A bijection for covered maps, or a shortcut
between Harer-Zagier's and Jackson's formulas.

Olivier Bernardi Guillaume Chapuy?Y

January 10, 2010

Abstract

We consider maps on orientable surfaces. A map isunicellular if it has
a single face. Acovered mapis a map with a marked unicellular spanning
submap. For a map of genusg, the unicellular submap can have any genus
in f0;1;:::;99. Our main result is a bijection between covered maps with
n edges and genugy and pairs made of a plane tree with n edges and a
unicellular bipartite map of genus g with n +1 edges.

In the planar case, the covered maps are maps with a marked spa-
ning tree (a.k.a. tree-rooted maps) and our bijection specializes into a
construction obtained by the rst author in [3]. A strong con nection sub-
sists between covered maps and tree-rooted maps in genus 1 (bcause a
covered map is either a tree-rooted map or the dual of a tree-rooted map)
and we thereby obtain a bijective explanation of a formula by Lehman and
Walsh on the number of tree-rooted maps of genus 1 [24]. A moresurpris-
ing byproduct of our bijection is an equivalence between an enumerative
formula by Harer and Zagier concerning unicellular maps of given genus
and a similar formula by Jackson concerning bipartite unicellular maps of
given genus. The equivalence is obtained by observing that cvered maps
can be seen as ashue of two unicellular maps, hence that our bijec-
tion gives a relations between shu es of unicellular maps an d bipartite
unicellular maps.

We also show that the bijection of Bouttier, Di Francesco and Gui-
tter [6] (which generalizes a famous bijection by Schae er [30]) between
bipartite maps and so-called well-labelled mobiles can be described as a
special case of our bijection.
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1 Introduction.

We consider maps on orientable compact surfaces of arbitrgrgenus. A map is
said unicellular if it has a single face as is the case for the map represented in
Figure 2. A covered mapis a map together with a marked unicellular spanning
submap. A map of genugy have spanning submaps of any genus ifi0:::;gg. In
particular, tree-rooted maps (maps with a marked spanning tree) are a special
case of covered map since a spanning tree is a spanning unla&r submap of
genus 0. A covered map of genus 2 having a unicellular spanrgnsubmap of
genus 1 is represented in Figure 1(a). More details about mapand the genus
of submaps are given in Section 2.

Our main result is a bijection between covered maps of genusg with n
edges and pairs made of a plane tree witm edges and a bipartite unicellular
map of genusg with n +1 edges. The image of a covered map by the mapping

is represented in Figure 1(b). The bijection generalizes a construction by
the rst author [3] between planar tree-rooted maps with n edges and pairs of
plane trees with n and n + 1 edges respectively.
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Figure 1: (a) A covered map of genus 2 (the unicellular submapf genus 1 is
drawn in thick lines). (b) The image of the covered map by the hjection is
made of a bipartite unicellular map of genus 2 and a plane tree

It is an important observation that the dual of a planar tree-rooted map is a
planar tree-rooted map that is to say, the dual of the edges not in the spanning
tree form a spanning tree of the dual map. Pushing this obsemtion further,
Mullin showed that tree-rooted maps could be encoded by &hu e of two trees
(one representing the spanning tree, the other representip the dual spanning
tree), or more precisely as a shu e of two parenthesis systera encoding these
trees [29]. Covered maps generalize these properties: tlgeial of a covered map
is a covered mapand covered maps can be encoded tshu es of two unicellular
maps (more details are given in Section 3). We emphasize thabur bijection

(as the construction in [3]) is of very di erent nature: the result is a pair of

1in [3], the tree with n + 1 edges was actually described as a non-crossing partition .



unicellular maps of a xed size and not a shu e.

Our bijection has the interesting property that it can be sp ecialized in
various ways in order to obtain bijections for several impotant classes of maps.
In particular, it is shown in [4] how to specialize the bijection in order to
count certain classes of triangulations and quadrangulatins. Here we consider
yet another specialization, namely, we will show that the bjection special-
izes into the bijection by Bouttier, Di Francesco and Guitter [6] (for the planar
case) and its generalization to higher genus surfaces by Chay, Marcus and
Schae er [11, 9]. These bhijections which generalize a prevus bijection by Scha-
e er [30] are of fundamental importance for studying the metric properties of
random maps [12, 5, 8, 7, 26] and for de ning and analyzing th& continuous
limit, the Brownian map [25, 20, 22, 21].

The bijection has several enumerative corrolaries. The r st corollaries con-
cern tree-rooted maps of genus 0 and 1. In [29], Mullin used # correspondence
between planar tree-rooted maps and shu es of trees to provethat the num-
ber of planar tree-rooted maps with n edges is the product of two consecutive
Catalan numbers:

(2n)!

To(n) = Cat( n)Cat(n +1); where Cat(n) = m

1)
and asked for a bijection between tree-rooted maps of size and pairs of trees
of sizen and n + 1 respectively. This is precisely what our bijection give s in
the planar case. This planar case was originally describeahi[3] as an answer to
Mullin's question. It was also proved there that this specidization is isomorphic
to a previous recursive bijection by Cori, Dulucg and Viennd [13].

In [24], Lehman and Walsh gave an expression for the number dfee-rooted
map of genus 1 withn edges:

2n 1)

R =Ca(n e —Dim 21

)

Again, no bijective proof was known explaining this simple brmula involving
the Catalan number (and it was also noted in [24] that no clearpattern emerged
for higher genera). Our bijection gives a bijective explanation to Formula (2)
because a duality argument shows that exactly half of the cogred maps of
genus 1 are tree-rooted maps, an%% is the number of bipartite maps
of genus 1 withn + 1 edges.

Another, more surprising, enumerative corollary of our bijection is a bijective
shortcut between two formulas concerning unicellular maps In [16], Harer and
Zagier proved the following formulas concerning the numbeAP(n) of unicellular
maps with n edges andp vertices (hence genusr{+1 p)=2):
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The original proof of Harer and Zagier involved the computation of a matrix
integral. Since then, a combinatorial interpretation was gven by Lass [19],
which was further developed into fully bijective proof in [14]. An alternative
bijective approach to unicellular maps was recently given m [10]. A similar
formula for the number BP9(n) of bipartite unicellular maps with n edges,p
white vertices and q black vertices:

X n y z

p:q P-4 — | :
BP9(n+1)yPz (n+1)._ i1 4)

pig 1 i1

was independently obtained by Jackson [17] and by Adrianov]] by means of
characters computations. Bijective proofs were given in [3, 28]. We show that
our hijection establishes an equivalence between Formula (3) and (4). In-
deed, our bijection gives a relation between the number of alhes of unicellular
maps and the number of bipartite unicellular maps.

The paper is organized as follows. In Section 2, we recall s@nde nitions
about maps. In Section 3, we show that covered maps can be seas shu es
of unicellular maps. In Section 4, we de ne the bijection between covered
maps with n edges and pairs made of a plane tree witlm edges and a bipartite
unicellular map with n + 1 edges. In Section 5, we explore the enumerative
corollaries of our bijection. Section 6 contains the proof®f the bijectivity of .

In Section 7, we give three equivalent ways of describing pes made of a plane
tree and a bipartite unicellular map and explicit the inverse mapping ! for
these di erent descriptions. In Section 8, we use one of thesdescriptions in or-
der to recover the bijection of Boulttier et al. [6] as a specialization of . Lastly,
in Section 9, we explore the properties of the bijection wit h respect to duality.

2 De nitions

Maps. Maps can either be de ned topologically (as graphs embeddedh sur-
faces) or combinatorially (in terms of permutations). We shall prove our results
using the combinatorial de nition, but resort to the topolo gical interpretation
in order to convey intuitions.

We start with the topological de nition of maps. Our surfacesare 2-dimen-
sional, oriented, compact and without boundaries. Amap is a connected graph
embedded in surface, considered up to homeomorphism. Bgmbedded one
means drawn on the surface in such a way that the edges do nottersect and
the faces (connected components of the complement of the graph) are siply
connected. Loops and multiple edges are allowed. Thgenusof the map is the
genus of the underlying surface and itsize is its number of edges. Aplanar map
is a map of genus 0. A map isunicellular if it has a single face. For instance, the
planar unicellular maps are the plane trees A map is bipartite if vertices can



be colored in black and white in such a way that every edge joira white vertex
to a black vertex. We denote byg(M ) the genus of a map and byv(M), f (M),
e(M) respectively its number of vertices, faces and edges. ThEuler formula
relates these quantities by

viIM) eM)+ f(M)=2 2g(M):

By removing the midpoint of an edge, one obtains twohalf-edges Two con-
secutive half-edges around a vertex de ne acorner. A map is rooted if one
half-edge is distinguished as theoot. The vertex incident to the root is called
root-vertex. In gures, the rooting will be indicated by an arrow pointin g into
the root-corner, that is, the corner following the root in clockwise order around
the root-vertex. For instance, the root of the map in Figure 2is the half-edgea; .

Figure 2: A unicellular map of genus 1.

Maps can also be de ned in terms of permutations acting on hdledges. To
obtain this equivalence, observe rst that the embedding ofa graph in a surface
de nes a cyclic order (the counterclockwise order) of the h#-edges around each
vertex. This gives in fact a one-to-one correspondence beten maps and con-
nected graphs together with a cyclic order of the half-edgesround each vertex
(see e.g. [27]). Equivalently, amap can be de ned as a tripleM = (H;; )
where H is a nite set whose elements are called thehalf-edges is an invo-
lution of H without xed point, and is a permutation of H such that the
group generated by and acts transitively on H. This must be understood
as follows: each cycle of describes the counterclockwise order of the half-
edges around one vertex of the map, and each cycle of describes an edge,
that is, a pair of two half-edges. The transitivity assumption simply translates
the fact that the graph is connected. Figure 2 shows the magM = (H; ; ),
where H = faj;ai;::i;as;a50, = (au;az;as)(as; az; as)(as; as; as)(as) and

=(a;a1) (as;as).

Foramap M = (H;; ), the permutation is called vertex-permutation,
the permutation is called edge-permutation and the permutation = is
called face-permutation. The cycles of , , phi are calledvertices, edgesand
faces Observe that the cycles of are indeed in bijection with the faces of the



map in its topological interpretation. Hence, the genus ofM can be deduced
from the number of cycles of , and by the Euler relation. We say that a
half-edge isincident to a vertex or a face if this edge belongs to the correspond-
ing cycle. Again, a map isrooted if one of the half-edges is distinguished as the
root ; the incident vertex and face are calledroot-vertex and root-face.

The correspondence between topological and combinatoriahap is one-to-
one if combinatorial maps are considered up tasomorphism (or, relabelling).
That is, two maps (H; ; ) and (H% % 9 are considered the same if there
exists a bijection : H ! HO%such that °= Land °= 1 (for
rooted maps, we ask furthermore that (r) = r9. In this article all maps will
be rooted, and considered up to isomorphism

We call pseudo mapa triple M = (H;; ) suchthat isa xed-point free
involution, but where the transitivity assumption (i.e. co nnectivity assumption)
is not required. This can be seen as a union of maps and we stitlall =
the face-permutation, as its cycles are indeed in correspondence with the faces
of the union of maps. Lastly, we consider the case where the sef half-edges
H is empty as a special case of rooted unicellular map (correspding to the
planar map with one vertex and no edge) callecempty map

Submaps, covered maps and motion functions. For a permutation  on
a setH, we call restriction of to asetS H and denote by ;s the per-
mutation of S whose cycles are obtained from the cycles of by erasing the
elements not in S. Observe that ( !)js = ( js) ! so that we shall not use
parenthesis anymore in these notations. It is sometime corenient to consider
the restriction ;s as a permutation on the whole setH acting as the identity
on H nS; we shall mention this abuse of notations whenever necessar

A spanned map is a map with a marked subset of edges. In terms gfer-
mutations, a spanned mapis a pair (M;S), where S is a subset of half-edges
stable by the edge-permutation . The submap de ned byS, denoted Mg, is
the pseudo map §; js; js), Wwhere is the vertex-permutation of M. We un-
derline that the face-permutation s = ;s ;s of the pseudo-mapMs is not
equalto ( );s. Observe also that the genus oM;s can be less than the genus
of M. For example, Figure 1(a) represents a submap of genus 1 of aap of
genus 2. A submapM;s is connecting if it is a map containing every vertex of
M, thatis, S contains a half-edge in every vertex oM (except if M has a single
vertex, where we authorizeS to be empty) and s, js act transitively on S.
The submap represented in Figure 3 (right) is a map but is not ©nnecting.
A covered mapis a spanned map such that the submapM;s is a connecting
unicellular map. A tree-rooted map is a spanned map such that the submap
Mjs is a spanning tree, that is, a connecting plane tree.

