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Chapter 1

Introduction

1.1 The Constraint Satisfaction Problem

An instance of the constraint satisfaction problem (CSP), intuitively, consists of a set of
variables and a set of constraints on the variables. The question is to decide whether or not
there is an assignment to the variables satisfying all of the constraints.

As an example, we could take the constraints

(u#v%(U%w)v(u:U})

where both the disequality # and equality = are interpreted over the two-element boolean
domain {0, 1}. These constraints are satisfiable via the assignment

u=w=0,v=1
or alternatively, via the assignment
u=w=1v=0
On the other hand, the constraints
(u#v), (v #w), (u# w)

cannot all be satisfied simultaneously, at least under our assumption that the relations # and
= are over the two-element domain {0, 1}.

We will see that there are a number of different formulations of the CSP, which indeed
attests to its generality and usefulness! Our first and official definition of the CSP will be the
following “relational homomorphism problem”.

We require some terminology. A (relational) signature o is a set of relation symbols; for
our purposes in these notes, a signature will always be a finite set of relation symbols. Each
relation symbol R € o has an associated arity ar(R) > 1.

A relational structure B over o consists of a universe B, which is simply a set, along with
a relation RB C B> for each relation symbol R € o. The relation RB, which is a relation
of arity ar(R) over B, provides an interpretation for the symbol R.

When A and B are two relational structures over the same relational signature o, we say
that a mapping h : A — B from the universe A of A to the universe B of B is a homomorphism
from A to B if for every relation symbol R € ¢ and every tuple (ay,...,a;) € R™, it holds
that (h(ai),...,h(ag)) € RB. That is, for each relation symbol R, mapping a tuple in R*
under h results in a tuple in RB.
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Definition 1.1.1 The constraint satisfaction problem (CSP) is the following. Given two
relational structures A and B over the same relational signature o, does there exist a homo-
morphism from A to B?

Note that we will sometimes denote an instance of the CSP using the pair notation (A, B).
In working with relational structures, we will make use of the following conventions.

e We will say that a relational structure is finite if its universe is of finite size, and we
will say that a relational structure is infinite if its universe is of infinite size.

e Typically, we will use boldface letters A, B, ... to denote relational structures, and the
corresponding capital letters A, B, ... to denote their universes.

As a first example of a CSP instance, let us take consider the first set of constraints given

above:

(u #v), (v # w), (u=w).
We may view this as an instance of the CSP in the following way. Let 7 be the relational
signature {D, S} where ar(D) = ar(S) = 2. Let T be the relational structure with universe
T = {0,1}, DT = {(0,1),(1,0)}, and ST = {(0,0),(1,1)}. That is, DT is the disequality
relation on 7', and ST is the equality relation on 7.

Let A be the relational structure with universe A = {u,v,w}, DA = {(u,v), (v,w)} and
S = {(u,w)}.

It may be verified that the problem of satisfying the given constraints is precisely the
homomorphism problem on (A,T). Indeed, the homomorphisms from A to T are precisely
the assignments which satisfy the constraints. Intuitively, the universe A of A consists of
variables; the tuples (u,v) and (v,w) in D? state that “(u,v) and (v, w) must take on values
in DT” | while the tuple (u,w) in S* states that “(u,w) must take on a value in ST”.

As another example, consider 7 = {E'} where E is of arity 2. Let K3 be the relational
structure with universe K3 = {1,2,3} and where EXs ig the disequality relation on {1,2,3},
that is, F¥3 is the set

{(17 2)7 (17 3)7 (2’ 1)7 (27 3)7 (37 1)7 (37 2)}'
Similarly, let K4 be the relational structure with universe Ky = {1,2,3,4} and where EXi g
the disequality relation on {1,2,3,4}, that is, E¥4 is the set

{(17 2)7 (173)7 (174)7 (27 1)7 (27 3)7 (27 4)’ (37 1)7 (37 2)7 (374)7 (4’ 1)7 (47 2)7 (47 3)}

The mapping h : K3 — K4 where h(1) = 1, h(2) = 2 and h(3) = 3 is a homomorphism
from K3 to K4. Indeed, one can verify that any injective mapping h : K3 — K4 is a
homomorphism from K3 to K4, and conversely that any homomorphism from Kj to Ky is
an injective mapping.

On the other hand, there exists no homomorphism from Ky to K3. (Why?)

In the following exercise, we will see that the notion of homomorphism naturally yields a
preorder on the set of all relational structures over a fixed signature.

Exercise 1.1.2 Fiz o to be a relational signature. Consider the relation <, defined on
relational structures over o where, for two such structures A and B,

A<,B

if and only if there exists a homomorphism from A to B. Prove that the relation <, is
reflexive and transitive, but not symmetric.
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We now look at the computational problem $-colorability and show how to formulate
instances of it as instances of the CSP. An instance of 3-colorability is an undirected graph
G = (Vg, Eg). Recall that an undirected graph consists of a set of vertices Vi and a set of
edges Eq; every edge is a two-element set of vertices. As an example, consider the graph G
with vertex set Vg = {a,b,¢,d} and Eg = {{a,b},{a,c},{b,c}, {b,d},{c,d}}.

The problem 3-colorability is to decide, given an undirected graph G, if G is 3-colorable:
if there exists a mapping defined on the vertices Vg of G to a 3-element set such that the two
vertices of every edge {u,v} in G are mapped to different values (or “colors”). Here, we take
{1,2,3} as our 3-element set of colors, and so the question is whether there exists a mapping
f: Ve — {1,2,3} such that for every edge {u,v} € Eg, it holds that f(u) # f(v).

We claim that any instance G = (Vg, Eg) of 3-colorability can be viewed as the CSP
instance (Ag, K3) over signature o = { E'} where A is the relational structure with universe
Vg and EAC contains an ordered pair (u,v) for every edge {u,v} € Eg. (Note that, for our
purposes here, the order in which the vertices of an edge are given in EA¢ is not important.)
By definition, the CSP instance (Ag,K3) is a “yes” instance if and only if there exists a
mapping h : V — {1,2,3} such that the following condition holds:

for every pair (u,v) € EA¢ it holds that (h(u), h(v)) € EX3.

As EX3 is defined to be the disequality relation on {1,2,3}, and h is a mapping into {1, 2, 3},
this condition is equivalent to:

for every pair (u,v) € EA¢, it holds that h(u) # h(v).

It is readily seen that a mapping h : V' — {1,2,3} satisfies this condition if and only if it is
a 3-coloring of the graph G. Indeed, this last condition is almost exactly the definition of a
3-coloring, except in EA¢ the edges have been given (arbitrary) orientations.

1.2 Conjunctive Queries

We will now see some alternative ways of formulating the CSP; precisely, we will see some
alternative ways of describing the condition of having a homomorphism from a structure A
to another structure B.

To every relational structure A (over o) we can associate a logical formula called the
canonical conjunctive query of A, denoted by Qa. The formula QA consists of a quantifier
prefix in which all elements of A are existentially quantified, followed by the conjunction of
formulas R(a1,...,ax) over all relation symbols R (of o) and tuples (a1,...,a;) € R*. For
example, the canonical conjunctive query Qa of A (given above) is the formula

FuIv3w(D(u,v) A D(v,w) A S(u, w)).

Theorem 1.2.1 (Chandra/Merlin) Let A and B be relational structures over the same re-
lational signature o. The following are equivalent:

1. There exists a homomorphism from A to B.

2. For all structures C such that C = Qp, it holds that C = QA .
3. BEQa
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We give the idea of the proof, and leave a full verification as an exercise to the reader.
Proof. (idea) First, we observe that (1) and (3) are equivalent. If (1) holds and there
is a homomorphism A from A to B, then the mapping h can be used to assign values to
the existentially quantified variables of QA so that the quantifier-free part of QA is true.
Conversely, if (3) holds, an assignment to the existentially quantified variables of QA satisfying
the quantifier-free part can be verified to be a homomorphism.

We now show that (1) implies (2), and that (2) implies (3).

(1) = (2): Let C be a structure such that C = Q. By the equivalence of (1) and (3),
there is a homomorphism from B to C, and we want to show that there is a homomorphism
from A to C. By assumption, there is a homomorphism from A to B, and we obtain the
desired homomorphism (from A to C) by transitivity of the relation <,; see Exercise 1.1.2.

(2) = (3): This is straightforward from the observation that B = @p. Notice that by the
equivalence of (1) and (3), this observation amounts to showing that there is a homomorphism
from B to itself. This may be viewed as the reflexivity of the relation <,; see Exercise 1.1.2.
O

1.3 Restricting The Right-Hand Side

The CSP, in its general formulation, is computationally intractable (in a sense to be made
precise soon). A classic approach to coping with a computational intractable problem is to
consider restricted versions of the problem. In this course, we will consider restricted versions
of the CSP where the “right-hand side structure” B is fixed.

Definition 1.3.1 Let B be a relational structure over signature o. The computational prob-
lem CSP(B) is the following. Given a finite relational structure A over o, does there exist a
homomorphism from A to B?

We should emphasize that each relational structure B gives rise to a computational prob-
lem CSP(B). An input to CSP(B) is a single relational structure A, and not a pair of
relational structures (as with the CSP).

This is clearly one of the simplest restrictions on the CSP that one can think of. Inter-
estingly, it allows one to place into a unified framework many computational problems that
have been studied independently. It also gives rise to a rich and multi-faceted theory that is
fascinating in its own right.

Consider the following examples of problems CSP(B).

e The problem CSP(T) may be identified with the problem of deciding, given a set of
equalities and disequalities over variables (as in the beginning of this chapter), whether
or not they are satisfiable over {0, 1}.

e The problem CSP(K3), as discussed, may be identified with the problem 3-colorability.

e Consider the relational structure PA over signature {#, <} with universe Q and the
usual interpretations to # and <. (Here, as usual, Q denotes the set of rational num-
bers.) The problem CSP(PA) can then be identified with the problem of deciding, given
a set of disequalities u # v and inequalities u < v over variables, whether or not there is
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an assignment to the variables over Q such that all of the disequalities and inequalities
are satisfied. For instance, one might consider

a<ba<cb<dc<db#ec.
(Exercises: is this a “yes” instance? How would one view these disequalities and in-
equalities as an instance A of CSP(PA)?)

We always assume that an input of a problem CSP(B) is a finite relational structure, that
is, a relational structure with finite universe. Notice, however, that there is no problem if the
fixed structure B has infinite universe, as in the last example of CSP(PA)! Again, the fixed
structure is not given as part of the input; an input to CSP(PA), for instance, is simply a
finite relational structure over the signature {#, <}.

Exercises for Section 1.3

Exercise 1.3.2 The 2-SAT problem is to decide, given a set of 2-clauses over propositional (0-1
valued) variables, whether or not there is a satisfying assignment, that is, an assignment to the variables
under which all of the clauses are true. A clause is a disjunction of literals, where a literal is either
a variable or its negation. By a 2-clause, we mean a clause with exactly two literals.

An example instance of 2-SAT is the set of clauses:

{uVov,~uV-w,-uVuo-wvVuw}

Give a relational structure Ba such that 2-SAT can be identified with the problem CSP(B2). In
particular, you should give a structure B such that an arbitrary instance of 2-SAT can be readily
translated to an instance A of CSP(Bsy) where the homomorphisms from A to Bsy are exactly the
satisfying assignments of the 2-SAT instance.

Do the same for 3-SAT: give a relational structure Bz such that 3-SAT can be identified with the
problem CSP(Bg3). The 3-SAT problem is defined just as the 2-SAT problem, except an instance of
3-SAT is a set of 3-clauses. (A 3-clause is a clause with exactly three literals.)

Exercise 1.3.3 A 3-uniform hypergraph consists of a (finite) set of vertices V. and a set of edges
E, where each edge e € E is a size 3 subset of V. Let us say that a mapping from f from V to a
three-element set is a rainbow-constant coloring if for each edge e = {u,v,w} in E, either:

e the vertices are mapped to different values (the edge is a “rainbow”), that is, f(u) # f(v),
F(w) # f(w), and f(v) £ f(w) all hold; or,

o the vertices are mapped to the same value (the edge is “constant”), that is, f(u) = f(v) = f(w).

Describe how the the following problem may be viewed as a problem of the form CSP(B). An instance
of the problem is a 3-uniform hypergraph along with a mapping p : S — {red, green, blue} defined on
a subset S C V of the vertices, and the question is to decide if there is a rainbow-constant coloring
f:V — {red, green, blue} of the hypergraph that extends the given mapping p. In other words, one is
giwven a “pre-coloring” p of a 3-uniform hypergraph, and the question is to decide if this pre-coloring
can be extended to a full rainbow-constant coloring.

