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Abstract. We prove the undecidability of the monadic fragment of Pnueli’s First-
Order Linear-Time Temporal Logic (FLTL) without function symbols nor equality. We
show that, allowing quantification of flexible variables, the set of tautologies in this logic is
not recursively enumerable. This justifies and clarifies the restriction on the quantification
of variables in previous decidability results for this fragment. We also answer an open
question raised in a previous work, namely, whether it is possible to get rid of the syntactic
restrictions on the negation of formulae to obtain decidable fragments of FLTL.
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1. Introduction

Temporal logics were introduced into computer science by Pnueli [Pnu77]
and thereafter proven to be a good basis for the specification as well as for
(automatic and machine-assisted) reasoning about concurrent systems.

It has been shown that First-Order Linear-Time Temporal Logic (hence-
forth referred to as FLTL) is strongly incomplete, i.e., it does not admit a
finitistic sound and complete formal system [SH88, Aba90], or equivalently,
the set of the tautologies of the logic is not recursively enumerable.

For this reason, several works in the literature address the problems of
identifying decidable fragments of FLTL amenable for automatic verification
and finding the minimum requirements in the logic to be incomplete (see e.g.,
[SH88, Mer92, Hus08, HWZ00a, DFL02]).

From Lowenheim we know that the monadic fragment without function
symbols nor equality of First-Order Logic (FOL) is decidable (w.r.t. the sat-
isfiability problem) [BGGO1]. In [Mer92], it is shown that the corresponding
monadic fragment of FLTL is also decidable. This is proven, as in FOL,
by a reduction to the validity problem of propositional temporal logic by
standard arguments.

In this paper we shall show that monadic FLTL without functions nor
equality is incomplete in the above mentioned sense. This seemingly con-
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tradictory statement w.r.t. [Mer92] arises from the fact that, unlike this
work, [Mer92] disallows quantification over flexible variables (i.e., variables
that may take on different values from one state to another). Our result,
therefore, shows this restriction to be necessary for decidability.

Our undecidability result is proven by a reduction from the halting
problem for Minsky machines [Min67] (two-counter machines), a standard
Turing-complete formalism. We show that the monadic fragment of FLTL
here considered is sufficient to simulate the behaviors of Minsky machines.
More precisely, given any Minsky machine M, we can effectively construct
a formula F); that is valid if and only if M loops (it never halts). Since
the complement of the set of halting Minsky machines is not recursively
enumerable, the incompleteness of the monadic fragment of FLTL follows.

This result allows us also to answer an open question in [Val05], namely,
if it is possible to drop the syntactic restriction on the negation of formulae
to prove the decidability of the FLTL fragment there studied. Our undecid-
ability result shows that this is not possible since with negation that logic
would correspond to the FLTL here studied.

The undecidability result here presented was originally reported by the
present authors in the conference paper [OV08] as an application of Univer-
sal Timed CCP (utcc), a formalism from the realm of Timed Concurrent-
Constraint Programming (CCP) [Sar93]. In [OVO08] the result was only
stated but not proven and it relied on concurrency theory, particularly, con-
current constraint programming. Here we provide a direct proof of the state-
ment using solely arguments of logic.

2. Preliminaries

In this section we shall briefly recall the syntax and semantics of Pnueli’s
First-Order Linear-Time Temporal Logic (FLTL) [MP91]. We shall also
recall the notion of computations in a Minsky machine.

2.1. First-Order Linear-Time Temporal Logic

For our undecidability results it will suffice to consider formulae in FLTL
with only two modalities: the nezt and always operators.

DEeFINITION 2.1 (FLTL Syntax). Given a first-order language L, formulae
in FLTL are built from the following syntax:

F,G,...:= p(t) | FAG | —~F | 3zF | oF | OF.

where p is a predicate symbol in L of arity |ﬂ
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Intuitively, the modalities oF and [IF state, respectively, that F' holds
next and always. Connectives like V,=, are assumed to be defined as syn-
tactic abbreviations and will be used freely. We shall use the modality CF
as an abbreviation of =[J-F, meaning that F' eventually holds.