The motion function of the spanned map M;S) is the mapping de ned
onH by (h)= (h) (h)if hisin Sand (h) = (h) otherwise. Note that
the motion function is a permutation of H since the stability of S by  implies



that *(h) = Yhyif  Y(h)isin Sand *(h)=  (h) otherwise. Ob-

serve also that, givenM, the set S can be recovered from the motion function
. Topologically, the motion function is the permutation describing the tour

of the connected components of the subma;s in counterclockwise direction:

we follow the border of the edges of the submap;s and cross the edges not

in Mjs. For instance, the submap represented in Figure 3 has motiorfunction
= (& ¢ e;n;d; ks m;h;i)(bsji1)(f;9).
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Figure 3: Motion function of the submap M;s de ned by S = fa;b;c;d;i;j;k;1g.

Orientations.  An orientation ofamapM = (H;; )isapartiton H=1] O
such that the involution  maps the setl of ingoing half-edges to the setO of
outgoing half-edges. The pair M; (I;0)) is an oriented map. A directed path is

a sequenceds; hy;:::; hy of distinct ingoing half-edges such thath;, (hj+1) are
incident to the same vertex (are in the same cycles of) for i =1:::k 1. A
directed cycle is a directed pathhy;:::; hx such that hy and (hg) are incident

to the same vertex. The half-edgehi is called the extremity of the directed path.
An orientation is root-connected if for any ingoing half-edgeh is the extremity
of a directed path hy;:::;hx = h such that (h;) is incident to the root-vertex
of M.

Duality The dual mapof amapM = (H;; )isthemapM = (H;; )
where = is the face-permutation of M. The root of the dual map M is
equal to the root of M. Observe that the genus of a map and of its dual are
equal (by Euler relation) and that M = M. Topologically, the dual map M

is obtained by the following two steps process: see Figure 4.

1. In each facef of M, draw a vertex vy of M . For each edgee of M
separating facesf and f © (which can be equal), draw thedual edgee of
M going from v; to v;o acrosse.

2. Flip the drawing of M , that is, inverse the orientation of the surface.

We now de ne duals of spanned maps and oriented maps. Given aubset
S H,wedenoteS = HnS. The dual of a spanned mapgM; S) is the spanned
map (M ;S); see Figure 4. We also say thatM;s and MjS are dual submaps

Observe that the motion functions of a spanned map i;S) and of its dual



(M ;S) are equal. The dual of the oriented map (M; (I;0)) is (M ;(I;0)).

Graphically, this orientation is obtained by applying the f ollowing rule at step
1: the dual-edgee of an edgee 2 M is oriented from the left of e to the right

of e; see Figure 14. Observe that duality is involutive on maps, panned maps
and oriented maps.
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Figure 4: (a) A spanned map (the submap is indicated by thick Ines). (b)
Topological construction of the dual. (c) The dual covered nap.

3 Covered maps as shu es of unicellular maps.

In this Section, we establish some preliminary results aboticovered maps. In
particular we prove that covered maps are stable by duality and explicit their
decomposition as shu es of two unicellular maps. Our rst re sult should come
as no surprise: it simply states that a spanned map{1; S) is a covered map if
and only if turning around the submap M;s (that is following the border of its
edges) starting from the root allows one to visit every halfedge ofM .

Proposition 3.1. A spanned map(M;S) is a covered map if and only if its
motion function is a cyclic permutation.

The following lemma relate the cycles of the motion functionto the faces of
the submap; see Figure 3 for the topological intuition.

Lemma 3.2. Let (M;S) be a spanned map, and let, and = be the
vertex-, edge-, and face-permutations oM. The motion function  satis es
js= js jsand js= ;s js- Thatis, the restriction ;s is the face permuta-

tion of the pseudo mapM;s, while the restriction ;s is the face-permutation of
the dual pseudo map\/ljs.

Proof of Lemma 3.2. We rst prove that s = ;s js. Let h be in S and
let I = ;s(h). By de nition of restrictions, there exists a sequencehy =
h;hy;hy i hger = 1 such that hyjhy;iii;hg 2 Sand hjyr = (hy) i =0:::k.
By de nition of , one getsh; = ( (h)) and hj+1; = (hy) for i = 1:::k.



Moreover, the half-edge (h) is in S since h is in S which is stable by

Thus, by de nition of restriction js(h) = (h) and js( js(h)) = I. Thus
is(h)= 1= s( js(h)), that is, the permutations ;s and ;s js coincide on
h. The relation ;s = s js follows from the preceding point by duality (since
the motion function of a spanned map and its dual are equal). O

Proof of Proposition 3.1. Suppose rst that (M;S) is a covered map. Since
Mjs is connecting, each cycle of the motion function contains an element ofS.
Hence, the number of cycles of and s is the same. Moreover, by Lemma 3.2,
is = js js Is the face-permutation of M;s. Since Mg is unicellular, ;s =
is js Is cyclic and is also cyclic.

Conversely, suppose that the motion function is cyclic. In this case, the
pseudo mapMjs has a face-permutation which is cyclic by Lemma 3.2. Hence
it is a unicellular map. O

Proposition 3.1 immediately gives the following corollaryconcerning duality.

Corollary 3.3. If a spanned map (M;S) is a covered map, then the dual
spanned map(M ;S) is also a covered map. Moreover the genus dfl is the
sum of the genera of the unicellular mapd;s and Mjs:

g(M) = g(Mjs) + g(Ms):
Corollary 3.3 is illustrated by Figure 4.

Proof. The fact that (M ;S) is a covered map is an immediate consequence of
Proposition 3.1 since the motion function of a submap and ofts dual are always
equal. The fact the genus add up is obtained by writing the Eukr relation for
the mapsM, M;s and Mjs. O

Let (M;S) be a covered map. By Lemma 3.2, the restrictions js and g of
the motion function correspond respectively to the face-permutations of the
unicellular maps M;s and Mjs. This inclines to say, somewhat vaguely, thatthe
covered map(M; S) is a shu e of the unicellular maps M;s and Mjs. Making
this statement precise requires introducingcodes of unicellular maps and cov-
ered maps.

A, such that every letter of A, appears exactly once, and forall 1 i <] n,
the letter a; appears beforea; and beforea;. Let T = (H; ; ) be a unicellular
map with n edges. By de nition, the face-permutation = is cyclic. Hence,
there exists a unique way of relabelling the half-edges on #hsetA, in such a
way that (a) = a foralli =1:::nand = (wy;Wz;:::;Wzy), Where wy is
the root and w = wiws Wy, is a unicellular code. We callw the code of the
unicellular map T.



Topologically, the code of a unicellular map is obtained by tirning around
the face of the map in counterclockwise direction starting fom the root and
writing a; when we discover theith edge and writing & when we see this edge
for the second time. For instance the code of the unicellulamap in Figure 2
isw = ajaazasa;axa4asasasz. We also mention that the unicellular map T is
a plane tree if and only if its codew does not contain a subword of the form
aaj & a;. In this special case, replacing all the lettersa;;i =1 :::n of the code
w by the letter a and all the letters a;;i =1 :::n by the letter a results in no
loss of information. One thereby obtains the classical bijetion between plane
trees and parenthesis systems oha; ag.

Lemma 3.4 (Folklore). The mapping which associates its code to a unicellular
map is a bijection between unicellular map witm edges and unicellular code on
the alphabetA,,.

Proof. The mapping is injective since the root and the edge-permutton
and vertex-permutation = can be recovered from the code. It is also
surjective since starting from any code one obtains a pair opermutation ;
which indeed gives a unicellular mapT = (Ap;; ) (the only non-obvious
property is the transitivity condition, but this is granted by the fact the face-
permutation = is cyclic). O

A word on A ] B (where B) = fby;by;:::;0;bhg) is a code-shu e if the
subwordsw;, and w;g made of the letters inAx and B, respectively are unicel-
lular codes onAx and B,. Let (M;S) be a covered map, whereM = (H; ; )
and let k = jSj=2, | = jSj=2. By Lemma 3.1, the motion function is cyclic.
Hence, there exists a unique way of relabelling the half-edgs on the setAx] B;
insuch away that S= Ay, S=B), (a)=a foralli=1:::k, (b)= b
forall i =1:::1, and = (wi;Wy;:::;Wzy), Where w; is the root of M and
W = WiW; Wy, is a code-shue. We call w the code of the covered map
(M;S).

Topologically, the code of a covered map M;S) is obtained by turning
around the submapT = Mjs in counterclockwise direction starting from the root
and writing & (resp. h) when we discover theith edge inS (resp. S) and writing
a; (resp. b)) when we see this edge for the second time. For instance, thede of
the unicellular map in Figure 7(a) isw = a;byasb,asbza; by ashyasasbzasb,ashbsas.
We now state the main result of this preliminary section.

Proposition 3.5. The mapping which associates its code to a covered map
is a bijection between covered maps with edges and code-shu es of lengttn.
Moreover, if w is the code of the covered magM; S), then w;, is the code of
the unicellular map M;s (on the alphabetA;sj-,) and wjg is the code of the dual
unicellular map MjS (on the alphabetBjg;-,).

