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1 Introduction

2 Graph Homomorphisms

2.1 Graphs and Digraphs

A directed graph (also digraph) G is a pair (V, E) of a set V' = V(G) of vertices and a binary
relation E = E(G) on V. Note that in general we allow that V' is an infinite set. For some
definitions in this section, we require that V is finite, in which case we say that G is a finite
digraph. Infinite graphs will be important in later sections.

The elements (u,v) of E are called the arcs (or directed edges) of G. Note that we allow
loops, i.e., arcs of the form (u,u). If (u,v) € E(G) is an arc, and w € V(G) is a vertex such
that w = u or w = v, then we say that (u,v) and w are incident.

A digraph G = (V, E) is called symmetric if (u,v) € E if and only if (v,u) € E. Clearly,
symmetric digraphs can be viewed as undirected graphs, and vice versa. Formally, an (undi-
rected) graph is a pair (V, E) of a set V = V(G) of vertices and a set E = E(G) of edges, each
of which is an unordered pair of (not necessarily distinct) elements of V.

For a digraph G, we say that G’ is the undirected graph of G if G’ is the undirected graph
where (u,v) € E(G') iff (u,v) € E(G) or (v,u) € E(G). For an undirected graph G, we say
that G’ is an orientation of G if G’ is a directed graph such that V(G’) = V(G) and E(G’)
contains for each edge (u,v) € E(G) either the arc (u,v) or the arc (v,u), and no other arcs.

Important examples of graphs, and corresponding notation.
e The digraph without vertices. This graph is unique.

e The complete graph on n vertices, denoted by K,. This is an undirected graph on n
vertices in which each vertex is joined with any other vertex.

e The cyclic graph on n vertices, denoted by C,; this is an undirected graph with the
vertex set {v1,...,v,} and edge set {(v1,v2),..., (Vn—1,vn), (Vn,v1)}.

e The directed cycle on n vertices, denoted by én; this is the digraph with the vertex set
v1,...,0, and arc set {(vi,v2),..., (Vn_1,vn), (Un,v1)}.

e The path with n + 1 vertices and n edges, denoted by P,; this is an undirected graph
with the vertex set {vo,...,v,} and edge set {(vo,v1),..., (Un—1,vn)}.

e The directed path with n+ 1 vertices and n edges, denoted by ﬁn; this is a digraph with
the vertex set {vo,...,v,} and edge set {(vo,v1),..., (Vn—1,vn)).

o The transitive tournament on n > 2 vertices, denoted by T),; this is a directed graph
with the vertex set {vi,...,v,} where (v;,v;) is an arc if and only if i < j.

Let G and H be graphs (we define the following notions both for directed and for undi-
rected graphs). Then G + H denotes the disjoint union of G and H, which is the graph
with vertex set V(G) U V(H) (we assume that the two vertex sets are disjoint; if they are
not, we take an copy of H and form the disjoint union of G with the copy of H) and edge
set E(G)U E(H). A graph G’ is a subgraph of G if V(G') C V(G) and E(G') C E(G). A
graph G’ is an induced subgraph of G if V' =V (G') C V(G) and (u,v) € E(G’) if and only if



(u,v) € E(G) for all u,v € V'. We also say that G’ is induced by V' in G, and write G[V]
for G'. We write G — u for G[V(Q) \ {u}], i.e., for the subgraph of G where the vertex u an
all incident arcs are removed.

We call |V(G)| + |E(G)| the size of a graph G; note that the size of a graph G reflects
the length of the representation of G as a bit-string (under a reasonable choice of graph
representations). This quantity will be important if we analyze the efficiency of algorithms
on graphs.

The following concepts are for undirected graphs only. We say that an undirected graph

G contains a cycle if there is a sequence vy, ...,v; of k > 3 pairwise distinct vertices of G
such that (vy,v;) € E(G) and (v;,vi41) € E(G) for all 1 <i <k — 1. An undirected graph is
called acyclic if is does not contain a cycle. A sequence uq,...,u; € V(G) is called a (simple)

path from uy to uy in G iff (u;,uiy1) € E(G) for all 1 < i < k and if all vertices uq, ..., up
are pairwise distinct. Two vertices u,v € G are at distance k in G iff the shortest path in G
from u to v has length k. We say that an undirected graph G is connected if for all vertices
u,v € V(G) there is a path from u to v. A forest is an undirected acyclic graph, a tree is a
connected forest.

We conclude with definitions that are made for directed graphs. Let G be a digraph. A
sequence uq,...,u; with (u;,u; +1) € E(G) for all 1 < i < k — 1 is called a directed path
from u; to ug. A sequence uq,...,uy is called a directed cycle of G if it is a directed path
and additionally (ug,wu;) is an arc of G. For some notions for digraphs G we just use the
corresponding notions for undirected graphs applied to the undirected graph of G: A digraph
G is called weakly connected if the undirected graph of G is connected. A graph is called
strongly connected if for all vertices z,y € V(G) there is a directed path from a to b in G.
Two vertices u,v € V(G) are at distance k in G if they are at distance k in the undirected
graph of G.

Most of the definitions for graphs in this text are analogous for directed and for undirected
graphs. We therefore sometimes do not explicitely mention whether we work with directed or
undirected graphs, but just state certain concepts for graphs, for instance in Subsection 2.6
or 2.7. We want to remark that almost all definitions in this section have generalizations to
relational structures, and these generalizations will be important for constraint satisfaction
in Section 3.

Exercises.

1. Show that a digraph G is weakly connected if and only if for all digraphs H and H’
such that G = H + H' the digraph H or the digraph H' is the digraph without vertices.

2.2 Graph Homomorphisms

Let G and H be directed graphs. A homomorphism from G to H is a mapping from V(G)
to V(H) such that (f(u), f(v)) € E(H) whenever (u,v) € E(G). If such a homomorphism
exists between G and H we say that G homomorphically maps to H. Two directed graphs
G and H are homomorphically equivalent if there is a homomorphism from G to H and a
homomorphism from H to G.

A homomorphism from G to H is sometimes also called an H-coloring of G. This termi-
nology originates from the observation that H-colorings generalize classical colorings in the
sense that a graph is n-colorable if and only if it has a Kj,-coloring. Graph n-colorability is



not the only natural graph property that can be described in terms of homomorphisms. A
digraph is called balanced if it homomorphically maps to a directed path P,. A digraph is
called acyclic if it homomorphically maps to a transitive tournament 7T;,.

The class of all finite digraphs, denoted by D, can be ordered by the existence of homo-
morphisms. Formally, let < be a binary relation defined on D by H; < Hs iff there exists a
homomorphism from H;y to Hs. If f is a homomorphism from H; to Hs, and ¢ is a homomor-
phism from Hs to Hs, then the composition f o g of these functions is a homomorphism from
H, to Hs, and therefore the < is transitive. Since every graph H homomorphically maps
to H, the order < is also reflexive. Thus, (D, <) is a quasi-order, This order is called the
homomorphism order for finite digraphs. An antichain in (D, <) is a set of graphs 8 such
that for all graphs Hy, Hy € 8 neither Hy < Ho nor Hy < Hj.

