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Abstract Meta-logics and type systems based on intuitionistic logic are commonly
used for specifying natural deduction proof systems. We shall show here that linear
logic can be used as a meta-logic to specify a range of object-level proof systems. In
particular, we show that by providing different polarizations within a focused proof sys-
tem for linear logic, one can account for natural deduction (normal and non-normal),
sequent proofs (with and without cut), and tableaux proofs. Armed with just a few,
simple variations to the linear logic encodings, more proof systems can be accommo-
dated, including proof system using generalized elimination and generalized introduc-
tion rules. In general, most of these proof systems are developed for both classical and
intuitionistic logics. By using simple results about linear logic, we can also give simple
and modular proofs of the soundness and relative completeness of all the proof systems
we consider.

1 Introduction

Logics and type systems have been exploited in recent years as frameworks for the
specification of deduction in a number of logics. The most common such meta-logics
and logical frameworks have been based on intuitionistic logic (see, for example, [FM88,
Pau89]) or dependent types (see [HHP93,Pfe89]). Such intuitionistic logics can be used
to directly encode natural deduction style proof systems.

In a series of papers [Mil96,Pim01, MP02, MP04,PMO05], Miller & Pimentel used
classical linear logic as a meta-logic to specify and reason about a variety of sequent
calculus proof systems. Since the encodings of such logical systems are natural and
direct, the meta-theory of linear logic can be used to draw conclusions about the object-
level proof systems. For example, in [MP02], a decision procedure was presented for
determining if one encoded proof system is derivable from another. In the same paper,
necessary conditions were presented (together with a decision procedure) for assuring
that an encoded proof system satisfies cut-elimination. This last result used linear
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logic’s dualities to formalize the fact that if the left and right introduction rules are
suitable duals of each other then non-atomic cuts can be eliminated.

In this paper, we again use linear logic as a meta-logic but make critical use of
the completeness of focused proofs for linear logic. Roughly speaking, focused proofs
in linear logic divide cut-free, sequent calculus proofs into two different phases: the
negative phase involves rules that are invertible while the positive phase involves the
focused application of dual rules. In linear logic, it is clear to which phase each linear
logic connective appears but it is completely arbitrary how atomic formulas can be
assigned to these different phases. For example, all atomic formulas can be assigned a
negative polarity or a positive polarity or, in fact, atomic formulas can be split with some
being positive and the rest negative. The completeness of focused proofs then states
that if a formula B is provable in linear logic and we fix on any polarity assignment to
atomic formulas, then B will have a focused proof. Thus, while polarity assignment does
not affect provability, it can result in strikingly different proofs. The earlier works of
Miller & Pimentel assumed that all atoms were given negative polarity: this assignment
resulted in an encoding of object-level sequent calculus. As we shall show here, if we
vary that polarity assignment, we can get other object-level proof systems represented.
Thus, while provability is not affected, different meta-level focused proofs are built and
these encode different object-level proof systems.

Our main contribution in this paper is illustrating how a range of proof systems
can be seen as different focusing disciplines on the same or (meta-logically) equivalent
sets of linear logic specifications. Soundness and relative completeness of the encoded
proof systems are generally derived via simple arguments about the structure of linear
logic proofs. In particular, we present examples based on sequent calculus and natural
deduction [Gen69], Generalized Elimination Rules [vP01], Free Deduction [Par92], the
tableaux system KE [DM94], and Smullyan’s Analytic Cut [Smu68a]. The adequacy
of a given specification of inference rules requires first assigning polarity to meta-level
atoms using in the specification: then adequacy is generally an immediate consequence
of the focusing theorem of linear logic.

Comparing two proof systems can be done at three different levels of “adequacy”:
relative completeness claims simply that the provable sets of formulas are the same,
full completeness of proofs claims that the completed proofs are in one-to-one corre-
spondence, and full completeness of derivations claims that (open) derivations (such as
inference rules themselves) are also in one-to-one correspondence. All the proof systems
that we shall encode will be done with this third, most refined level of adequacy.

This paper is an extended and improved version of the conference paper [NMO08a).

2 Preliminaries
2.1 A focusing proof system for linear logic

We shall assume that the reader is familiar with the basics of linear logic: we review
a few specific points of the logic here. Literals are either atomic formulas or their
negations. A formula is in negation normal form if negations have only atomic scope:
the negation normal form of a formula is computed by using the de Morgan dualities to
move negations deeper into formulas. If F' is a linear logic formula, then we write = F
to denote the negation normal form of the negation of F'. The connectives ® and *® and



their units 1 and 1 are multiplicative; the connectives @ and & and their units 0 and
T are additive; V and 3 are quantifiers; and the operators ! and 7 are the exponentials.

In general, we shall present theories in the linear meta-logic as appearing on the
right-hand side of sequents. Thus, if X is a set of closed formulas then we say that the
formula B is derived using theory X" if F B, X" is provable in linear logic. We shall also
write B = C to denote the formula (=B ¢ C) & (-C ® B).

In [And92], Andreoli proved the completeness of the focused proof system for linear
logic given in Figure 1. Focusing proof systems involve applying inference rules in
alternating polarities or phases. In particular, formulas are negative if their top-level
connective is either 73, 1, &, T, 7, or V; formulas are positive if their top-level connective
is @,0,®, 1,!, or 3. This polarity assignment is rather natural in the sense that all right
introduction rules for negative formulas are invertible while such introduction rules for
positive formulas are not necessarily invertible. Atomic formulas must also belong to
a phase, but here they are assigned to the positive or negative phase arbitrarily. The
polarity of a negated atom is, of course, the flip of the atom’s polarity. In the negative
phase, represented by the judgment - @ : I' {} L, rules are applied only to negative
formulas appearing in L, while positive formulas are moved to one of the multisets,
O or I', on the left of the f, by using the [R 1] or [?] rules. (We usually describe the
dynamics of an inference rule by reading their effects on sequents when moving from
the conclusion to the premises.) When L is empty, the positive phase begins by using
one of the decide rules [D1] or [D2] to select a single formula on which to “focus”: the
judgment - © : I' || F' denotes such a sequent which is focused on F. Rules are then
applied hereditarily to subformulas of F' until a negative subformula is encountered,
at which time, the reaction rule [R |}] is used and another negative phase begins. We
often refer to the context © as the unbounded context and the context I" as the linear
or bounded contert.

We write Fjr © : I' ) to indicate that the sequent - © : I' f} has a proof in LLF;
Fur © : I' | to indicate that the sequent - © : I' || has a proof in LLF; and j I" to
indicate that the sequent - I is provable in linear logic.

The following proposition can be proved by a simple induction on the structure of
focused proofs.

Proposition 1 Let O, I', and A be multisets of formulas and let L be a list of formulas
and F a formula. If = © : I' ff L has a proof then - ©, A : I' {t L has a proof of the
same height. If = © : I' || F' has a proof then - ©, A : I | F has a proof of the same
height.

The two-phase structure of LLF proofs allows us to collect introduction rules into
“macro-rules” that can be seen as introducing “synthetic connectives.” For example, if
the formulas A, Ag, A3 are negative formulas then we can view the positive formula
A1 & (A2 ® A3) as a synthetic connective with the following two “macro-rule”:

FO:TI'1 A FO:INftAy FO: 11 As
F@:FﬂAl@(AQ(@Ag) F@:F17FQHA1@(A2®A3)

That is, within the LLF proof system, there are only these two ways to focus on this
formula and there is no possibility to interleave other introduction rules (“micro-rules”)
with those that comprise these two macro rules.

The role of atoms and their polarity plays a special role in this paper. Andreoli’s
completeness theorem states that, for any assignment of polarities to atoms, a formula
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Identity, Reaction, and Decide rules
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Fig. 1 The focused proof system, LLF, for linear logic [And92]. Here, L is a list of formulas,
© is a multiset of formulas, I" is a multiset of literals and positive formulas, A, is a positive
literal, N is a negative formula, P is not a negative literal, and S is a positive formula or a
negated atom.

F is provable in LLF if and only if it is provable in linear logic. Although the polarity
assignment of literals does not affect provability, it does affect what synthetic connec-
tives are available and, therefore, the shape and size of focused proofs. The polarity of
atoms affects the structure of proofs because the rules [I1] and [I2] explicitly refer to
the polarity assigned to literals. Consider, for example, focusing on the positive formula
A+ ® N where formula N and atom A are both negative: this leads to the construction
of two macro-rules for this synthetic connective

hl e L ) "o LN
FO,A: T LAt @ N FO:TMAL At o N

Thus, in order for focusing on the formula A+ @ N to yield a successful derivation, it
must be the case that the formula A is present in either the unbounded or bounded
context. On the other hand, if the atom A is assigned the positive polarity then the
synthetic connective of At ® N is introduced by a derivation of the form:

FONMA py FOiDEN

Fo: | At FO:TL | N
Fo:I, bl At@N

(R {]
(®]

Here, there is no restriction imposed on A occurring in either the bounded or unbounded
contexts.