Proof. To see that s injective, observe rst that the code-shu e allows to
recover the root of the mapM = (H;; ), the subsetS = Ay, the edge-
permutation and the motion function = (wz;:::;Wy,). From this, the
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vertex-permutation  is deduced by (h) = (hyif h2 Sand (h) = (h)
otherwise. We now prove that is surjective. For this, it is su cient to prove
that starting from any shu e-code, the pair ( M;S) de ned as above is a covered
map. First note that the permutations and clearly act transitively on H
since is cyclic, henceM is a map. Now, the fact that (M;S) is a a covered
map is a consequence of Lemma 3.1 sinceis the motion function of (M;S)
and is cyclic.

w9 :::;wil. By de nition of restrictions, s = (w;::5;w ) and g = (wi:ii;wgp).
Moreover, by Lemma 3.2, these restrictions ;s and ;s correspond respectively
to the face-permutations of M;s and Mjs. Recall also that the root r; of Mjs

is '(r), wherer is the root of M and i is the least integer such that (r) 2 S.
Equivalently, ry = '(r) wherei is the least integer such that '(r) 2 S, hence
ry = w{. Similarly, the root r, of MjS is ! (r) wherej is the least integer such

that I(r) 2 S, or equivalently r, = 1(r) wherej is the least integers such that
I(r) 2 S, hencer; = w? Thus, the words w;4 and w;g are the codes of the
unicellular maps M;s and Mis respectively. O

We now explore the enumerative consequence of Proposition® Let Ag(n)
be the number of unicellular maps of genugy with n edges. LetCy,.g,(N1;N2)
(resp. Cg, g, (n)) be the number of covered maps i; S) such that the unicellular
mapsM;s and MjS have respectivelyn; and n, edges (resp. a total ofn edges)

and genusg and gz. Since there are *"./*" ways of shuing unicellular
codes of length 2; and 2n,, Proposition 3.5 gives

2n1+2n
Carge(Miing) = =7 "% Ag (n)Ag, (n2); (5)
and
2n )
Cgl;gz(n): 2m Agl(m)Agz(n m) (6)
m=0

An alternative equation (used in Section 5) is obtained by xing the number
of vertices of M;s and MjS instead of their genus. LetAY(g) be the number
of unicellular maps with v vertices and n edges AY(g) = A v+1) =2(n) by
Euler relation and this number is 0 if n v+ 1 is odd). Let also CY (n) be
the number of covered maps withv vertices, f faces andn edges (and genus
g=(n v f +2)=2). Proposition 3.5 gives

2n

v;f -
C"' (n) om

m=0

AY(m)A'(n  m): @)

Equation (6) generalizes the results used by Mullin [29] andy Lehman and
Walsh [24] in order to count tree-rooted maps. Indeed, the nmber of tree-rooted

11



maps of genusy with n edges is

2n
Tg(n) = Cog(n) = 5 Cat(m)Ag(n m); (8)
n=0 m
where Cat(m) = mil ZnT is the mth Catalan number. In [29], Mullin proved

Equation (1) by applying the Chu-Vandermonde identity to (8) (in the case
g =0). Similarly, in [24], Lehman and Walsh proved Equation (2) by applying
the Chu-Vandermonde identity to (8) (in the case g = 1). In [2], Bender et al.
used the asymptotic formula

nd : 1
— + —
Ag(n) nn Fmp—‘l 1+0 p—n
which they derived from the expressions given in [23], togédter with (8) in
order to determine the asymptotic number of tree-rooted mags of genusg and
obtained:

4 39 3q@n.
Applying the same techniques as Bendeet al. to Equation (6) gives the
asymptotic number of covered map:

g+ o 4 _
Cgl;gz(n) n'i o ang 316“. (9)
In particular, the the total number of covered maps of genusg with n edges
satis es:

X0
CoM = Chy n(n) —2 _p3a 316" (10)
g Mg h g l4g0 '
h=0 :

Hence the proportion of tree-rooted maps among covered maps genusg tends
to 1=29 when the sizen goes to in nity. We have no simple combinatorial in-
terpretation of this fact.

This concludes our preliminary exploration of covered maps We now leave
the world of shu es and concentrate on the main subject of this paper, that is,
the bijection between covered maps and pairs made of a tree ad a unicellular
bipartite map.

4  The bijection.

We now de ne the mapping which associates to a covered map M;S) a
pair (A;B) made of a tree A = 1(M;S) and a bipartite unicellular map
B = 2(M;S). The mapping has two steps that we rst describe in a non-
formal way. The rst step of the bijection associates an oriented map (M; (I;0))
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to the covered map M;S). For instance, Figure 7(b) represents the oriented
map associated to the covered map of Figure 7(a). The secondep of the bi-
jection, which we call unfolding, can be seen as a way of splitting each vertex
incident to k > 0 ingoing half-edges intok vertices. The rule of this splitting
process is represented in Figure 6. The map obtained after #se splits is a
plane tree A and the information about the splitting process is encoded mto a
bipartite unicellular map B called the mobile. The tree A = 1(M;S) and the
mobile B = ,(M;S) are represented in Figure 9.

Step 1: Orientation . The orientation step is represented in Figure 7. One
starts with an covered map (M; S) and obtains an orientated map (M; (I; O)).
Topologically, the orientation (I;O) is obtained by turning around the submap
M;s (in counterclockwise direction starting from the root) and orient each edge
of M according to the following rule:

each edge inM;s is oriented in the direction it is followed for the rst time
during the tour,

each edge not inMjs is oriented in such a way that the ingoing half-edge
is crossed before the outgoing half-edge during the tour.

Let us now make de nitions precise in terms of the combinatoial de nition
of maps. Let (M;S) be a covered map, letr be its root, and let be its
motion function. Recall from Proposition 3.1 that is a cyclic permutation
on the setH of half-edges. Therefore, one obtains a total order s, named
appearance order on the setH by settingr s (r) s s JHI ().
Topologically, the appearance order is the order in which hd-edges ofM appear
when turning around the spanning submapT = Mjs in counterclockwise order
starting from the root. For instance, the order obtained for the spanning submap
TinFigure 7@ isa; shb sa sh sa shb s s az. We
now de ne the oriented map (M; (I;0)) = ( M;S) which is represented in
Figure 7(b).

De nition 4.1.  Let (M;S) be a covered map with half-edge seH. The map-
ping associates to (M;S) the oriented map (M; (I;0)), where the setl| of
ingoing half-edges contains the half-edgek 2 S such that (h) s h and the
half-edgesh 2 S such thath s (h) (and O = H nl).

We now characterize the image of the mapping by de ning left -connected
orientations. Let M = (H; ; ) be amap and let (;0) be an orientation. Let

half-edges such that for alli = 1 :::k, there exists an integerg > 0 such that
hi 1= %( (hy))and P( (hj)) 2 Oforallp=0:::g 1. Inwords, a left-
path is a directed path starting from the arrow pointing the r oot-corner and
such that no ingoing half-edges is incident to the left of thepath. Clearly, for

extremity is hy is h. We say that an oriented map (M; (I;0)) is left-connected
if every ingoing half-edge is the extremity of a left-path.
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hy
arrow pointing the root-corner hi

root hg

Figure 5: A left-path.

Theorem 4.2. The mapping is a bijection between covered maps and left-
connected maps.

The proof of Theorem 4.2 and of the following lemma are postpioed to Section 6.

Lemma 4.3. If (M; (I;0)) is a left-connected map with rootr, then every
non-root vertex of M is incident to a half-edge inl and every non-root face is
incident to a half-edge inO.

Remark on the planar case: It is shown in [3, Prop. 3] that the mapping

is a bijection between planar covered maps (i.e. tree-root&émaps) and (planar)
oriented maps which areroot-connected (there exists a directed path from the
root-vertex to any other vertex) and minimal (no directed cycle is oriented in
clockwise direction when the map is drawn in the plane with the root-face being
the in nite-face). Thus, in the planar case the left-conneded orientations are
the minimal root-connected orientations. However, givinga direct proof of this
fact would lead us too far from our main subject.

Step 2: Unfolding . The unfolding step is represented in Figures 8 and 9.
One starts with a left-connected map M; (I;0)) and obtains two maps A =
1(M; (I;0))and B = ,(M; (I;0)). The map A is a plane tree and the map
B is a bipartite unicellular map (with black and white vertices) called mobile.
Let us start with the topological description of this step. Let v be a vertex

counterclockwise order aroundv (here it is convenient to think of the arrow
pointing the root-corner as an ingoing half-edge). If the vetex v is incident

terms of permutations. Indeed, seeing the vertexv as the cycle Q1;:::;hg)
of the vertex-permutation  and the verticesvi = (hyg;:::hyy), ..., W =
(hi, ,+1;:::;h;,) as cycles of the vertex-permutation of the tree A gives the

V=V ;
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\Y Vi

h, Ns hs h; he hs /h4
h4
3

hi Yhy h hs

h? Yhy

Figure 6: Splitting of a vertex v incident to 3 ingoing half-edgeshy; hs; hg.

Figure 7. (a) A covered map of genus 1 (the unicellular submaps indicated by
thick lines) (b) The associated oriented map.

where is the permutation such that (h)= hifh2 Oand (hj)= h;,
forj =1;::::1. Hencev°=v 1 where = vj (with the convention that the
restriction v;; acts as the identity on O). The cycle (hj,;hj,;:::;h;) of  will
represent one of the (white) vertices of the bipartite unicdlular map B. This
white vertex is represented in Figure 8(a).

We now describe the unfolding step in more details. Ler be the root of the
mapM =(H;; )andlet = be its face-permutation . We consider two
new half-edgesi and o notin H and dene H°= H [f i;0g, I°= 1 [f igand
0%= O[f og (the half-edgei should be thought as this half-edge pointing to
the root-corner, while o should be thought as its dual). We de ne the involution

Oon HO%py setting %)= oand %h)= (h)forall h2 H. We also de ne
0 as the permutation on H obtained from by inserting the new half-edgei
just before the root r in the cycle of containing r and creating a cycle made

15



Figure 8: Representation of the unfolding: (a) around one veex; (b) around
one face; (c) on the map of Figure 7.

Figure 9: (@) The tree 1(M;S). (b) The unicellular map 2(M;S).

of o alone (thatis, %0) = 0). Similarly we de ne °as the permutation on H?°
obtained from by inserting the new half-edgeo just before r in the cycle of

containing r and creating a cycle made ofi alone. Recall that = and
observe that %= (i;0) ° % We consider the restrictions

= {o and = foo: (11)
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In the example of Figure 7, one gets = (i)(ag;by;bs)(az; b)(as; bs)(bs)(as)
and = (0;a&;as)(ln;a; by;as; as; b3)(by). We now de ne the permutation
and %onHY? and a permutation on H by setting

= L% % tand = (12)
where a slight abuse of notation is done by considering that = ﬁo acts as
the identity on O%and that =, acts as the identity on 1% It is easily seen

that %o) = 0. On the other hand, we will show (Lemma 6.9) that the half-edge
i is not alone in its cycle of ° Hence, the half-edget = i) is distinct from i
and o. We now consider the pseudo map#é = (H; ; ) with root t= 9i) and
B=(H%; 9 withroot i.

De nition 4.4.  We denote by the mapping which to a left-connected map

(M; (I;0)) associates the pair @A;B). We also denote = . Lastly if

(M; S) denotes the covered map such that i1; (1;0)) = ( M;S), we denote
1(M;8) = 1(M; (150))= Aand »(M;S)= »(M;(1;0))= B.

The images @; B) of the covered map in Figure 7(a) by the mappings ; and
2 are represented respectively in Figure 9(a) and (b). In terns of permutations,
onegetsA=(H;; )andB =(H% : 9, where

= (a1, by az)(ar)(br)(as; as; bu)(as)(ae; as; p)(as; b3) (s az)(az2)(bz)(bs)

and

= ()(ax; by bs)(az; bp)(as; bu)(bs)(a4)(0; as; @1)(b3; as; au; bu; az; bl)(hky):
Our main result is the following theorem which will be proved in Section 6.

Theorem 4.5. The mapping = which to a covered map(M; S) asso-
ciates the pair( 1(M;S); 2(M;S)) is a bijection between covered maps of size
n and genusg and pairs made of a plane tree ;(M;S) of sizen and a bipar-
tite unicellular map »(M;S) of sizen+1 and genusg. Moreover by coloring
the vertices of the bipartite map 2(M;S) in two colors, say white and black,
with the root-vertex being white, one getw (M) white vertices andf (M) black
vertices.

Remark (topological intuition). From Figures 8(a) and (b), the reader
should see that themobile B = ,(M; (I;0)) has white vertices (the cycles of
made of half-edges inl 9 corresponding to the vertices ofM and black ver-
tices (the cycles of ! made of half-edges inO% corresponding to the faces of
M . The topological intuition that the pseudo map A = 1(M;S) is connected
is that left-paths are preserved during the unfolding step. From that, counting
vertices and edges show thaA is a plane tree. The topological intuition that the
mobile B is a unicellular map comes from the fact thatA can reach every white
corners of B (without crossing its edges). Indeed, this implies that the pseudo-
map B has no contractible cycles. From this, a counting argumentmvolving the
Euler relation for pseudo-maps shows thaB is a unicellular map of genusg(M ).
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5 Enumerative corollaries and a shortcut between
Harer-Zagier and Jackson formulas.