We want to illustrate the homomorphism order by presenting an infinite antichain of
digraphs. For this we need the following graphs, called zig-zags, which are frequently used
in the theory of graph homomorphisms. We may write an oriented path P as a sequence
of 0’s and 1’s, where 0 represents a forward arc and 1 represents a backward arc. For two
oriented paths P and @ with the representation pg,...,p, € {0,1}* and Q = qo,...,qm €
{0,1}*, respectively, the concatenation P o @ of P and @ is the oriented path represented by
DOy -+« Pnsqls- -y Gm- The net length nl(P) of an oriented path P represented by p1,...,py
is defined to be | > " | (2p; — 1)|.

Definition 1. For k > 1, the zig-zag of order k, denoted by Zy, is the oriented path repre-
sented by 11(01)*=11. For k,1 > 2, the k,l multi zig-zag, denoted by Zy.1, 18 the oriented path

represented by 1(1(01)%~1) .

We recommend the reader to draw pictures of Zj; where forward arcs point up and
backward arcs point down.

Proposition 2. The homomorphism order contains infinite antichains.

Proof. Our antichain is {Zy , | k > 2}. O

A strong homomorphism between two directed graphs G and H is a mapping from V(G)
to V(H) such that (f(u), f(v)) € E(G) if and only if (u,v) € E(H) for all u,v € V(G). An
isomorphism between two directed graphs G and H is an bijective strong homomorphism
from G to H, i.e., f(u) # f(v) for any two distinct vertices u,v € V(G).

Exercises.
2. Show that homomorphic equivalence is an equivalence relation.

3. Show that a digraph G homomorphically maps to P if and only if P, does not map to
G.

4. Construct an orientation of a tree that is not homomorphically equivalent to a directed
path.

5. Construct a balanced orientation of a cycle that is not homomorphically equivalent to
a directed path.

6. Show that a digraph G homomorphically maps to 73 if and only if P; does not map to
G.



2.3 The H-coloring Problem

When does a given digraph G homomorphically map to a digraph H? For every digraph
H, this question defines a computational problem, called the H-coloring problem. The input
of the H-coloring problem is a finite digraph G, and the question is whether there exists
a homomorphism from G to H. Note that since graphs are a special case of digraphs, the
H-coloring problem is also defined for undirected graphs H. In this case we obtain essentially
the same computational problem if we allow only undirected graphs in the input; this is made
precise in Exercise 9.

For every finite graph H, the H-coloring problem is obviously in NP, because for every
graph G it can be verified in polynomial time whether a given mapping from V(G) to V(H) is
a homomorphism from G to H or not. We have also seen that the H-coloring problem becomes
the problem of [-colorability if H equals K;. Therefore, we already know digraphs H where
the H-coloring problem is NP-complete. However, for many digraphs H (see Exercise 10
and 11) the H-coloring problem can be solved in polynomial time. The following research
question is open and probably very difficult.

Question 1. For which digraphs H can the H-coloring problem be solved in polynomial time?

It has been conjectured by Feder and Vardi [18] that for any finite digraph H the H-
coloring problem is either NP-complete or can be solved in polynomial time. This is the
so-called dichotomy conjecture and it is open as well. The dichotomy conjecture is remarkable
since it was shown by Ladner that unless P=NP there are infinitely many complexity classes
between P and NP. We will come back to this conjecture in Section 3.

It is known that the dichotomy conjecture is true for finite undirected graphs. The H-
coloring problem can be solved in polynomial time if H is homomorphically equivalent to
Ky (see Exercise 10); for all other finite undirected graphs H the H-coloring problem is
NP-complete (this was proven by Hell and Nesetftil [22]).

Theorem 3 (of [22]). If H is not homomorphically equivalent to Ko, the H-coloring problem
is NP-complete.

Exercices.

7. Let H be a finite directed graph. Find an algorithm that decides whether there is a
strong homomorphism from a given graph G to the fixed graph H. The running time
of the algorithm should be polynomial in the size of G (note that we consider |V (H)]
to be constant).

8. Let H be a finite digraph such that the H-coloring problem can be solved in polynomial
time by an algorithm A. Use algorithm A to find an algorithm B that constructs for a
given finite digraph G a homomorphism to H, if such a homomorphism exists.

9. Let G and H be directed graphs, and suppose that H is symmetric. Show that f :
V(G) — V(H) is a homomorphism from G to H if and only if f is a homomorphism
from the undirected graph of G to the undirected graph of H.

10. Show that for any graph H that is homomorphically equivalent to Ko the H-coloring
problem can be solved in polynomial time.



AC(G) Input: a finite digraph G.
Data structure: a list L(z) for each vertex x € V(G).

Set L(x) :=V(H) for all x € V(G).
Do
For each (z,y) € E(G):
Remove u from L(z) if there is no v € L(y) with (u,v) € E(H).
Remove v from L(y) if there is no u € L(z) with (u,v) € E(H).
If L(z) is empty for some vertex x € V(G) then reject
Loop until no list changes

Figure 1: The arc-consistency procedure for H-coloring

11. Prove that for H = T3 the H-coloring problem can be solved in polynomial time.

12. Prove that for H = C_"g the H-coloring problem can be solved in polynomial time.

2.4 The Arc-consistency Procedure

The arc-consistency procedure is one of the most fundamental and well-studied algorithms
that is applied for H-coloring problems. This procedure was first discovered for constraint
satisfaction problems in Artificial Intelligence [33,35]; in the graph homomorphism literature,
the algorithm is sometimes called the consistency check algorithm.

Let H be a finite digraph, and let G be an instance of the H-coloring problem. The idea
of the procedure is to maintain for each vertex in G a list of vertices of H, and each element
in the list of x represents a candidate for an image of x under a homomorphism from G to
H. The algorithm successively removes vertices from these lists; it only removes a vertex
u € V(H) from the list for z € V(G), if there is no homomorphism from G to H that maps
x to u. To detect vertices x,u such that u can be removed from the list for z, the algorithm
uses two rules (in fact, one rule and a symmetric version of the same rule): if (z,y) is an edge
in G, then

e remove u from L(x) if there is no v € L(y) with (u,v) € E(H);
e remove v from L(y) if there is no u € L(z) with (u,v) € E(H).

If eventually we can not remove any vertex from any list with these rule any more, the
graph G together with the lists for each vertex is called arc-consistent. We will return to
the notion of arc-consistency in Section 3, and place it into the more general framework
of constraint satisfaction problems. Clearly, if the algorithm removes all vertices from one
of the lists, then there is no homomorphism from G to H. The pseudo-code of the entire
arc-consistency procedure is displayed in Figure 1.