1.4 Complexity

In this course, we will be primarily interested in distinguishing between problems that are in P,
and problems that are NP-complete. Recall that P is the set of all decision problems for which
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there exists an algorithm solving the problem in polynomial time (for a reasonable formulation
of the notion of “algorithm”), and, intuitively, NP is the set of all decision problems for which
there exists a polynomial-time algorithm that can wverify a solution to the problem.

A useful tool for studying the complexity of problems is the notion of reduction. Recall
that a decision problem ® reduces to a decision problem @’ (denoted ® <, ®') if there exists
a polynomial-time computable function f such that:

e if ¢ is a “yes”-instance of @, then f(¢) is a “yes”-instance of @', and
e if ¢ is a “no”-instance of ®, then f(¢) is a “no”-instance of P’

We remark that this form of reduction is known as many-one polynomial-time reduction;
many other notions of reductions have been studied, but (unless otherwise specified) this is
the one that will be used in this course. We will write ® =, ®’ to indicate that ® <, ®" and
P <, D.

Recall the following definitions. A problem W is NP-hard if for all problems ® in NP, it
holds that ® <, ¥. A problem ¥ is NP-complete if it is in NP and it is NP-hard. Also recall
the following fact, which we will use throughout.

Proposition 1.4.1 If ® is NP-hard and ® <, ', then ®' is NP-hard.

We point out that all problems of the form CSP(B) are in NP, when looking at finite
relational structures B.

Proposition 1.4.2 For every finite relational structure B, the problem CSP(B) is in NP.
The following give some well-known examples of problems CSP(B) that are NP-hard.
Proposition 1.4.3 The 3-SAT problem is NP-complete.

Proposition 1.4.4 The 3-colorability problem, or equivalently, the problem CSP(Ks3), is NP-
complete.

The following conjecture concerning the complexity of problems CSP(B) has been pro-
posed.

Conjecture (Feder/Vardi): For every relational structure B with a finite universe, the
problem CSP(B) is either in P or is NP-complete.

This conjecture has been established for some restricted classes of relational structures,
for instance, for structures B with universe size two (Schaefer, 1978). Such dichotomous
behavior cannot be taken for granted, in light of the following result from complexity theory.

Theorem 1.4.5 (Ladner) If P does not equal NP, then there exist languages L € NP\ P
that are not NP-complete.

That is, Ladner’s theorem states that, under the assumption P not equal NP, there are
languages in NP of “intermediate” complexity: they are neither tractable (in P) nor maximally
intractable (NP-complete).
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Exercises for Section 1.4
Exercise 1.4.6 Show that CSP(T) is in P.

Exercise 1.4.7 Define the relational structure B> over signature {=,#} in the following way. The
universe of B> is B = {1,2,3,...,}, that is, the set of natural numbers. The relation =B% s the
equality relation on B, and the relation #B" is the disequality relation on B. Show that CSP(B>) is
in P.

Note: this result can be compared with the previous exercise as well as the fact that the disequality
relation over a 3-element set is NP-hard (Proposition 1.4.4).

Exercise 1.4.8 Is the “rainbow-constant coloring” problem described in Exercise 1.53.8 in P, or NP-
complete?

Exercise 1.4.9 In this course, we focus on studying the complezity of the problems CSP(B). One can
similarly study the “dual restriction” where the “left-hand side structure” A is restricted. That is, for
a relational structure A over signature o, define A-CSP to be the problem of deciding, given a finite
relational structure B over o, if there exists a homomorphism from A to B.

This family of problems is less interesting from a complexity-theoretic standpoint: prove that for
every finite relational structure A, the problem A-CSP is in P.

We can mention that, although restricting the left-hand side to a single relational structure is
not so interesting, researchers have studied restricting the left-hand side relative to an infinite set of
relational structures. This set restriction has given rise to a rich theory, in which graph parameters
such as treewidth (and extensions thereof) play a crucial role.
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Chapter 2

Logic and Algebra

2.1 A Quick Review of First-order Logic

We now briefly review the portion of first-order logic that we will need. Let ¢ be a relational
signature.

Definition 2.1.1 An atomic formula of o is an equality expression (v = v') for variables v,v’,
or an expression having the form R(vi,...,v;) where R € 0 and vy, ..., v are variables.

Definition 2.1.2 The first-order formulas of o are the smallest set of expressions containing
the atomic formulas (of o) and closed under the following operations:

o if ¢ and 1 are first-order formulas, then the negation —¢ of ¢, the conjunction (¢ A1)
of ¢ and ¢, and the disjunction (¢ \V V) of ¢ and 1 are first-order formulas.

e if ¢ is a first-order formula and v is a variable, then the existentially quantified formula
(Fvg) and universally quantified formula (Yv) are first-order formulas.

Here, we do not formally define that semantics of first-order logic. We assume that the
reader has previous exposure to this definition, and refer the reader to a textbook on first-
order logic for details.

Let B be a relational structure over signature o. We say that a relation R C B* of arity
k is first-order definable over B if there exists a first-order formula ¢(v1,...,v;) of o with
free variables vq, ..., v such that

'R:{(bl,...,bk)GBk ’ B’:¢(blvvbk)}

Example 2.1.3 Let o be the signature {<}, where the symbol < has arity 2. Let B be the
structure over signature o with universe Q and where < has its usual interpretation, that is,
<B s the relation of all pairs (a,b) € Q* where a is strictly less than b.
Consider the relation W C Q3 containing all triples (a,b,c) where a and c are distinct,
and b falls strictly inbetween a and b. Formally, W = {(a,b,c) | (a <b<¢) or (¢ <b<a)}.
Let ¢(v1,v2,v3) be the formula

(('01 < 1)2) A (UQ < ’Ug)) V ((1}3 < 1)2) A ('UQ < 1)1))

The formula ¢ gives a first-order definition of W over B.

13
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Example 2.1.4 Let B be a relational structure over the signature {E'}, where the symbol E
has arity 2. We view B as a directed graph: its universe is the set of vertices, and E® is the
set of directed edges.

The following formula ¢(v1,ve) is a first-order definition of all pairs of vertices that share
a common out-neighbor. (By an out-neighbor of a vertexr a, we mean a vertex b such that
(a,b) is an edge.)

d(v1,v2) = Fu(E(vy,u) A E(ve,u))

2.2 Definability Notions and Preservation

We will now look at a way to study logical definability using algebra, by studying the op-
erations that preserve relations—for notions of preservation that we will make precise. In
particular, we will see results showing that the operations preserving a structure also preserve
relations defined by the structure.

Our first result of this form concerns the following type of preservation. Let us say that a
unary operation f : B — B is an automorphism of a relation R C B if it is a bijection, and
for any tuple (by,...,b;) € B, it holds that

(bl,...,bk) ER & (f(bl),,f(bk)) ER

We say that a unary operation f : B — B is an automorphism of a relational structure B if
it is an automorphism of every relation of B.

Proposition 2.2.1 If a relation R is a first-order definable over a relational structure B,
then every automorphism of B is an automorphism of R.

Proof. Exercise. (I

Example 2.2.2 Consider the relational structure B over o = {#} with universe B = Q and
#B the disequality relation on Q, that is, #B contains exactly those tuples (a,b) € Q x Q
such that a does not equal b. It is readily verified that every bijection f : Q — Q is an
automorphism of B.

From Proposition 2.2.1, we can show that the relation <, interpreted naturally over Q, is
not first-order definable over B. Let m: Q — Q be any bijection that swaps 3 and 4, that is,
such that w(3) = 4 and 7(4) = 3. As 7w is a bijection, it is an automorphism of B (as we
observed). However, the relation < does not have w as an automorphism: it holds that (3,4)
is in <, but it does not hold that (w(3),m(4)) = (4,3) is in <! From the proposition, we can
thus infer that < is not first-order definable over B.

We now consider a notion of definability that is more restrictive than first-order definabil-
ity. We say that a relation R is existential positive definable over a relational structure B if
it is first-order definable over B via a formula that uses only the operators A and V, and the
quantifier 3.

Clearly, Proposition 2.2.1 holds with “existential positive definable” in place of “first-order
definable”, since existential positive definability is a special case of first-order definability.
However, we can show that for this new notion of definability, defined relations are preserved
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by a type of operation more general than automorphism. We define an endomorphism of a
relation R C B* to be a unary operation f : B — B such that

(bl,...,bk) ER = (f(bl),,f(bk)) ER

Note that the definition of endomorphism differs from that of automorphism in two ways:
first, an endomorphism need not be a bijection, and second, only one direction of the given
implication need hold. As before, we say that an operation f is an endomorphism of a
structure B if it is an endomorphism of all relations of B.

We have the following proposition relating existential positive definability to endomor-
phisms.

Proposition 2.2.3 If a relation R is existential positive definable over a relational structure
B, then every endomorphism of B is an endomorphism of R.

Proof. (idea) In this proof, we will speak of endomorphisms of a first-order formula; in doing
so, we refer to endomorphisms of the relation defined by the first-order formula.

The proof is by induction on the structure of the existential positive formula ¢(vy, ..., vg)
that defines R. The base case, in which ¢ is simply an atomic formula, is straightforward.
We consider the inductive cases.

Case: ¢ is of the form 9 Av)’. Even if ¢ does not contain all of vy, ..., v as free variables,
we may view it as if it does—without changing its endomorphisms—and likewise for 1’. So,
we assume that f is an endomorphism of both ¥ (vq,...,vx) and ¢'(vq,...,vx), and want
to show that f is an endomorphism of 9 (v1,...,vx) A (v1,...,v,). Let (by,...,b;) € BF
be a tuple such that ¢(by,...,bx) holds. Then, both 1 (by,...,b;) and 9'(by,...,bx) hold.
Since f is an endomorphism of both v and ¢, we have that both ¥ (f(b1),..., f(bx)) and
' (f(b1),..., f(br)) hold, and it follows that ¢(f(b1),..., f(bx)) holds, as desired.

Case: ¢ is of the form 1 V ¢’. As in the previous case, we view psi and 1)’ as if they
contain all of vq,..., v, as free variables. Suppose that (by,...,b;) € B¥ is a tuple such that
&(b1,...,bx) holds. Then either ¥(by,...,bg) or ¢'(by,...,bx) holds. In the first case, we have
that 1 (f(b1),..., f(br)) holds; in the second case, we have that ¢'(f(b1),..., f(b)) holds. It
follows that ¥(f(b1), - F(be)) V&' (F(Br), - ., £(bk)) = S(F(br), - £(br)) holds.

Case: ¢ is of the form Jvi)(vy,. .., vk, v). Suppose that (by,...,b) € B¥ is a tuple such
that ¢(by,...,b;) holds. Then, there exists a value b € B such that ¢(by,..., b, b) holds.
It follows that ¥ (f(b1),..., f(bx), f(b)) holds, which in turn implies that ¢(f(b1),..., f(bk))
holds. J

Exercise 2.2.4 Let B be a finite relational structure. Prove that a unary function f : B — B
is an automorphism of B if and only if it is a bijection and an endomorphism of B.

We now consider a third and yet more restrictive notion of definability. Say that a relation
R is primitive positive definable (for short, pp-definable) over a relational structure B if it is
first-order definable over B via a formula that uses only the operator A and the quantifier 4.

The following type of operation can be used to study pp-definability. An operation f :
B"™ — B is a polymorphism of a relation R C B* if for any choice of n tuples (b1, ...,bix), ...,
(bni, - bpk) € R, it holds that (f(b11,---,bn1)s---, f(b1ky- .-, bnk)) isin R. That is, applying
f coordinate-wise to any n tuples in R yields another tuple in R. When f is a polymorphism
of a relation R, we also say that R is preserved by f. We say that an operation f is a
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polymorphism of a structure B if f is a polymorphism of all relations of B; in this case, we
also say that B is preserved by f.
One may observe that an endomorphism is an arity 1 polymorphism.

Proposition 2.2.5 If a relation R is a pp-definable over a relational structure B, then R is
preserved by every polymorphism of B. (That is, every polymorphism of B is a polymorphism

of R.)

Proof. Exercise. [J

Let 7' be the n-ary projection operation that always returns its ¢th coordinate, that is,
(T, .. Tn) = @

for all z1,...,x,. It is straightforward to verify that such projections are polymorphisms of
any relation (exercise!).

From the standpoint of the definition of polymorphism, then, projections are trivial in
that they are polymorphisms of any relation. We also have relations that are trivial in that
they are preserved by any operations: the family of relations Ry = {(b,...,b) € B¥ | b € B}.
That is, Ry, is the k-arity relation containing those tuples whose entries are all identical. Note
that Ro is simply the equality relation on B.