Semantics of FLTL. As done in Model Theory, the non-logical symbols
of L (predicate, function and constant symbols) are given meaning in an
underlying L-structure, or L-model, M(L) = (Z,D). This means, they are
interpreted via 7 as relations over a domain D of the corresponding arity.

A state s is a mapping assigning to each variable z in £ a value s[z| in
D. This interpretation is extended to L-expressions in the usual way, for
example, s[f(x)] = Z(f)(s[z]). We write s F=(r) p(t) if and only if p(t) is
true with respect to s in M(L).

The state s is said to be an z-variant of " iff s'[y] = s[y] for each y # =.
This is, s and s’ are the same except possibly for the value of the variable x.

We shall use o,0’,... to range over infinite sequences of states. We say
that o is an z-variant of ¢’ iff for each i > 0, o(4) (the i-th state in o) is an
x-variant of o/ (7) .

Flexible and Rigid Variables. The set of variables is partitioned into
rigid and flexible. For the rigid variables, the sequence of states ¢ must
satisfy the rigidity condition: If x is rigid then for all state s, s’ in o, it holds
slz] = §'[z]. If z is a flexible variable then different states in o may assign
different values to z.

DErFINITION 2.2 (FLTL Semantics). We say that o satisfies F' in an L-
structure M(L), written o =y F, if and only if (0,0) =y F where:

(0,1)

(0,)

(0,1) Eame @) iff o(i) Eame) p(E)

(0,0) Famwey 7F iff (0,1) Fame F

(0,0) Famey F NG iff (0,1) Famey Foand (0,9) FEmey G

(0,4) Eme) oF iff (oi+1) Fame F

(0,9) Famee) OF iff for all j >i,(0,7) Fme) F

(0,8) Epmey 3xF  iff forsome x-variant o’ of o, (¢’ i) Eamey F

We say that F' is valid in M(L) if and only if for all o, 0 FEmey F. F is
said to be valid, denoted by = F, if F is valid for every model M(L). We
shall write F' = G whenever |= (F = G).
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The semantics above corresponds to that in [MP91] where the inter-
pretation of the variables is state dependent and the interpretation of the
predicate and function symbols is fized.

2.2. Minsky Machines

A two-counters or Minsky machine [Min67] is a well known Turing complete
formalism. It is an imperative program consisting of a sequence of labeled in-
structions ({1, L1);. . .; (lm, Lm) which modify the values of two non-negative
counters ¢y and cy.

The instructions, using counters ¢, for n € {0, 1}, are of three kinds:

e (l; : HALT) : Halts the machine.
e (l; : INC(cp,l;)): Increments ¢, and jumps to the instruction [;.
(

e (l; : DEC(cn, lj,1x)): Tests if ¢, is zero and then jumps to the instruction
l;. If ¢, is not zero, it jumps to [j.

A configuration of a Minsky machine is a tuple (l;,vg,v1) where [; is
the label of the instruction to be executed and vg and v; the current value
of the counters. Evolutions between such configurations are described by
the reduction relation —j; in Figure 1. We shall use —7, to denote the
reflexive and transitive closure of — ;.

In the sequel, without loss of generality, we assume that counters are
initially set to zero and the machines start at the instruction l;. In other
words, the initial configuration of any Minsky machine is of the form (11,0, 0).

We say that a Minsky machine M halts if the control reaches the location
of a HALT instruction.