Changes in the polarity assignment to atomic formulas allows one to switch from
top-down (goal-directed) proofs to bottom-up (program-directed) proofs or some com-
binations of both [LMO07,MNOQ7] within a logic programming setting. As we shall see



in this paper, differing atomic polarity assignments (in a linear meta-logic) are an
important ingredient to deriving different proof systems (in an object-logic).

2.2 Encoding object-logic formulas and proof contexts

We shall assume that our meta-logic is a multi-sorted version of linear logic that results
from imposing on linear logic Church’s approach to representing terms and formulas
as simply typed A-terms [Chu40]. In particular, we use the type o for the type of meta-
level formulas, the type form for object-level formulas, and the type i for object-level
terms. The object-level quantifiers V and 3 are given the type (¢ — form) — form and
the expressions V(Az.B) and 3(Az.B) are written, respectively, as Vz.B and Jz.B. To
deal with quantified object-level formulas, our meta-logic will quantify over variables
of types ¢ — -+ — ¢ — form (for 0 or more occurrences of ).

The proof systems that we encode have partial proofs that involve formulas in two
sense. For example, in the process of building a natural deduction proof, some formulas
are hypothesis (one argues from such formulas) and some formulas are conclusions (one
argues to such formulas). In the process of building a sequent calculus proofs, some
formulas are on the left of the sequent arrow and some are on the right. Tableaux
proofs similarly use signed formulas (with either a T or F sign [Smu68b]) or places
formulas on the left or right of a turnstile [DM94].

Informally, we will think of a proof context as being a collection of object-level for-
mulas that are each present in these two senses. Thus, when encoding natural deduc-
tion, this collection can be a set or a multiset of object-level formulas marked as either
being an hypothesis or the conclusion. In order to provide a consistent presentation of
proof contexts throughout the range of proof systems, we introduce the two meta-level
predicates |-| and [-] of type form — o: the meta-level atomic formulas | B| and [ B] are
then used to denote these two different senses of how the object-level formula B is used
within a proof context. The meta-level focused sequent @ : I' f} - can then be used to
collect together atomic formulas into a set via the unbounded context © or into a multi-
set via the bounded context I'. Thus, the object-level sequent By,...,Bn F C1,...,Cn
can be encoded as the LLF sequent - : |Bi],...,|Bn],[Ci],-..,[Cm] 1 - if both
the left and right side of the object-level sequent are multisets. If, say, the left side
is a set and the right side is a multiset, then this sequent could be represented as
|B1],-.-,Bn] : [C1],-..,[Cm] 1 -. Here, formulas on the left of the object-level se-
quent are marked using |-| and formulas on the right of the object-level sequent are
marked using [-]. For convenience, if I' is a (multi)set of formulas, |I"| (resp. [I'])
denotes the multiset of atoms {|F'| | F € I'} (resp. {[F] | F € I'}).

The theory L given in Figure 2 will be used throughout this paper in order to
axiomatize the two senses for all the connectives in both intuitionistic and classical
logic. For example, the conjunction connective appears in two formulas: once in the
scope of |-] and once in the scope of [-]. Notice that this axiomization is independent
of the proof systems that this theory is used to describe. When we display formulas
in this manner, we intend that the named formula is actually the result of applying
? to the existential closure of the formula. Thus, the formula named (Ay) is actually
?3A3B[|A A B]* @ (|A] @ | B])]. Furthermore, for intuitionistic and minimal logics,
we use the following variant for the (=) formula that contains a bang.

(=1) A= B|"e([A]e |B])



(=1) A= Bt ®(A]®|B)) =r) [A= B]*®(lA]®[B])

(
(AL) |AAB|+®(lA] & |B)) (ArR) TAABI+® ([A1&[B])
(Vo) [AVB|*t®(lA] &[B]) (Vr) [AVBl*+@([Ala[B])
(V1) |VB]* ® |Bz] (Vr) [VB]*+ ® Va[Bz]
(3r) |3BJ* ®Vz|Bzx] (3r) [3B1* ® [Bz]
(L) L)+ (tr) T+ ®T

Fig. 2 The theory £ used to encode various proof systems for minimal, intuitionistic, and
classical logics.

(Id) [B|* ®[B]* (Idz) |B|®[B] (Idy")  |B| ®![B]
(Strr) |B]* ®7?[B] (Strr) [B]*®?[B]  (Wg) [ClteL

Fig. 3 Specification of the identity rules (cut and initial) and of the structural rules (weakening
and contraction).

This bang will be important to correctly encode the structural restriction for these
logics, where sequents contain at most one formula in their right-hand-side. We denote
by L the set obtained from £ by replacing the formula (=) by (=) and by Ly
the set obtained by removing the formula (L) from L.

The formulas in Figure 3 also play a central role in presenting proof systems. The
Id; and Idy formulas can prove the duality of the |-] and [-] predicates: in particular,
one can prove in linear logic that

-VB([B] = |B|*) & VB(|B] = [B]1),Id,, Ids

These two formulas are used, for example, to encode the initial and cut rules when we
shall encode object-level sequent calculi (Section 3). To correctly encode the structural
restrictions of intuitionistic and minimal logics, we use the clause Idy’, instead of Ids.
The formulas Stry, and Strg allow us to prove the equivalences |B| = ?|B| and [B] =
?[B]. The last two equivalences allows the weakening and contraction of formulas at
both the meta-level and object-level. For instance, in the encoding of minimal logics,
where structural rules are only allowed in the left-hand-side, one should include only
the Stry, formula; while in the encoding of classical logics, where structural rules are
allowed in both sides of a sequent, one should include both Stry and Stri formulas.
The formula Wg encodes the weakening right rule and is used to encode intuitionistic
logics, where weakening, but not contraction, is allowed on formulas on the right-hand-
side of a sequent.

From the Stry, clause we can derive the equivalence | B|* = !|B|* by negating the
equivalence | B] = ?| B] obtained from this clause. This equivalence allows us to insert
the ! before negative occurrences of |-|. The presence of bangs in theories will play
an important role in encoding correctly the structural rules of logics, such as minimal
and intuitionistic logics, which require that right-hand-sides of sequents do not contain
more than one formula. Although these equivalences do not affect provability, applying
them can change focusing behavior significantly.

2.3 Adequacy levels for encodings

When comparing deductive systems, one can easily identify several “levels of adequacy.”
For example, Girard in [Gir06, Chapter 7] proposes three levels of adequacy based on



semantical notions: the level of truth, the level of functions, and the level of actions.
Here, we also identify three levels of adequacy but from a proof-theoretical point-
of-view. The weakest level of adequacy is relative completeness which considers only
provability: a formula has a proof in one system if it has a proof in another system. A
stronger level of adequacy is of full completeness of proofs: the proofs of a given formula
are in one-to-one correspondence with proofs in another system. If one uses the term
“derivation” for possibly incomplete proofs (proofs that may have open premises), we
can consider a even stronger level of adequacy. We use the term full completeness of
derivations if the derivations (such as inference rules themselves) in one system are in
one-to-one correspondence with those in another system.

For each of the object-logic proof systems that we consider here, we propose a
meta-level theory, say £’, that can be used to encode that system at the strongest level
of adequacy. In all cases, we obtain £’ from the formulas in Figures 2 and 3 by some
combination of the following steps.

1) Applying equivalences. As we have shown, some equivalences are derivable
from the identity and structural rules. Hence, we will at times replace occurrences of,
for example, | F |+ with [F].

2) Incorporating structural rules into introduction rules. Although the for-
mulas Stry, and Strp provide an elegant specification of the weakening and contraction
structural rules for the two difference senses for object-level formulas, they do not pro-
vide a good focusing behavior since the equivalences they imply can yield loops in a
specification. Therefore, we incorporate the structural rules into a theory by adding 7
and ! in its formulas. This transformation to a theory is usually formally justified using
an induction of the height of proofs.

3) Switching between multiplicative and additive introduction rules.
Given the presence of ? and ! within the specification of inference rules and the linear
logic equivalences 7(A® B) = ?7A ® 7B and (A& B) = ! A® ! B it is possible to
replace, for example, the “additive” version of the rules Ay, Ar, V[, VR in £ with their
“multiplicative” version, namely with

[AAB]* @ ([A]® [B]) AN BT @ (4] 7 |B])
AV Bt @ ([A]®[B]) [AV Bt @ ([4] % | B)).