Further Exercises for Section 2.2
Exercise 2.2.6 What are the endomorphisms of K3 ?

Exercise 2.2.7 For two relational structures A and B over the same signature o, define the product
A x B to be the relational structure over o having universe A X B and where

RAYB — {((ay,b1), ..., (aw, b)) | (a1,...,a) € R®, (by,...,by) € RB}

for all R € 0. Show that an operation f : B*¥ — B is a polymorphism of a relational structure B if
and only if it is a homomorphism from B* to B.

Exercise 2.2.8 Let us say that a relation R is few-definable over a structure B if it can be defined
using conjunction, universal quantification, and existential quantification. Prove the following: if
a relation R is few-definable over a relational structure B, then R is preserved by every surjective
polymorphism of B.

Here, we mean that a polymorphism f : B*¥ — B is surjective if for all b € B, there exists
(b1,...,bx) € B¥ such that f(by,..., by) =b.

2.3 pp-definability and the CSP

The notion of pp-definability has direct relevance to studying the class of problems CSP(B).
In this section, we first show how this notion can be applied to the study of CSP complexity,
and then give an exact algebraic characterization of pp-definability.

For a relational structure B, we use (B) to denote the set of all relations pp-definable
from B.

Proposition 2.3.1 Let B, B’ be relational structures. If every relation of B has a pp-
definition over B', then CSP(B) <, CSP(B’).
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Proof. (idea) Let A be an instance of CSP(B). Following Theorem 1.2.1, we view CSP(B)
as the problem of deciding whether or not B = Qa. We transform QA into an instance Qa-
of CSP(B’) as follows. For each atomic formula R(v1,...,v) that appears in Qa, replace
it with a pp-formula over B’ that defines RB. After this has been done, the formula can
be transformed into a formula Q4 that is in prenex form (that is, having a sequence of
quantifiers followed by a quantifier-free part) by a standard procedure. After this, equalities
can be eliminated one by one: for each equality u = v, pick one of the variables arbitrarily
(say, u), remove v from the quantifier prefix, and then replace all remaining instances of v
with . O

As an simple example, consider the instance
QA = FuFvIw(D(u,v) A D(v,w) A S(u,w))

of CSP(T).

Let B’ be the structure over signature { E'}, where E has arity 2, with universe B’ = {0, 1}
and such that RB" = {0,1}2\ {(0,1)}. Each relation of T has a pp-definition over B’: the
relation DT = {(0,1),(1,0)} can be defined as

od(v1,v2) = E(vy,v2) A E(vg,v1)
over B/, and the relation ST = {(0,0),(1,1)} can be defined as

d(v1,v2) = (v1 = v9)

over B'.
We may convert Qa as follows. Replacing the relations appearing therein with defining
formulas over B’, we obtain

JuFvIw((E(u,v) A E(v,u)) A (E(v,w) A E(w,v)) A (u=w))
Removing the equality, we replace all instances of w with u to obtain
JuFv(E(u,v) A E(v,u) A E(v,u) A E(u,v))

Corollary 2.3.2 Let B, B’ be relational structures. If B and B’ both pp-define the same
relations (that is, if (B) = (B')), then CSP(B) =, CSP(B’).

Proof. Note that, trivially, every relation of B has a pp-definition over B (and, likewise for
B’). The corollary is then immediate from Proposition 2.3.1. [J

The following theorem shows that preservation under the polymorphisms of a structure I
is an exact characterization of pp-definability, in the finite. This gives an algebraic, operation-
based characterization of the logical notion of pp-definability.

Theorem 2.3.3 Let B be a relational structure with finite universe. A relation R is pp-
definable over B if and only if R is preserved by every polymorphism of B.

Clearly, the “only if” direction of this theorem is immediate from Proposition 2.2.5.
We remark that Propositions 2.2.1 and 2.2.3 can similarly be extended to exact charac-
terizations, in the finite (proved by Krasner).
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Exercise 2.3.4 Let us say that a relation R C B* is equality-free if for all coordinates i, j
(with 1 < 4,5 < k) there exists a tuple (b, ...,b;y) € R such that b; # b;. That is, a relation
1s equality-free if mo two of its coordinates are always identical.

Show that it suffices to prove Theorem 2.3.3 for such equality-free relations. That is,
assuming that the theorem holds for equality-free relations, show that it holds in general.

Proof. We need to prove the “if” direction. Let R be a relation preserved by all poly-
morphisms of B. Let n denote the arity of R, let m denote the number of tuples in
R, and let (t11,...,t1n)s- -, (tmis---,tmn) denote the tuples of R (in any order). Fol-
lowing Exercise 2.3.4, we may assume that there are no distinct coordinates ¢, 7 such that
(t1i7 - ,tmz‘) = (tlj, - ,tmj).

We create a conjunction of atomic formulas C over the variable set B™. Our conjunction C
contains, for each relation symbol S and sequence of m tuples (s11,...,51k), .-+, (Smis---sSmk) €
SB . an atomic formula

S((SH, ces ,Sml), ey (Slka v 73mk))~

Here, k denotes the arity of S. It is straightforward to verify that an assignment f : B™ — B
satisfies the conjunction C (interpreted under B) if and only if it is an m-ary polymorphism
of B.

Now consider the relation R’ defined by

R,((tll, ey tml)» ey (tlna e ,tmn)) == E|U1 e El’UpC

where vy, ..., v, are the tuples in D™ \ {(t11,...,tm1),.- -, (tin,- -, tmn)}, in any order, and
the right-hand side of the equality is interpreted under B. Since it is exactly the m-ary
polymorphisms of I' that satisfy C, we have

R ={(f(t11,---stm1),- -, f(t1n,- - - tmn)) : f € Pol(T), f has arity m}.

We claim that R’ = R, which yields the proof.

R’ C R: The tuples (t11,..-,t1n)s- - (tmis- - tmn) are in R; since every f € Pol(T') is a
polymorphism of R, it follows that (f(t11,...,tm1),---, f(tin, -+ tmn)) € R.

R CR': Let m; : D™ — D denote the function that projects onto the ith coordinate, that
is, the function such that m;(dy,...,d,) = d; for all (dy,...,d,;,) € D™. Each function ; is
a polymorphism of all relations, and is hence a polymorphism of I'; it follows that for each
i€ {l,...,m}, the tuple (t;1,...,tin) = (T(t11,- -y tm1)s -, T(t1ns - - - s timp)) 18 in R/, O

The following notation will be useful. For a relational structure or set of relations I, let
Pol(T") denote the set containing those operations f such that f preserves all relations of I'.
Similarly, for a set of operations F, let Inv(F') denote the set containing those relations R such

that R is preserved by all relations on F'. This notation allows for a succinct reformulation
of Theorem 2.3.3.

Theorem 2.3.5 (reformulation of Theorem 2.3.8) For any finite relational structure B, it
holds that (B) = Inv(Pol(B)).

Exercise 2.3.6 Show that the operators Pol(-) and Inv(-) are inclusion-reversing. That is,
show that for any two sets of relations T’ and T where I' C I, it holds that Pol(I") C Pol(T").
And, show that for any two sets of operations F' and F' where F C F’, it holds that Inv(F") C

Inv(F).
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Theorem 2.3.5 indicates that the relations pp-definable from a structure B can be deter-
mined from the polymorphisms of B: if you tell me the polymorphisms of a structure B,
I can tell you the pp-definable relations of B, by applying Inv(:) to the polymorphisms you
give me! In Proposition 2.3.1, we have seen that a relationship between the complexity of
two problems CSP(B) and CSP(B’) can be derived based on the relative pp-definability of B
and B’. This suggests that a relationship between these two problems might also be derived
based on the polymorphisms of B and B’. This is carried out in the following theorem.

Theorem 2.3.7 Let B,B’ be relational structures. If Pol(B’) C Pol(B), then CSP(B) <,
CSP(B).

Proof. If Pol(B’) C Pol(B), then Inv(Pol(B)) C Inv(Pol(B’)) (see Exercise 2.3.6). By The-
orem 2.3.5, this implies (B) C (B'). Applying Proposition 2.3.1, we obtain CSP(B) <,
CSP(B'). O

We also have the following analog of Corollary 2.3.2.

Corollary 2.3.8 Let B,B’ be relational structures. If Pol(B’) = Pol(B), then CSP(B) =,
CSP(B’).

Proof. Immediate from Theorem 2.3.7. [J

As a simple application of these ideas, we present the following proposition.

Proposition 2.3.9 Let B be a relational structure having universe of size two or greater,
such that Pol(B) contains only projections. Then CSP(B) is NP-hard.

This result should not come as a surprise. Tracing through the ideas that led to Theo-
rem 2.3.7, we see that the fewer polymorphisms a relational structure has, the more relations
it can express, and the more relations it can express, the higher its complexity. A relational
structure having only projections as polymorphisms has “the fewest polymorphisms” possible!
Proof. By renaming elements of B if necessary, we may assume that {0, 1} C B. Let By be a
structure with universe {0, 1} such that CSP(By) is NP-hard. We may enlargen the universe
of By to B without changing the complexity of CSP(Bg). We then have Pol(B) C Pol(By).
By Theorem 2.3.7, we have CSP(By) <, CSP(B), implying that CSP(B) is NP-hard. OJ
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Chapter 3

Clones

3.1 Basics

The results in the previous section demonstrate a relationship between the polymorphisms
of a relational structure B and the complexity of the CSP over the structure B. As the
polymorphisms of a structure forms a set of operations, this association allows us to use
algebraic, operation-based methods to gain insight into and to study the family of problems
CSP(B).

A natural consideration at this point is: what, if any, structure do sets of polymorphisms—
sets of the form Pol(B)-have? We have already mentioned that such sets contain all projec-
tions. In fact, each such set is also closed under a notion of composition, and is an instance
of an algebraic object called a clone.

Definition 3.1.1 A clone (on the set B) is a set of operations that:

o contains all projections, that is, the operations ;' where 1 <1 < n defined by
Tr?(bla"'vbn) = bz
for all by, ..., by, € B; and,

e is closed under composition, where the composition of an n-ary operation f : B® — B
and a length n sequence of m-ary operations gi, ..., g, : B™ — B is the m-ary operation
h: B™ — B defined by

h(bis ... bm) = f(g1(01, - bm)s s gu(b, . b))

Proposition 3.1.2 Let B be a relational structure. The set of operations Pol(B) is a clone.

In the proof, we will use the following notation. When e : B™ — B is an m-ary function
and by = (b11,...,b18)s--,0m = (b1, .., bmr) are m tuples of the same arity k, we use
e(by,...,by) to denote the arity k tuple obtained by the coordinate-wise application of e,
that is, the tuple (e(b11,...,bm1))s .- e(biky- -y bmk))-

Proof. It is straightforward to verify that all projections are polymorphisms of a relational

structure B.

21
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Suppose that g1, ..., g, are m-ary polymorphisms of B, f is a n-ary polymorphism of B,
and h is the composition of f with gi,..., gn, that is,

h(bl, ce ,bm) = f(gl(bla .. .,bm), ce ,gn(bl, ce ,bm))

We want to show that A is a polymorphism of B. Let R C B* be a relation of B and let
b1 = (bi1,--,01%); -, b = (b1, - - -, bui) be m tuples in R. Since each g; is a polymorphism
of R, it holds that the tuple g;(by,...,by) is contained in R for all i. Then, since f is a
polymorphism of R, it holds that f(g1(b1,...,bm),---,gn(b1,...,bm)) is a tuple in R. This

last tuple is equal to h(by, ..., by), yielding the proof. [

Exercises for Section 3.1

The following exercises will acquaint us with the notion of a clone, and also introduce some concepts
that are important for understanding the main theorem of the next section.

Exercise 3.1.3 Let B be a set. Show that the set of all projections on B is a clone.
We say that an operation f : B™ — B is idempotent if for all b € B, it holds that f(b,...,b) = 0.
Exercise 3.1.4 Let B be a set. Show that the set of all idempotent operations on B is a clone.

We say that a relational structure C contains all singletons if for every element ¢ in its universe
C, there exists a unary relation symbol R, in its signature with RS = {(c)}.

Exercise 3.1.5 Let C be a relational structure that contains all singletons. Prove that all polymor-
phisms of C are idempotent.

We will say that an operation f : B¥ — B generates another operation g : B — B if any clone
containing f also contains g.

Exercise 3.1.6 Let f : B> — B be a ternary operation. Show that f generates the binary operation
g: B? — B defined by g(z,y) = f(2,y,y).

Exercise 3.1.7 Let f: B> — B be a ternary operation. Show that f generates the ternary operation
g: B* = B defined by g(z,y,2) = f(y,2,x).

In general, an operation f generates all operations that can be obtained from it by associating or
reordering arguments.