Recall the notations of Section 3:A4(n), Bg4(n), Cy4(n) are respectively the num-
ber of general unicellular maps, bipartite unicellular magps, and covered maps
with n edges and genug. Similarly AY(n), BV (n), C¥f (n) are respectively
the number of general unicellular maps with v vertices, bipartite unicellular

maps with v white and f black vertices, and covered maps withv vertices and
f faces havingn edges.

The rst direct consequence of Theorem 4.5 is:

Theorem 5.1.  The numbersCq(n) and C¥ (n) of covered maps, and the num-
bers B4(n) and BV" (n) of bipartite maps are related by:
Cy(n) Cat( n) Bg(n+1) (13)
cv (n) Cat(n)BY" (n+1) (14)

1 2n
n+l n °

where Cat(n) =

Using known closed-form expressions for the numberB4(n) (see [15]), we
obtain the following expressions for the numbers of coverethaps of small genus:

2n 1) )
6(n 2)(n 1)

We now examine the special case of the torus (genus 1). By Leman3.3, a
covered map on the torus is either a tree-rooted map (the submp has genus
0, that is, is a spanning tree) or the dual of a tree-rooted map Since duality
is involutive, exactly half of toroidal covered maps of given size are tree-rooted
maps. This gives the rst bijective proof to the following re sult:

Co(n) =Cat( n)Cat(n+1); Cq(n)=Cat(n)

Corollary 5.2 (Lehman and Walsh [24]) The number of tree-rooted maps with
n edges on the torus is:

2m!2n 1) )
2+ 2D)!ni(n  1)Y(n 2)I°

Another enumerative byproduct of our bijection is a relation between the
numbers of general and bipartite unicellular maps. Indeed,by comparing the
expression ofCV (n) obtained by the shu e approach (Equation (7)) with the
one of Theorem 5.1, we obtain the following:

Ti(n) = SCi(n) =

Theorem 5.3. The numbers of bipartite and monochromatic unicellular mag
are related by the formula:

X n!(n + 1)!

v;f —
BT (n+1)= @n)i2ny)!

AY(n1)A" (ny) (15)

ni+n,=n

In terms of generating series, the Harer-Zagier formula(3) implies the Jackson-
Adrianov formula (4).
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Proof. The rst statement is obtained by comparing Equations (7) and (14).
We now show how to retrieve (4) from (3). One has:

Bp:q(n + 1) ypzq

. X X | |
) @npiany (ATN2)yz
0 10 1

p;g 1ni+nz=n

_ X n!(n + 1)! X A X R
- ey ©, AR E - Atz

ni+nz=n q 1
Ea_ () X pin+1) X itj 2 M n, vy z
it na=n 2"n1!n,! - i1 ] 1 i
X 2+ n2nn+1) y z X 1

O (Nt i+1)I(n, ] +1)

ni+nps=n
ng i Linp j 1

1)
where the second and fourth equalities just correspond to r@rangements of
the summations. Moreover, the inner sum in the last equationis equal to
2" 10 2x(n i j +2)! by Newton's binomial theorem. This gives Jackson-
Adrianov formula. O

Remark. Connoisseurs know that Harer-Zagier and Jackson's formukacan be
interpreted in terms of unicellular maps with colored vertices (see e.g. [18, sec.
3.2.7]). For those readers, we point out that the equivalene between Harer-
Zagier and Jackson's formulas can be seen in terms of cologs as well: is

a bijection between shu es of two unicellular maps with vert ices colored using

6 Proofs and inverse bijection.

This section is devoted to the proof of Theorems 4.2 and 4.5 cwerning respec-
tively the orientation and unfolding steps of the bijection .

6.1 Proofs concerning the orientation step.

In this Subsection, we prove Theorem 4.2 about the orientaton step and and
de ne the inverse mapping . Given an oriented map (M; (I; O)) with vertex-
permutation and face-permutation , the backward function is de ned by

(h)y = (h)if h2 O and (h) = (h) otherwise. We point out that the
backward function is not a permutation, since (h) = ( (h)) for any half-edge
h.
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Lemma 6.1. Let (M; (I;0)) be an oriented map with roothg and let be the
backward function. The oriented map(M; (I; O)) is left-connected if and only if
for any half-edge, there exists an integeq > 0 such that 9(h) = hy.

Proof. Suppose rst that (M; (I;O)) is left-connected. Let h be a half-edge. If

of left-paths, there exist positive integersqs;:::; g suchthath; = % (h;) for
alli=1:::k. Hence, 9h) = hgforg= o + + . Now, if h is outgoing,
(h) = ( (h)), hence there existsq > 0 such thathg = 9( (h))= 9(h).
Suppose conversely that for any half-edgdn, there exists an integerq > 0
such that 9(h) = hg. In this case, for any ingoing half-edgeh, the sequence

hi;hy; i hg = h of ingoing half-edges appearing (in this order) in the sequece
9 I(h); 9 2(h);:::; (h);his aleft-path. Hence (M; (I; O)) is left-connected.
O

Proposition 6.2. The image of any covered map by the mapping is left-
connected.

Proof. Let (M;S) be a covered map, where the magM =(H; ; ) hasrootr,
and let (M; (1;0)) be its image by . Our strategy is to prove that for any
half-edgeh such that (h) 6 r, one hash s (h). This will clearly prove that
the sequence (h); 2(h); 3(h)::: must contain the root r, and by Lemma 6.1,
that (M; (I;O)) left-connected.

We distinguish four cases, depending on the fact thath is in | or O, and
in S or S. In these four cases, we denot&® the half-edge *( (h)), where
is the motion function of (M;S). Observe that h® s (h) since by hypothesis

(h)y6r.
Case 1: hisin O and in S. In this case, one has (h) = (h) = (h), hence
h°= h. Thush=h° 5 (h).
Case 2: hisin O andin S. In this case, one has (h)= (h)= ( (h)), hence
h%=(h). Moreover, by de nition of , onehas h s (h)thush sh® g

(h).
Case 3: hisin | and in S. In this case, one has (h) = ( (h)) = ( (h)),
henceh® = (h). Moreover, by de nition of , one has h s (h), thus
h sh® s (h).
Case 4: hisinl and in S. In this case, one has (h) = (h) = (h), hence
h®= h. Thus, h=h% 5 (h). O

We will now de ne a mapping that we will prove to be the invers e of .
Let us rst give the intuition behind the injectivity of by c  onsidering a covered
map (M;S) with motion function  and its image (M; (I;0)) by . Observe
from the de nition of that the root r of M isin S if and only if it is in O.
Thus, it is possible to know from the orientation (1;O) whether r belongs to
S or not, and thereby deduce the next half-edgeh; = (r) around the submap
M;s. The same reasoning will allow to determine, from the orienation (1;0),
whether the half-edgeh; belongs toS and deduce the next half-edgé, = (hs)
around M;s and so on... This should convince the reader that the mapping
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is injective and highlight the de nition of given below.

It is convenient to de ne as a procedure which given an oriented map
(M; (I;0)) with root r returns a subsetS of half-edges. This procedure visit
some half-edges oM starting from the root r, and decide at each step whether
the current half-edge h belongs to the setS or not.

De nition 6.3.  The mapping associates to an oriented map (M; (I;0)) the
spanned map obtained by the following procedure.
Initialization:  SetS = ;, R = ; and set the current half-edgeh to be the root
r.
Core:

Ifh2S[ R do:

If hisin O then add h and (h) to S; otherwise addh and (h) to R.

Set the the current half-edgeh to be  (h) if hiin S and (h) otherwise.
Repeat until the current half-edge h returns to be r.
End: Return the spanned map M;S).

We rst prove the termination of the procedure .

Lemma 6.4. For any oriented map (M; (I;O)), the procedure terminates and
returns a spanned map(M; S). Moreover, the list of all successive current half-
edges visited by the procedure is the cycle containing theabr of the motion
function associated to(M; S).

Proof. We rst prove that the procedure terminates. Observe that, at any
step of the procedure, the setsS and R are disjoint and stable by . Moreover,
these sets are both increasing, hence they are constant afte while, equal to
some setsS; and R; which are disjoint. Let ; be the motion function of the
submap M;s, . Then, at each core step of the procedure, the current halfdge
h becomes the half-edge; (h). Indeed, if at the current step his in S, then h
isin S; (since the setS cannot decrease) so that 1 (h)=  (h), while if h is
in R, then his in R; (since the setR cannot decrease), hence it is not inS;
so that ; (h)= (h).

Hence the sequence of all successive current half-edgesnfioa cycle of the
permutation ; . Since the procedure starts withh equal to the rootr, it follows
that r is reached a second time, and that the procedure terminatesFinally,
the spanned map returned by the algorithm is M;S1 ), which concludes the
proof. O

Proposition 6.5. The image of a left-connected map by the mapping is a
covered map.

Proof. Let (M; (I;0)) be a left-connected map. We denote byr the root of
M =(H;; ), by the backward function of (M; (I;0)), and by the motion
function of (M;S) = (( M; (I;0))). Let K be the set of half-edges contained in
the cycle of the motion function containing the root r. In order to prove the
proposition, it su ces to prove that K = H. Indeed, in this case the motion
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function is cyclic which implies that (M;S) is a covered map by Proposi-
tion 3.1.

Moreover, since M; (I; O)) is left-connected, for any half-edgeh in H, there
exists a positive integerq such that 9(h) is the root r which belongs toK .
Hence, it su ces to prove that any half-edgeh such that (h) is in K, is also
in K.

Let h be an half-edge such that (h)isin K andleth®=  %( (h)). Observe
that, by de nition of K, the half-edgeh®is in K . We now distinguish four cases,
depending on the fact thath isinl or O, and in S or S.

Case 1. hisin O and in S. In this case, one has (h) = (h) = (h), hence
h°= h. Thus h= hlisin K.

Case 2: hisin O and in S. In this case, by de nition of , the half-edge h
was the current half-edge when it was added toS. Thus, by Lemma 6.4, the
half-edgeh is in K.

Case 3: hisinl and in S. In this case, one has (h) = ( (h)) = ( (h)),
henceh®=(h). Sinceh®is in K, Lemma 6.4 ensures that it was the current
half-edge at a certain step of the procedure . Hence, sincé®= (h)is in O
but not in S, it means that h and h® were added to the setR at a step of the
procedure , such that h was the current half-edge. Thus, by Lemma 6.4, the
half-edgeh is in K.

Case 4: hisinl andin S. In this case, one has (h) = (h) = (h), hence
h°= h. Thus h= hlisin K. O

We now complete the proof of Theorem 4.2.

Proposition 6.6. The mappings and are inverse bijections between covered
maps and left-connected maps.

Proof. We rst prove that the mapping is the identity on left-connected
maps. Observe that this composition is well-de ned by Propgcition 6.5. Let
(M; (1;0)) be a left-connected map and let (M; S) be its image by . We want
to prove that (M; (I O)) ( M;S) is equal to (M; (I;0)). For that, it su ces

to show that any half-edgeh such thath s (h) isin O if and only if it is in
O. Let h be such a half-edge. By de nition of , it follows that h is in O if and

half-edge visited during the procedure satisesh; shy s s han, hence
h is visited before (h) during the procedure . Hence, by de nition of , the
half-edgeh is in O if and only if hisin S.