Formal justification of this step will also be done using an induction on the height of
proofs.

When we build £’ from £ and the rules in Figure 3 based on these steps, it will be
a simple matter to prove that the new theory £’ proves exactly the same formulas as
the original theory. However, before we can formally say that a theory £’ describes a
proof system, we must assign polarity to the meta-level atomic formulas |-| and [-].
Only then can we claim that the “macro-rules” that result from focusing on formulas
in that theory match exactly the inference rules of the corresponding encoded object-
logic proof system. This polarity assignment may differ between different proof system
encodings.

Although we concentrate on obtaining encodings of proof systems at the highest
levels of adequacy, it is worth noticing that one might still be interested in theories that
are adequate only at the level of (complete) proofs. For example, following the Curry-
Howard isomorphism, functional programs are complete proofs and their execution
involves the construction of cut-free proofs out of these programs. In that domain, one
may not require adequacy at the level of (open) derivations.
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Fig. 4 The sequent calculus, LM, for minimal logic. Here, ¢ is not free in I'U{C'} and 7 € {1, 2}.
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Fig. 5 The rules to add to LM to obtain the sequent calculus, LJ, for intuitionistic logic.
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Fig. 6 The sequent calculus, LK, for classical logic. Here, c is not free in 'U{C} and 7 € {1, 2}.

3 Sequent Calculus

Figures 4, 5, and 6, respectively, contain three sequent calculi for minimal (LM), in-
tuitionistic (LJ), and classical logic (LK). A linear logic encoding for these systems is
given by the theories, Ly, £}; and Ly shown in Figures 7, 8 and 9. These sets differ
in the presence or absence of ? in front of [-], in the presence or absence of the formula
(Lz), and in the formula encoding the left introduction for implication. In particular,
in the LM encoding, no structural rule is allowed for right-hand-side formulas; in the
LJ encoding, the right-hand-side formulas can be weakened; and in the LK encoding,
contraction is also allowed (using the exponential 7). The formula (L) only appears
in the encodings of LJ and LK. In the theories for LM and LJ, the formulas encoding
the left introduction rule for implication and the formula Ids’ contain a ! before a pos-



(=) |A=B|*e([A1®7?|B)) (=r) [A= Bl ®(?|A] ®[B])
(AL) |AAB|+®(?|A] &7?|B)) (ArR) TAABI*t® ([A]&[B])
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(3r) |3B]* ®Vz?|Bx] (3r) [3B1* ® [Bz]

(tr) TH1+@T
(Id) |B]*®[B]*+ (Id2") ?|B|®![B]

Fig. 7 The theory L}, encodes the sequent calculus proof system LM.

(Lr) L= (Wg) [C1t®L

Fig. 8 Adding these two clauses to Ly, yields L;, which is used to encode the sequent calculus
proof system LJ.

(=L) A= B9 (?[Al©?B]) (=r) [A=B]t®(?|A] ®?[B])
(AL) |AAB|=@(?|Al®?(B)) (ArR) TAAB]+® (?[A] & ?[B])
(VL) [|AVB|+®((?|A| &?[B]) (Vr) [AVB]+® (?[A]@?[B])
(V1) |VB]* ®?|Bz] (Vr) [VB]*+ ® Va?[Bz]

(31) |3B]* ®Va?|Bz| (3r) [3B]* ® ?[Bzx]

(Lr) L)+ (tr) [t1+®T

(Id) |B|*®[Bl*+ (Id2) ?|B] ®?[B]

Fig. 9 The theory L encodes the sequent calculus proof system LK.

FIC:TA] K, |B]:[C]1
gy e MY Aoy
FK:y A= B FK:[C] 4 [A] ®7(B]

2 % 3,0]
FK:[CIUF b
Fxforn.

Fig. 10 Here, the formula A = B € I" and K denotes the set Ly, [I'].

itive occurrence of [-] atom. As we shall see, these occurrences of | are necessary for
preserving the invariant that in minimal and intuitionistic logics the right-hand-side of
sequents do not contain more than one formula.

A key ingredient in capturing object-level sequent calculus inferences in a focused
linear meta-logic is the assignment of negative polarity to all meta-level atomic formu-
las. To illustrate why focusing is relevant, consider the encoding of the left introduction
rule for =: selecting this rule at the object-level corresponds to focusing on the for-
mula F = JAIB[|A = B|* ® (/[A] ® | B])] (which is a member of L,). The focused
derivation in Figure 10 is then forced once F' is selected for the focus: for example,
the left-hand-side subproof must be an application of initial — nothing else will work
with the focusing discipline. Notice that this meta-level derivation directly encodes the
usual left introduction rule for =: the object-level sequents I, B+ C and I' F A yields
I''A = B C. Moreover, the ! enforces that in all branches there is at most one [-]
atom.

If we fix the polarity of all meta-level atoms to be negative, then focused proofs
using Ly, Lyj, and L yield encodings of the object-level proofs in LM, LJ, and LK.
We use the judgments t,, F;, and -, to denote provability in LM, LJ, and LK.



Proposition 2 Let I' U AU {C} be a set of object-level formulas. Assume that all
meta-level atomic formulas are given a negative polarity. Then

1) Ik Ciff Fue Li, [ T2 TCT A
2) 'y Ciff bpe Ly, [T : [CT 1
3) Ik Adff bue Lo, [T],[A]:-

Furthermore, adequacy for derivations also holds between the respective proof systems.

Proof First, one shows that focusing (deciding) on formulas within the linear logic
theories Ly, £)j, and Ly encodes exactly the corresponding sequent calculus inference
rule. In all cases, this correspondence is shown with steps similar to the one offered
above for the left-introduction of =. Once this level of adequacy for the encoding is
established, the other results concerning the equivalences of provability follow imme-
diately. See also [MP02,Pim01] for similar proofs related to the encoding of sequent
calculus proofs. 0O

If one removes the formula Ids and Idy’ from the sets Ly, Ljj, and Ly, obtaining
the sets L:]fm7 [,lfj, and L',{k, respectively, one can restrict the encoded proofs to cut
free (object-level) proofs, represented by the judgments }—fm for minimal logic, I—f} for

intuitionistic logic, and Flfk for classical logic. The following proposition is an immediate
consequence of the proof of Proposition 2.

Proposition 3 Let I' U AU {C} be a set of object-level formulas. Then

1) Iy, Ciff g Liy LT]:[CT 0 2) TR Cff e L3, | 1] 2 [CT 1
3) I'H A e L4, 7], [A]

Furthermore, adequacy for derivations also holds between the respective proof systems.

Now that we have succeeded to find linear logic theories that encode the sequent
calculus inference rules for minimal, intuitionistic, and classical logics at our strongest
level of adequacy, we turn to showing how these theories are related back to the more
elementary and modular sets of formulas shown in Figures 2 and 3. The equivalences
that appear in the following three propositions are all at the most shallow level of
adequacy: the equivalence of provability.

Proposition 4 Let I' and A be sets of object logic formulas. Then
b £,1dy, Idy, Stry, Strg, 7| I'], T [A] iff by Ly, 7L, ?[A].

Proof From the structural rules, Str; and Strg, we know that |C| = ?|C| and
[Cl = ?[C]. Since the only difference between L) and £ U {Idj,Id2} is that the
former has ? before positive occurrences of |-| and [-], it is the case that Ly is a
consequence of £ U {Idy, Ids, Stry,, Strg}, proving the < direction.

For the = direction, we need to show that the structural rules are admissible. We
use focusing to help. In particular, we show that if -y £, Idy, Ide, Stry,, Strg, F1 : Fo )
then Fye Ly, Fi1,F2 : - 1, where F1 and F»2 are multisets of meta-level atoms (of
which all are given a negative polarity). This is proved by induction on the height
of focused proofs (the proof follows the same lines as in [MP04, Proposition 4.2]).
We show the inductive case for (=1 ): all the others cases are done similarly. Thus,
assume that our proof ends with a decide rule that selects an instance of the (=p)
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formula from Figure 2. Thus, the proof ends with the following derivation, where I =
L, Idy, Ido, Stry,, Strg, F1 and Fa = .7:21 U .7-"22 (here, 71 and F2 are multisets of atomic
formulas).