Exercise 3.1.8 Let f : B2 — B be a binary operation. Show that f generates the binary operation
g9:B? — B defined by g(z,y) = f(f(z,y), f(y,2)).

Exercise 3.1.9 Let I be a set of operations. Say that an operation g : B¥ — B is interpolated by F
if for every finite subset S C B¥, there exists an operation f € F such that g(t) = f(t) for every tuple
te S. A set F of operations is said to be locally closed if for every operation g that is interpolated by
F, it holds that g is contained in F.

Let B be an infinite relational structure. Prove that the set of operations Pol(B) is locally closed.
(Note that we only consider functions and relations of finite arity.)

We remark that when B is a finite relational structure, it is trivial to verify that Pol(B) is locally
closed.
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3.2 To Idempotence

In the previous chapter, we showed that it is possible to use the set of operations Pol(B)—which
we now know is a clone—to study the complexity of CSP(B). In this section, we show that,
in fact, every problem CSP(B) is equivalent (in complexity) to a problem CSP(B;) where B;
has only idempotent polymorphisms. This implies that, from the standpoint of classifying
the complexity of all problems CSP(B), one need not study the space of all clones, but can
restrict to idempotent clones (clones containing only idempotent polymorphisms).

Theorem 3.2.1 (Bulatov, Jeavons, Krokhin) For every finite relational structure B, there
exists a finite relational structure By such that:

e B contains all singletons, and hence all operations in Pol(B1) are idempotent; and,
e CSP(B) =, CSP(B;y).

We prove this theorem in a sequence of lemmas.
First, we show that when f is an endomorphism of a relational structure B, the relational
structure f(B) has the same complexity as B.

Lemma 3.2.2 Let B be a relational structure, and let f be an endomorphism of B. Then
CSP(B) = CSP(f(B)), and hence CSP(B) =, CSP(f(B)).

Here, by f(B), we denote the relational structure with universe f(B) and where for every

relation symbol R, R'(®) is defined as the relation f(RB) = {(f(b1),..., f(bx)) | (b1,...,b) €
RB}. By the notation CSP(B) = CSP(f(B)), we mean that an input relational structure A
is a “yes” instance of CSP(B) if and only if it is a “yes” instance of CSP(f(B)).
Proof. We want to show that for any relational structure A, there is a homomorphism from
A to B if and only if there is a homomorphism from A to f(B). It suffices to show that the
structures B and f(B) have homomorphisms to and from each other; the claim then follows
from transitivity of the homomorphism preorder (see Exercise 1.1.2). By definition of f(B),
the mapping f is a homomorphism from B to f(B). On the other hand, for each relation
symbol R it holds that R/(®) is a subset of RB because f is an endomorphism, and hence the
identity mapping on f(B) is a homomorphism from R/(®) to RB. O

The first step in proving the theorem will be to take an endomorphism f of B and apply
the previous lemma to obtain a new relational structure f(B) of the same complexity. In
particular, we will pick an endomorphism f having minimum image, which—as the following
lemma shows—will yield the desirable property that “endomorphisms are automorphisms”.

Lemma 3.2.3 Let B be a finite relational structure, and let f be an endomorphism of B
having minimum image. Then, all endomorphisms of f(B) are automorphisms.

Proof. Let g be an endomorphism of f(B). Then g(f(B)) C f(B), and for every relation
symbol R, we have g(R/B)) C R/(B)_ Since by definition R/®) = f(RB), we obtain

g(f(RB)) C f(RB) C RE.

Thus, g o f is an endomorphism of B. Since f has minimum image among endomorphisms
and g(f(B)) C f(B), we have g(f(B)) = f(B), and thus g is a bijection on f(B). On finite

structures, an endomorphism that is a bijection is an automorphism (see Exercise 2.2.4). O
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We mention that a finite structure where all endomorphisms are automorphisms is called
a core. Our last lemma shows that for such structures, we may adjoin singletons to the
structure without changing its complexity.

Lemma 3.2.4 Let B’ be a finite relational structure whose endomorphisms are all automor-
phisms. Then, CSP(B') =, CSP(BY), where B, is the expansion of B' with singletons.

By the expansion of B’ with singletons, we mean the structure B that has as signature
all relation symbols in the signature o of B’, as well as an additional relation symbol R}, for
each b in the universe B’ of B. For all relation symbols R € o, the structure B, is defined to

be equal to B’: RB: = RB. In addition, for each b € B/, Rl]?/c is defined to be {(b)}.

In the proof, we will use another construction, the union of two relational structures A
and B over the same signature. This is defined to be the structure A UB with universe AU B
and RAYB = RA U RB for all relation symbols R.

Proof. The direction CSP(B’) <, CSP(B.) is straightforward: given an instance A of
CSP(B'), simply expand it so that R = () for all b € B’. Clearly, the original instance A has
a homomorphism to B’ if and only if the expansion has a homomorphism to B..

We now show CSP(B!) <, CSP(B’). Given an instance A of CSP(B.), we create an
instance of CSP(B') as follows. First, rename the elements of A if necessary so that ANB’ = ().
Then, let Ay be the structure over the signature of B’ obtained from A by:

e forgetting the relation symbols { Ry}, and then

e replacing all instances of a with b for every b € B’ and every a € Rl‘f.

(In order that the second step is well-defined, we assume that the sets RbA for different b € B’
are disjoint. If this is not the case, A is clearly a “no”-instance of CSP(BY.).) The instance of
CSP(B’) we create is As UB'.

Suppose that A is a “yes”-instance of CSP(B’) via the homomorphism h. Then, the
restriction of h to As extended to act as the identity on B’ gives a homomorphism from
A UB’ to B'.

Suppose that A U B’ is a “yes”-instance of CSP(B’) via the homomorphism g. By

definition of Aj, to show that A is a “yes”-instance of CSP(BY), it suffices to show that there
is a homomorphism from As U B’ to B’ that acts as the identity on B’. Let ¢’ denote the
restriction of g to B’. The mapping ¢’ is an endomorphism of B’ and hence an automorphism
of B'. If ¢ itself is the identity mapping, we are done: ¢ is the desired homomorphism.
Otherwise, we may observe that there exists a constant K > 1 such that ¢’ o ¢’ acts as
the identity on B’. Then, the mapping ¢’ o ¢ is the identity on B’, and yields the desired
homomorphism. [
Proof. (Theorem 3.2.1) Let f be an endomorphism of B having minimum image, and let B’ =
f(B). By Lemma 3.2.2, we have CSP(B) =, CSP(B’). By Lemma 3.2.3, all endomorphisms
of B’ are automorphisms of B’. Hence, we may apply Lemma 3.2.4 to B/, from which we
obtain that the expansion B of B’ with singletons has the property CSP(B’) =, CSP(BY).
Defining B to be B, we obtain the result. [J

3.3 The Boolean Case

We saw (Proposition 2.3.9) that a relational structure whose clone of polymorphisms contains
only projections, gives rise to a NP-hard constraint satisfaction problem. Given a relational
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structure, is there any way to effectively check if all polymorphisms are projections? We will
see in this section that the answer is “yes” in the boolean case—specifically, that any clone
that contains non-projections, must contain non-projections of a very particular form.

We begin with the idempotent case. We show that any idempotent clone containing non-
projections must contain one of four operations. The operations are boolean OR (V), the
binary idempotent operation with

Ovli=1v0o=1
boolean AND (A), the binary idempotent operation with
ON1=1A0=0
majority (major), the ternary idempotent operation with
major(0,0,1) = major(0, 1,0) = major(1,0,0) =0

major(1,1,0) = major(1,0,1) = major(0,1,1) =1

and minority (minor), the ternary idempotent operation with
minor(0,0,1) = minor(0, 1,0) = minor(1,0,0) =1
minor(1,1,0) = minor(1,0,1) = minor(0,1,1) =0

Theorem 3.3.1 An idempotent clone over the two-element set {0,1} either consists only of
projections, or contains one of the operations {V, A, major, minor}.

Recall that a clone is idempotent if all of its operations are idempotent.

Proof. Let g : {0,1}" — {0,1} be an idempotent operation that is not a projection in an
idempotent clone C. We assume that g is of minimal arity, that is, all operations of arity
strictly lower than m in C are projections. We will show that g generates one of the four
operations given in the statement of the theorem. We break into cases based on the arity m
of g. Note that the only arity 1 idempotent operation is the identity mapping, which is a
projection, and so the arity m of g is strictly greater than 1.

Case m = 2: We cannot have ¢(0,1) # ¢(1,0), otherwise the operation g is a projection.
Thus ¢(0,1) = ¢(1,0). If ¢(0,1) = ¢g(1,0) = 0, we have that g is the operation A, and if
9(0,1) = g(1,0) = 1, we have that g is the operation V.

Case m = 3: By the minimality of the arity m of g, if any two arguments of g are identified,
we obtain a binary operation that is a projection onto either its first or second coordinate.
Considering the three possible ways of identifying two arguments of g, we obtain the following
eight possibilities:
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In case (1), we have g = major, and in case (8), we have g = minor. The cases (2), (3), and
(5) cannot occur, since then f is a projection. The remaining cases, (4), (6), and (7), are
symmetric; in each of them, g generates the operation major. For example, in case (6), we
have major(z,y, z) = g(z, g(x,y, 2), 2).

Case m > 4: We show that this case cannot occur. First suppose that whenever two
coordinates of g are identified, the result is a projection onto the identified coordinates.
Then, we have g(z1, 21,3, ...,Tmn) = 1 and g(x1, z2,x3,...,x3) = x3. But, this implies that
9(0,0,1,...,1) is equal to both 0 and 1, a contradiction. So, there exist two coordinates such
that, when identified, the result is a projection onto a different coordinate. Assume for the sake
of notation that g(z1,z1,23,24,...,Tm) = x4. We claim that g(z1,z2,21,24,...,Tm) = 24.
Let j be such that g(z1, 22, 21,24, ..., %) = x;. This implies g(z1, 21,21, 24,...,2m) = z;.
Observe that

9(w1, 71,23, T4, - . ., Tp) = T4 implies g(z1, 71,21, 24, ..., Tm) = 24
and hence z; = x4. We can similarly show that g(x1,z2,22,24,...,2m) = x4. For any
assignment to the variables x1, ..., x;,, one of the equalities 1 = x9, 1 = x3, T2 = T3 must

hold, since our domain {0, 1} has two elements, and thus g is a projection. O

Theorem 3.3.1 follows from a classification result due to Post (1941) that gives a complete
description of all clones over a two-element domain.

As an application of this theorem, we may give a sufficient condition for the NP-completeness
of an idempotent clone (in the two-element case).

Corollary 3.3.2 Let B be a relational structure with two-element universe {0,1} such that
Pol(B) is an idempotent clone. If B does not have one of the operations {V, A, major, minor}
as a polymorphism, then CSP(B) is NP-complete.

Proof. We have that Pol(B) is an idempotent clone over {0,1}. If Pol(B) does not contain
one of the four named operations, then by Theorem 3.3.1, Pol(B) consists only of projections.
It follows from Proposition 2.3.9 that CSP(B) is NP-hard. O

We now give a generalization of Corollary 3.3.2 that applies to all two-element structures,
and not just those having an idempotent polymorphism clone. We use ¢y to denote the unary
operation such that ¢y(0) = ¢o(1) = 0, and similarly we use ¢; to denote the unary operation
such that ¢1(0) = ¢1(1) = 1.

Theorem 3.3.3 Let B be a relational structure with two-element universe {0,1}. If B does
not have one of the operations {cg, c1,V, A, major, minor} as a polymorphism, then CSP(B) is
NP-complete.

Proof. Since ¢y and c¢; are not polymorphisms of B, all endomorphisms of B must be
bijective. (Recall that an endomorphism is an arity 1 polymorphism.) It can be verified that,
in the case of a finite universe, a bijective endomorphism is an automorphism. Hence, all
endomorphisms of B are automorphisms.

We may thus apply Lemma 3.2.4; we obtain that CSP(B) =, CSP(B.), where B, is the
expansion of B with singletons. The structure B, has more relations than B, so if B, has any
of {V, A, major, minor} as a polymorphism, so does B. Since B does not have one of these four
operations as a polymorphism, neither does B.. As all polymorphisms of B. are idempotent,
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we obtain from Corollary 3.3.2 that CSP(B.) is NP-hard. From CSP(B) =, CSP(B.), it
follows that CSP(B) is NP-hard. O

It in fact turns out that—in the boolean case—the sufficient condition for NP-completeness
given by Theorem 3.3.3 is an exact criterion for NP-completeness. Presence of any of the
named polymorphisms implies that CSP(B) is polynomial-time decidable. In the case of
one of the polymorphisms ¢y or ¢, polynomial-time tractability is straightforward to verify
(exercise!), and the polymorphisms V, A, and major will be treated in the coming sections.
We will not explicitly treat the polymorphism minor in this course, but can mention that
a relation has this polymorphism if and only if its tuples are the solutions to a system of
linear equations over {0, 1} with respect to @. Hence, algebraic techniques such as Gaussian
elimination can be used to solve such constraints.