We now prove that the mapping is the identity on covered maps.
Observe that this composition is well-de ned and returns a ®vered map by
Propositions 6.2 and 6.5. Let (M;S) be a covered map with rootr and let
(M; (1;0)) be its image by . Letalso ( M;S9 = ( M; (I;0))andlet and °
be respectively the motion function of M; S) and (M; S9). In order to prove that
S= SCitsuces to prove that = ©(indeed, the setS and S° are completely
determined by and 9. Suppose now that 6 ©and consider the smallest
integerk 0 such that * (r) 6 okl (r) (such an integer exists since and 0
are cyclic). Observe that for all 0 j < k , the half-edge 1(r) = 9(r) is
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in S if and only if it is in S° (since 1*1(r) = 9*(r)). On the other hand,
the half-edgeh = k(r) = %(r) is in the symmetric di erence of S and S°
(since k1 (r) 6 o+l (r)). This impliesthat h s (h)and h so (h). Since
h s (h), the de nition of shows that the half-edge h is in S if and only if
hisin O. Sinceh so (h), Lemma 6.4 proves thath is the current half-edge
before (h) in the procedure on (M; (I;0)). Hence, by de nition of , the

half-edgeh is in S®if and only if his in O. This proves that h = ¥(r) is not in
the symmetric di erence of S and S° a contradiction. O

Before leaving the world of left-connected maps, we prove Liama 4.3.

Proof of Lemma 4.3. If a cycle of the vertex-permutation contains no edge in
I, then (h) = (h) for every half-edgeh in this cycle. By Lemma 6.1, this
implies that the root r belongs to this cycle. Similarly, if a cycle of the face-
permutation  contains no edge inO, then (h) = (h) for every half-edgeh in
this cycle. By Lemma 6.1, this implies that the root r belongs to this cycle. O

6.2 Proofs concerning the unfolding step.

In this Subsection we prove Theorem 4.5. We x a left-conneced map (M; (I; O)),

where the mapM = (H; ; ) hasn edges, genug, root r and face-permutation
. WedenoteA = (H; ; )= 1(M;(1;0))andB =(H% ; 9= »(M;(1;0))

and adopt the notation of Section 4 for the setsH? 1% O°and the permutations
0 O’ O’ and

Lemma 6.7. The permutations ; act transitively on H, thus A is a map.

As mentioned above, the intuition behind the connectivity of A is that left-
paths are preserved by the unfolding. This can be formalizeds follows.

Proof. Let be the backward function of the oriented map (M; (I;O)) de ned
by (h)= (h)if hisinOand (h)= (h) otherwise. Let ~ be the backward
function of the oriented map (A; (1;0)) dened by ~(h)= (h)if hisin O and
~(h) = (h) otherwise.

We rst prove that (h) = ~(h) for any half-edgeh 2 H such that (h) 6 r.
If hisin O (and (h) 6 r), then

(hy (= Y= %A= (h) ~(h);

since the permutations °and © coincide onQ° If hisin | (and (h) 6 r),
then

(hy (Y= A My= A Y= () h);

since again the permutations ®and ©° coincide onQ°,

Since the oriented map M; (I; O)) is left-connected, Lemma 6.1 ensures that
for any half-edgeh, there exists an integerq > 0 such that 9(h) = r. Taking
the least such integerq, and using the preceding point shows that for any half-
edgeh, there exists an integerq > 0 such that =@ 1(h) = 9 1(h) = I, where
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| is a half-edge such that () = r. Moreover, the relation (I) = r shows that

| is either equal tou =  *(h) or to (u). Therefore, any half-edgeh can be
sent to one of the half-edgesi; (u) by applying the function =, hence by acting
with the permutations and . This proves the lemma. O

We call root-to-leaves orientation of a plane tree the unique orientation such
that each non-root vertex is incident to exactly one ingoing half-edge.

Proposition 6.8. The map A is a tree. Moreover, (I;0) is the root-to-leaves
orientation of A.

We start with an easy lemma.

Lemma 6.9. The half-edgeu = 1(r) isin O and Yu) = i. In particular,
the half-edgei is not alone in its cycle of °.

Proof. Consider the backward function of the oriented map (M; (1;O)). Since,
(M; (I;0)) is left-connected, Lemma 6.1 ensures that there exists a dif-edge
h such that (h) = r. Since (h) = ( (h)) we can take h in O and get
h= " %(r) = u. This proves that u=  (r) is in O. It is then obvious from
the de nition of Othat u) = i. O

Proof of Proposition 6.8. Recall that n = jH j=2 denotes the number of edges of
M, hence ofA. We rst prove that the map A has (at least) n + 1 vertices. By
construction, the permutation °= © 1= 00 % has at most one element of
I%in each of its cycle. Hence it has at leash + 1 cycles beside the cycle made
of o alone. Moreover, by Lemma 6.9, the half-edge is not alone in its cycle of
O thus the vertex-permutation = 1?4 has at leastn + 1 cycles.

The (connected) mapA hasn edges and (at least)n + 1 vertices hence it is
a tree. Moreover, each non-root vertex ofA is incident to exactly one half-edge
in |. Thus, (I;0) is the root-to-leaves orientation of A. O

We prove a last easy lemma about the treeA = (H; ; ).

Lemma 6.10. The permutation °= © 1 s obtained from the vertex-permutation
by inserting the half-edgei before the roott of A in the cycle of containing

t and creating a cycle made o alone. The permutation' °= (i;0) © %is ob-

tained from the face-permutation' = by inserting the half-edgeo beforet in

the cycle of' containing t and creating a cycle made of alone.

Proof. By de nition, i) =t and j?4 = . Moreover, it is easy to check that
%) = ° 1(0) = o. This proves the statement about °. We now denote
u= 0 (). By denition, ' ( (u))= (u)= tand one can check ( (u))= o,
"Yo)=t," Yi)=1i,and’' qh) =" (h) for all h 2fi;0; (u)g. This proves the
statement about ' °. O

We will now prove that the mobile B = (H% ; 9 = ,(M;(1;0)) is a
unicellular bipartite map. We introduce some notations for the half-edges in
H. From Proposition 6.8, the tree (A; (I;O)) is oriented from root to leaves.

24



A, thatis to say, ' jo = (01;02;:::;0n) Where' = is the face-permutation
of A. This labelling is indicated in Figure 10(a). Observe that Lemma 6.10
implies * %50 = (0;01; 01515 (9), so

that © 9% O=(ijiasiziis;

Figure 10: A pair (A;B) coherently labelled on the alphabet
fi;i1;i:1;06;0;01;::7;080: the face-permutation ' of the tree A satises
:1;0s), While the face-permutation  of the mobile B satis es

Proposition 6.11. The mobile B = ,(M; (I;0)) is a bipartite unicellular
map of genusg(M). Moreover, if we color the vertices of B in two colors,
say white and black, with the root-vertex being white, thent ihas v(M ) white
vertices andf (M) black vertices. Lastly, the half-edges incident to white veces

are ijiq;ig;:::;ip and appear in this order during a clockwise tour aroundB,

that is to say, “& = (ijig;iinin) = %% O where = Ois the face-
permutation of B and' °=(i;0) © ©

Lemma 6.12. The permutaton = C%and' %= (i;0) ° © are related by
po =(higiiin)= © 900 ©

Proof. Since the involution °maps|®to O° one gets ® %50 2= ( © © 9.

Hence, ® %, °=( %i;0) 950  ( Xi;0) © Ojlé)j.o. Consider now a half-
edgeh in 1% By de nition of restrictions, one gets

% %0 %h)=( Ai;0) Yo Ga(h);

since ‘}lg acts as the identity on O% We now determine jI(}(h). Observe

that the sets I % and O° are stable by the permutation = L. Thus the
permutaton ! % mapsli®to OO This gives

oy =0 10 = 0 Hhy= O % 5(h);
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since oo = joo and So=jio. Moreover, © S, 0=( 0 9;0=
( Ai;0) 9ji0since °=(i;0) ° °(and the setsl ®and O are exchanged by 9.
Thus, for any half-edgeh in |,

gy =( %i0) 9o i (h)
which concludes the proof. O

Proof of Proposition 6.11. By Lemma 6.12, every half-edge inl ° belongs to the
same cycleC of the permutation = % Now, if h is a half-edge inQ°

(h) = (h)is in 1°(since 1% is stable by ) hence it belongs to the cycle
C. Thus, the permutation is cyclic. Hence, the permutations and act
transitively on HC that is, B is a map. Moreover, its face-permutation is
cyclic, that is, B is unicellular.

Moreover, since the setsl© and QO° are stable by the vertex-permutation
and exchanged by the edge-permutation  the map B is bipartite. Let us
therefore consider the bipartite coloring where the verties incident to half-edges
in 1%are white while the vertices incident to the half-edges inO° are black. By
Lemma 4.3, each of the cycles of ° except the cycle made ofo alone contains
at least one half-edge inl °. Therefore, the number of cycles of the permutation
= ﬁo on 1% is the number v(M) of cycles of the vertex-permutation
Similarly, the number of cycles of the permutation = {,, on O%is the
number f (M) of cycles of the face-permutation . Thus, the map B hasv(M)

white vertices and f (M) black vertices. Now, Euler relation gives

29(B)=2+¢B) f(B) v(B)=2+(eM)+1) 1 (v(M)+f(M))=2g(M):
Thus, the genus ofB is g(M ). This concludes the proof of Proposition 6.11. [

Topological description of the folding step (Figure 11). We now de ne
a mapping , the folding steg which we will prove to be the inverse of the
unfolding step . Before de ning in terms of permutations, let us explain the

alently, vo is the root-vertex and ¢ is the root-corner, while forj =1 :::n, v;
is the vertex incident to the ingoing half-edgei; and ¢ is the corner follow-
ing ij in counterclockwise order aroundy;; see Figure 10. We also denote by

the root-corner xg); see Figure 11(a). By Proposition 6.11, forj = 0 :::n, X;
is the corner of B following the half-edgei; in clockwise order around the inci-
dent vertex. Therefore this proposition indicates how the blding step = 1

v; (the jth vertex of A in counterclockwise direction) is glued to the cornerx;

(the j th white corner of B in clockwise direction). This gives a map containing
edges of bothA and B that we call partially folded map which is represented
in Figure 11(b). The oriented map (M; (1;0)) = ( A;B) is obtained from the
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partially folded map by keeping the half-edges ofA with their cyclic ordering
around the white vertices of B (while the edges and black vertices oB are
deleted).

(b) (©

Figure 11: Topological representation of the folding step.Figure (b) represents
the partially folded map.

We now de nes the mapping in terms of permutations. Let A=(H; < )
be a rooted plane tree withn = jHj=2 edges, and® = (H% < 9 be a rooted
bipartite unicellular map with n+1 = jH3=2 edges. We consider the usual
black-and-white coloring of B (with the root-vertex being white). The pair
(A B) is said coherently labelledif the following conditions are satis ed:

() H°= H [f i;0g, wherei is the root of M ando= ).
@i = %

(iif) The root-to-leaves orientation (1;0) of A is such that the half-edges in
19=1 [f ig are incident to white vertices of B, while half-edges inQ° =
O[f og are incident to black vertices ofB.

(iv) If the half-edges 01;0;;:::;0, in O appear in this order in counterclock-
wise direction around A with 0; being the root of A, then the half-edges
liig;:i:in dened by ij = (g) for j = 1:::n appear in this order

®% O%where = Oisthe face-permutation of B and ' = (i;0) © °

For example, the pair (A; B) represented in Figure 10 is coherently labelled.
Observe that Proposition 6.11 precisely states that the imge by of a left-
connected map M; (I;0)) is coherently labelled. We now prove (the somewhat
obvious fact) that any pair (A; B) can be relabelled coherently.

Lemma 6.13. Let A =(H;~ ) be a rooted plane tree withn = jHj=2 edges,
and B = (H%~= 9 be a rooted bipartite unicellular map withn +1 = jHG=2
edges. Then, there is a unique way of relabelling in such a way that the pair
(A B) is coherently labelled.
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Proof. We denote by (I;O) the root-to-leaves labelling of A. We denote by | °
and OO respectively the set of half-edges incident to white and blak vertices of
B and observe that these sets are exchanged by® (since B is bipartite). We
denote'~= ~ and ~=~ Oare the face-permutation of A and B respectively.