K FB AL HK: T LB
FK:- U A= Bt 2l K F U [A] R m[[fﬁgm
X
FK:-J|A= B]t®([A]®|B))
FK:Ff P22

Thus, |A = B] € F; and by the inductive hypothesis, we have proofs of the sequents
b Ly, F1 2 Fa,[A] t and - Ly, F1 : F2,|B] . By Proposition 1, the sequents
FK',TA]:-fand - K', |B] : - f} are also provable, where K' = Ly, F1, F2. Thus, the
desired proof using the theory L), but with focusing on the (=) formula in Ly is

[I2] M[RU?] M[Rl}’?]
FK g lA= Bt T PR yrAl T Ky 7LB 2 Zzz;]
X
FK U A= Blt @ (?TA] ® 7| B))
7 [D2,2 x 3]
FK

The = direction is a direct consequence of this intermediate result and the focusing
theorem. O

Proposition 5 Let I' U {C} be a set of object logic formulas. Then

1) by Ly, Idy, Idy', Strp, 2| T, [C iff by Lim, 7T, [CT.
2) by Ly, 1dy, Idy', Str,, Wg, ?[I), [CT iff by Ly, ?[ ], [C].

Proof In the = direction, we proceed in the same fashion as in Proposition 4.
We prove that, for say minimal logic, if by Las, Idy, Ids’, Stry, F1 = Fa,[C] ft then
Fu Lim, F1, Fa : [C] A, where F1UF, is a multiset of |- | meta-level atoms and C' is any
object-logic formula. The main interesting case is when the proof of - K : Fa, [C] 1t
starts by focusing on (=), where K = Ly, Idy, Ids’, Stry,, Fi. There is only one
resulting focused derivation, due to the presence of the bang in (:>/L)7 and it has two
open premises of the form - K : Fa, | B|, [C] {} and - K : F2, [A] 4, in which case the
proof proceeds the same as in Proposition 4. O

Proposition 6 Let I'U AU {C} be a set of object logic formulas. Then

1) by Lag, Idy, Strp, 2T, [C] iff by £F, 211, [C]

2) by Ly, Idy, Str, Wg, 2T}, [C iff by L], 7|1, [C]
3) by L£,1dy, Strr, Strg, 2| '], ?[A] iff by L4, 21T, ?7[A].

Proof This proposition is proved in a similar way as the Propositions 4 and 5. O

It is well known that for the sequent calculus systems LM, LJ, and LK the cut-
elimination theorem holds. A direct consequence is the admissibility of the Ids rule
in the theories considered for these sequent calculus systems, as states the following
proposition.

11



Corollary 1 Let I'UAU{C} be a set of object logic formulas. Then

1) by Lag, Idy, Strp,, 2| ), [C iff by Lag, Idi, Idy', Strr,, 2| '], [C]
2) by Ly,1dy, Strp, Wg,?|I'), [C] iff Fy Lg,1d1,1dy’, Strr,, Wg,?|T'], [C]
3) by £, 1dy, Strp, Strg, ?|T],2[A] iff by £, 1dy, Ids, Strr,, Strg, 2|.T], ?[ A].

The proof of this corollary follows from the admissibility of the cut rule [Gen69]
and the encoding of the cut-free sequent calculus (Proposition 3). To see a setting in
which the admissibility of the cut can be shown by directly considering the linear logic
specification of inference rules, see [MP02,PMO05].

4 Natural Deduction

The proof system depicted in Figure 11 is the V, A, and = intuitionistic fragment of the
classical system in [SB98], presenting natural deduction using a sequent-style notation:
sequents of the form I' - C' 1 are obtained from the conclusion by a derivation (reading
bottom-up) where C is not the major premise of an elimination rule; and sequents of
the form I' - C | are obtained from the set of hypotheses by a derivation (from top-
down) where C' is extracted from the major premise of an elimination rule. These two
types of derivations meet with either the match rule [M] or the switch rule [S]. These
two types of sequents can be used to distinguish general natural deduction proofs from
normal form proofs [Pra65]: normal proofs are those in which the major premise of an
elimination rule is not the conclusion of an introduction rule. Within the proof system
in Figure 11, such proofs are exactly those that do not allow occurrences of the switch
rule [S]. To the rules in Figure 11 we can add the introduction and elimination rules
for V and 3 given in Figure 12. In those rules, occurrences of 7(|) denote either 7 or |
with the proviso that all occurrences of 1(]) in a given inference rule are resolved the
same way. Characterizing normal form proofs involving V and 3 is more involved to
describe and we shall not consider such normal forms here.

We write I' Fp; C to indicate that the natural deduction sequent I' = C' T has a
proof in NJ and write I" Fﬁj C to indicate that the natural deduction sequent I" - C
has a normal proof in NJ: in this latter case, we shall restrict the formulas in I"U {C'}
to have no occurrences of V and 3.

The theory L,; in Figure 13 encodes natural deduction for intuitionistic logic. The
formula Stry, is incorporated in the theory by adding ? to some positive occurrences
of |-] atoms and, to maintain the invariant that there is always at most one formula
in the right-hand-side of sequents, we add ! to negative occurrences of HJ‘ The judg-
ment I' - C 1 is encoded as the meta-level sequent - Ly;, |[I'| : [C] and the judgment
I' C | is encoded as the sequent - Ly, [I'] : |C]~. In order for this encoding to be
adequate at the level of derivations, we simply change the polarity assignment from
what was used with sequent calculus: in particular, we assign atoms of the form |-]
with positive polarity and atoms of the form [-] with negative polarity. This change
in polarity changes left-introduction rules (within the sequent calculus) to elimination
rules (within natural deduction). For example, the formula (=) now encodes the im-
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I'rA=B| TI'FA{ IAFB1

T'FB]| =E iz B
L I
e we LA
S (TR RS

Fig. 11 The rules for the =, V, and A fragment of intuitionistic natural deduction NJ.

I'-A A :
vB| INAFC1() I,BFC1(l) VE] I'HA; 1T vI]
IC 1) TFALVAsT
r+-3zA| I, A{c/z}+C 1(]) 3] v A{t/z} 1 a1
o) TF3zA1

Fig. 12 The rules for V and 3 for intuitionistic natural deduction. In [VL], ¢ € {1,2}.

(=gp) |A=B|*®([A]®|B]) (=1) [A= B]*®(?|A] % [B])

(Ag) |AABJt e (Al @ |B]) (A1) [AABI*t©([A] & [B])
(Ve) !|AVB|*®(?|A] &?[B)) (Vi) TAV B+ & ([Al&[B])
(Vg) |VB|t ® |Bz] (V1) [VB]* ®Vz[Bz]

(3g) ![3B]* ®Va?|Bx] (3r) [3B]* ® [Bzx]
(Lt (tr) M+eT

(Lg) [CTtel

(Id) |B|*®[B]+ (Id2) |B] ®![B]

Fig. 13 The specification L,; for intuitionistic natural deduction.

plication elimination rule as is illustrated by the following derivation (here, (=) € K):

FK:|A= BT FK AT -
FK:|A= B+t S FK A IA] [ R 1) FK:|B|* B [il] ®]
X
FIC:LBJLULAiBJL®(!(A}®LBJ)
[D2,2><E|]
K B)T A

The change in the assignment of polarity also causes the formula Ids’, which behaved
like the cut rule in sequent calculus, to now behave like the switch rule, as illustrated
by the following derivation, where Idy’ € X.

1y B0 014

AR R A E o]

51010t 4o 1]
AT

(LR
(®]

[D273]

These two examples can be developed for all inference rules in Figures 11 and 12
and for focusing on all formulas in Figure 13. (Most of the missing cases are included
in the Appendix to further illustrate how these encodings work.) As the last example
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above suggests, we can capture normal natural deduction proofs if we remove instances
of Idy' from Lyj. More specifically, let [,ij be the set of formulas £,; except that we
drop Idy’ and the formulas encoding the introduction rules for V and 3. As a result, it
is an easy matter to prove the following proposition.

Proposition 7 Let I' U {C} be a set of object-level formulas and assume that all [-]
atomic formulas are given a mnegative polarity and that all |-] atomic formulas are
gwen a positive polarity. Then I' Fp; C if and only if Fye Lpj, |[I') : [C] 1. Also,
if the formulas in I' U {C} contain neither V nor 3, then I' b, C' if and only if

Fue Lhy, 1) [CT 1

Now that we have adequately encoded natural deduction derivations via the theory
Ly, we can show how some (known) meta-theory results of intuitionistic logic can be
achieved using these encodings. For example, we show in Proposition 8 below that
sequent calculus proofs and natural deduction proofs prove the same formulas. First,
the next two lemmas relate £,; and Eflj with the formulas in Figure 2 and 3.

Lemma 1 Let I'U{C} be a set of object logic formulas. Then
by Ly, Idy, Idy', Strp, Wg, 2| ], [C iff by Ly, 71T, [C].