DEFINITION 2.3 (Minsky Machine Computations). Let M be a Minsky ma-
chine with instructions (I, L1);...; (l;;HALT); ... (L, Lin). Let — s be as
in Figure 1. We say that M halts if there exists a derivation (11,0,0) —3,
(lj, Vo, 7)1) 7L>M

3. Encoding Minsky Machines into Monadic FLTL

In this section we show that given any Minsky Machine M, the monadic
fragment of FLTL, without equality nor function symbols, suffices to effec-
tively construct a formula Fi; that faithfully describes the behavior of M.
We shall assume a first-order signature with the monadic predicates out(-)
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(5, INC(cn, 1)) v, =vn+1 Vi_, =vig

M—-INC
(I3, v0,v1) — s (L5, v4,v7)

(13, DEC(Cn, i, 1K) vn #0 v, =vn—1 vj_, =vi_p

M-DEC
(Is,v0,v1) — s (I, v, v))

(li,DEC(Cn,lj,lk)) vp =0

(ls,v0,v1) —ar (I5,v0,v1)

M-DECJ

Figure 1. Reduction relation in Minsky machines. n € {0, 1}

and not-zero(-). Furthermore, we assume the propositional variables isz,,,
inc,, dec,, idle,, zero, for n € {0,1} and halt.

The behavior of any Minsky machine can be simulated by the formulae
Fzeroy, Fnot-zero, and Fins in Figure 2. Let us give some intuitions about
these formulae.

Counters. The formulae modeling the two counters ¢y and ¢; are obtained
by replacing the subindex n by 0 and 1 respectively in the formulae Fzero,
and Fnot-zero,. Roughly speaking, the formula Fzero, models the state
¢, = 0 and Fnot-zero,, the state ¢, = k for k > 0.

State Zero: Once zero,, holds, isz, must also hold. We can then use
the propositional variable isz,, to test if the counter is zero.

If the current instruction does not modify the value of ¢,,, idle, must
hold (due to the formula Fins) and then, the formula ozero, must also
hold. This way, we model the fact that the counter remains in zero.

State Not-Zero: When an increment instruction is executed, inc,
holds (due to the formula Fins), and so does a formula of the form H =
oda.(not-zero,(a) A O(out(a) = F)). In H, F is zero, if ¢, = 0 (see
Fzeroy,) and not-zero, () otherwise (see Fnot-zero,). Intuitively, F repre-
sents the state immediately before the last increment instruction took place.
This way, when a decrement instruction is performed, out(a) holds and so
does F'.

Consider now Fnot-zero, which is of the form Vz.not-zero,(z) = G.
As we explained before, a formula of the form H = oJa.(not-zero,(a))
holds when an increment instruction is performed. Using H in conjunction
with Fnot-zero, we obtain an instantiation of the form Ja.(Gla/z]) that
represents the state ¢, = k + 1. Notice that when Ja.(G[a/x]) holds, isz,
must not hold. Furthermore, similarly to the state zero, if the counter is
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Counters

incy, = oJda.( not-zeron(a)A
O(out(a) = zeron))

zero = zero

F " n= Aidle, = ozeron,
Niszp

Fnot-zero, = Vz.not-zeron(x) =

incy, = o3b.( not-zeron, (b)A

O(out(b) = not-zeron(z)))
Adecy,, = oout(x)
Aidle, = onot-zero(z)

A—iszp
Instructions
Fins = A out(l;) = [l : L;]r where
1<i<m
[; : HALT]y halt

[l; - INC(cn, L] 1
[Z; : DEC(cn, lj, 1)) 1

—halt Ainc A—idle, Aidle;p Acout(l;)
isz = (idley Aoout(l))A

—isz = (—idle, Adecp Aoout(l))A
idle;—, A—halt

Figure 2. Representation of a Minsky machine with instructions (I1 : L1);...; (I;m : Lm).
The subindex n € {0,1} .

not modified by the current instruction (idle, holds), onot-zero,(a) must
hold and then, the counter takes the same value in the next time interval.

Instructions. For the set of instruction (I1, L1);...; (I, Lim) we assume a
set of variables Iy, ..., l,. If the predicate out(l;) holds in a state, it means
that the instruction ; is executed. In the case of a halt instruction (I;, HALT),
halt holds. For an increment or a decrement instruction —halt holds.

The formula representing an increment operations (l; : INC(cy,1;)) as-
sures that inc, holds. It also guarantees that idle;_, holds while idle,,
does not.