Exercises for Section 3.3

Exercise 3.3.4 Let B be a relational structure with universe {0, 1} and relation {(1,0,0), (0, 1,0),(0,0,1)}.
Using Theorem 3.3.3, show that CSP(B) is NP-complete.

Exercise 3.3.5 Let B be a relational structure with universe {0, 1} and relation {0,1}*\{(0,0,0), (1,1,1)}.
Using Theorem 3.3.3, show that CSP(B) is NP-complete.

Exercise 3.3.6 Let B be a relational structure with universe {0,1} and relation {(a,b,c) € {0,1}3 | (a =
b) or (b=c)}. Let B, be the expansion of B with singletons. Using Theorem 3.3.3, show that CSP(B.)
is NP-complete.

For the next few exercises, we will need the following notion. Say that an operation f : B¥ — B
is essentially unary if there exist a coordinate i € {1,...,k} and a unary operation g : B — B such
that f(b,...,bx) = g(b;) for all tuples (by,...,b;) € B*.

Exercise 3.3.7 Fiz a set B. Show that the set of all essentially unary operations over B is a clone.

Exercise 3.3.8 Let B be a finite relational structure such that all polymorphisms of B are essentially
unary operations. Observe that CSP(B) is in P if B has a constant polymorphism, that is, a poly-
morphism of the form ¢, : B — B with ¢y(d) = b for all d € B. Prove that CSP(B) is NP-complete
otherwise.

Exercise 3.3.9 (*) Let C be a clone—-not necessarily idempotent—over the set {0,1}. Prove that either
C' contains only essentially unary operations, or it contains one of the operations {V, A, major, minor}.
(Hint: one way to do this is as follows. Let f be an operation that is not essentially unary. Consider
the unary operation f(x,...,x); there are four possibilities. For each of these four cases, show that f
generates an idempotent non-projection, and then invoke Theorem 3.5.1.)

In the next two exercises, we will establish a version of Rosenberg’s Theorem. This version shows
that any non-trivial clone (clone not consisting of all projections) must contain one of five types of
operations. It may be conceived of as a generalization of Theorem 3.3.1.

Exercise 3.3.10 Define an operation g : D™ — D to be a semiprojection if there exists a coordinate
i €{1,...,m} such that for all dy,...,dn € D,

g(dl,...,dm) Zdl

whenever the d; are not pairwise distinct, that is, whenever |{d1,...,dn}| <m.

Prove the Swierczkowski Lemma: Given an operation g : D™ — D of arity m > 4, if every
operation arising from identifying two variables of g is a projection, then these projections coincide
(and hence that g is a semiprojection).
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Exercise 3.3.11 Prove the following version of Rosenberg’s theorem: every non-trivial clone (clone
containing non-projections) contains an operation of one of the following five types:

1. a unary operation,
2. a binary idempotent operation,

3. a ternary majority operation, that is, a ternary operation m satisfying the identities m(x,x,y) =
m(x7 y’ x) = m(y’ x’ x) = :L”

4. a ternary minority operation, that is, a ternary operation m satisfying the identities m(x, z,y) =
m(z,y,x) =m(y, z,z) =y,

5. an m-ary semiprojection with m > 3.

As a (big) hint, we provide the following outline of a proof. Let C be a non-trivial clone and let
g : B™ — B be a non-projection in C' of minimal arity. If m = 1, then we are done; trivially, our clone
C' contains an operation of type (1). So assume m > 2. Notice that, by minimality of m, identifying
two (or more) arguments of g results in a projection; in particular, identifying all arguments g yields
g(z, ..., x), which must be the unary identity operation, from which we may infer that g is idempotent.
If m = 2, then our clone contains an operation of type (2) and we are done. If m = 3, work from this
case of the proof of Theorem 3.53.1 to show that the clone must contain an operation of type (3), (4),
or (5). If m > 4, apply the previous exercise to obtain an operation of type (5).

Exercise 3.3.12 Using the version of Rosenberg’s theorem given in the previous ezercise, give an
algorithm that, on an input finite relational structure A, decides whether or not Pol(A) contains any
non-projections.

The next two exercises concern the quantified constraint satisfaction problem relative to a relational
structure B, denoted QCSP(B). An instance of QCSP(B) is a logical sentence over the signature of B
built from the connective A and the quantifiers 3 and V, and the question is to decide whether or not
the sentence is true over B.

Exercise 3.3.13 Let B be a finite relational structure with universe size two or greater. Prove that if
Pol(B) contains only projections, then QCSP(B) is PSPACE-complete. (Use the fact that Quantified
3-SAT is PSPACE-complete.)

Exercise 3.3.14 Let B be a finite relational structure with universe size two or greater. Prove that
if Pol(B) contains only essentially unary operations, then QCSP(B) is PSPACE-complete. (Hint: you
might start by trying to prove this in the case of universe size two.)

This exercise clearly generalizes the previous one; one may also compare it with Exercise 3.3.8.

For a finite relational structure B, we say that f(B) is a core of B if f is an endomorphism of B
with minimal image.

Exercise 3.3.15 Show that if f1 and fo are two endomorphisms of a finite structure B having minimal
image, then f1(B) and fo(B) are isomorphic.

In light of this exercise, we speak of the core of B.



Chapter 4

Consistency Techniques

Establishing local consistency is a very general algorithmic tool in constraint satisfaction.
Local consistency is intensively studied, both in theory, where the main research questions
are still open, and in the literature that is directed towards applications, where efficient
constraint propagation algorithms are of central interest.

The general idea of local consistency algorithms is to compute from a given instance a
new instance that is ‘locally consistent’, in a process that is also known as constraint prop-
agation. In this process we derive new constraints that are implied by given constraints or
by constraints that have already been derived before. Frequently, it is necessary to formulate
the inferred constraints in a different constraint language than the language of the CSP we
started with. Formally, to solve CSP(B) we might formulate algorithms for CSP(B’) where
B’ is an expansion of B by additional relations.

If we are able to derive ‘false’ in that way, we know that the instance of the CSP has no
solution. In our course on the right-hand side complexity of constraint satisfaction, we will
be interested in the question for which relational structures B the problem CSP(B) can be
solved by such a procedure, i.e., ‘false’ is derived for an instance A if and only if A does not
homomorphically map to B.

4.1 Hyperarc-Consistency

One of the most important local consistency algorithms is the so-called hyperarc-consistency
procedure®. It has many good features. For instance, there are elegant characterizations of
those structures B where CSP(B) can be solved by the hyperarc-consistency procedure. From
a more practical perspective, it is a good property that the procedure can be implemented
such that the running time and the memory space requirements are linear in the size of the
input.

To define the hyperarc-consistency procedure for CSP(B), we assume that B contains
a relation for each unary primitive positive definable relation in B. This is not a strong
assumption, since we might always study the expansion B’ of B by all such unary relations;
if the hyperarc-consistency solves CSP(B’) then it clearly also solves CSP(B). Also recall
Proposition 2.2.5, which states that expanding a core structure B by a primitive positive
definable relation does not change the computational complexity of CSP(B).

Lsometimes also called the generalized arc-consistency procedure.

29
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To conveniently formulate the algorithm, we write Ry, for the relation symbol of the
relation that is defined by a primitive positive formula ¢(x) in B. We write Q} (a1, ..., a;)
for the conjunction of S(a;) where S is a unary relation symbol such that a; € S*. The
pseudo-code of the hyperarc-consistency procedure can be found in Figure 4.1.

hyperarc-consistency(A)
Input: a finite relational structure A.

Do
For every relation symbol R, every tuple (ai,...,aq;) € RA, and every i € {1,...,1}
Let ¢ be the formula 3ay, ..., a;—1,ait1,...,a.R(a1,...,a;) AQk(a1,...,a)
If ¢ defines the empty unary relation over B then reject
Else, add a; to R;’}
Loop until no relation in A is changed

Figure 4.1: The hyperarc-consistency procedure for CSP(B), where B contains all unary
primitive positive definable relations in B.

The space requirements of the given hyperarc-consistency procedure are clearly linear.
The hyperarc-consistency procedure can be implemented such that its running time is linear
in the size of the input (Exercise 4.1.11).

We say that the hyperarc-consistency procedure accepts an instance A of CSP(B) if it
does not reject. We say that the hyperarc-consistency procedure solves CSP(B) if for all
finite structures A it accepts A if and only if there is a homomorphism from A to B. As
we will see in this section, there is an elegant characterization of those structures B where
CSP(B) can be solved by the hyperarc-consistency procedure. For this characterization, we
have to introduce the notion of the (power-) set structure P(B) of B. Other interesting
characterizations are known, e.g., in terms of tree-duality [16], but this is out of the scope of
this short course.

For a set S C B*, we write pr;S for the set {s; | (s1,...,s) € S}, that is, the set of all
values as the ith coordinate in some tuple in S.

Definition 4.1.1 Let B be a relational structure over 7. Then the (power-) set structure
P(B) is the T-structure whose vertices are the non-empty subsets of B, and where RP(®B) —

(1S, priS) | S # 0,8 C RB}.

At this point, we recommend the reader to play with the concept of set structures and to
solve for example Exercises 4.1.8 and 4.1.9, and 4.1.10.

Proposition 4.1.2 The hyperarc-consistency procedure accepts A if and only if A homo-
morphically maps to P(B).

Proof. First note that at all times during the execution of the procedure on A the set of
homomorphisms from A to P(B) is not changed by the algorithm. To see this, let h be a
homomorphism from A to P(B). Suppose that at some point the algorithm adds a; to Ré‘.

We have to show that h(a;) € R(I;(B). Since h is a homomorphism, (h(ay),...,h(a;)) € RF®B),



4.1. HYPERARC-CONSISTENCY 31

We inductively assume that h(a;) satisfies the formula Q} (a;) in P(B) for all j € {1,...,1}.
Therefore each element in h(a;) satisfies ¢ in B, and h(a;) is a subset of Rq?. Hence by the

definition of the set structure h(a;) € RQI:(B). Thus, if the algorithm rejects an instance, there

can be no homomorphism from A to P(B).

For the other direction, suppose that the hyperarc-consistency procedure accepts A. Ob-
serve that if a.e R;?l () anda € Rd‘;‘;(x), then at the final stage of the al‘go.rit.:hm a e Rg‘l ()N ba ()"
Hence, there is a unique smallest set S, C B such that S, has a primitive positive defintion
1 in B and a € Rﬁ. We claim that the function g that maps a € A to the vertex S, of P(B)
is a homomorphism from A to P(B). Let (a1, ...,a;) € R*. We know that at the final stage
of the algorithm for all choices of i € {1,...,1} the element a; is already in R, where ¢ is
the formula specified in the pseudo-code. Hence, each element of g(a;) appears in some tuple
of Rq]? which is a subset of RB. By the definition of P(B), (g(ai),...,g(ax)) € RF®). We

have thus shown that A homomorphically maps to P(B). O

Corollary 4.1.3 If the hyperarc-consistency procedure rejects A then there is no homomor-
phism from A to B.

Proof. First observe that the function from B to 27 \ (} that maps a € B to {a} is a homo-
morphism from B to P(B). If the hyperarc-consistency procedure rejects A, Proposition 4.1.2
shows that there is no homomorphism from A to P(B). If there was a homomorphism from
A to B, we could compose it with the homomorphism from B to P(B) and obtain a contra-
diction. [

Theorem 4.1.4 (of [15, 12]) Let B be a finite structure. Then the following are equivalent.
1. The hyperarc-consistency procedure solves CSP(B).
2. P(B) homomorphically maps to B;

3. There is an m-ary polymorphism f of B satisfying f(x1,...,2m) = f(Y1, ..., Ym) when-
ever {x1,...,Zm} = {y1,...,Ym}, where m is the mazimum number of tuples in a
relation of B.

Proof. To show the equivalence of 1 and 2, we first prove that 1 implies 2. Suppose the
hyperarc-consistency procedure solves CSP(B). We apply the procedure to P(B). Then
Proposition 4.1.2 implies that the procedure does not reject P(B). Since the hyperarc-
consistency procedure solves CSP(B), we have that P(B) homomorphically maps to B.