Proof The proof follows the same lines as the proof of the Proposition 4. The main
difference in the <= direction is that we also use the equivalence [C | =1[C]* obtained
from the Stry,.

In the = direction, we first prove the following equivalence, by induction on the
height of the proof and by assigning negative polarity to all [-] atoms and positive
polarity to all |-] atoms:

Fug Loj, LT] 2 [C 0 MfF bpe Lyj, Strp, [T] : [CT 1

The case for when Stry is focused on is the most interesting one. There are two
cases, either (1) the resulting premises are of the form & L;, Stry,, [I'] : |B|* 1+ and
F Lyj, Strp,, |1, B] : [C] 1, for which case we can use a linear-logic cut rule with cut
formula ?| B]: one premise is provable due to the inductive hypothesis, and the other
is provable also by the inductive hypothesis, but by first introducing the ! in the cut
formula !| B|*; or (2) the premises are of the form Lyj, Strr,, | I'] |B|*, [CT 4 and
F Lyj, Strp, [T, B] : - {r. In this case, because the elimination rules permute over intro-
duction rules in natural deduction, we can assume that the proof of & Ly;, Stry,, [I'] :
| B|*, [C] 1 finishes with a derivation that focuses only on formulas encoding right
introduction rules and has premises of the form - L, Strr,, [I”] : LBJL 1. In this
case, we proceed as in the first case, but with the difference that we postpone the
introduction of the bang of the cut formula, !LBJJ‘, when these premises are reached.

From the Stry, formula we derive the equivalence |C]* = !|C|*, which allows us
to obtain the equivalent theory, E;j, from Lp; by replacing all occurrences of !|C| + by
|C|*. Now, we show the following intermediate result by induction on the height of

proofs and using the same polarity assignment as before:
b Lo, Strr, Fi, Fo : [C 4 ff Fyp £5,1dy,Idy’, Strp,, Fy « Fo, [C] A

where F; and F> are sets of |-] atoms and C an object-logic formula. This direction
follows immediately from this intermediate result and the focusing theorem. O
The proof of the following lemma is similar to the proof of Lemma 1.
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I't[A=B] I'A I'BrC I A+ B

TFC =GE Frasp B
I'H[AANB] ILABEC I'rF T'FG
TrC (NGE] rrFrg M
LH[AVEB] DARC LBFC reA
recC [ ] I'E AV Ag [ ]
I'+ ¥z Al T, A{t/z}-C I'+ A{c/z}
I'rC VGE] Trvea 7
I'-[3zA] IA{c/z}FC I+ A{t/z}
T'rFC BGE] Traza
1
TAF A U e R

Fig. 14 The rules for intuitionistic natural deduction system with generalized elimination
rules, GE. The major premises of elimination rules is marked with brackets.

(=r) A= Ble([AI®?[B]) (=I) [
) AAB]®(?[A]® ?|B]) (A1) [AAB]* @ ([A] & [B))
(Ve) ![AVB|® (?|A] &7|B]) (Vi) [AV B+ ® (Al @ [B])
) (
) (

[A= B]t ® (?|A]
[
[
I[VB] ® ?| Bz| V) [VB]t ® Va[Bz]
[
[

BI)

!13B]+ ® V7| Bz 35) [3B]* ®[Bxr]
(L) 4] tr) [t+eT
(Lg) [C1rel

(Id) |B]*®[B]+

Fig. 15 The specification Lge for intuitionistic natural deduction with generalized elimination
rules.

Lemma 2 Let 'U{C?} be a set of object logic formulas that do not contain occurrences
of V and 3. Then

by Lg,1dy, Strp, Wg, ? ||, [C] iff Fy Eij, N, [C.

From Propositions 5 and 6, Lemmas 1 and 2, and Propositions 2, 3, and 7, we
obtain the following relative completeness result between LJ and NJ.

Proposition 8 If I'U{C} be a set of object-level formulas, then I' k) C if and only if
I’ Fpj C. Furthermore, if the formulas in I'U{C} contain neither V nor 3 then I" H} C
if and only if I' F3; C.

Treating negation (in particular, falsity) in natural deduction presentations of in-
tuitionistic and classical logics is not straightforward. We show in [NMO08b] that extra
meta-logic formulas are needed to encode these systems. Since the treatment of nega-
tion in natural deduction is not one about focusing in the meta-level, we do not discuss
this issue further here.

5 Natural Deduction with Generalized Elimination Rules
Schroeder-Heister [SH84] considered a form of natural deduction where the indirect

style of elimination rules used for V and 3 (see Figure 12) were also applied to con-
junction. Von Plato [vPO01] used that style of elimination rule for all connectives. In
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Figure 14 we present an additive version of a natural deduction system with general-
ized elimination inspired by one found in [NPO1, page 167]. The bracketed formula in
an elimination rule is called the major premise. To encode proofs in natural deduction
using generalized elimination, we use the theory Lge shown in Figure 15. Intuitively,
Lge is obtained from £ by using the formula Stry, to insert ! and ? connectives, and by
using the identity rules to replace negative literals LC’JL by the positive atoms [C1].
In order to match focused proofs using Lge with the proofs in Figure 14, we assign
negative polarity to all |-| and [-] meta-level atomic formulas. For example, focusing
on the formula (= g) in Figure 15 yields the following derivation, where K = LgeU|I]:

FK:[A= B KA - K LB [C] 4
mmm PR A [, R ] W[RU,?]
FK:[C]V![A= B]® (I[A] ®?|B]) 2 x @]
[D2,2><E|]
HIC: [CT

We can repeat this computation for all formulas in Lge and, in the process, prove
the following proposition.

Proposition 9 Let 'U{C?} be a set of object-level formulas and assume that all meta-
level atomic formulas are given a negative polarity. The sequent I' = C' is provable in
GE if and only if - Lge, [I'| : [C'| 1} is provable in LLF. Furthermore, adequacy for
derivations also holds between the respective proof systems.

Given this linear logic theory, which encodes natural deduction with generalized
elimination rules at our strongest level of adequacy, we turn to showing how Lge relates
back to the sets of formulas shown in Figures 2 and 3.

Proposition 10 Let I'U{C?} be a set of object logic formulas. Then, if by Lge, 7| I, [C]
then Fy Lg,1dy, Ids’, Stry,, ?| '], [C]. Furthermore, if -y L£3,1dy, Strr, ?| '], [C] then
l_H ‘Cg67 ?LFL ’—C“ .

Proof The second statement is proved in the same lines as in the proof of Propo-
sition 4. For the first statement, we use a theory EIJ, equivalent to Lj, that is ob-
tained by replacing literals of the form |C| by the formula |C]+ % L, in the clauses
(VL), (AL), (=1), and (V1) in £ ;. Although [C|* and [C]* ® L are logically equiva-
lent, they have different focusing behaviors, as the latter has negative polarity regard-
less of the polarity given to |C|. Now, we assign negative polarity to all meta-level
atoms and prove, by induction on the height of proofs, that if Fyr Lge, F1,F2 : [C]
then by £}, Idy,1do’, Stry,, Fi : Fa, [C] 1, where F1 U Fy is a multiset of |-] meta-
level atoms. In this proof, when necessary, we use the formulas Id>" and Stry, in [,f] to
obtain a derivation for a sequent of the form - £}, Idy, Ido’, Stry,, Fy : Fa, | C| + 4 with
open premise of the form F Ei],Idl,IdQl,StrL,fl,FQ : [C] 1. The statement follows
directly from this intermediate result and the focusing theorem. 0O

Notice that from the lemma above, Lge’s expressiveness lies between a theory that
does not contain Idy’ and that theory with Ids’. From Corollary 1, however, we know
that the Ido’ clause is admissible, so the following corollary holds.

Corollary 2 Let I'U{C} be a set of object logic formulas. Then

by Lg,1dy, Idy', Strp,, 2| ], [C iff iy Lge,?| T, [C]
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I'~A=B| I'A IBFC1(l) IAFB1

TF o1 [= GE] Trass; 1
I'AAB| TI,ABFC1(]) I'tF1 T'FG1
TFoi() InGE] ~rrEact M
I'-AvB| TIARC F,BFCT(l) ' A; 7
I'=C1(l) vGE] TFA VAT (V1)
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r'+-3zA] I A{c/z}FCT(]) 3GE] v A{t/z} 1 a1
I'=C1(]) TFaz A1
I'A| I'-A7 I'+1]
F,AI—ALH FI—AT[ ] FI—ALH FI—tT[tH FI—C’T[LE]

Fig. 16 The rules for the natural deduction with generalized elimination rules and with
annotated sequents, GEA.