Finally, the formula representing a decrement instruction of the form
(I; : DEC(en, 15, 11)) tests if the counter ¢, is zero. If this is the case, then it
activates in the next time interval the instruction /;. If isz, does not hold,
i.e. ¢, > 0, dec,, must hold and the instruction [; is activated in the next
time unit.

The following definition introduces the formula Fj; that simulates the
behavior of a Minsky machine M.
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DEFINITION 3.1 (Encoding of a Minsky Machine). Let M be a Minsky ma-
chine with instructions (Iy : L1), ..., (I, : Ly,). The encoding [M] is defined
as the formula

Fyv = O(Fzerog A Fnot-zerog A Fzeroy A Fnot-zero; A Fins)

where F zerog, Fnot-zerog, F zeroy and Fnot-zeroy are obtained by replacing
the sub-index n in the Equations in Figure 2.

3.1. Encoding of Numbers and Configurations

To show that the formula Fj; above faithfully describes the behavior of the
machine M, we shall give first a suitable representation of numbers and
configurations of M. This shall ease the forthcoming proofs.

As hinted at above, when an increment operations is performed, a for-
mula of the form H = o3a.(not-zero,(a) A O(out(a) = F')) must hold,
where F' represents the state immediately before the last increment instruc-
tion took place. Recall also that a decrement operation causes that out(a)
holds and so does F

We can then represent the state ¢, = k, for £ > 0, as a formula of
the form J.aq,..,ap(F1 A ... A Fi, A not-zero,(ay)) where F is of the form
Oout(a1) = zero, and for 1 < i < k, F; = Dout(a;) = not-zero,(a;—1).
More precisely,

DEFINITION 3.2 (Representation of Numbers). The FLTL formula repre-
senting the state ¢, = k, notation [c, = k], is defined as follows:

[en =0]n = zero,
[en =1]n = 3F.a1(Oout(ar) = zero, A
not-zeroy(ay))

[en = k]ly = 3F.a1,a2,...,ax( Oout(a;) = zero, A
Oout(az) = not-zero,(a)A

Oout(ay) = not-zero,(ag—1)A
not-zeroy(ax))

Using the previous definition of numbers, we define next the FLTL for-
mula representing a configuration of a Minsky machine.

DEFINITION 3.3 (Encoding of Configurations). Let M be a Minsky machine
with instructions (115 L1), ..., (lm; Lm). Let [-]n be as in Definition 3.2 and
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Funr be as in Definition 3.1. The encoding [-]c of a configuration of M is
defined as

[(li,v0,v1)]c = Fum Aleo = vo]n A fer = vi] v A out(l)

4. Monadic FLTL is Undecidable

We shall use the above construction to exhibit a formula that is valid if and
only if the machine M loops (i.e., it never halts). This shall allow us to show
that this fragment of FLTL is incomplete, i.e., its set of tautologies is not
recursively enumerable.

We start by proving that computations of M are faithfully described by
the formula Fj; in Definition 3.1.

LEMMA 4.1 (Soundness of the Encoding). Let M be a Minsky machine with
instructions (115 L), ..., (lm; Lm), [-]Jc be as in Definition 3.3 and (1;,vo,v1)
be a configuration of M.

If (I;,v0,v1) — 1 (15,0, v)) then [(1;,v0,v1)]c E —halt Ao[(L}, v, v])]c

Furthermore, if (l;,vo,v1) /=, i-€., l; is a HALT instruction, then it holds
[(Zi;v0,v1)]c = halt.

Proo¥r. First assume that (l;,vo,v1) #—as. Then (I; : L;) is a HALT instruc-
tion and it is easy to see that [(I;, vo,v1)]c = halt for any v, v;.