To prove that 2 implies 1, suppose that there is a homomorphism f from P(B) to B, and
let A be an instance of CSP(B). If the hyperarc-consistency procedure rejects A then by
Corollary 4.1.3 there is no homomorphism from A to B. Otherwise, Proposition 4.1.2 implies
that A homomorphically maps to P(B). But then we can compose this homomorphism with
the homomorphism from P(B) to B and found a homomorphism from A to B.

We now show the equivalence between 2 and 3. Suppose first that there is a homomorphism
g from P(B) to B. Define f by f(b1,...,bm) = g({b1,...,bn}) for all by,...,b,, € B. We
claim that f is a polymorphism of B. Because if (b11,...,b1%), .-, (bm1s---,bmk) are tuples in
RB then ({b11,...,bm1},-- -, {b1k, ..., bk }) isin RP®) and hence (f(bi1, .-, bm1)s - f D1k,

.. ;bmk‘)) € RB.
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Conversely, suppose that f is an m-ary polymorphism as described in the statement. For
any elements by, ... b, € B, let g: 2%\ ) — B be such that g({b1,...,bm}) = f(b1,...,bm);
in this way, the mapping ¢ is well-defined by the properties of f.

We prove that g preserves each relation R¥®) in P(B). Let (Uy,...,Uy) € RP®B) | Let
t1,...,t, be any enumeration of the tuples in RB N (U x --- x U,,), possibly with repeti-
tions (by choice of m, the number of tuples in RF®) is less than or equal to m). By the
definition of P(B), each element u; € U; appears in the i-th entry of some of those tuples

t1, .- tm, and hence (f(t11,--s fim1)s- - f(E1ks - o5 f(tmr))) = (g(U1), ..., 9(Uk)). Since f is
a polymorphism, this tuple must be in RB. O

Note that the second condition in Theorem 4.1.4 can be used to decide algorithmically
whether a given finite structure B has width one, because we can effectively decide whether
P(B) homomorphically maps to B. However, the naive algorithm for this approach has a
very bad worst-case running time, because P(B) has exponential size in B, and moreover we
only know a non-deterministic algorithm to test whether P(B) homomorphically maps to B
which runs in exponential time in the size of B. The following remains open.

Question 4.1.5 What is the computational complexity to decide for a given structure B
whether B has width one?

Theorem 4.1.4 is a surprisingly powerful condition that implies that CSP(B) is tractable.
For example, if B is a relational structure over the boolean domain {0,1} and has A (or,
similarly, V) as a polymorphism, then the hyperarc-consistency procedure solves CSP(B). To
show this, we use the third condition in Theorem 4.1.4, and consider the m-ary operation
f defined by f(z1,...,2m) = ANax1,A(z2, -+ A (Tm—1,%m)...)). By Proposition 3.1.2 the

operation f is also a polymorphism of B. Moreover, f(x1,...,2m) = f(y1,...,Ym) whenever
{z1,...,xm} ={y1,...,Ym}, because f(x1,...,x,) = 0 precisely if one of the arguments is
0. This condition only depends on the set {z1, ...,z }, and not on the order and multiplicity

of the arguments.

There are also several natural families of directed graphs H where hyperarc-consistency
solves CSP(H). This can often be conveniently deduced from Theorem 4.1.4 by verifying
that P(H) homomorphically maps to H. We now view a directed graph H as a relational
structure over a signature that contains a single binary relation symbol E. In the following,
we frequently use directed graphs to illustrate the concepts of the course. Here are some
fundamental notions from graph theory.

Definition 4.1.6 Let H be a directed graph with the vertex set {1,...,n}. We say that H
is an oriented path if for all i < n either (i,i+ 1) or (i + 1,i) is in EY (and no other edges
are in V). A special case of oriented paths are directed paths, where (i,i+ 1) is in EY for
all i < n. We say that H is an oriented cycle if either (i,i 4+ 1) or (i + 1) is in EX for all
i <n, and either (n,1) or (1,n) is in EY (and not other edges are in E¥). A special case of
oriented cycles are directed cycles where (n,1) € EH and (i,i + 1) € EY for all i < n.

Theorem 4.1.7 The hyperarc-consistency procedure solves CSP(H) if H is an oriented path.

Proof. We claim that the mapping f : (28 \ §) — B defined by f(S) = min(9S) is a
homomorphism from P(H) to H.

Let (U, W) be in EX®) and suppose for contradition that (min(U), min(W)) is not an arc
in H. By the property of P(H) there must be an element w of W such that (min(U),w) € EH,
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and an element u of U such that (u, min(1/)) € EH. Note that due to the way in which the
vertices are numbered, if (k,1) is in E¥ then & — 1 < < k + 1. Hence,

min(U) <w+1<min(W) <u+1<min(U) ,

and therefore both (min(U), w) and (w, min(U)) = (u, min(W)) are in E¥, which is impossible
in an oriented path. The corollary now follows from Theorem 4.1.4. [J

Exercises for Section 4.1.
Exercise 4.1.8 Determine P(Ks).
Exercise 4.1.9 Determine P(H) where H is the directed path with four vertices.

Exercise 4.1.10 Determine P(’fg) for the transitive tournament ’f‘g on n vertices, that is, the di-
rected graph with vertices {1,...,n} where (u,v) € ET* if and only i u < v.

Exercise 4.1.11 Design an algorithm that establishes hyperarc-consistency in linear time in the size
of the input instance. (Hint: maintain a ‘worklist’.)

Exercise 4.1.12 Let H be a finite digraph. Show that there is a U C H such that (U,U) € EP®) 4f
and only if there is a directed cycle that homomorphically maps to H.

Exercise 4.1.13 Show that the previous statement is false for infinite digraphs H.

Exercise 4.1.14 A digraph is called balanced if it homomorphically maps to a directed path. Prove
that if a directed graph H is balanced, then P(H) is balanced.

Exercise 4.1.15 There is only one unbalanced oriented cycle H on four vertices that is a core (see
Section 3.2) and not a directed cycle. Show that the hyperarc-consistency procedure does not solve

CSP(H).

Exercise 4.1.16 Suppose that B is a relational structure on the domain A = {1,...,n} with a binary
polymorphism min which maps its two arguments x,y to the minimum of x and y. Show that CSP(A)
can be solved by the hyperarc-consistency procedure. (Hint: Show that P(B) homomorphically maps
to B.)

Exercise 4.1.17 Show that if A is a finite relational structure with a binary polymorphism f that

satisfies for all x,y,z € A the equations f(x, f(y,2)) = f(f(z,y),2) (associativity), f(z,y) = f(y, )
(commutativity), and f(x,x) = x (idempotency), then CSP(A) is in P. (Hint: see previous exercise.)

4.2 Local Consistency

In this section, we introduce a powerful generalization of the hyperarc-consistency procedure,
called the k-consistency procedure. There are many constraint satisfaction problems that can
be solved in polynomial time by the k-consistency procedure, but cannot be solved by the
hyperarc-consistency procedure from Section 4.1.

Let B be a structure over the relational signature 7. Let A be an instance of CSP(B),
and let S be a subset of A. We say that f : S — B is a partial solution for A if for all relation
symbols R in 7 and all tuples (ai,...,a;) € R there is a tuple (by,...,bx) € RB such that
f(a;) =b; for all a; € S.
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k-consistency (A)
Input: a finite relational structure A.
Output: a k-consistent instance of CSP(B) equivalent to A.

Do
For every subset S = {a1,...,a;} of A withl <k
For every relation R and every tuple (¢y,...,t;) € RA
Let ¢ be the formula Qa (S U {t1,...,ts}, (a1,...,a))
Add the tuple (a1, ...,q;) to the relation Rg‘
Loop until no relation in A is changed
Return A

Figure 4.2: The k-consistency procedure for CSP(B), where B contains all at most k — 1-ary
primitive positive definable relations.

Definition 4.2.1 An instance A of CSP(B) is called k-consistent? (k > 1) if every partial
solution f : S — B for A with |S| < k can be extended to a partial solution with domain
Su{a} for any a € A.

We will show that any instance of CSP(B) can be transformed into a k-consistent instance,
under the assumption that B contains all at most & — l-ary relations that have a primitive
positive definition in B. Similarly as in discussed in Section 4.1 this assumption is hardly
restrictive.

Clearly, if B is finite and k is fixed there is only a finite number of such relations. But also
for many interesting infinite structures B there is only a finite number of primitive positive
definable relations of any fixed arity; several such structures B will be discussed in Chapter 5.
Similarly as in the definition of the canonical conjunctive query of A in Section 1.2, we write
Qal{ar,...,ai}, (ai,...,a;,)) for the conjunction of R(t1,...,tx) over all relation symbols
R of 7 and tuples (t1,...,tx) € RN {ay,...,q}*, where all variables but a;,,...,a;, are
existentially quantified (we always assume that iq,...,4, € {1,...,1}). Clearly, this formula
is primitive positive. The m-ary relation that is defined in B by a formula ¢(z1,. .., z,,) with
free variables x1, ...,z will be denoted by Ry, . 2.,)-

We present a polynomial-time procedure, called the k-consistency procedure, that com-
putes for a given instance A of CSP(B) a k-consistent instance A’ that is equivalent to A in
the sense that A’ and A have the same set of solutions. The simple idea of the algorithm is
to iteratively add a tuple (s1,...,s;), for I < k, to the relation R;’} if ¢ is a primitive positive
formula that holds on (s1,...,s;) in A. We can add this tuple to Ry without changing the
set of solutions, because for all solutions f the tuple (f(s1),..., f(s;)) must satisfy ¢ in B.

The pseudo-code of the k-consistency procedure can be found in Figure 4.2.

Proposition 4.2.2 Let B be a finite structure that contains all at most k — 1-ary relations
with a primitive positive definition in B. Then the k-consistency procedure as shown in
Figure 4.2 computes for a given instance A of CSP(B) in polynomial time a k-consistent
instance of CSP(B) that is equivalent to A.

2In some papers, this form of consistency has been called strong k-consistency. We want to remark that
many different, and sometimes closely related notions of k-consistency have been studied in the literature.
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Proof. It is clear that the tuples we add to relations in the instance A of CSP(B) do
not change the set of solutions for A. If no tuples can be added to relations of A in the
loop of the algorithm, the resulting instance A of CSP(B) must be k-consistent: suppose
otherwise that there is a partial solution f : {ai,...,a;} — B, for | < k, such that f has no
extension to a partial solution for A with domain S = {a1,...,a;,a;4+1}. In other words, the
tuple (f(s1),..., f(s;)) does not satisfy the primitive positive formula ¢ = Qa (S, (s1,...,51))-
However, the procedure has added the tuple (si,...,s;) to the relation Rg, contradicting the
assumption that f is a partial solution {si,...,s;} — B for A.

The running time of the k-consistency procedure is for any fixed k£ and fixed B polynomial
in the size of A: since the number of at most £ — l-ary relations with a primitive positive
definition in B is for fixed B constant, there is only a polynomial number of tuples we might
add to relations in A. Since the inner loop is also polynomially bounded, the total running
time is polynomial in the size of A. We want to point out that this is not the most efficient
algorithm for establishing k-consistency — see Exercise 4.2.8. [J

With the same argument we can show that Proposition 4.2.2 also holds if B is an infinite
structure, as long as B has a finite number of primitive positive definable relations of arity
at most k£ — 1.

We now define formally what it means that the k-consisteny procedure solves CSP(B).
We shall assume that there is an unsatisfiable instance A of CSP(B), since otherwise CSP(B)
would be trivial. Then the primitive positive formula ¢ = Qa (A, ()) defines the empty 0-ary
relation over B. We also write false for the relation symbol Ry. Finally, we say that the
k-consistency procedure derives false if in the instance A’ that is computed by the procedure
the relation falseA, is non-empty.

Definition 4.2.3 The k-consisteny procedure solves CSP(B) if the k-consistency procedure
derives false for a given input instance A if and only if there is no homomorphism from A
to B.

It is an important open problem to describe those structures B where the k-consistency
procedure solves CSP(B). It is not known whether there exists an algorithm that takes B as
input and decides whether CSP(B) can be solved with the k-consistency procedure. However,
as we will see in the remainder of this section, a powerful sufficient condition is known.

Exercises for Section 4.2.

Exercise 4.2.4 Verify that the 2-consistency procedure derives false on A if and only if the hyperarc-
consistency algorithm rejects A.

Exercise 4.2.5 Determine the number of at most binary primitive positive definable relations in B>
(defined in Ezercise 1.4.7).

Exercise 4.2.6 Show that the 3-consistency procedure solves CSP(B>).

Exercise 4.2.7 Determine the number of at most binary primitive positive definable relations in the
structure PA introduced in Section 1.3.

