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1 The Issue

There appears to be a gap in McDowell and Miller’s cut-elimination proof for FOAAIN [1]. In particular, the
induction measure used for cut-elimination appears to be violated in the def/ o L reduction case.

1.1 The Reduction

To review, the reduction case for defL/ o £ applies to the following derivation Z,
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Then = reduces to
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1.2 The Proof
In the proof of cut-elimination, we consider all derivations Z,
ITy IL, I
A1—>B]_ An—)Bn Bl,...7Bn,F—>C
me
Ay,..., A, T —C
where the derivations Iy, . .., IL,, are reducible, and we want to show = is reducible. The proof is by induction
on ht(II) with subordinate inductions on n and on the reductions of Iy, ..., II,,. It is claimed that the order

of the inductions on reductions is not important, thus we always assume we are working with IT;.
To show that = is reducible, we show that for every 6, there is a reducible reduct for =6. To simplify
things here, we will let 6 be the identity and show that we cannot (easily) find a reducible reduct for Z.
Consider when = falls into the defL/o L case. Here we make an appeal to the induction hypothesis using
HT’U’D, Ilsp,...,II,,p, and II. By a lemma, we know that Ilsp,...,II,p are all reducible. We also know that
Iy oD a predecessor of II, thus it appears we can appeal to the inner induction hypothesis. The problem,



however, is that the reductions of Ils,...,II, have been changed to the reductions of Ilsp,...,II,p. We
have no lemma which relates the reduction tree of II; with that of II;p except to say that the existence of
the former implies the existence of the latter. The appeal to the inner induction hypothesis would only be
valid if the order of the inductions on the reductions of IIy,...,II,, was considered. But if such an order is
considered important, then we can no longer assume we are working on II; and the proof breaks down in
the same place.

2 A Possible Fix

The problem above is caused by the lack of a close relationship between the reduction of IT and the reduction
of IIp. To establish such a relationship, we define a notion of the height of a reduction.

Definition 1. Let IT be a reducible derivation. We define the reduction height of 11, rh(II), as

h(IT) 0 if I has no predecessors
T =
1+ lub{rh(Il') : T’ a predecessor of I}  otherwise

Given this definition we can establish the following key property.
Lemma 1. IfII is reducible, then for all p, rh(II) = rh(Ilp).

Proof. The proof is by induction on the reduction of II and case splitting based on the various cases in the
original definition of reducibility. O

Notice that if IT" is a predecessor of II then rh(II) > rh(Il’), thus any induction on the reduction of II
can safely be replaced with an induction on rh(II). The fix for the cut-elimination proof is then to induct
on rh(Ily),...,rh(Il,).

3 An Earlier Fix

Alwen Tiu noticed this gap as well and fixed it in his cut-elimination proof for LINC, a related logic. His fix
was to generalize the reducibility lemma. See the proof given in his dissertation [2].
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