(=g) A= B]*®([A]®7?|B)) (=1) [A= B]*t® (4] % [B])

L [ [
(Ae) [AAB]t®(?71A]®?|B)) (A1) TAAB]*®([A] & [B])
(Ve) ![AVB]*t e (?|A] &?|B]) (Vi) [AVB]t®([Al®[B])
(Vg) !|VB]t+ ®?|Bz| (V1) [VB]* ® Vz[Bzx)
(3g) !3B]* ® Va?| Bx] (3r) [3B1* ®[Bzx]
(L Lt (tr) [t1+eT
(Le) [C1te®L
(Id1) |BJ* ®[B]* (Id2) |B] ®![B]

Fig. 17 The specification Lgea for intuitionistic natural deduction with generalized elimination
rules.

Although we obtain a theory that encodes GE with the strongest level of adequacy,
we find it odd that Lge does not relate so easily with other intuitionistic/minimal
theories, since we used cut-elimination in the object-logic to establish the formal con-
nection. We believe that the system as it is written does not pinpoint exactly where
the clause Ids’ is needed. A similar problem happens in traditional presentations of
natural deductions that do not use annotated sequents and do not contain the [M] and
[S] rules (Figure 11). The [S] rule allows a natural deduction proof to have the major
premise of an elimination rule be the conclusion of an introduction rule. Negri and von
Plato in [NPO1] call such pairs of inference rules detour cuts and it is these pairs that
correspond to the cut rule in sequent calculus. We present a variant of GE, called GEA
(Figure 16), that makes these detour cuts apparent by using two types of annotated
sequents: I'+ C 1 and I' - C |. We denote by the judgment Fgea provability in GEA
(possibly containing the inference rule [S] and, hence, detour cuts) and we denote by
the judgment I—gea, provability from GEA without the inference rule [S].

To encode GEA, we use the theory, Lgea, shown in Figure 17, and we assign negative
polarity to all [-] meta-level atoms and positive polarity to all |-] meta-level atoms.
As before with natural deduction, the sequents I' = C' 1T and I' = C' | are encoded
by meta-level sequents of the form b Lgea, [I'| : [C] ft and b Lgea, | I] = [C]* 11,
respectively. Now, the formula (= g) in Lgea encodes the generalized elimination rule
for implication in GEA, as illustrated by the following derivation, where K = Lgea U |I"]
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and F is either [C] or [C]*:

FK:[A= Bt FKC: TA] - K, B : F pt
FK:- U A= B b A A oA PR S Er s [f“’?]
FK:FU!|A= B|t® (Al ®?|B)) 2 el
FK::F'TT [D272><3]

We can repeat this style computation of focused derivation for every formula of [,gem
thereby proving the following proposition.

Proposition 11 Let I' U{C} be a set of object-level formulas and let [,gea = Lgea \
{Id2}. Assume that all [-] atomic formulas are given a megative polarity and that all
|| atomic formulas are given a positive polarity. Then

1) I tgea CT iff i Lgea, (1] [CT0 2) I'Fiea OT iff Faip Liea, 1) 2 [CT 1
3) I'tea CLiff Frp Laea, [T] 2 [C]F 11

The following proposition can be proved similarly to the proof of the Lemma 1.
This proposition provides the more careful placement of the Ids’ meta-level axiom that
motivated our introduction of the annotated proof system.

Proposition 12 Let I' U {C} be a set of object logic formulas and let [,gea = Lgea \
{Id2}. Then

1) by Ly, Idy, Stry, Wg,?[I],[C] iff i Laea, 21T, [C]
2) by Ly, Idy, Idy', Stry, Wg,?| '], ?[C iff by Lgea,?| T, [C].

Negri and von Plato in [NP01] identify another type of cut, called permutation cuts,
which occurs whenever the major premise of an elimination rule is the conclusion of
another elimination rule. They also propose a different notion of normal proofs, called
general normal form, for proofs in natural deduction with generalized elimination rules
where both detour and permutation cuts do not appear. In particular, derivations in
general normal form are such that the major premise of elimination rules are assump-
tions. In other words, the major premises in the generalized elimination rules shown
in Figure 16, are discharged assumptions. We write I' =" C to denote that there is a
general normal form proof of C' from assumptions I'. In our framework, this amounts
to enforcing, by the use of polarity assignment to meta-level atoms, that the major
premises are present in the set of assumptions. We use the theory Lg. obtained from
[,gem by replacing formulas of the form !\_C’jJ‘ by LC’JJ‘7 and assign negative polarity
to all atoms of the form |-] and [-], to encode general normal form proofs, represented
by the judgment +".

Proposition 13 Let I'U{C} be a set of object-level formulas. Assume that all meta-
level atomic formulas are given a negative polarity. Then I' "™ C if and only if
Fue Lge, |I'] : [C] . Furthermore, adequacy for derivations also holds between the re-
spective proof systems.

Proof Proof by structural induction on the height of derivations. O
Proposition 14 Let I'U{C} be a set of object logic formulas. Then

bu L, Idy, Strr, Wg, 2| L], [C iff Fu Lge,?| ], [C]
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Fig. 18 The rules for free deduction, FD.

(=r) ?MMA=B|®(?[A]l®?|B)) (=1) ?A=B|®(?|Al®?[B])
(AnE) ?[AANB]®(?|A]@?|B)) (A1) ?PMAANB]®(?[A] & ?[B])
(VE) ?[AVB]|®(?A] &?|B)) (Vi) ?[AVB|®(?[A]l®?[B])
(=GI) ?|-A|®7|A] (-GI2) ?[-A] ®7[A]

(Id) Bt ®[B]+

Fig. 19 The specification L for free deduction.

Proof This proposition is proved in a similar way as Proposition 5. 0O
The following corollary is a direct consequence of Propositions 3, 6, 13, and 14.

Corollary 3 Let I'U{C} be a set of formulas. Then I' ™ C if and only if I H} C.

6 Free Deduction

In [Par92], Parigot introduced the free deduction proof system for propositional classical
logic that employed both the generalized elimination rules of the previous section and
generalized introduction rules'. The inference rules for free deduction proof system are
given in Figure 18. In order to treat classical negation here, we introduce the negation
—B directly here and do not treat it as an abbreviation for B = 1.

We use the theory Ly in Figure 19 to encode free deduction. To obtain the strongest
level of adequacy, we assign negative polarity to all meta-level atoms. For example, the
formula (—GI2) encodes the inference rule [=GIs], as is illustrated in the following
derivation, where K = Ly U | I'| U [A]:

K, [-A] A R4 FIC, [A] o R4

m[ 7] m[ 1,7]

FK 7oA @ 7[A] [2x @]
Ko [D2,3]

We can repeat this computation for all formulas in L¢ and, in the process, prove the
following proposition.

I Later and independently, Negri and von Plato also introduced generalized introduction
rules in [NPO1, p. 214].
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Proposition 15 Let I' U A be a set of object-level formulas. Assume that all meta-
level atomic formulas are given a negative polarity. Then I' = A is provable in FD
iff & L, | T],[A] A is provable in LLF. Furthermore, adequacy for derivations also
holds between the respective proof systems.

In order to relate the theory Ly back to other theories, we must first replace —
by “implies false.” We do this by using the operator ¢ inductively on propositional
formulas as follows: ¢(FAG) = ¢(F)Ap(G); for all binary connectives A, ¢(—F) =
¢(F) = 1; and ¢(A) = A if A is an atom. Moreover, ¢(I") = {¢(F) | F € I'}, where
I' is a multiset of formulas. We offer the following theorem as a means to related the
provable formulas of Ly with those in other classical theories.

Proposition 16 Let I' U A be a set of object logic, propositional classical formulas.
Then
Fu £, 1dy, Idy, Strp, ?[(1) ], ?2[(A)] iff b L, 71, ?[A]

Proof The <« direction is proved in similar way as Proposition 4, by using the
equivalences obtained from the structural and identity rules.

The = direction is proved in similar way as in Proposition 4, by assigning negative
polarity to the meta-level atoms. However, for the inductive case when the clause Ida
is focused on, we use Parigot’s observation that any instance of a sequent calculus
cut-rule is translated in Free Deduction to a sequence of elimination and introduction
rules whose main premises is the cut-formula. O

From Propositions 4 and 16, we have the following relationship between sequents
provable in free deduction and those provable in the LK sequent calculus.

Corollary 4 Let I' and A be sets of propositional, classical formulas. Then I' F A is
provable in FD if and only if ¢(I'") F ¢(A) is provable in LK.