Exercise 4.2.8 Develop an algorithm that computes for a given instance A of CSP(B) an algorithm
that computes in time less than Cn*, where C is a constant and n is the size of the input A, a
k-consistent instance A’ that is equivalent to A. (Hint: use a ‘worklist’.)
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4.3 Near-Unanimity Functions

We present a result by Feder and Vardi [15] that shows that if B has a polymorphism that
satisfies certain identities, then the k-consistency procedure solves CSP(B). This result im-
plies many earlier results in Artificial Intelligence and graph theory. We also touch extensions
of this result for infinite right-hand sides B.

Definition 4.3.1 Let B be a set, and k > 3. A function f from B* to B is called a (k-ary)
near-unanimity function (short, an nuf) if f satisfies the following equations, for all x,y € B:

f(x7"'7x7y):f(x""7y’x):..':f(y7x7"'7x):x

A ternary near-unanimity function is called a majority function. The operation major
defined in Section 3.3 is an example of a majority operation over the two-element domain
(actually, over a two-element domain there can be only one majority operation — exercise).
For an example of a majority operation on a larger domain, let B be any set that is linearly
ordered by <, and consider the ternary median operation, which is defined as follows. Let
x,y,z be three elements from B. Suppose that {z,y,z} = {a,b,c}, where a < b < ¢. Then
median(z,y, z) is defined to be b. Many more examples of near-unanimity operations will
follow soon.

We will show that if B has a polymorphism that is a near-unanimity function, then
CSP(B) can be solved in polynomial time by the k-consistency procedure. In the proof
presented below we actually show something stronger. To describe the result, we introduce
the following concept.

Definition 4.3.2 An instance A of CSP(B) is called globally consistent if it is k-consistent
forall k > 1.

Note that there are unsatisfiable instances A that are globally consistent: this is the case
if the 0-ary tuple is in false®.

Lemma 4.3.3 A globally consistent instance A of CSP(B) has a solution if and only if false®
1s empty.

Proof. It is clear that if A has a solution then false® must be empty. For the opposite
direction, we can iteratively construct a solution to A as follows. We know that the mapping
with the empty domain is a partial solution for A, because false® is empty. If we have already
constructed a partial solution with a domain of size [, we can extend it to any other variable
a € A such that the resulting map is again a partial solution, because A is in particular
[ + 1-consistent. If we have found a partial solution that is defined on all elements of A, we
have found a solution for A. [J

Theorem 4.3.4 (of [15]) Let B be a finite relational structure. If B has a polymorphism
that is a k-ary near-unanimity function, then the k-consistency procedure computes globally
consistent instances.

Proof. Suppose that B has a k-ary near-unanimity polymorphism f : B¥ — B. Let A be
the instance computed by the k-consistency procedure. The proof shows by induction on i
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that any partial solution of A with a domain S = {aq,...,a;} of size i can be extended to
any other variable x in A such that the resulting mapping is a partial solution.

The base case is that 1 < ¢ < k — 1. Suppose for contradiction that there is no way to
extend h to a partial solution with domain SU{z}. Let ¢ be the formula Qa (S, (a1,...,a;)).
Then the k-consistency procedure must have added the tuple (ai,...,a;) to RQ. But note
that ¢ does not hold for (h(ai),...,h(a;)), because we can not extend h to z. This is a
contradiction to the assumption that h is a partial solution.

For the inductive step, let h be any partial solution of A with domain S, for |S| =i > k.
Let z1,...,z; be distinct elements of S, and let h; be the restriction of h to S\ {z;}, for
1 < j < k. By inductive assumption, h; can be extended to x such that the resulting
mapping h; is a partial solution of A. We claim that the extension A’ of h that maps z to
f(hy(z),...,h)(z)) is partial solution for A.

Let (ui,...,us) be a tuple in a relation RA. Since each h;‘ is a partial solution, for each
je{l,...,k} there exists a tuple (v7,...,v]) € RP such that ) (ur) = v! when h; is defined
on uy. Since f is a polymorphism, the tuple (f(v{,...,vF),..., f(vl,...,v¥)) is in RP as well.

We claim that if i’ is defined on u; then h/(u;) = f(v},...,vF). We distinguish the following
cases:

o uy = x; for some j € {1,...,k}. Forl € {1,...,k}\ {j} we have that hj(u;) is defined

and equal to v!. So, all but one of the values v},...,vF are equal to h(u;) and thus

B (ug) = h(u) = f(v},...,vF).

o u; € S\ {z1,...,2}. Foreachl € {1,...,k}, it holds that A'(us) = h(us) = hy(us) = vl
and thus A/ (u) = f(vi,...,vF).

e u; =x. We have 1/ (z) = f(h)(z),...,h.(2)) = f(v},...,vF).

This concludes the proof that A’ is a partial solution for A. O

As a corollary, we obtain that CSP(B) can be solved in polynomial time if B has the
boolean domain {0,1} and the operation major as a polymorphism; this is a result that was
already mentioned in Section 3.3.

Many classes of directed graphs have a majority polymorphism. If H is a transitive
tournament (defined in Exercise 4.1.10), then the median operation is a polymorphism of H,
because if u; < v1, ug < vg, and ug < v, then clearly median(uy,us2,us) < median(vyi,ve,vs).
Hence, Theorem 4.3.4 implies that CSP(H) can be solved in polynomial time.

Another class of examples of graphs having a majority polymorphism are unbalanced
cycles, i.e., oriented cycles that do not homomorphically map to a directed path [14]. We
only prove a weaker result here.

Proposition 4.3.5 Directed cycles have a majority polymorphism.

Proof. Let H be a directed cycle. Let f be the ternary operation on H that maps u,v,w € H
to u if u, v, w are pairwise distinct, and otherwise acts as a majority operation. We claim that
f is a polymorphism of H. Let (u,u’), (v,v'), (w,w’) € E¥. If u,v,w are all distinct, then
u', v, w' are clearly all distinct as well, and hence (f(u,v,w), f(v/,v",w")) = (u,u’) € EH.
Otherwise, if two elements of u,v,w are equal, say u = v, then ' and v must be equal as
well, and hence (f(u,v,w), f(u',v',w'") = (u,v/) € EY. O
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It has been shown in [15] and [18] that for finite structures B the k-consistency procedure
computes globally consistent instances of CSP(B) if and only if B has a polymorphism that
is a k-ary near-unanimity function. We shall soon see examples that this is no longer true
for infinite structures B: many infinite structures do not have a near-unanimity operation,
but still the k-consistency procedure computes globally consistent instances. We therefore
introduce a slightly relaxed notion of near-unanimity.

Quasi Near-unanimity functions. A function f from B* to B is called a (k-ary) quasi
near unanimity function (short, an gnuf) if f satisfies the following equations, for all z,y € B:

flx,...;zy) = flz,...,y,x) == fy,z,...,2) = f(x,...,x)

A ternary quasi near-unanimity function is also called a quasi majority function. Con-
sider the structure B> with domain N and the signature {=,#} that was defined in Exer-
cise 1.4.7. This structure has a quasi majority polymorphism (but no majority polymorphism,
see Exercise 4.3.14). The idea is that any mapping from N3 to N that satisfies the identi-
ties of a quasi near-unanimity operation, and is ‘injective otherwise’ will do the job. To
make this precise, let f be any bijection from N? to N. Such bijections exist. Let g be
defined as follows: for z,y € N, let g(x,z,y),9(x,y,x),9(y,z,x),g9(z,x,z) all be equal to

minzeN{f(:c,x,z),f(:z:,z,x),f(z,x,x)}. If {:1:7y72} = 37 let g((l),y, Z) = f(xayaz)'

Proposition 4.3.6 The function g described above is a quasi majority polymorphism of the
structure B°.

Proof. From the construction it is clear that g satisfies the equations of quasi near-unanimity
functions. Every operation preserves the relation =B~ . We show that also the relation #B™ is
preserved by g. Let (u1,v1), (u2, va), (us,v3) €£8™ . If {u1,ug, us} = 3 or {v1,v2,v3} = 3 then
g(uy,ug,u3) # g(vi,ve,vs3), by injectivity of f. Otherwise, {u1,us,us} = 2 and {v1,ve,v3} =
2. Hence, if f(u1,us,us) = f(v1,v2,v3), then uy = vy, ug = va, or us = vs must be true, in
contradiction to our assumption. [J

More results on local and global consistency (e.g. for the structure PA introduced in
Section 1.3) and the connection to quasi near-unanimity polymorphisms can be found in [4].

Exercises for Section 4.3.

Exercise 4.3.7 Let B be the structure with signature {<, <} and domain Q, with the usual interpre-
tation of < and < over the rational numbers. What is the computational complexity of CSP(B)?

Exercise 4.3.8 Let Ky be the complete undirected graph with two vertices (defined similarly to Ks
and K4 in Section 1.1). Show that Ko has a majority polymorphism.

Exercise 4.3.9 Show that every orientation of a path (we introduced orientations of paths at the end
of Section 4.1) has a magjority polymorphism.

Exercise 4.3.10 There is only one unbalanced cycle H on four vertices that is a core and not the
directed cycle (we have seen this graph already in Exercise 4.1.15). Show that CSP(H) can be solved
by the 3-consistency procedure.
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Exercise 4.3.11 An interval graph H is an (undirected) graph such that there is an interval I, of the
real numbers for each v € H, and (x,y) € E® iff I, and I, have a non-empty intersection. Note that
with this definition interval graphs are necessarily reflexive, i.e., (z,r) € E¥. Let Hy be the expansion
of an interval-graph by all singletons. Show that CSP(Hy) can be solved in polynomial time.

Exercise 4.3.12 Hell and Nesetril proved that if an undirected graph H does not homomorphically
map to Ko (see Ezercise 4.3.8), then CSP(H) is NP-complete. Use this result to show that for every
undirected graph H there is a polynomial-time algorithm that solves CSP(H) if H has a quasi majority
polymorphism, and that CSP(H) is NP-complete otherwise.

Exercise 4.3.13 Show that 3-consistency implies global consistency for CSP(B).

Exercise 4.3.14 Show that B> has no near-unanimity operation.
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Chapter 5

Graph Algorithms

In this chapter we present efficient graph algorithms for constraint satisfaction problems. The
problems we study here can usually not be solved by the k-consistency procedure. They all
have in common that they work on appropriately defined (directed or undirected) graphs
on the variables of the constraint satisfaction problem. This graph then guides a recursive
decomposition procedure that correctly decides the CSP. Moreover, it is usually easy to adapt
this “divide-and-conquer” procedure such that it directly constructs a solution for the CSP.
How these graphs are defined, and how the decomposition is performed highly depends on
the CSP under consideration. However, we will see examples of this approach in various
application areas, and it turns out that the algorithms and the correctness proofs have quite
some similarities.

5.1 Temporal Reasoning

As a warm-up, we present a simple algorithm for a CSP called the min-ordering problem. In
this problem, we are given a set V of variables, and a set of triples on these variables. We
want to find a mapping h : V — Q that assigns the variables to rational numbers such that
for each triple («x,y, z) either h(x) > h(y) or h(x) > h(z). This problem can be formalized as
a CSP(M), where M is a relational structure whose domain are the rational numbers, and
which has a single ternary relation

™ = {(z,y,2) |z >yVz>z}.

The relation 7™ (z,y, 2) specifies that = is larger than one of y, z; equivalently, that x is
larger than the minimum of y and z. This is an example of a temporal constraint satisfaction
problem, because we can imagine the elements of Q as time points. It can be shown [6] that
for all k the k-consistency procedure does not solve the min-ordering problem. However, here
is a simple linear-time algorithm for CSP(M).

Note that M has the binary operation min as a polymorphism, where min(z,y) is by
definition the minimum of x and y (Exercise 5.1.6). The operation min is an example of a
associative, commutative, and idempotent operation (an ACI operation). We have seen in
Exercise 4.1.17 in Chapter 4 that if B is a finite structure with an ACI polymorphism, then
the generalized arc-consistency procedure solves CSP(B). This result does not carry over
to infinite structures B (we have already mentioned that M has an ACI polymorphism, but
cannot be solved by the k-consistency procedure).

41
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The algorithm that we present for the min-ordering problem is not yet a graph algorithm,
but it illustrates several of the ideas that are employed later for more complicated problems.
In Exercise 5.1.8 we will see that the algorithm can be generalized to other temporal constraint
satisfaction problems CSP(B) if B is closed under the operation min (or, similarly, maz).

Let A be an instance of CSP(M) that has a solution A (i.e., h is a homomorphism from
A to M). Clearly there must be a variable z € A such that f(z) < f(y) for all y € A.

Definition 5.1.1 A set S C A of the an instance A of CSP(B) is called free if A has a
solution h such that for all y € A and x € S it holds that h(z) < h(y).