The running time of the arc-consistency procedure is for any fixed digraph H polyno-
mial in the size of G. In a naive implementation of the procedure, the inner loop of the
algorithm would go over all edges of the graph, in which case the running time of the algo-
rithm is quadratic in the size of G. In the following we describe an implementation of the
arc-consistency procedure, called AC-3, which is due to Mackworth [33], and has a worst-
case running time that is linear in the size of G. Several other implementations of the



AC-3(G)

Input: a finite digraph G.

Data structure: a list L(x) of vertices of H for each z € V(G).
the worklist W: a list of arcs of G.

Subroutine Revise((zo,x1),1%)
Input: an arc (zg,21) € E(G), an index ¢ € {0, 1}.
change = false
for each u; in L(x;)
If there is no uy_; € L(x1—;) such that (ug,u1) € E(H) then
remove u; from L(z;)
change = true
end if
end for
If change = true then
If L(z;) = () then reject
else
For all arcs (z0,21) € E(G) with zg = z; or 21 = x; add (z0,21) to W
end if

W := E(G)

Do
remove an arc (z
Revise((zg, 21),0)
Revise((zg, z1),1)

while W # ()

,x1) from W

Figure 2: The AC-3 implementation of the arc-consistency procedure for H-coloring

arc-consistency algorithm have been proposed in the Artificial Intelligence literature, aiming
at reducing the costs of the algorithm in terms of the number of vertices of H. But here we
consider the size of H to be fixed, and therefore we do not follow this line of research. With
AC-3, we rather present one of the simplest implementations of the arc-consistency procedure
with a linear running time.

The idea of AC-3 is to maintain a worklist, which contains a list of arcs (zg, z1) of G that
might help to remove a value from L(zg) or L(z1). Whenever we remove a value from a list
L(z), we add all arcs that are in G incident to x. Note that then any arc in G might be added
at most 2|V (H)| many times to the worklist, which is a constant in the size of G. Hence, the
while loop of the implementation is iterated for at most a linear number of times. Altogether,
the running time is linear in the size of G as well.

Note that for any finite digraph H, if the arc-consistency procedure rejects an instance of
the H-coloring problem, it clearly has no solution. The converse implication does not hold
in general. For instance, let H be K>, and let G be Kj3. In this case, the arc-consistency
procedure does not remove any vertex from any list, but obviously there is no homomorphism
from K3 to Ks.

However, there are digraphs H where the arc-consistency procedure is a complete decision
procedure for the H-coloring problem in the sense that it rejects an instance G of the H-
coloring problem if and only if G does not homomorphically map to H. In this case we say



that the arc-consistency procedure solves the H-coloring problem.

Arc-consistency for pruning search. Even if we are interested in an H-coloring problem
which is not solved by the arc-consistency procedure (unless P=NP, we know that this is
the case for all digraphs H with an NP-complete H-coloring problem) the arc-consistency
procedure might be useful for pruning the search space in exhaustive approaches to solve the
H-coloring problem.

In such an approach we might use the arc-consistency procedure as a subroutine as follows.
Initially, we run the arc-consistency procedure on the input instance G. If it computes an
empty list, we reject. Otherwise, we select some vertex € V(G), and set L(z) to {u} for
some u € L(x). Then we proceed recursively with the resulting lists. If the arc-consistency
now detects an empty list, we backtrack, but remove u from L(z). Finally, if the algorithm
does not detect an empty list at the first level of the recursion, we end up with singleton lists
for each vertex = € V(G), which defines a homomorphism from G to H.

2.5 Tree Duality and the Set Graph

For which H does the arc-consistency procedure solve the H-coloring problem? We give two
answers to this question, and present two characterizations of those finite graphs H where
the arc-consistency procedure solves the H-coloring problem.

The first relies on the notion of tree duality. The idea of this concept is that when a di-
graph H has tree duality, then the question whether there is a homomorphism from a digraph
G to H can be answered by the existence of a tree obstruction in G. This is formalized in the
following definition.

Definition 4. A digraph H has tree duality iff there exists a (not necessarily finite) set N
of orientations of finite trees such that for all digraphs G there is a homomorphism from G
to H if and only if no digraph in N homomorphically maps to G.

We think of the set N in Definition 4 as an obstruction set for the H-coloring problem.
The pair (N, H) is called a duality pair. We have already encountered such an obstruction
set in Exercise 11, where H = Ty, and N = {]32} In other words, ({2}, T2) is a duality pair.

For the second characterization we introduce the notion of set graphs.

Definition 5. For a digraph H, the (power-) set graph P(H) is the digraph whose vertices
are non-empty subsets of V(H) and where two subsets U and V' are joined by an arc if the
following holds:

o for every vertex u € U, there exists a vertex v € V' such that (u,v) € E(H), and
o for every vertex v € V, there exists a vertex u € U such that (u,v) € E(H).

Theorem 6 is a surprizing link between the completeness of the arc-consistency procedure,
tree duality, and the set graph, and was discovered by Feder and Vardi [17] in the more general
context of constraint satisfaction problems.

Theorem 6. Let H be a finite digraph. Then the following are equivalent.

1. H has tree duality;



2. If every orientation of a tree that homomorphically maps to G also maps to H, then G
homomorphically maps to H;

3. P(H) homomorphically maps to H;
4. The arc-consistency procedure solves the H-coloring problem.

Proof. We prove implications between these statements in cyclic order.

1 — 2: Suppose H has tree duality, and let N be the tree obstructions from Definition 4.
Let G be a digraph, and suppose that every tree that homomorphically maps to G also maps to
H. We have to show that G homomorphically maps to H. No member of N homomorphically
maps to H: otherwise by the definition of tree duality H would not be homomorphic to H,
a contradiction. So, none of the orientations of trees in N homomorphically maps to G, and
by tree duality, G homomorphically maps to H.

2 — 3: To show that P(H) homomorphically maps to H, it suffices to prove that every
orientation T of a tree that homomorphically maps to P(H) also maps to H. Let f be a
homomorphism from 7' to P(H), and let z be any vertex of T. We construct a sequence
fos- -y fn, for n = |V(T)|, where f; is a homomorphism from the subgraph of 7" induced by
the vertices at distance at most ¢ to x in T, and f; 11 is an extension of f; for all 1 <1i < n.
The mapping fy maps x to some vertex from f(z). Suppose inductively that we have already
defined f;. Let y be a vertex at distance ¢ + 1 from x in 7. Since T is an orientation of
a tree, there is a unique y' € V(T) of distance i from z in T such that (y,y’) € E(T) or
(y',y) € E(T). Note that u = f;(y) is already defined. In case that (v',y) € E(T), there
must be a vertex v in f(y) such that (u,v) € E(H), since (f(y'), f(y)) must be an arc in
P(H), and by definition of P(H). We then set f;+1(y) = v. In case that (y,vy') € E(T) we
can proceed analogously. By construction, the mapping f,, is a homomorphism from T to H.