Parigot notes that if one of the premises of the generalized rules is “killed”, i.e., it
is always the conclusion of an initial rule, then one can obtain either sequent calculus
or natural deduction proofs with multiple conclusions. The “killing” of a premise is
accounted for in our framework by the use of polarities to enforce the presence of a
formula in the context of the sequent. Our encoding of the LK calculus could be ex-
plained by just such a focusing restriction. A presentation of a natural deduction with
multiple conclusions could be obtained in a similar way as for the natural deduction
with single conclusion but with the main difference being that one has to also incorpo-
rate the Strg rule in the theory by adding ? to positive occurrences of [-] atoms and
negative occurrences of |-| atoms.

7 The Tableaux Proof System KE

In the previous sections, we dealt with systems that contained rules with more premises
than the corresponding rules in sequent calculus or natural deduction. Now, we move
to the other direction and deal with systems that contain rules with fewer premises.

In [DM94], D’Agostino and Mondadori proposed the propositional tableaux system
KE displayed in Figure 20. Here, the only rule that has more than one premise is the
cut rule. In the original system, the cut inference rule appears with a side condition
limiting cuts to be analytical cuts: since that condition does not seem to be treated
naturally in our context, we consider only the unrestricted cut rule.
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[Cut]

I
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Fig. 20 The rules for the classical propositional logic KE.

(=11) |A=B|*®([Al®[Bl") (=r) [A= Bl*(?|A]=®?[B])
(=r2) [A=B|*® (A" ®?[B]) (Ar1) [AAB]*@(lA]-®7[B])

(AL) |AAB]*®(?|A] % ?7|B)) (Ar2) TAAB]*® (?TA1® |BJY)
(V1) [AVvB]t e (A1t @?|B)) (Vr) [AV B+ ®(?[A]® ?[B])
(Ve2) [AVB]*t® (Al ®[B]Y)

(-1) [HA]t @A) (-r) [-A]*t® [A]

(Id) |BJ*t®[B]* (Id2) ?|B|®?[B]

Fig. 21 The specification Ly, for the system KE.

To encode KE, we use the theory L, in Figure 21. To obtain an adequacy on the
level of derivations from L., we assign negative polarity to all atoms |-| and [-]. As
before, the negative occurrences of [-] and |-] enforce the presence of formulas in the
sequent, but now, £, contains formulas with two negative occurrences of meta-level
atoms. These formulas encode the KE rules that contain only one premise. For exam-
ple, the clause (=12) encodes KE’s inference rule [= 7], as illustrates the following
derivation, where K = L, U [I, AV B] U[A, A]:

FK, (B
FK:) AV Bt e F K [AE = TKgom R
K |AV Bt e ([A1Y ©7B)) [2x &)

: - [Ds,2 x 3]

FIC:

By checking all the other the inference rules generated by focusing on formulas in £,
we can conclude with the following proposition.

Proposition 17 Let I' U A be a set of object-level formulas. Assume that all meta-

level atomic formulas are given a negative polarity. Then I' = A is provable in KE iff
F Lie, | I'], [A] At is provable in LLF.

The following proposition is proved by induction on the height of proofs, by taking
into consideration the equivalences obtained by the identity and structural rules, and
by using the operator ¢ to replace — in formulas by its “implies false” meaning.

Proposition 18 Let I' U A be a set of object logic, classical, propositional formulas.
Then

b £, 1dy, Idg, Strr,, Strr, 7| #(1) ], 2[o(A)] iff  Fu Lie, 71T, ?[A]
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Fig. 22 Smullyan’s Analytic Cut System for classical propositional logic, AC, except that the
cut rule is not restricted.

(=1) [A=B]*e(Al*®[B1") (=r) [A= B]* & (Al*&[B]")

(AL) [AABIt @ ([A]: @ [B]Y) (Ar) [AABI+®(lA]* @ [B]Y)
(Vi) [AVB|*t® ([A]- @ [B]*) (Vr) [AV B+ @ ([A]* @ [B]h)
(-L)  [A]H ® [A]+ (~r) [PAIT @A+

(Id) |BJ*®[B]* (Id2) ?|B]®?[B]

Fig. 23 The theory Lac used to encode Smullyan’s Analytic Cut System AC.

Proof The proof is similar to the proof of Lemma 4. O
The following result, establishing the equivalence between KE and propositional
LK, is a direct consequence of Propositions 2, 4, 17 and 18.

Corollary 5 Let I' and A be a set of propositional formulas. Then I' = A is provable
in KE if and only if ¢(I") b1 ¢(A) is provable in the propositional fragment of LK.

8 Smullyan’s Analytic Cut System

To illustrate how one can capture another extreme in proof systems, we consider
Smullyan’s proof system for analytic cut (AC) [Smu68a], which is depicted in Fig-
ure 22. Here, all rules except the cut rule have no premises. As the name of the system
suggests, Smullyan also assigned a side condition to the cut rule, allowing only analyt-
ical cuts. As in the previous section, we shall drop this restriction as it is not directly
captured in our framework.

We again assign negative polarity to |-] and [-] atoms and use the theory Lac, shown
in Figure 23, to obtain the strongest level of adequacy. For example, the formula (=)
corresponds to the inference rule = in AC, as illustrates the following derivation,
where K = Lac U [I'| U[A] such that A= B,A€ I"and B € A:

FK:-U|A= B]* 152 K- At 0] KU [B]E 0]
1 1 1 [2X®]
FK:- A= B|" @ (A" ®[B]")
FK::'TT [D2,2><E|]

Again, the following proposition follows from repeating such constructions for all for-
mulas in Lac.
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Proposition 19 Let I' U A be a set of object-level, classical propositional formulas.
Assume that all meta-level atomic formulas are given a negative polarity. Then I' = A
is provable in AC iff & Lac,|I'],[A] At is provable in LLF. Furthermore, adequacy
for derivations also holds between the respective proof systems.

Again by using the equalities obtained from the identity and structural rules and
the operator ¢, we obtain the following proposition.

Proposition 20 Let I' U A be a set of object logic, classical propositional formulas.
Then

b £, 1Idy, Ida, Strr,, Strr, ?[¢(1) ], ?[o(A)]  iff i Lac, [T, ?7[A]

Proof The proof is similar to the proof of Proposition 4. O
The following result follows directly from the Propositions 2, 4, 19, and 20.

Corollary 6 Let I' and A be a set of classical, propositional formulas. Then I' H A
is provable in AC if and only if ¢(I") = ¢(A) is provable in the propositional fragment
of LK.

9 Related Work

A number of logical frameworks have been proposed to represent object-level proof
systems. Many of these frameworks, as used in [FM88, HHP93,Pfe89], are based on
intuitionistic (minimal) logic principles. In such settings, the dualities that we employ
here, for example, |B| = [B]*, are not available within the logic and this makes
reasoning about the relative completeness between object-level proof systems harder.
Also, since minimal logic sequents must have a single conclusion, the storage of object-
level formulas is generally done on the left-hand side of meta-level sequents (see [HM94,
Pfe00]) with some kind of “marker” for the right-hand side (such as the non-logical
“refutation” marker # in [Pfe00]). The flexibility of having the four meta-level literals
|B|, [B], | B]*, and [B]% is not generally available in such intuitionistic systems.
While it is natural in classical linear logic to consider having some atoms assigned
negative and some positive polarities, most intuitionistic systems consider only uniform
assignments of polarities to meta-level atoms (usually negative in order to support goal-
directed proof search): the ability to mix polarity assignments for different meta-level
atoms can only be achieved in more indirect fashions in such settings.

The abstract logic programming presentation of linear logic called Forum [Mil96]
has been used to specify sequent calculus proof systems in a style similar to that used
here. That presentation of linear logic was, however, also limited in that negation was
not a primitive connective and that all atomic formulas were assumed to have negative
polarity. The range of encodings contained in this paper are not directly available using
Forum.

In [CGTO08], Ciabattoni et al. consider a general approach to the specification of
structural rules in sequent calculus which differs from our approach of specifying struc-
tural rules. In particular, their method would not use the exponentials of linear logic,
as we do in the clauses Stry, and Strr, but would rather treat structural rules more
explicitly by having rules of the form

|B]* ®(1B] ® |B)
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to encode the contraction-left rules (of the sequent calculus). It is worth noting that
while the Stri formula allows for both weakening and contraction on the right, there is
no corresponding modal operator in linear logic that allows for just weakening: hence,
we also must also use the explicit weakening rule Wi when we only want weakening. It
is possible to extend linear logic with subezponentials [NM09] that include exponential-
like operators that allow, for example, formulas to be weaken but not contracted. One
could imagine using such a subexponential, instead of the rule Wg, to specify the
structural rules for intuitionistic logics. Exploring the use of subexponentials to specify
proof systems is left for future work.