Assume now that (I;,vo,v1) —nr (U, v, v)). Then, (I; : L;) must be
an increment or a decrement instruction. It is easy to see that for both
cases [(l;,v0,v1)]c E —halt. Now we shall prove that [(l;,vo,v1)]c E
o[ (1%, vj, v])]c for both kind of instructions.

e Assume that (I; : L;) is of the form (l¢ : INC(c,,;)). It must be the case
that I} = lj, v, = v, + 1 and v|_,, = vi—,. Let F' = out(l;) = [(i; :
L;)]1 be the subformula in [(I;, v, v1)]c representing the encoding of the
instruction ;. We know that [(I;,vo,v1)]. = out(l;) and we can derive

the following:
F Nout(l;) = inc A—idle, Aidlej_, Aoout(l;)
For the counter ¢;_,, it is easy to see that

Fu ANidlei_p Alci—p = vi—p]n FE ofci—n = vi—n]N
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For the counter ¢,, we consider two cases: v, = 0 and v,, > 0. For v,, = 0
we can derive the following

Fu Aincy Alen, =0y E  oJ.ai(not-zero(a)A
Oout(a1) = zeroy,)
=ofc, = 1]n

If v,, = k for k > 0, then we have

Fu Ninep A[en, = kv B oFar, ..., ak, ag41(
Oout(a;) = zero, A

O(out(ak+1) = not-zeroy(ag))A
not-zero, (ag+1))
=ofc, = k+1]n
We then conclude [(1;, v, v1)]c = o[(1}, v, v])]c-

e Assume now that (I; : L;) is of the form (l; : DEC(cy, 1;,1;)). We must
consider two cases.

— If ¢;, = 0 then it must be the case that v}, = v, and I = ;. We can
derive the following

Fu ANen =0]ny = isz, Addle, Aidlei_, Ao(out(l;) A zeroy,)

F ofen =0]n
— If ¢, = k for some k > 0, then we derive
FuANen =k]n E -—isz, Adec, Aidlej_, Aoout(ly)
Let F' = Fur A [en = kN A dec,,. We derive the following

F' = FyAFag,...;ax( Oout(ay) = zero, A

Oout(ay) = not-zero,(ag—_1)
Anot-zeroy(ag) A oout(ag))
= od.ay,...,ar(0out(a;) = zero, A

Oout(ag—1) = not-zero,(ax—_2)
Anot-zeroy(ag—_1)
=ofc, =k—1]n
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Using the previous lemma, we can show that a machine M produces an
infinite run if and only if the formula Fj; = O—halt is valid.

LEMMA 4.2. A Minsky machine M loops (i.e. it never halts) if and only if
[(11,0,0)]¢ | O—halt
PROOF. Let v} =v] =0 and I! =1;.

(=) Assume that M produces an infinite run

2

(ll,vé,v%) —r (1 ,U(Q),’U%)... — o (" v, v)) — s -

where for all ¢ > 1, I’ is not a HALT instruction. From Lemma 4.1 we
know that for all i > 1, [(I', v}, v})]c = o[(I", vgt!, 01" )]e and also
that [(I*, v, v])]c = —halt. Therefore, for ¢ > 0, it holds

[(I',v5,v1)]e |= of (—halt)

where o%(F) = F for any formula F. We then conclude [i1,0,0]c =
(-halt.

(«<=) We proceed by contradiction. Assume that [l1,0,0]c = O-halt and
there exists n > 1 such that the machine produces a run

1,11 2.2 2
(l » Vo Ul) M (l avovvl) e T M (lna Ug?”?) =M
i.e., [" is a HALT instruction. By Lemma 4.1 we know that

[[(ll,vé,v%)]]c = o"_l[[(l", vy, v)]e E o" lhalt = < halt

thus a contradiction.

Since the set of looping Minsky machines (i.e. the complement of the
halting problem) is not recursively enumerable, a finitistic axiomatization
of monadic FLTL without equality nor function symbols would yield a non-
recursively enumerable set of tautologies.

THEOREM 4.1 (Incompleteness). There is not a sound and complete finitistic
axiomatization for monadic FLTL without equality nor function symbols.