3 — 4: Now, suppose that there is a homomorphism f from P(H) to H, and let G be an
instance of the H-coloring problem. We have to show that if the arc-consistency procedure
does not derive an empty list for all vertices u € V(G), then there is a homomorphism from G
to H. We claim that the mapping g that assigns x € V(G) the list L(z) of the final stage of
the arc-consistency algorithm defines a homomorphism from G to P(H). Suppose otherwise
that there is an arc (z,y) € E(G) such that (g(z),g(y)) ¢ E(P(H)). Then thereis a u € g(z)
such that there is no v € g(y) with (u,v) € E(H), or a v € g(y) such that there is no u € g(z)
with (u,v) € E(H). In the first case, the arc-consistency procedure would have removed u
from L(x), in the second case it would have removed v from L(y), a contradiction in both
cases. Composing the homomorphism ¢ from G to P(H) and the homomorphism f from
P(H) to H, we find a homomorphism from G to H.

4 — 1: Suppose that the arc-consistency procedure solves the H-coloring problem. We
have to show that H has tree duality. Let N be the set of all orientations of trees that does
not homomorphically map to H. We claim that if a digraph G does not homomorphically
map to H, then there is T" € N that homomorphically maps to G.

By assumption, the arc-consistency procedure applied to G eventually derives the empty
list for some vertex of G. We use the computation of the procedure to construct an orientation
T of a tree, following the exposition in [31]. When deleting a vertex w € V(H) from the list
of a vertex z € V(G), we define an orientation of a rooted tree T, with root r,, such that

1. There is a homomorphism from 7}, to G mapping 7, , to x.

2. There is no homomorphism from 7}, , to H mapping ;. to u.



The vertex u is deleted from the list of  because we found an arc (zg,z1) € F(G) with z; = x
for some i € {0, 1} such that there is no arc (ug,u1) € E(H) with u; = u and uj_; in the list
of z1_;. We describe how to construct the tree T' for the case that ¢ = 0, i.e., for the case
that there is an arc (x,y) € E(G) such that there is no arc (u,v) € E(H) where v € L(y);
the construction for ¢ = 1 is analogous.

Let p, q be vertices and (p, q) an edge of T} ,, and select the root r;, = p. If E(H) does
not contain an arc (u,v), then we are done, since T ,, clearly satisfies property (1) and (2).
Otherwise, for every arc (u,v) € E(H) the vertex v has already been removed from the list
L(y), and hence by induction T}, having properties (1) and (2) is already defined. We then
add a copy of Ty ,, to T, and identify the vertex r,, with g.

We verify that the resulting orientation of a tree T} ,, satisfies (1) and (2). Let f be the
homomorphism from T, mapping ry, to v, which exists due to (1). The extension of f to
V(T,) that maps p to  is a homomorphism from 77, to G, and this shows that (1) holds
for T} ,,. But any homomorphism from T, , to H that maps r,, to u would also map the
root of T}, to v, which is impossible, and this shows that (2) holds for 7} ,. When the list
L(x) of some vertex x € V(G) becomes empty, we can construct an orientation of a tree T
by identifying the roots of all T}, ,, to a vertex . We then find a homomorphism from 7" to G
by mapping r to x and extending the homomorphism independently on each T, ,. But any
homomorphism from 7" to H must map r to some element v € V(H), and hence there is a
homomorphism from 73, to H that maps x to u, a contradiction.

Therefore, for every graph G that does not homomorphically map to H we find an orien-
tation of a tree from N that homomorphically maps to GG, and hence H has tree-duality. [

Note that the last criterion of Theorem 6 can be used to decide algorithmically whether a
given digraph H has tree duality, because we simply have to decide whether P(H) homomor-
phically maps to H. However, the naive algorithm for this approach has a very bad worst-case
running time, because the graph P(H) has exponential size in H, and moreover we only know
a non-deterministic polynomial time algorithm to test whether P(H) homomorphically maps
to H.

Question 2. What is the computational complexity to decide for a given digraph H whether
H has tree duality?

Despite the potentially bad worst-case complexity of deciding whether P(H) homomor-
phically maps to H, this condition can well be verified for several families of graphs H. We
will mention one of them, namely the family of oriented paths.

Corollary 7. The H-coloring problem can be solved by the arc-consistency procedure if H is
an oriented path.

Proof. Suppose that 1,...,n are the vertices of H such that either (i,7 4+ 1) or (i + 1,4) is
an arc in F(H) for all i < n. We claim that the mapping f : V(P(H)) — V(H) defined by
f(S) = min(S) is a homomorphism from P(H) to H.

Let (U, W) be an arc in P(H), and suppose for contradition that (min(U), min(W)) is
not an arc in H. By the property of P(H) there must be an element w of W such that
(min(U),w) € E(H), and an element u of U such that (u, min(W)) € E(H). Note that due
to the way in which the vertices are numbered, if (k, 1) is an edge of E(H ) then k—1 <[ < k+1.
Hence,

min(U) <w+1 <min(W) <u+ 1 <min(U) ,
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and therefore (min(U), w) and (w, min(U)) = (u, min(WW)) are edges in opposite directions in
H, which is impossible in an oriented path. The corollary now follows from Theorem 6. [

We want to remark that there are orientations of trees H with an NP-complete H-coloring
problem (the smallest known graph has 45 vertices [24]). So, unless P=NP, this shows us that
there are orientations of trees H that do not have tree-duality.

Exercises.

13. Let H be a finite digraph. Show that P(H) contains a loop if and only if H contains a
directed cycle.

14. Show that the previous statement is false for infinite digraphs H.

15. Recall that a digraph is called balanced if it homomorphically maps to a directed path.
Let H be a digraph.

e Prove: if H is balanced, then P(H) is balanced;

e Disprove: if H is an orientation of a tree, then P(H) is an orientation of a forest.

16. Show that an orientation of a tree homomorphically maps to H if and only if it maps
to P(H) (Hint: use parts of the proof of Theorem 6).

17. Let N be the set of all zig-zags, {Z1, Z2, Z3, ... }. Show that a digraph G homomorphi-
cally maps to P» if and only if no digraph in N homomorphically maps to G.

2.6 Cores

An endomorphism of a graph H is a homomorphism from H to H. An automorphism of
a graph H is an isomorphism from H to H. A finite graph H is called a core if every en-
domorphism of H is an automorphism. A subgraph G of H is called a core of H if H is
homomorphically equivalent to G and G is a core.