10 Conclusions and Further Remarks

We have shown that by employing different focusing annotations or using different
sets of formulas that are (meta-logically) equivalent to £, a range of sound and (rel-
atively) complete object-level proof systems can be encoded. We have illustrated this
principle by showing how linear logic focusing and logical equivalences can account
for object-level proof systems based on sequent calculus, natural deduction, general-
ized introduction and elimination rules, free deduction, the tableaux system KE, and
Smullyan’s AC system employing only axioms and the cut rule.

Logical frameworks aim at allowing proof systems to be specified using compact
and declarative specifications of inference rules. It now seems that a much broader
range of possible proof systems can be further specified by allowing flexible assignment
of polarity to meta-logical atoms (instead of making the usual assignment of some
fixed, global polarity assignment). A natural next step would be to see what insights
might be carried from this setting of linear-intuitionistic-classical logic to other, say,
intermediate or sub-structural logics.

While focusing at the meta-level clearly provides a powerful normal form of proof,
we have not described how to use the techniques presented in this paper to derive
object-level focusing proof systems. Finding a means to derive such object-level normal
form proofs is an interesting challenge that we plan to develop next.

Another interesting line of future research would be to consider differences in the
sizes of proofs in these different paradigms since these differences can be related to the
topic of comparing bottom-up and top-down deduction. Thus, it might be possible to
flexibly change polarity assignments that would result in different and, hopefully, more
compact presentations of proofs.

Acknowledgments This work has been supported in part by INRIA through the “Equipes
Associées” Slimmer and by the Information Society Technologies program of the Eu-
ropean Commission, Future and Emerging Technologies under the IST-2005-015905
MOBIUS project.

References

[And92] Jean-Marc Andreoli. Logic programming with focusing proofs in linear logic. J. of
Logic and Computation, 2(3):297-347, 1992.

[CGTO08] Agata Ciabattoni, Nikolaos Galatos, and Kazushige Terui. From axioms to analytic
rules in nonclassical logics. In 23th Symp. on Logic in Computer Science, pages
229-240. IEEE Computer Society Press, 2008.

24



[Chu40]
[DM94]

[FMS8S]

[Gen69]

[Gir06)]
[HHP93)
[HMO4]

[LMO7]

[Mi196]

[MN07]

[MP02]

[MP04]

[NMO08a]

[NMOSb)]
[NM09)
[NPO1]

[Par92]

[Pau89]

[Pfes9)

[P£e00)

[PimO1]

[PMO5]

[Pra65]
[SB9S]

Alonzo Church. A formulation of the simple theory of types. J. of Symbolic Logic,
5:56-68, 1940.

Marcello D’Agostino and Marco Mondadori. The taming of the cut. Classical refu-
tations with analytic cut. J. Log. Comput., 4(3):285-319, 1994.

Amy Felty and Dale Miller. Specifying theorem provers in a higher-order logic pro-
gramming language. In Ninth International Conference on Automated Deduction,
pages 61-80, Argonne, IL, May 1988. Springer-Verlag.

Gerhard Gentzen. Investigations into logical deductions. In M. E. Szabo, editor, The
Collected Papers of Gerhard Gentzen, pages 68-131. North-Holland, Amsterdam,
1969.

Jean-Yves Girard. Le Point Aveugle: Cours de logique: Tome 1, Vers la perfection.
Hermann, 2006.

Robert Harper, Furio Honsell, and Gordon Plotkin. A framework for defining logics.
Journal of the ACM, 40(1):143-184, 1993.

Joshua Hodas and Dale Miller. Logic programming in a fragment of intuitionistic
linear logic. Information and Computation, 110(2):327-365, 1994.

Chuck Liang and Dale Miller. Focusing and polarization in intuitionistic logic. In
J. Duparc and T. A. Henzinger, editors, CSL 2007: Computer Science Logic, volume
4646 of LNCS, pages 451-465. Springer, 2007. Extended version to appear in TCS.
Dale Miller. Forum: A multiple-conclusion specification logic. Theoretical Computer
Science, 165(1):201-232, September 1996.

Dale Miller and Vivek Nigam. Incorporating tables into proofs. In J. Duparc and
T. A. Henzinger, editors, CSL 2007: Computer Science Logic, volume 4646 of LNCS,
pages 466-480. Springer, 2007.

Dale Miller and Elaine Pimentel. Using linear logic to reason about sequent sys-
tems. In Uwe Egly and Christian G. Fermiiller, editors, International Conference on
Automated Reasoning with Analytic Tableaur and Related Methods, volume 2381 of
LNCS, pages 2-23. Springer, 2002.

Dale Miller and Elaine Pimentel. Linear logic as a framework for specifying sequent
calculus. In Jan van Eijck, Vincent van Oostrom, and Albert Visser, editors, Logic
Colloquium ’99: Proceedings of the Annual European Summer Meeting of the Asso-
ctation for Symbolic Logic, Lecture Notes in Logic, pages 111-135. A K Peters Ltd,
2004.

Vivek Nigam and Dale Miller. Focusing in linear meta-logic. In Proceedings of
IJCAR: International Joint Conference on Automated Reasoning, volume 5195 of
LNAI pages 507-522. Springer, 2008.

Vivek Nigam and Dale Miller. Focusing in linear meta-logic: Extended report. Avail-
able from http://hal.inria.fr/inria-00281631, 2008.

Vivek Nigam and Dale Miller. Algorithmic specifications in linear logic with subex-
ponentials. Submitted, 2009.

Sara Negri and Jan Von Plato. Structural Proof Theory. Cambridge University
Press, 2001.

Michel Parigot. Free deduction: An analysis of “computations” in classical logic. In
Proceedings of the First Russian Conference on Logic Programming, pages 361-380,
London, UK, 1992. Springer-Verlag.

Lawrence C. Paulson. The foundation of a generic theorem prover. Journal of
Automated Reasoning, 5:363-397, September 1989.

Frank Pfenning. Elf: A language for logic definition and verified metaprogramming,.
In Fourth Annual Symposium on Logic in Computer Science, pages 313—-321, Mon-
terey, CA, June 1989.

Frank Pfenning. Structural cut elimination I. intuitionistic and classical logic. In-
formation and Computation, 157(1/2):84-141, March 2000.

Elaine Gouvéa Pimentel. Ldgica linear e a especificagdo de sistemas computacionais.
PhD thesis, Universidade Federal de Minas Gerais, Belo Horizonte, M.G., Brasil,
December 2001. Written in English.

Elaine Pimentel and Dale Miller. On the specification of sequent systems. In LPAR
2005: 12th International Conference on Logic for Programming, Artificial Intelli-
gence and Reasoning, number 3835 in LNAI, pages 352-366, 2005.

Dag Prawitz. Natural Deduction. Almqvist & Wiksell, Uppsala, 1965.

Wilfried Sieg and John Byrnes. Normal natural deduction proofs (in classical logic).
Studia Logica, 60(1):67-106, 1998.

25



[SH84]  Peter Schroeder-Heister. A natural extension of natural deduction. Journal of Sym-
bolic Logic, 49(4):1284-1300, 1984.

[Smu68a] Raymond M. Smullyan. Analytic cut. J. of Symbolic Logic, 33(4):560-564, 1968.

[Smu68b] Raymond M. Smullyan. First-Order Logic. Springer-Verlag, New York Inc., 1968.

[vP01]  Jan von Plato. Natural deduction with general elimination rules. Archive for Math-
ematical Logic, 40(7):541-567, 2001.

11 Appendix: some inference rules and their linear logic encodings

We list below several examples of how natural deduction rules are accounted for by
focused deduction in linear logic. The following correspondences can be used to prove
Proposition 7. In the derivations below, K = LU{Stry, Id;,Id2}U|I'| and all [-] given
negative polarity and all || are given positive polarity.

I
FK,1C) e b IC) L;]]
rorel ™o Teieate
rrater M Seervier
I'HFA| FE:[C) U Ct @Ot
m[ ] s F]C:l‘cqﬂ [D273]
gy bR
FK: et o) (4] FKC) ;Rﬂ]
A7 FK:[C]t Yol e![C
rrar 9o WAL, [D2,3]
r'cF1 I'HQ1
rrrrcy M
(1] Fr:IFID R, R LRI} RL R
FK:[FAG] U FAG]: e PR ST [[2@,®]m
X
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FE:FAG] B RUR ;
K [FAGHE e FK:F]T LR [;@]
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) LR lAtal 1
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The pairing for the 31 and JF rules are similar.
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