PROOF. Directly from Lemma 4.2. [ |

From the previous theorem, it follows that the walidity problem in the
above-mentioned monadic fragment of FLTL is undecidable.
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5. Discussion and Related Work

As mentioned in the introduction, in [Mer92] it is proven that the validity
problem of a monadic temporal logic formulae without equality nor func-
tion symbols is decidable. In the following we shall explain the seemingly
contradiction of this statement with respect to our result in Theorem 4.1.
First of all, the FLTL in [Mer92], referred to as TLV, differs from the FLTL
here studied in that it disallows quantification of flexible variables. Let us
elaborate why this restriction is important for the decidability of TLV.

The decidability of monadic TLV is proven in [Mer92] by showing that a
monadic TLV formula F' is valid if and only if F' holds in all interpretations
with universes of a certain finite cardinality. Then, the validity problem of
F reduces to the validity problem in propositional temporal logic.

One may alternatively prove the decidability of monadic TLV by moving
the existential quantifiers of F' to the outermost position to find a prenex
normal form formula 32VtF’ where F' is free of quantifiers. This way, one
could reduce the validity problem of F' to the validity problem of the propo-
sitional temporal formula F’ similarly as it is done in monadic first-order
logic [BGGO1]. This strategy does not work for FLTL though. As it was
pointed out in [Val05], moving a quantifier binding a flexible variable does
not preserve satisfability. To see this, consider for example the formula
F = (x = 42 Nox # 42). If x is a flexible variable, notice that O3xF' is
satisfiable whereas Jz[JF' is not. Notice also that if = is a rigid variable
instead, (JdzF" and JdxJF are both logically equivalent to false.

Let us now argue why the quantification of flexible variables is important
in the construction of the formula Fj; in Definition 3.1. Recall that in Fjy,
the formula H = Ja.0(out(a) = F) allows us to go back to the state
immediately before the last increment instruction took place (described by
F) when out(a) holds. Assume that a were rigid and that out(a) holds
in the current time interval. This implies that F' must hold in the current
time interval and in all the subsequent time intervals. This clearly does not
correspond to the expected behavior of the machine. Instead, if a is a flexible
variable, the fact that out(a) holds now does not imply that F' must hold in
the subsequent states.

Our decidability result then justifies the restriction on the quantification
of flexible variable in [Mer92] to prove decidability of monadic TLV. This
also allows us to answer an issue raised in a previous work. In [Val05] it
is proven the decidability of the satisfiability problem of the negation-free
fragment of FLTL. It was also suggested in [Val05] that one could get rid of
the restriction of negation-free. Our results refutes this since by including
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negation one can obviously define universal quantification (not present in
the negation-free fragment of [Val05]) and then be able to reproduce the
encoding of looping Minsky machines here presented.

Based on the undecidability result of TLV(()) [SH88] (i.e. TLV with
the empty set of predicates), [Mer92] proves an incompleteness result for
monadic without equality and function symbols TLP logic. Unlike TLV, in
TLP the interpretation of the predicates is flexible (state dependent) and
all the variables are rigid. [Mer92| also relates undecidability results of n-
adic fragments of TLP with undecidability results of n + 1-adic fragments of
TLV. Thus adding binary predicates turns TLV (and thus FLTL) strongly
incomplete.

In [HWZO00b] the monodic fragment of FLTL is introduced. A formula
is monodic if every subformulae beginning with a temporal operator have
at most one free variable. In this case the authors use a TLP-like seman-
tics and conclude that the set of valid formulae in the 2-variable monadic
fragment (i.e. monadic formulae with at most 2 distinct individual vari-
ables) is not recursively enumerable even considering finite domains in the
interpretation. Nevertheless, validity in the fragment of 2-variable monodic
formulae is decidable. In [DFL02] these results are extended by proving the
undecidability for validity in the monodic monadic 2-variable with equality
fragment of TLP. The work in [Hus08] extends the results in [HWZ00b] by
showing the decidability of the monadic, monodic fragment of TLP with
function symbols.

The formula Fj; obtained from Definition 3.1 is clearly not monodic.
It would be interesting to find the minimum number of distinct free vari-
ables that can occur in a FLTL formula (or in a TLV-like logic) to obtain
undecidability as in [DFL02| for the case of TLP.
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