Proposition 8. Fvery finite graph H has a core, which is unique up to isomorphism.

Proof. Any finite graph H has a core, since we can select an endomorphism e of H such that
the image of e has smallest cardinality; the subgraph of H induced by e(V(H)) is a core of
H. Let G and G9 be cores of H, and f; : H — G1 and fy : H — (G2 be homomorphisms.
Then f; o fo restricted to V(G1) is an endomorphism of G1. Since G is a core, the mapping
f10 f2 is an automorphism of G1. For finite structure this implies that f; restricted to V(G3)
is an isomorphism between G9 and G7. ]

Since a core G of a finite digraph H is unique up to isomorphism, we call G the core of
H. Cores can be characterized in many different ways; for some of them, see Exercise 19.
There are examples of infinite digraphs that do not have a core in the sense defined above;
see Exercise 21. Since a digraph H and its core have the same H-coloring problem, it is
suffices to study the H-coloring problem for core graphs H only. As we will see below, this
has several advantages.

The pre-colored H-coloring problem for a digraph H is the following computational prob-
lem. Given is a finite digraph G and a partial mapping ¢ : V(G) — V(H). The question is
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whether ¢ can be extended to a homomorphism from G to H. In informal words, we want to
find a a homomorphism from G to H where some vertices have a pre-described image.

Proposition 9. Let H be a core. Then the H-coloring problem and the pre-colored H-coloring
problem are linear-time equivalent.

Proof. The reduction from the H-coloring problem to the pre-colored H-coloring problem is
trivial, because an instance G of the H-coloring problem is equivalent to the instance (G, )
of the pre-colored H-coloring problem where ¢ is everywhere undefined. The reduction of
the pre-colored to the standard H-coloring problem we show by induction on the size of the
image of partial mapping ¢ in instances of the pre-colored H-coloring problem. Let (G, c)
be an instance of the pre-colored H-coloring where ¢ has an image of size £ > 1. We show
how to reduce the problem to one where the partial mapping has an image of size k — 1. If
we compose all these reductions (note that the size of the image is bounded by |V (H)|), we
finally obtain a reduction to the H-coloring problem.

Let z € V(G) and u € V(H) be such that ¢(z) = u. We first identify all vertices y of
G such that ¢(y) = w with . Then we create a copy of H, and attach the copy to G by
identifying x € V(G) with u € V(H). Let G’ be the resulting graph (note that the size of G’
and the size of G only differ by a constant), and let ¢ be the restriction of ¢ that is undefined
on .

We claim that (G’, ) has a solution for the pre-colored H-coloring problem if and only
if (G, ¢) has a solution for the pre-colored H-coloring problem. If f is a homomorphism from
G to H that extends ¢, we further extend f to the copy of H that is attached in G’ by
setting f(u’) to u if vertex u’ is a copy of a vertex u € V(H). This extension of f clearly is a
homomorphism from G’ to H and extends ¢’

Now, suppose that f’ is a homomorphism from G’ to H that extends ¢’. The restriction
of f’ to the vertices from the copy of H that is attached to z in G’ is an endomorphism of
H, and because H is a core, is an automorphism « of H. Let 3 be the inverse of «, i.e., let
(3 be the automorphism of H such that f(a(v)) = v for all v € V(H). Let f be the mapping
from V(G) to V(H) that maps vertices that were identified with = to 8(f'(x)), and all other
vertices y € V(G) to B(f'(y)). Clearly, f is a homomorphism from G to H. Since f', o, and
therefore also 3 map vertices y € V(G), y # x, where ¢ is defined to ¢(y). Moreover, because
x in G’ is identified to u in the copy of H, we have that f(z) = 8(f'(z)) = B(f'(u)) = u, and
therefore f is an extension of c. O

We have already seen in Exercise 8 that the computational problem to construct a ho-
momorphism from G to H, for fixed H and given G, can be reduced in polynomial-time to
the problem of deciding whether there exists a homomorphism from G to H. The intended
solution of Exercise 8 requires in the worst-case |V (G)|? many executions of the decision pro-
cedure for the H-coloring problem. Using the concept of cores and the pre-colored H-coloring
problem (and its equivalence to the H-coloring problem) we can give a faster method to
construct homomorphisms.

Proposition 10. If there is an algorithm that decides the H-coloring problem in time T', then
there is an algorithm that constructs a homomorphism from a given graph G to H (if such a
homomorphism exists). The algorithm runs in time O(|V (G)|T).

Proof. We can assume without loss of generality that H is a core (since H and its core have
the same H-coloring problem). By Proposition 9, there is an algorithm B for the pre-colored
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H-coloring problem with a running time in O(T). For given G, we first apply B to (G, ¢) for
the everywhere undefined function ¢ to decide whether there exists a homomorphism from
G to H. If no, there is nothing to show. If yes, we select some z € V(G), and extend ¢ by
defining ¢(x) = u for some u € V(H). Then we use algorithm B to decide whether there is a
homomorphism from G to H that extends c. If no, we try another vertex u € V(H). Clearly,
for some u the algorithm must give the answer “yes”. We proceed with the extension ¢ where
¢(z) = u, and repeat the procedure with another vertex x from V(G), At the end, ¢ is defined
for all vertices u of G, and ¢ is a homomorphism from G to H. Clearly, since H is fixed,
algorithm B is executed at most O(|V(G)|) many times. O

It turns out that almost all graphs, as well as almost all digraphs, are cores. It is even true
that almost all graphs have only one endomorphism, namely the identity mapping u +— u.

Definition 11. A digraph H is called rigid if the identity mapping is the only endomorphism
of H.

The property of being rigid is stronger than the property of being a core, because rigid
graphs are asymmetric, i.e., the identity is their only automorphism, whereas cores need not
be asymmetric.

To formalize our statements about almost all digraphs, we say that a random digraph has
a property A with high probability (whp) iff the probability that a digraph with n vertices
drawn from the uniform distribution of all digraphs on n vertices has property A tends to 1
when n goes to infinity. The following theorem is stated without proof.

Theorem 12 (see [23]). A random digraph is with high probability rigid.

Another fact we want to mention without proof is that it is NP-complete to decide whether
a given digraph H is a core [21].
Exercises.

18. Show that Zj; is a core for all k,[ > 2.
19. Prove that for every finite directed graph G the following is equivalent:

e (G is a core
e Every endomorphism of G is injective

e Every endomorphism of G is surjective
20. Prove that the core of a strongly connected graph is strongly connected.

21. Show that the infinite digraph (Q, <) has endomorphisms that are not automorphisms.
Show that every digraph that is homomorphically equivalent to (Q, <) also has endo-
morphisms that are not automorphisms.

22. Adapt the arc-consistency procedure to the pre-colored H-coloring problem. Prove that
for core digraphs H, if the arc-consistency procedure solves the H-coloring problem, then
the arc-consistency procedure also solves the pre-colored H-coloring problem.