(i%i9;:::;i9) the cycle (o with i9 being the root of B. Now we consider the

relabelling of B given by the bijection from H%to H [f o;ig (where i;0 are
half-edges not inH) given by (i9 =i, ( (i% = oandforallj =1:::n,

(i9)= (g9)and ( (i) = g. Clearly is a bijection and it is the unique
bijection making the pair (A; B) coherently labelled. O

We denote by P, the set of pairs (&; B) made of a tree of sizen and a
unicellular bipartite map of size n +1. We now consider such a pair &; B),
where A= (H;~ )and B =(H%~ 9. By Lemma 6.13, we can assume that
the pair (A: B) is coherently labelled and we adopt the notationsi, o, |, O, 1°,
O%introduced in the conditions (i- iv) (in particular, ( 1;O) is the root-to-leaves
orientation of A). We then de ne ~° as the permutation on H ° obtained from

by inserting i before the roott of A in the cycle containing it and creating a
cycle made ofo alone. We also de ne the permutations ~ and ~° on H? and
the permutation ~ on H by

~ = ~j|0; ~O: ~0_ al’ld ~= ~j0H ; (16)

(where a slight abuse of notation is done by considering ~as a permuta-
tion on HY acting as the identity on O%. With these notations, we de ne
( A B)=(N;(1;0)), where M = (H; 5 ).

We now complete the proof of Theorem 4.5 by proving the followng propo-
sition.

Proposition 6.14. The mappings and are inverse bijections between left-
connected maps of sizen and pairs in Py.

Proof. We rst prove that the mapping is the identity on left-connected

maps.

Let (M; (1;0)) be a left-connected map, whereM = (H;; ). Let (A;B) =

( M; (1;0)), where A = (H; ; Yand B = (H% ; 9 (recall that (A;B) is
coherently labelled by Proposition 6.11). Let also (; (I O)) = ( A;B), where
M =(H; <+ ). We want to prove that (1;0) = (7 O) and M = N (or equiva-
lently, =-~).

By de nition of , ( I7 O) is the root-to-leaves orientation of A. Moreover,
by Proposition 6.8, (I;0) is also the root-to-leaves orientation of A. Hence,
(150)=(r 0).

By de nition, = [y, where 0= 0 = 9, (see (12)). Similarly,
~=~J, and ¥=~% =-9 ., (see (16)). Moreover, Lemma 6.10 ensures that

0 = ~0 (since the permutations °and %are obtained from by the same
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procedure). Thus, °=~%and =~.

We now prove that the mapping is the identity on  Py.
We must rst prove that this mapping is well-de ned, that is, the image of any
pair (A;B) 2 P, by is a left-connected map. Let us denote A = (H; ~ )
and B = (H%~+ 9. By Lemma 6.13, we can assume that the pair & B) is
coherently labelled and we adopt the notationsi, o, |, O, 19 O° of conditions (i-
iv) and the notations ~ , ~% ~ introduced in (16). Lastly, we denote ( A: B) =
(Nr; (1;0)), where Nt = (H; < ).

Let ~ be the backward function of the tree A de ned on H by ~(h) = ~(h)
if hisin O and ~(h) = ~ (h) otherwise. Let be denedonH by (h)=~(h)
if hisin O and (h) = ~ (h) otherwise. Lett be the root of A and let
u= L(t). It is easy to show (as is done in the proof of Lemma 6.7) that

(h) = 7(h) as soon as™(h) 6 t. The tree (A; (I;0)) is oriented from-root-to
leaves, hence it is left-connected. Thus, by Lemma 6.1, forry half-edgeh 2 H
there exists an integerq > 0 such that 9(h) = t. By taking the least such
integer g, one gets 9 (h) = 9 %(h) 2 fu; (u)g. Sinceu is in O, one gets
( (W)= (u)=~(u)=r. Hence, 9(h) = r. By Lemma 6.1, this implies
that (Nr; (1;0)) is left-connected.

We now study the restrictions ~  ~0 and ~ ~,—olo- Recall that the map
B is bipartite with white vertices incident to half-edges in 1°and black vertices
incident to half-edges inQ° Hence, ~= ~ ~ 1.

We rst prove that the permutation ~ is equal to ~ﬂ0. We consider a half-

edgeh in | % By de nition of restrictions, ~ jolo(h) = ~(f|o(h) for a positive integer
k such that for all 0 < j < k , the half-edge *C}m(h) is in O°% Moreover, the
permutations ~” and ~° coincide onO° Thus, ~{.(h) = ~% 1-9h)). By (16),
~0=~0~ hence ~j°|0(h) = ~%(~ (h)). Therefore, ~j°|0(h) is a half-edge in19
contained in the cycle of ¥ containing the half-edge (h) (whichis in 19. Since

(I;0) is the root-to-leaves orientation of A, every cycle of € contains exactly
one half-edge inl © (except for the cycle made ofo alone). Thus, ~j°| o(h) =~ (h).

We now prove that the permutation ~ is equal to ., where = (i;0)~° °.
We consider the face-permutation =~ = ~ °of B. Since ~= ~ ~ 1 one gets
~ 1= 0.1 hencej.,(}: 0~ 0~ 1and nally, ~ = °~j|&~ % We now
use the property (iv) of the coherently labelled pair (A; B). This property reads
S0 = %o O where' 0= (i;0)~° ° Thus, ~ = =5, %~ ©° We now con-
sider a half-edgeh in O% By de nition of restrictions, ~ (h) = ~%( %~ 9h)),
wherek is the least positive integerk such that ~%( %~ 9h)) is in O° More-
over, the permutations ' = (i;0)~° %and ~° = (i;0)~° © coincide on| ° (since
-0 and < coincide on 0%. Thus, ~ (h) = ~ (=0 %~ %h)) , where k is
the least positive integer k such that ~ 1('~0 O~ %)) is in O°% Moreover,
0 0~ Qh) = (i;0)~° Yh) ~h) since'? = (i;0)~° ®and ~ = ~0 10
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by (16). Thus, ~ (h)= “%(h)= 2, (h).

Given that ~ ~to = ~foand ~  ~oo = T, it is clear from the
de nition of the mapping that (  M; (I;0)) = ( A, B). This concludes the
proof of Proposition 6.14. O

7 Alternative descriptions of the unfolding step

In this section we present two alternative ways of encoding he pairs (A;B)
made of a tree and a mobile. We also give the description of théolding and
unfolding steps in terms of these encodings. These alternafe descriptions are
particularly useful for studying the specializations of the bijection . In par-
ticular we will use them in the next section in order to prove that specializes
to a classical bijection by Boulttier et al [6]. These descriptions are also used in
the planar case in [4] for handling specializations of allowing for a bijective
counting of certain classes of triangulations and quadranglations.

We rst de ne the degree-code and height-code of a tree. LefA be a (rooted

height- and degree-code for the treé\ represented in Figure 12 are respectively
0123212 and 2210010. It is well-known that the height-coderalegree-code both

is a height-code if and only if

=0 and 8i<n; 0<cj:s1 G +1;

and a sequence of non-negative integemdy;:::;d, is a degree-code if and only
if
X X
(d 1)= 1 and 8k<n; (d 1) O
i=0 i=0

We can now give alternative descriptions of a pair f; B ) by encoding the tree
A as somedecorations added to the mobile B (the decorations corresponding
either to the height- or degree-code o). We consider the usual black and white
coloring of the mobile B (with the root-vertex being white). We say that the
mobile B is corner-labelled if a non-negative number calledlabel is attributed
to each of then + 1 white corners. The mobile B is corner-well-labelled if the
root-corner has label 0, all other corners have positive labls and the labels
do not increase by more than 1 from a corner to the next one in dckwise
direction around B. Equivalently, B is corner-well-labelled if the sequence of
corners encountered in clockwise order around the mobile atting from the
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root-corner is the height-code of a tree. A corner-well-lakelled mobile is shown
in Figure 12(b). We now consider mobiles with buds that is, dangling half-

edges. Ablossoming mobileis a mobile B together with some outgoing buds
glued in each white corners. Thesequence of budsncountered in clockwise

of buds in the ith corner of B (in clockwise order starting from the root). The
blossoming mobile ishalancedif its sequence of buds is the degree-code of a tree.
A balanced blossoming mobile is shown in Figure 12(c). Sinckoth the height-
and degree-code (made afl + 1 integers) determine a plane tree (with n edges)
the following result is obvious.

Lemma 7.1. The three following sets are in bijection:

pairs (A;B) made of a plane treeA and a mobile B with respectively n
and n +1 edges,

corner-well-labelled mobiles withn + 1 edges,

balanced blossoming mobiles with + 1 edges.

The correspondences between the three sets considered inrhma 7.1 are
represented in Figure 12 (top part). By Theorem 4.5, these g5 are all in
bijection with left-connected maps (and covered maps) withn edges. In the rest
of this section we describe the folding and unfolding step interms of corner-
well-labelled mobiles and balanced blossoming mobiles.

(©

(@)

Figure 12: Three equivalent representations of a pair A; B ) and descriptions of
the folding step.

Let (A; B) be a pair made of a plane treeA and a mobile B with respectively
n and n+1 edges. Recall from Section 6 the topological descriptioof the folding
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step = 1 for (A;B): if the vertices of the tree A are denotedvg;Vvy;:::;V,

in counterclockwise order aroundA and the white corners of B are denoted
Xo;X1;:::;Xn in clockwise order aroundB, then the partially folded map N

is obtained by gluing the rst-corner of the vertex v; to the corner x; (see
Figure 11). The oriented map (M; (1;0)) = ( A;B) is then obtained from the
partially folded map N by deleting the edges and black vertices oB.

This description implies that endowing A with its root-to-leaf orientation
(for which the vertex v; is incident to a unique ingoing half-edgei;) results in
having exactly one ingoing half-edge ofA in each white corner of B (except
in the root-corner); see Figure 8(a). More precisely, aroud a white vertex of
N, one has in clockwise order between the half-edges 8f de ning the corner
Xj: rst the ingoing half-edge i; of A (or the arrow pointing the root-corner if
j =0), and then the outgoing half-edges ofA leading to the children of v; .

Description of the folding step in terms of corner-labelled mobiles. Let
(B; ") be a corner-well-labelled mobile, where is the function associating a label
to each white corner ofB. For j =1 :::n, we denote byx]-O be the last corner of
B having label "(xj) 1 appearing beforex; in clockwise direction aroundB.
Because B; ") is well-labelled, the cornerx]-O always exists and appears between
the root-corner and the cornerx; in clockwise order aroundB. The partially
folded map N ° associated to B;") is de ned as the map obtained from B by
adding n edges sequentially: fofj =1 :::n a directed edgee; of NCis created
from the corner xJQ to the corner xj. More precisely, at each step the newly
created edge is between the cornex; and the corner ofN Cinside the cornerxj0
of B which is incident to the root-face. The result is represente in Figure 12(b).

Clearly, the procedure ©° described above is well-de ned if and only if at
each stepj there exists a unique corner ofN © incident to the root-face inside
the cornerxO of B. The fact that there is at most one such corner is clear by
induction (and this is the corner of N following the ingoing half-edge inside
the corner xJO) The fact that there is such a corner is also obtained by usig
the following induction hypothesis: after stepj the white corners of B appear-
ing before x; and containing a corner of N incident to the root-face are, in
clockwise order aroundB, the last corners ofB beforex; with respective labels
0;1;:::;7(xj). It remains to prove that the procedure Cis indeed equivalent
to the folding step .

