊥, b
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Join-calculus Linear Logic and Process Algebras

The Join-calculus is an asynchronous calculus in which receptions are
localized :

P ::= 0 | P | P | a(x) | let def D in P

D ::= J B P | D ∧ D

J ::= a(x) | J | J

` P |Q → ` P,Q

` 0 → `

` let def D in P → Dσdv ` Pσdv for freshrange(σdv)

D1 ∧ D2 ` → D1,D2 `

J B P ` Jσrv → ` J B P ` Pσrv
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Join-calculus Linear Logic and Process Algebras

` let def R(a) |R(b) B a(b) | b(a) in

R(a) |R(b) |R(c) |R(d)

R(x) |R(y) B x(y) | y(x) ` R(a)|R(b)|R(c)|R(d)

R(x) |R(y) B x(y) | y(x) ` R(a),R(b),R(c),R(d)

R(x) |R(y) B x(y) | y(x) ` c(a)|a(c),R(b),R(d)

R(x) |R(y) B x(y) | y(x) ` c(a), a(c),R(b),R(d)

R(x) |R(y) B x(y) | y(x) ` c(a), a(c), b(d)|d(b)

R(x) |R(y) B x(y) | y(x) ` c(a), a(c), b(d), d(b)
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Join-calculus encoding Linear Logic and Process Algebras

We encode as follows Join-calculus processes into linear logic formulas :

[0] = ⊥

[P |Q] = [P] M [Q]

[a(x)] = a(x)

[let def D in P] = ∀dv(D), [D] M [P]

[D1 ∧ D2] = [D1] M [D2]

[J B P] = ?(∃rv(J), [J]⊥ ⊗ [P])
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Join-calculus encoding Linear Logic and Process Algebras

` (R(a)M R(b))⊥,R(a),R(b) `?D, a(b)M b(a),R(c),R(d)
`?D,D[a, b],R(a),R(b),R(c),R(d)
`?D,D,R(a),R(b),R(c),R(d)
`?D,?D,R(a),R(b),R(c),R(d)
`?DM R(a)M R(b)M R(c)M R(d)

`
∀x . ∀y . ?(D ≡ ∃x . ∃y . (R(x)M R(y))⊥ ⊗ (x(y)M y(x))),

R(a),R(b),R(c),R(d)
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Join-calculus encoding Linear Logic and Process Algebras

` (R(a)M R(b))⊥,R(a),R(b) `?D, a(b)M b(a),R(c),R(d)
`?D,D[a, b],R(a),R(b),R(c),R(d)
`?D,D,R(a),R(b),R(c),R(d)
`?D,?D,R(a),R(b),R(c),R(d)
`?DM R(a)M R(b)M R(c)M R(d)

`
∀x . ∀y . ?(D ≡ ∃x . ∃y . (R(x)M R(y))⊥ ⊗ (x(y)M y(x))),

R(a),R(b),R(c),R(d)

Theorem 2. This encoding is correct and complete. modulo abusively

erased or instantiated definitions..
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Synchronization Linear Logic and Process Algebras

It seems that only synchronous languages can be treated. Let’s extend the

logic :

` Γ, P,Q
` Γ, •P,#Q

Or, by duplicating the non-canonical connective :

` Γ, P,Q
` Γ, a.P, a.Q

Theorem 3. The initial rule can be reduced to the atomic case.

Theorem 4. The cut rule is admissible.
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Synchronization Linear Logic and Process Algebras

It is now easy to encode finite synchronous CCS :

[0] = ⊥

[P |Q] = [P] M [Q]

[a.P] = a.[P]

It is worth noting that everything works the same with the following rule :

` Γ, A, B ` ∆, P,Q
` Γ,∆, A.P, B.Q
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Testing semantics Linear Logic and Process Algebras

We define thebehaviour of a process :

~PÄ = {Γ | ` Γ, P} [P] ` [Q] ⇔ ~PÄ ⊂ ~QÄ

We get nice properties, but this ismore discriminating than the usual testing

semantics in concurrency.

For example, this proves mutual simulations :

a⊥ ⊗ P ≡ ∀b . (a⊥ ⊗ bM b⊥ ⊗ P)

[a.b.P] ≡ [b.a.P]

But theM has a new meaning :

[a.a.a.0 | a.0] 0 [a.a.0 | a.a.0]
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Conclusion Linear Logic and Process Algebras

The correspondance is elementary and looks promising but isnot (yet)

much understood nor applied.

– A clear limitation tomay properties at the logic level.

– A unifying framework for reasonning on processes at the meta-level.

– Extend the correspondancy, interpret full logic.
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