23. There is only one unbalanced cycle H on four vertices that is a core and not the directed
cycle. Show that for this graph H the H-coloring problem can not be solved by the
arc-consistency procedure.
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2.7 Polymorphisms

Polymorphisms are a versatile tool for analyzing the computational complexity of H-coloring
problems; as we will see, they are useful both for NP-hardness proofs and for proving the
correctness of polynomial-time algorithms for H-coloring problems.

Polymorphisms can be seen as multi-dimensional variants of endomorphisms. To define
them, we need the notion of direct products of graphs. This notion of graph product! can be
seen as a special case of the notion of direct product as it is used in model theory [27]. There
is also a connection of the direct product to category theory [23], which is why this product
is sometimes also called the categorical graph product.

Let Hy and Hs be two graphs. Then the (direct-, cross-, categorical-) product Hy x Ho
of Hy; and Hy is the graph with vertex set V(Hy) x V(Hs); the pair ((u1,us2), (v1,v2)) is in
E(Hy x Hy) if (u1,v1) € E(Hp) and (ug,v2) € E(Hsz). Note that the product is associative
and commutative, and we therefore do not have to specify the order of multiplication when
multiplying more than two graphs. The n-th power H" of a graph H is inductively defined
as follows. H'! is by definition H. If H? is already defined, then H**! is H* x H.

Definition 13. A homomorphism from H* to H, for k > 1, is called an (k-ary) polymor-
phism of H.

In other words, a mapping from V (H)* to V(H) is a polymoprhism of H iff (f(uq, ..., uz),
f(vi,...,v)) € E(H) whenever (uj,v1),..., (ug,vg) are arcs in E(H). Note that any graph
H has all projections as polymorphisms, i.e., all mappings p : V(H)* — V(H) that satisfy for
some i the equation p(x1,...,zx) = x; for all x1,...,x, € V(H). An operation f: V(H)* —
V(H) is called idempotent if f(z,...,x) =« for all z € V(H).

We now show that for almost all digraphs H the H-coloring problem is NP-complete.
Essentially, this follows from the fact that for a random digraph H is projective.

Definition 14. A digraph H is called projective if every idempotent polymorphism is a
projection.

This was shown for undirected graphs H in [32], and the proof for directed graphs H is
analogous.

Theorem 15 (of [32]). A random digraph is with high probability projective.
Corollary 16. With high probability all polymorphisms of a random digraph are projections.

Proof. Let f be an arbitrary polymorphism of H, and consider the endomorphism f(z,...,z)
of H. By Theorem 12, whp. g(x) = z for all x € V(H), and hence f is whp. idempotent.
Theorem 15 then implies the claim. O

Theorem 17. A random digraph H has with high probability an NP-complete H-coloring
problem.

Proof. Let n = |V (H)|. We will show that whp. the following reduction of the K,-coloring
problem to the H-coloring problem is correct. Let G be an instance of the K,-coloring
problem. Let m be (g), and let {p1,q1}, ..., {Pm, @m} be some enumeration of all two-element
subsets of V/(H). Replace each edge (u,v) € E(G) by a copy of H™ as follows: we remove the

"We want to warn the reader that there are several other notions of graph products that have been studied.
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edge (u,v), create a copy of H™, and identify the vertex (pi,...,pm) of this copy with v and
(q1,-..,qm) with v. The size of the resulting graph G’ is clearly linear in the size of G (since
H is fixed). We claim that G’ homomorphically maps to H if and only if G homomorphically
maps to K.

Clearly, if G is n-colorable, then the coloring can be extended to all copies of H™ inde-
pendently as follows. Let ¢ be the homomorphism from G to K, and let (z,y) be an edge
of G. Since c(x) # ¢(y), there exists an index i such that ¢(x) = p; and ¢(y) = ¢;. We can
then extend c to the copy of H™ that replaced the edge (z,y) be defining c(z1,...,Zm) = ;.
Doing this for all edges (z,y) of G clearly yields a homomorphism from G’ to H.

Now, assume that there is a homomorphism f from G’ to H. We claim that for any
edge (z,y) of G we have f(z) # f(y). Suppose for contradiction that there is an edge
(x,y) of G such that f(z) = f(y), and consider the restriction f’ of f to the copy of H™
that replaced the edge (z,y) in G’. The mapping f’ is not a projection, because the pair
((p1,---s0m)s (q1,---,qm)) is not mapped to (p;,q;), for any i < m (since p; # ¢;). But since
f! is an m-ary polymorphism of H, Corollary 16 states that whp. f is a projection, in which
case we have found a contradiction. Therefore, the presented reduction is whp. correct, and
we have shown the theorem. O

Exercises.
24. Show that (C3)% = Cs + Cs + Cs.
25. Let G1,G9, H be digraphs. Then the following holds.

e (G; — H and G5 — H implies that G; + G2 — H.
e H — Gy and H — (G5 implies that H — G1 X Gs.

26. Let G and H be digraphs. Prove that G x H has a directed cycle if and only if both G
and H have a directed cycle.

27. Show that the homomorphism order on the set of all digraphs forms a lattice; i.e., show
that for any two digraphs G and G’

e there exist a digraph U such that G and G’ homomorphically map to U and such
that U homomorphically maps to every graph H with the property that both G
and G’ homomorphically map to H.

e there exists a digraph L that homomorphically maps to G and to G’ such that any
graph H that homomorphically maps both to G' and to G’ also maps to L.

28. Let H be a digraph with m arcs. Show that P(H) homomorphically maps to H if
and only if H has an m-ary polymorphism f satisfying f(x1,...,2m) = f(y1,---,Ym)
whenever {z1,...,Zm} = {y1,.. -, Ym}

Solution: Suppose first that ¢ is a homomorphism from P(H) to H. Let f be defined by
flzi, ... xm) =9({z1, ...y xm}). U (z1,91), - oy (@my ym) € E(H), then {x1,..., 2y} is
adjacent to {y1,...,ym} in P(H), and hence (f(z1,...,Zm), f(y1,...,ym)) € E(H).

Conversely, suppose that f is a polymorphism as described. Let g : ovV(H) _, V(H)
be g({x1,...,2m}) = f(z1,...,%m), which is well-defined by the properties of f. Let
(U,V) € E(P(H)), and let z1,...,2, be an enumeration of the elements of U, and
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Y1,-..,Yq be an enumeration of the elements of V. The properties of P(H) imply that
there are y,...,y, € V and z7,...,x, € U such that (x1,y;),...,(7p,...,y,) € E(H)
and (27,y1), -, (T, - -+, Yq) € E(H). Therefore,

g(U) = g({z1,...,2p}) = f(@1,...,2p, 2, ... 2y, 21,0, 1)

is adjacent to
g(V) =gy, yg}) = FWh - Y Yo Uy Y1o -+ Y1) -

29. Suppose the G-coloring and the H-coloring problem, for two digraphs G and H, can be
solved in polynomial time. Show that the (G x H)-coloring and the (G + H)-coloring
problems can be solved in polynomial time as well.