Proposition 7.2.  If (B;") is the corner-well-labelled mobile corresponding with
the pair (A;B) (i.e. “(wp) (wp)::: (wyn) is the height-code ofA), then the
partially folded mapsN and N © coincide.

Proof. It su ces to show that the edges e;;:::;e, created by the procedure °
are the edges that would have been obtained by gluing the tre& on the mobile
B. Letj beinfl:::ngand letu; be the parentofy; in A. The edge ofA joining
v%andv; gives an edges®of N from a corner x°to the corner x; of the mobile
B. We need to show thatxoo— x{. First observe that ° (x)= "(xj) 1because
the labels™(x;) and " (x9 correspond to the height ofy; and v%in A. Moreover,
the vertex v*®(which is 'the parent of v;) is the last vertex with height “(x;) 1
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appearing beforev; in counterclockwise order aroundA. Thus, by de nition of
N, the corner x°is the last corner with label *(x;) 1 appearing beforex; in
clockwise order aroundB, that is, ijO: Xj. This shows that the edgese; and
eare incident to the same corners ofB. Moreover, for both N and N the
clockwise order of the half-edges inside a white corneq; of B coincide with the

clockwise order of appearance of their other half around. Thus, N = N° [

Description of the folding step in terms of blossoming mobil es. Let B
be a balanced blossoming mobile. LeB° be the fully blossoming mobile with
ingoing and outgoing buds obtained fromB by inserting an ingoing bud in each
white corner of B following an edge ofB (and not a outgoing bud) in clockwise
order around the white vertex (BCis represented in solid lines in the bottom part
of Figure 12(c)). Because the blossoming mobild is balanced, the sequence
of outgoing and ingoing buds in clockwise order around theB° (starting from
the root-corner) is a parenthesis system (if outgoing and igoing buds are seen
respectively as opening and closing parentheses). Hencéere is a unique way
of pairing each outgoing bud to an ingoing bud following it without creating
any crossings. Thepartially folded map N ° associated to the blossoming mobile
B is the map obtained from B by performing these pairings. The result is
represented in Figure 12(c).

Proposition 7.3.  If B is the blossoming mobile associated with the pa{A; B )
(i.e. the sequence of buds dB is the degree-code oA), then the partially folded
mapsN and N coincide.

Proof. It su ces to show that the paired edges of N © are the edges that would
have been obtained by gluing the treeA on the mobile B. First observe that
around a white vertex of N one has in clockwise order between the half-edges
of B de ning the corner x;: rst an ingoing half-edge and then d; outgoing
half-edges, whered; is the number of children ofy; in A (because the sequence
of buds of B is the degree-code of\). Thus, B is the map obtained from N
by cutting each edge ofA at their midpoint. Moreover, for both N and N ° the
clockwise order of the half-edges inside a white corner d8 coincide with the
clockwise order of appearance of their other half around. Thus, N = N° O

8 Link with the bijection of Bouttier, Di Francesco
and Guitter.

In [6] Boulttier, Di Francesco and Guitter de ned a bijection between bipartite
maps and vertex-well-labelled mobile$ (see de nition below). The goal of this
section is to show the bijection of Bouttier et al. can be obtained as a special-
ization of the unfolding mapping °= °© ! associating a corner-labelled mobile

2strictly speaking, the bijection in [6] only describes the p lanar case. But is was explained
in [9] how to extend it to higher genera.
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to a left-connected map (Figure 12(b)).

We rst recall some de nitions. The distance between two vertices of a map
is the minimum number of edges on paths between them. We denetby d(v)
the distance of a vertexv from the root-vertex. Clearly, any pair of adjacent
vertices u; v satis es jd(u) d(v)j 1. An orientation is geodesicif any edge
with origin u and endv satis es d(u) d(v) (i.e. edges are oriented away from
the root-vertex). For a bipartite map any pair of adjacent vertices u;v satis es
jd(u) d(v)j = 1 (since every cycle has even length), hence there is a unigu
geodesic orientation. The geodesic orientation is indicad in Figure 13(b).

A vertex-well-labelled mobileis a corner-well-labelled mobile such that the
labels coincide around each white vertices, that is, any twocorners incident
to the same vertex have the same label. An example is given inigure 13(c).
Observe that vertex-well-labelled mobile are equivalenty de ned as mobiles with
a label “(v) associated to each vertexv satisfying:

the root-vertex has label 0 and degree 1, while other white wdices have
positive labels,

the increase between the labels of two consecutive white vices in clock-
wise order around a black vertex is at most 1.

Proposition 8.1. The geodesic orientation of a bipartite map is left-connectd.
Moreover, the unfolding mapping °induces a bijection between the set of bipar-
tite maps (with n edges and genug) endowed with their geodesic orientation
and the set of vertex-well-labelled mobiles (with + 1 edges and genusg). This
induced bijection is exactly the bijection described by Bdtier et al. in [6].

Proof. Let (M; (I;0)) be a bipartite map endowed with its geodesic orientation.
We rst prove that the geodesic orientation is left-connected by using Lemma 6.1
concerning the backward function . Clearly, for any half-edge h incident to a
non-root vertex v, there exists an integerp > 0 such that the half-edge P(h)
is incident to a vertex u satisfying d(u) = d(v) 1 (because there are ingoing
edges incident tov, and they all join v to a vertex u satisfying the property).
Thus, there exists g > 0 such that the half-edge 9(h) is incident to the root-
vertex. Moreover, for any half-edgeh® incident to the root-vertex there exists
an integer r > 0 such that the half-edge "(h9 is the root (because the root-
vertex is only incident to outgoing half-edges). Therefore by Lemma 6.1, the
geodesic orientation is left-connected. We now show that th corner-labelled
mobile (B;") = 9YM; (I;0)) is vertex-well-labelled. Let v be a vertex of M
and let vy;:::; v be the vertices of the treeA = 1(M; (I;0)) resulting from
unfolding the vertex v. Clearly, any directed path from the root-vertex to v in

root-vertex to v; in A has length d(v). Hence, the label” of every corner of
the white vertex v of the mobile B is equal to d(v). Thus, the corner-labelled
mobile (B; ") is vertex-well-labelled.
Conversely, let B; ) be a vertex-well-labelled mobile, let (M; (I;0)) =
%B;") be the corresponding left-connected map. We want to prove tiat M
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is bipartite and (1;0) is the geodesic orientation. By de nition of the folding
0 any edge ofM goes from a white vertexu to a white vertex v satisfying
“(v) = “(u)+1. Hence, reasoning on the parity of labels shows thaiM is bipar-
tite. In order to prove that ( I;O) is the geodesic orientation, it su ces to prove
that the label function " is equal to the distance functiond. Let v be a non-root
vertex. On one hand, one getsd(v)  “(v) from the fact that labels cannot
decrease by more than one when following an edge & (hence the root-vertex
cannot be reached by following less than (v) edges). On the other hand, one
getsd(v) “(v) from the fact that any non-root vertex of M is adjacent to a
vertex having a smaller label (by de nition of the folding step 9. Thus d="
and the orientation is geodesic. O

@) (b)

Figure 13: (a) The rightmost BFS tree. (b) The geodesic oriemation. (c) The
associated vertex-well-labelled mobile.

In the remaining of this section, we complete the picture by daracterizing
the unicellular submap of a bipartite map which correspondgo the geodesic ori-
entation (by the orientation step ). A spanning tree is said BFS (for Breadth-
First-Search) if for any vertex v, the distance d(v) is equal to the height in the
spanning tree.

De nition 8.2.  The rightmost BFS tree is the spanning tree T obtained by
the following procedure:

Initialization: ~ Set every vertex to bealive. Setthe treeT as the tree containing
the root-vertex of M and no edge.

Core: Consider the alive vertexv which has been in the treeT for the longest
time and set it dead. Inspect the half-edges incident tov in counterclockwise
order (starting from the root if v is the root-vertex, and starting from the half-

edge following the edge ofl leading v to its parent otherwise) and whenever a
half-edge leads to a vertex not in the treeT add this vertex and the edge toT.

Repeat until all vertices are dead.

End: Return the spanning tree T.

The rightmost BFS tree is indicated in Figure 13(a). We omit the proof of
the following easy result.

Lemma 8.3. The procedure terminates and returns a BFS spanning tree. Mee-
over, the order in which the set of half-edges incident to véces at a given dis-
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tance from the root-vertex are inspected coincide with the mler of appearance
during the counterclockwise tour of the tree.

Proposition 8.4. Let (M;S) be a bipartite covered map, and lefM; (I;0)) =
( M;S) be the associated left-connected map. The orientatio(l; O) is geodesic
if and only if Mjs is the rightmost BFS tree of M .

Proof. We suppose thatMs is the rightmost BFS tree and consider the ori-
entation (M; (I;0)) = ( M;S). We need to prove that (I;0) is the geodesic
orientation. Let e be an edge inM;s. By de nition of , the edge e is oriented
from parent to child. Since the tree Mjs is BFS, this orientation coincide with
the geodesic orientation ofe. Let now e be an edge not inMjs with origin u
and endv. We want to prove that d(v) = d(u) + 1. Suppose the contrary:
d(u) = d(v) +1. Let v°be the parent of u and let €° be the edge fromv° to
u. Let h and h° be respectively the half-edges ok and € incident to v and
v®. By de nition of , the edge e is oriented in such a way that the ingoing
half-edge h is encountered before the outgoing half-edge during the cater-
clockwise tour of M;s. This implies that h is encountered beforen® during the
counterclockwise tour of M;s. By Lemma 8.3, this implies that the half-edge
h is inspected beforeh® during the procedure constructing the rightmost BFS.
Hence, when the half-edgén is inspected, the vertexu is not in the tree T and
should be added together with the edgee. We reach a contradiction. Thus, we
have shown that the orientation (I; O) associated to the rightmost BFS is the
geodesic orientation ofM . O

9 Duality.

Recall from Section 3 that the dual of a covered map is a covetemap. In
this section, we explore the properties of the bijection with respect to duality.
Throughout this section, we consider a covered mapNl; S), where the mapM =
(H; ; ) has root r and face-permutation = . We denote \M; (1;0)) =
( M;S)and (A;B)= ( M;S).

Lemma 9.1 (Duality at the orientation step) . The oriented map associated
to the dual covered map is the dual oriented map, that is to say( M ;S) =
(M 5 (C:1)).

Lemma 9.1 is illustrated in Figure 14.

Proof. Recall that the the submapsM;s and MjS have the same motion func-
tions, hence de ne the same appearance order oH. Thus, Lemma 9.1 imme-
diately follows from the de nition of the mapping . O

We now explore the properties of the unfolding step with resgct to duality.
We denote A = (H; ; )= (M:S)andB =(H%; 9= ,(M;S), where
HOstands forH [f i;og and i is the root of the mobile B. We also denote by
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as as a2 be a '
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@) (b) (c)

Figure 14: (a) The oriented map (M; (I;0)) = ( M;S) associated to the cov-
ered map represented in Figure 4(a). (b) Topological constuction of the dual:
each oriented edge oM is crossed by the the dual oriented edge oM from
left to right. (c) The oriented map (M ; (O;1)).

A?=(H; %, )= 1M ;S)and B? = (H% ?; 9= (M ;S), the plane
tree and mobile associated to the dual covered mapM ;S). We shall prove
the existence of two independent mappings and such that A? = ( A) and
B” = ( B). In words, the duality acts component-wiseon the plane tree and
the mobile.

(b)

Figure 15: Simultaneous unfolding of the oriented map of Figre 14 and of its
dual.

Proposition 9.2  (Duality and the mobile) . Let (M;S) be a covered map and
let (M ;S) be the dual covered map. If the mobileB = ,(M;S) is de-
noted (H% ; 9 and has rooti, then the mobileB? = »(M :;S) is the map
(H% 1 9 with root 0= (i).

Proposition 9.2 is illustrated in Figure 16. It implies that the mobile B? is
entirely determined by the mobile B.
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Proof. The map M has vertex-permutation and face-permutation , while the

map M has vertex-permutation ? = and face-permutation ? = . We de-
note ( M;S)=(M; (1;0)),sothat B = ( M; (I;0)andB = ( M ;(17;07),
wherel? = O and O? = | by Lemma 9.1. We adopt the notationsi, o, 1 O,

© 0 | of Section 4 for de ning B and adopt the corresponding nota-
tions i, o, 1%, 0%, @ @ 2 2  ?fordening B?. We choosei’ = 0
and o’ = i, so that | % [flg—Oo o% O[fog—lo, = 0
and % = ° From thrs it follows that ?  %» = 9 =  and

? Oj?oo? = %= and naly * ?7?1'= 1= 1 Lastly, the
root of B” isi? = o. O

e e

Figure 16: The mapping between the mobile B = ,(M; S) associated to the
covered map M;S) of Figure 14 and the mobileB? = (M ;S) associated to
the dual covered map.

We now explicit the relation between the treesA and A? in terms of their
codes.

Proposition 9.3 (Duality and the tree) . If the height-code ofA = 1(M;S) is
Co; i Cn, then the degree -code oA’ = 1(M ;S) is do;:::;dn, whered, ; =

Recall that a tree is completely determined by its height-cale or by its
degree-code. Hence, Proposition 9.3 shows that the tred” is entirely deter-
mined by the tree A. Observe that the mapping A 7! A” is an involution since
duality of covered map is an involution. A topological version of this mapping
is illustrated in Figure 17(b), where the two trees A and A” are represented
simultaneously in the way they interlace around the mobiles face. The rest of
this section is devoted to the proof of Proposition 9.3.

We denote byt the root of the tree A = (H; ; ) and by t? the root of
0

the tree A” = (H; ?; ). We also adopt the notations % © b
of Section 4 for the treeA and adopt the corresponding notatrons o, v
?, 7, 7 @ forthe tree A”. Lastly, we denote' = , '°%=(i;0) © 0

V2 ?

= ? and' ®=(i;0) ® 9 Recall that Lemma 6.10 describes the (srmple)
link existing between the permutations and °and between' and' °.

Lemma 9.4. The permutations' ®and' @ are related by’ 450 =( © & 900
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(b)

Figure 17: (a) The plane treeA = 1(M;S) associated to the covered map of
Figure 14. (b) Topological construction of the tree A = (M ;S): in the
mobile face, the treesA and A? interlace in such a way that each edge oA is
crossed by exactly one edge oA?. (c) The plane tree A”.

For the example in Figure 17, one get$ o0 = (0;au; by; a; by ; as; au; bs) and
- T T
jl1o— (t)31a41a31 b_|.1a21 b21a11 I)

Proof. By Proposition 6.11, the face-permutation = of the mobile B
satises ' Ogo = © j,(} % The same property applied to the mobileB” gives
' Oj?|o =0 71010 O where 7= 7 Ois the face-permutation of B. This gives
? v 0? - ? .
(00 O)jolf): o 0)j|% 0= %0
Moreover, by Proposition 9.2, = ! sothat = ' 9= ©° 1  Hence,
P Lo .
(00 1_010: 200=( 9 1 )joo= ojlg 0= 0
|
Lemma 9.5. The permutations' ®and @ are related by @ = ' © Ojolo.

Proof. By de nition, ¥ = ® ? 1= 0 ,Qo%’ where %= (i;0) 2 % We want
to prove © 955 =" © 9%, or equivalently, o 0 t=" 10 ° ! (by taking the
inverse). Observe that the permutations ° = (i;0) ® %and ' ° = (i;0) °°
coincide on1° (since °and ©° coincide onQY%. We now consider a half-edge
h in H® Suppose rst that © 1(h)is in 1% In this case, © *(h) = ' *(h)
(since °and ' ° coincide on19, hence %, ° (h) = ©*(h) = ' *(h) =
' %' © *(h). Suppose now that ° *(h) is in O Observe that' © *(h) is also
in O° (since °and ' © coincide on19. Moreover, by de nition of reductions,
%0 ©%(h) = %(h), wherek 0 is such that %(h) 2 O%and 9(h) 2 I°

forall 0 j<k. Since ®and ' ° coincide on1° we get 9(h) = ' 9(h)
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for 0 j k. Thus, 1.000 01(h) = ' ®(h) and wherek 0 is such that

' ®(h) 2 0%nd"' 9(h) 2 I1%forall0 j <k . Hence, by de nition of reductions,

S0 O H(h) =" G’ © F(h). O

Proof of Proposition 9.3.

the vertices of A in counterclockwise order aroundA. By de nition (and be-
cause (;O) is the root-to-leaves orientation of A), this means that v; is in-
cident to the ingoing half-edgeij for j = 1:::n. Therefore, the height-code
of Aiscgc1 Gy, wheregg =0 andfor j =0:::n 1, G+ = ¢ +1 i
where ; is the number of half-edges inl between the half-edgeo; and gj+; in
the face-permutation' (hence, also in the permutation’ 9. Equivalently, for
j=0::in 1, ; ¢ +1 ¢4 isthe number of half-edges inl ®in the cycle
of the permutation ' © Ojolo containing o;. We also denote , = ¢, and observe

that this is the number of half-edges inl %in the cycle of the permutation ' © Ojolo

containing oy, .
We now consider degree-codéod;  dn of A? and want to prove that =

dy j forj =0:::n. Let v§;vs;:::;vZ be the vertices of A in counterclockwise
order around A”. By L?emma 9.1, the root-to-leaves orientation of A” is (O;1)
and by Lemma 9.4,' °]-',o = (ijin;:iiyig;ig). Therefore, forj =1:::n 1 the

vertex v; ; of A” is incident to the half-edgeo;. Thus, forj =0:::n 1, the
number of childrend, ; of v? j is the number of half-edges inl %in the cycle of
the vertex-permutation ? containing o; (hence, also in the permutation ).
For j = n also, we observe thatd, ; is the number of half-edges inl in the
cycle of the permutation @ containing o;. By Lemma 9.5, ® ="' © Ojolo, hence
i = dy j forj =0:::n. This concludes the proof of Proposition 9.3. O

Acknowledgments. We thank Eric Fusy, Jean-Frarcois Marckert, Gegory
Miermont, and Gilles Schae er for very stimulating discussions.

References

[1] N. M. Adrianov. An analogue of the Harer-Zagier formula for unicellular
two-color maps. Funktsional. Anal. i Prilozhen., 31(3):1{9, 95, 1997.

[2] E.A. Bender, E.R. Can eld, and R.W. Robinson. The asymptotic number
of tree-rooted maps on a surfaceJ. Combin. Theory Ser. A, 48(2):156{164,
1988.

[3] O. Bernardi. Bijective counting of tree-rooted maps andshu es of paren-
thesis systems Electron. J. Combin., 14(1):Research Paper 9, 36 pp., 2007.

40



[4] O. Bernardi and E. Fusy. A uni ed bijective method for maps: application
to two classes with boundaries. Submitted.

[5] J. Bouttier, P. Di Francesco, and E. Guitter. Geodesic dstance in planar
graphs. Nuclear Phys. B, 663(3):535{567, 2003.

[6] J. Bouttier, P. Di Francesco, and E. Guitter. Planar maps as labeled mo-
biles. Electron. J. Combin., 11(1):Research Paper 69, 27 pp. (electronic),
2004.

[7] J Bouttier and E Guitter. Statistics of geodesics in large quadrangulations.
Journal of Physics A: Mathematical and Theoretical 41(14):145001 (30pp),
2008.

[8] J Bouttier and E Guitter. The three-point function of pla nar quad-
rangulations. Journal of Statistical Mechanics: Theory and Experiment
2008(07):P07020 (39pp), 2008.

[9] Guillaume Chapuy. Asymptotic enumeration of constellaions and related
families of maps on orientable surfaces.Combinatorics, Probability, and
Computing, 18:477{516, 2009.

[10] Guillaume Chapuy. A new combinatorial identity for uni cellular maps, via
a direct bijective approach. In FPSAC'09 (Preliminary long version at
www.lix.polytechnique.fr/~chapuy), 2009.

[11] Guillaume Chapuy, Michel Marcus, and Gilles Schae er. A bijection for
rooted maps on orientable surfacesSIAM J. Discrete Math., 23(3):1587{
1611, 2009.

[12] Philippe Chassaing and Gilles Schae er. Random planarattices and
integrated superBrownian excursion. Probab. Theory Related Fields
128(2):161{212, 2004.

[13] R. Cori, S. Dulucq, and G. Viennot. Shu e of parenthesis systems and
Baxter permutations. J. Combin. Theory Ser. A, 43:1{22, 1986.

[14] I. Goulden and A. Nica. A direct bijection for the Harer-Zagier formula.
J. Combin. Theory Ser. A, 2005.

[15] A. Goupil and G. Schae er. Factoring N -cycles and counting maps of given
genus. European J. Combin, 19(7):819{834, 1998.

[16] J. Harer and D. Zagier. The Euler characteristic of the noduli space of
curves. Invent. Math., 85(3):457{485, 1986.

[17] D. M. Jackson. Some combinatorial problems associatedith products
of conjugacy classes of the symmetric groupJ. Combin. Theory Ser. A,
49(2):363{369, 1988.

41



[18] S.K. Lando and A.K. Zvonkin. Graphs on surfaces and their applications
Springer-Verlag, 2004.

[19] Bodo Lass. Demonstration combinatoire de la formule @ Harer-Zagier.C.
R. Acad. Sci. Paris, 333:155{160, 2001.

[20] Jean-Frarcois Le Gall. The topological structure of <aling limits of large
planar maps. Inventiones Mathematica 169:621{670, 2007.

[21] Jean-Frarcois Le Gall. Geodesics in large planar mapand in the Brownian
map. ArXiv:0804.3012 (to appear in Acta Mathematica), 2008

[22] Jean-Frarcois Le Gall and Feceric Paulin. Scaling limits of bipartite pla-
nar maps are homeomorphic to the 2-sphere.Geometric and Functional
Analysis, 18:893{918, 2008.

[23] A. B. Lehman and T. R. S. Walsh. Counting rooted maps by geus I. J.
Combin. Theory Ser. B, 13:192{218, 1972.

[24] A. B. Lehman and T. R. S. Walsh. Counting rooted maps by geaus Il. J.
Combin. Theory Ser. B, 13:122{141, 1972.

[25] J-F. Marckert and A. Mokkadem. Limit of normalized quadrangulations:
the Brownian map. Ann. Probab., 34(6), 2006.

[26] Gegory Miermont. Tessellations of random maps of arlitrary genus. Ann.
Sci. Ec. Norm. Suger., 42:725{781, 2009.

[27] Bojan Mohar and Carsten Thomassen.Graphs on surfaces Johns Hop-
kins Studies in the Mathematical Sciences. Johns Hopkins Umersity Press,
Baltimore, MD, 2001.

[28] A. Morales and E. Vassilieva. Bijective enumeration ofbicolored maps of
given vertex degree distribution. Extended abstract in FPSAC 2009.

[29] R.C. Mullin. On the enumeration of tree-rooted maps. Canad. J. Math.,
19:174{183, 1967.

[30] G. Schae er. Conjugaison d'arbres et cartes combinatoires akatoires PhD
thesis, Universie Bordeaux |, 1998.

[31] Gilles Schae er and Ekaterina Vassilieva. A bijective proof of Jackson's
formula for the number of factorizations of a cycle. J. Combin. Theory,
Ser. A, 115(6):903{924, 2008.

42