2.8 The Path-consistency Procedure

The path-consistency procedure is a well-studied generalization of the arc-consistency proce-
dure. Again, it has been discovered first more generally for constraint satisfaction problems;
we come back to this algorithm in Section 3, where we give a unified treatment of various
forms of consistency and the corresponding algorithms. Applied to the special case of the
H-coloring problem, the path-consistency procedure is also known as the pair-consistency
check algorithm in the graph theory literature.

Many H-coloring problems that can not be solved by the arc-consistency procedure can
still be solved in polynomial time by the path-consistency procedure. The simplest examples
are H = Ky (see Exercise 10) and H = Cs (see Exercise 12). The idea is to maintain a
list of pairs from V(H)? for each pair in V(G)? (similarly to the arc-consistency procedure,
where we maintained a list of vertices from V(H) for each vertex in V(G)). We successively
remove pairs from these lists when the pairs can be excluded locally. The full procedure can
be found in Figure 3. The greater power of the path-consistency procedure comes at the
price of a larger worst-case running time: while we have seen a linear-time implementation
of the path-consistency procedure, the best known implementations of the path-consistency
procedure require cubic time in the size of the input (see Exercise 77).

If we modify the path-consistency procedure as presented in Figure 3 by maintaining lists
L(z,x), and also process triples x,y, z that are not pairwise distinct, we obtain the so-called
strong path-consistency procedure. This procedure is at least as strong as the arc-consistency
procedure, because the lists L(z,x) and the rules of the strong path-consistency procedure
for x = y simulate the rules of the arc-consistency procedure. In Subsection 2.9 we will see
many examples of digraphs H where the path-consistency algorithm solves the H-coloring
problem, but the arc-consistency algorithm does not.

The k-consistency procedure. The path-consistency procedure can be generalized fur-
ther to the k-consistency procedure. In fact, arc- and path-consistency procedure are just the
special case for k = 1 and k = 2, respectively. In other words, the path-consistency procedure
is the 3-consistency procedure and the arc-consistency procedure is the 2-consistency proce-
dure. Here, the idea is to maintain sets of k-tuples from V (H)* for each k-tuple from V (G)*,
and to successively remove tuples by local inference. It is straightforward to generalize also
the details of the path-consistency procedure.
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PC(G)
Input: a finite digraph G.
Data structure: a list L(x,y) of pairs from V(H)
for each pair of distinct vertices (z,y) € V(G)2.
For all (z,y) € V(G)?
If (z,y) € E(G) then L(z,y) := E(H)
else L(x,y) := V(H)?
Do
For all distinct vertices z,y, z € V(G):
For each (u,v) € L(z,y):
If there is no w € V(H) such that (u,w) € L(z, z) and (w,v) € L(z,y) then
Remove (u,v) from L(z,y)
If L(x,y) is empty then reject
Loop until no list changes

2

Figure 3: The path-consistency procedure for H-coloring

For fixed H and fixed k, the running time of the k-consistency procedure is still polynomial
in the size of G. But the dependency of the running time on k is clearly exponential. It turns
out that the k-consistency procedure requires too much time for being useful in practical
applications.

The case k = 3 (i.e., the path-consistency procedure) is of particular theoretical impor-
tance, as demonstrated by the following research question, which is open.

Question 3. Is there an H-coloring problem that can be solved with the k-consistency proce-
dure, but not with the path-consistency procedure?

In other words, we do not know whether the k-consistency procedure is more powerful
than the path-consistency procedure concerning the question whether they can solve the H-
coloring problem for some H. In general, the question whether the path-consistency procedure
solves the H-coloring problem can be very difficult.

Question 4. Is it algorithmically decidable whether the H-coloring problem for a given di-
graph H can be solved with the path-consistency procedure?

Exercises

30. Show that the path-consistency procedure for the H-coloring problem can (for fixed H)
be implemented such that the worst-case running time is cubic in the size of the input
graph. (Hint: use a worklist as in AC-3.)

2.9 DMajority Operations

In this section, we present a powerful criterion that shows that for certain graphs H the
path-consistency procedure solves the H-coloring problem. Again, this condition was first
discovered in more general form by Feder and Vardi [18]; it subsumes many criteria that were
studied in Artificial Intelligence and in graph theory before.
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Definition 18. Let D be a set. A function f from D? to D is called a majority function if
f satisfies the following equations, for all x,y € D:

f(CC,ZL‘,y) :f(.T,y,ﬂf) :f(y,CC,SU) =T

As an example, let D be {1,...,n}, and consider the ternary median operation, which is
defined as follows. Let z,y,z be three elements from D. Suppose that {z,y,z} = {a,b,c},
where a < b < ¢. Then median(x,y, z) is defined to be b.

Theorem 19 (of [18]). Let H be a finite digraph. If H has a polymorphism that is a ma-
jority function, then the H-coloring problem can be solved in polynomial time (by the path-
consistency procedure).

For the proof of Theorem 19 we need the following lemma.

Lemma 20. Let f be a k-ary polymorphism of a digraph H. Let G be an instance of
the H-coloring problem, and L(z,y) be the list computed by the path-consistency procedure
for x,y € V(G). Then f preserves the lists, i.e., if (uy,v1),...,(uk,vp) € L(x,y), then
(f(uh cee 7uk)7 f(vh cee 7'Uk)) € L(:Z:?y)

Proof. The proof is by induction of the number of times the inner loop of the path-consistency
procedure is executed. At the beginning of the procedure, the lists are preserved by f,
because f is a polymorphism of H. Now, suppose that we are at some stage during the
execution of the path-consistency algorithm where the lists L are preserved by f. We show
that after executing the innermost loop once again, the lists L’ are still preserved by f. Let
z,y,z € V(G), and (uy,v1),..., (ug,vg) € L'(x,y); since these pairs are then also in L(z,y),
and by inductive assumption, there are wy, ..., w, € V(H) such that (uj,w1),..., (ug, wg) €
L(z,z) and (wi,v1),...,(wk,vk) € L(z,y). Thus, (f(ui,...,uk), f(wi,...,wx)) € L(x,z)
and (f(wy,...,wg), f(v1,...,vk)) € L(z,y). This implies that the path-consistency procedure
does not remove (f(u1,...,ux), f(v1,...,v;)) from L(z,y), hence this pair is in L'(z,y). O

of Theorem 19. Suppose that H has a majority polymorphism f : V(H)? — V(H), and let G
be an instance of the H-coloring problem. Clearly, if the path-consistency procedure derives
the empty list for some pair (u,v) from V(G)?, then there is no homomorphism from G to
H.

Now suppose that after running the path-consistency procedure on G the list L(x,y) is
non-empty for all pairs (x,y) from V(G)2. We have to show that there exists a homomorphism
from G to H. We say that a homomorphism A from an induced subgraph G’ of G to H
preserves the lists iff (h(z),h(y)) € L(z,y) for all z,y € V(G’). The proof shows by induction
on ¢ that any homomorphism from a subgraph of G on ¢ vertices that preserves the lists can
be extended to any other vertex in GG such that the resulting mapping is a homomorphism to
H that preserves the lists.

For the base case of the induction, observe that for all vertices x1,x92,23 € V(G) every
mapping h from {z,z2} to V(H) such that (h(x1), h(z2)) € L(z1,22) can be extended to x3
such that (h(x1),h(x3)) € L(z1,x3) and (h(z3), h(z2)) € L(xs,z2) (and hence preserves the
lists), because otherwise the path-consistency procedure would have removed (h(zy),h(z2))
from L(z1,x2).

For the inductive step, let A’ be any homomorphism from a subgraph G’ of G on i > 3
vertices to H that preserves the lists, and let x be any vertex of G not in G’. Let w1, x9,
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and z3 be some vertices of G’, and h;- be the restriction of A’ to G’ \ zj, for 1 < j < 3.
By inductive assumption, h} can be extended to x such that the resulting mapping h; is a
homomorphism to H that preserves the lists. We claim that the extension h of A’ that maps
x to f(hi(z), ha(x), hs(x)) is a homomorphism to H that preserves the lists.

For all y € V(G'), we have to show that (h(z),h(y)) € L(z,y) (and that (h(y),h(z)) €
L(y,x), which can be shown analogously). If y ¢ {x1,x2, 23}, then h(y) = h'(y !

W (y), W' (y)) = f(h1(y), h2(y), h3(y)), by the properties of f. Since (h1(x), h1(y)), (
(hs(x), hs(y)) arein L(z,y), and since f preserves L(z,y) by Lemma 20, we have (h(x), h(y
L(x,y), and are done in this case.

Clearly, y can be equal to at most one of {z1,x9,x3}. Suppose that y = x; (the other
two cases are analogous). There must be a vertex v € V(H) such that (hi(z),v) € L(z,y)
(otherwise the path-consistency procedure would have removed (hy(x), hi(z2)) from L(z, x2)).
By the properties of f, we have h(y) = h'(y) = f(v,h'(y), ' (y)) = f(v, ha(y), hs(y)). Because
(h1(z),v), (ha(x), ha(y)), (hs(x), h3(y)) are in L(x,y), Lemma 20 implies that (h(x),h(y)) =
(f(h1(x), ha(z), hs(z)), f(v, ha(y), h3(y))) is in L(x,y), and we are done.

Therefore, for ¢ = |V(G)|, we obtain a homomorphism from G to H. O

As an example, let H be the transitive tournament on n vertices, T,,. Suppose the vertices
of T,, are the first natural numbers, {1,...,n}, and (u,v) € E(T),) iff u < v. Then the median
operation is a polymorphism of T;,, because if u; < v, uo < w9, and ug < vz, then clearly
median(uy, ug, usz) < median(vy, vy, vs3). This yields a new proof that the H-coloring problem
for H = T,, is tractable.

Corollary 21. The path-consistency procedure solves the H-coloring problem for H = T,,.

Another class of examples of graphs having a majority polymorphism are wunbalanced
cycles, i.e., orientations of C), that do not homomorphically map to a directed path [16]. We
only prove a weaker result here.

Proposition 22. Directed cycles have a majority polymorphism.

Proof. Let f be the ternary operation that maps u, v, w to the u if u, v, w are pairwise distinct,
and otherwise acts as a majority operation. We claim that f is a polymorphism of C,,. Let
(u,u), (v,0"), (w,w") € E(Cy) be arcs. If u,v,w are all distinct, then u',v',w’ are clearly
all distinct as well, and hence (f(u,v,w), f(u/,v",w")) = (u,u') € E(Cy). Otherwise, if two
elements of u,v,w are equal, say u = v, then v/ and v must be equal as well, and hence

(f(u,v,w), f(u', v w) = (u,u') € E(Cy). O

Near-unanimity functions. Majority functions are a special case of so-called near-unanimity
functions. A function f from DF to D is called a (k-ary) near unanimity function (short, an
nuf) if f satisfies the following equations, for all x,y € D:

f(x7"'7x7y):f(x""7y’x):..':f(y7x7"'7x):x

Obviously, a majority is a ternary near-unanimity function. Similarly as in Theorem 19 it can
be shown that the existence of a k-ary nuf polymorphism of H implies that the k-consistency
procedure (which was informally introduced in Subsection 2.8) solves the H-coloring problem.
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Exercises.

31.

32.

33.

34.

35.

A quasi magjority function is a function from D3 to D satisfying f(z,z,y) = f(z,y,z) =
fly,z,x) = f(x,z,x) for all z,y € D. Use Theorem 3 to show that an undirected graph
H has an H-coloring problem that can be solved in polynomial time if H has a quasi
majority polymorphism, and is NP-complete otherwise.

Show that every oriented path has a majority operation.

There is only one unbalanced cycle H on four vertices that is a core and not the directed
cycle (we have seen this graph already in Exercise 23). Show that for this graph H the
H-coloring problem can be solved by the path-consistency procedure.

Modify the path-consistency procedure such that it can deal with instances of the pre-
colored H-coloring problem. Show that if H has a majority operation, then the modified
path-consistency procedure solves the pre-colored H-coloring problem.

An interval graph H is an (undirected) graph H = (V, E) such that there is an interval
I, of the real numbers for each x € V, and (z,y) € E iff I, and I, have a non-empty
intersection. Note that with this definition interval graphs are necessarily reflexive, i.e.,
(x,z) € E. Show that the pre-colored H-coloring problem for interval graphs H can
be solved in polynomial time. Hint: use the modified path-consistency procedure in
Exercise 34.
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3 Constraint Satisfaction Problems

Informally, a constraint satisfaction problem is a computational problem where the input
consists of a set of variables and a set of constraints imposed on these variables, and where
the task is to decide whether there is assignment of values to the variables such that all the
constraints are satisfied. Such problems occur naturally in many areas in computer science,
for example in Artificial Intelligence, computational linguistics, computational biology, type
inference for programming languages, and scheduling. Before we further restrict and formalize
the notion of constraint satisfaction problems, we present well-known examples that fit to the
above informal description of constraint satisfaction problems.

Example 1: Sudokus. A Sudoku is a number placement puzzle. The objective is to fill a
9 x 9 grid so that each column, each row, and each of the nine 3 x 3 subgrids contains all