If z is from a free set of variables S, then 7T cannot contain a triple (x,y,z) where x
appears in the first entry, because then either h(y) or h(z) are strictly smaller than h(z), a
contradiction. We say that a variable = € A is blocked if T* contains a tuple (x,%, z) where
x appears in the first entry.

Lemma 5.1.2 If an instance of the min-ordering problem only contains blocked variables,
then it is inconsistent.

Proof. Suppose the instance has a solution, then there must exist a non-empty free set. But
as we have seen, blocked variables cannot be in a free set. Since all variables are blocked, we
obtain a contradiction. [

It turns out that if an instance of the min-ordering problem is satisfiable, then the set of
all variables that are not blocked is free. This follows from the correctness of the following
algorithm. In the algorithm (and also in the following sections), we write A[A’], for A’ C A,
for the relational structure A’ with domain A" and the same signature as A where (t1,...,ts) €
RA if (t1,...,ts) € RA, for every relation symbol R in the signature.

Min-Ordering(A)
Input: A finite structure A over {T'} where T is a ternary relation symbol.

If A= () then accept

else
Compute the set S C A of variables that are not blocked;
If S = () then reject
else Min-Ordering(A[A \ S])

end if

Figure 5.1: The Min-Ordering algorithm.

Proposition 5.1.3 The Min-Ordering procedure given in Figure 5.1 correctly decides the
min-ordering problem in linear time in the input size.

Proof. Let A be an instance of the min-ordering problem. If at some point during the
execution of the procedure on A we recursively apply the procedure to a substructure A’ of
A and do not find a min-candidate, then Lemma 5.1.2 implies that A’ and therefore also A
does not have a solution.
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Otherwise, it is clear that A has a solution if the set of variables is empty. So, suppose
the algorithm finds a non-empty set S. Inductively assume that A[A \ S| has a solution h.
Let h' be the extension of h that maps all variables in S to a value smaller than the value of
h(y) for all other variables y € A\ S (such values always exists in Q). We claim that b’ is a
homomorphism from A to M. If (z,v,2) € T#, and z,y,z ¢ S, then this is true by inductive
assumption. Otherwise, since z is blocked, only y, z, or both y and z can be in S. In all three
cases the triple (h/(z), 1 (y), h'(2)) is in TM. Hence, the algorithm is correct. It is not hard
to see that this procedure can be implemented such that it has a linear worst-case running
time. O

Exercises for Section 5.1.

Exercise 5.1.4 Let B be the structure with signature {<,<} and domain Q, with the usual interpre-
tation of < and < over the rational numbers. Show that there is a linear time algorithm for CSP(B).

Exercise 5.1.5 Show that if an instance of the min-ordering problem CSP(M) has a solution, then
it also has an injective solution (i.e., no two variables receive the same value). Hint: modify the
presented algorithm for CSP(M) such that is produces injective solutions.

Exercise 5.1.6 Show that CSP(PA) (as introduced in Section 1.1) can be solved in polynomial time.
How fast is the best algorithm you can find?

Exercise 5.1.7 Show that the structure M introduced in this section has indeed the operation min as
a polymorphism.

Exercise 5.1.8 Show that CSP(B) can be solved in polynomial time, where B is a structure with a
ternary relation RB consisting of all (z,y,2) € Q3 wherex =yAy <z orx >yAy=zorx=y=z.
Additionally, B has the relation <B with the usual interpretation.

5.2 Phylogenetic Reconstruction

The rooted triple consistency problem is one of the fundamental problems in phylogenetic
reconstruction. It is motivated by the problem to reconstruct evolutionary trees from partial
information about the evolutionary tree. When we aquire such partial information, one of
the important tasks is it to test whether the collection of partial information is consistent in
the sense that there is an evolutionary tree that ‘explains’ the data. Consistency in this sense
should not be confused with the notions of consistency introduced in Chapter 4. In 1981, Aho,
Sagiv, Szymanski, and Ullman [1] presented a polynomial time algorithm to this problem,
motivated independently from computational biology by questions in database theory.

We fix some standard terminology concerning rooted trees. A rooted tree is a directed
graph T with a distinguished vertex r, the root of T, such that for every vertex v € T there
is a unique directed path r = py,...,p; = v with (p;, pis1) € ET for all i < I (we say that
pi+1 is the child of p;. For u,v € V, we say that u lies below v if the directed path from r
to u passes through v. We say that u lies strictly below v if u lies below v and u # v. The
youngest common ancestor (yca) of two vertices u,v € T is the node w such that both u and
v liew below w and w has maximal distance from r. A leave is a vertex v in T without any
outgoing edges, i.e., there is no edge (v, w) € ET.
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Rooted-Triple-Consistency

INSTANCE: A finite structure A over { R} where R is a ternary relation symbol.
QUESTION: Is there a rooted tee T with leaves X and a mapping h : A — X such that for
every triple (z,y,2) € R® the yca of h(z) and h(y) lies strictly below the yca of h(z) and
h(z) in T?

Once you understand the setting, this is a fairly natural computational problem. It can
be formulated as a constraint satisfaction problem CSP(B) for a fixed, but infinite structure
B. The domain of B is N — Q, i.e., the set of all functions from the natural numbers to
the rational numbers (hence, the domain of B is uncountable; we can also find formulations
of the problem with a countably infinite right hand side, but it will be convenient for us to
use an uncountably infinite structure B here). For two elements f,g of B, let ks, be the
largest natural number such that f(i) = g(i) for all i < kg 4. The ternary relation R® is
the relation consisting of all triples (f, g, h) such that either k¢, > kyj or kyy = kyj and
f(kfg) < h(ksp). The proof that CSP(B) is indeed the rooted triple consistency problem is
left as Exercise 5.2.3.

We would like to remark that for all [ there is only a finite number of l-ary first-order
definable relations in B; for related results consult see [10]. Hence, the k-consistency procedure
can be applied for CSP(B). But it is not known whether the k-consistency procedure solves
CSP(B), for some k (it is known that the 3-consistency procedure does not, though).

The ASSU algorithm for rooted triple consistency. The basic idea of the algorithm of
Aho et al. is to consider for a given instance A of the rooted triple consistency problem an
(undirected) graph G with vertex set G = A and where

E® = {{z,y} | #,y € A and there is z € A so that (z,y,2) € RA} .

We say that G is connected if for any two vertices a, b € G there exists a patha = p1,...,pp =
b with {p;, pir1} € EC for all i < n.

Lemma 5.2.1 If the graph G defined for an instance A of the rooted triple consistency
problem is connected, then A is unsatisfiable.

Proof. Suppose that there is a rooted tree T with leave set X and a mapping h : A — X
such that for every triple (z,v,2) € R® the yca of z,y lies strictly below the yca of x, z in T.

Let s be the yca of h(A), i.e., s is the node with the maximal distance from the root of T'
such that for every a € A the node h(a) lies below s. It can not be that all vertices in h(A) lie
below the same child of s in T (otherwise the child would have been the yca of h(A)). Since
the graph G is connected, there is {z,y} € G such that h(z) and h(y) lie below different
children of s in T. Hence, there is a z € A such that (z,y,2) € R®. By assumption, the yca
of h(x) and h(y), which is s, lies strictly below the yca of h(z) and h(z), a contradiction to
the choice of s. [J

We say that H is a subgraph of G if H C G and EH C EG. A connected component H
of G is connected subgraph of G where H is maximal. Figure 5.2 shows the pseudo-code
of an algorithm for the rooted triple consistency problem that for a given instance A also
constructs a tree T and a mapping h from A to the leaves of T satisfying the conditions from
the problem description, in case that such a tree exists.
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ASSU(A)
Input: a finite structure A over { R} where R is a ternary relation symbol.

If RA = () then
Create a new vertex r, and link all a € A below 7.
return the tree rooted at r

else
Construct the graph G for A;
Compute the connected components G, ..., Gy of G;
If there is only one connected component then reject
else
Let T; be the tree ASSU(A[G;]), for all i < k;
Create a new vertex r, and link T; below r for all i < k;
return the tree rooted at r
end if
end if

Figure 5.2: The ASSU algorithm.

Proposition 5.2.2 The algorithm shown in Figure 5.2 correctly decides the rooted triple
consistency problem in time that is quadratic in the size of the input instance.

Proof. Clearly, if R? is empty, any rooted tree with at least one vertex is a solution. If the
constructed graph G is connected, Lemma 5.2.1 shows that A is unsatisfiable. Otherwise,
let Gi,..., Gy be the distinct connected components of G (they can be computed using a
standard linear time algorithm for computing the connected components of a graph). For
each Gy, recurse on the problem A[G}], i.e., the structure with domain G; and with a ternary
relation that contains all triples (z,y,z) € RA for x,y,2 € G;. If any of these recursive
calls reports unsatisfiability, then the instance is clearly unsatisfiable as well. Otherwise, by
inductive assumption there is a tree T; and a mapping h; : G; — T; showing that A[G;] is
consistent. Let T be the tree obtained by creating a new vertex r and adding T4, ..., Ty by
making the roots of these trees the children of r. Let h be the mapping that maps = to h;(z)
if z € G;. We claim that T and h are a solution for A. If (z,y,z) € RA and z,y, z all are
from one component G;, there is nothing to show, since T; and h; guarantee that the yca of
h(z) and h(y) lies strictly below the yca of h(z) and h(z). It can not be that = and y are in
distinct components, since they are connected by an edge in G. Hence, all other tuples must
be of the form that z,y € G; and z € G for i # j. But in this case the yca of h(x) and h(y)
lies below the root of T; and hence strictly below r, which is the yca of h(z) and h(z). O

Exercises for Section 5.2.

Exercise 5.2.3 Prove the claim of the section that the rooted triple consistency problem can be for-
mulated as CSP(B) for the infinite structure B that was described above.

Exercise 5.2.4 Show that the running time of the ASSU algorithm is in O(nm), where n = |A| and
m is the size of the input structure A.
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5.3 Branching Time Constraints

Our next example is a computational problem that has been discovered independently in
computational linguistics and in temporal reasoning. In temporal reasoning the problem is
known as constraint satisfaction problem for constraints about branching time. In computa-
tional linguistics, the problem is a special case of a more powerful tree description language
that has been introduced by Cornell [11]. There are other constraint languages in computa-
tional linguistics that talk about trees [13, 20, 21]; many of them can be solved in polynomial
time with the algorithmic techniques described in this Chapter [5].

The first polynomial-time algorithm for this problem is due to Hirsch [17], and has a
worst-case running time in O(n®). This was later improved by Jonsson and Broxvall [9], who
presented an algorithm running in O(n3376) (this algorithm uses an O(n?37) algorithm for
fast integer matrix multiplication). The simple algorithm we present here does not use fast
matrix multiplication and runs in O(nm), and is due to [7]. Our algorithm combines the
ideas from the algorithms for the min-ordering problem in Section 5.1 and the rooted triple
consistency problem in Section 5.2. For terminology concerning rooted trees, see Section 5.2.

Branching-Time-Consistency

INSTANCE: A finite structure A over {<, ||,#} where <, ||, # are binary relation symbols.
QUESTION: It there a rooted tree T and a mapping « : V' — T such that in T the following
is satisfied:

a) If © <y, then a(z) lies above a(y);

b) If z || y, then neither a(x) lies strictly above a(y) nor a(y) lies strictly above a(z);

c) If z # y, then a(x) # a(y).

This problem can be formulated as CSP(B) where B is an infinite structure over the
signature that consists of the binary relation symbols <, ||, and #. The domain B of B is the

set of all non-empty finite sequences a = (qo,q1, - .., qn—1) of rational numbers. Let a < b if
either
e b is a proper initial subsequence of a, i.e., b = (qo,...,qn—1) and

a=1(qoy--yqn—1,9ns---,qm), OF
e b=1(q0y---1qn-1,qn) and @ = (qos - - -y Gn—1,Gh, Gnt1s--->qm), and g, < ql,.
We can now define the relations of B:
o Let (a,b) € <Bifa<bora=b.
e Let (a,b) € #B if a # 0.
o Let (a,b) € ||B if neither z < y nor y < .

We usually use infix-notation for these three relations, i.e., we write a ||B b for (z,y) € ||B.
The definition of ||B is symmetric, and therefore we do not distinguish between the constraint
z|yandy| 2.

It can be shown (Exercise 5.3.7) that CSP(B) is indeed the branching time consistency
problem. Note that <B is a partial order with the property that for all z € B, the set
{y | y < x} is linearly ordered. This is the mentioned connection to temporal reasoning and
branching time: we assume that for every time point the past is linearly ordered, but the
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future is only partially ordered. Moreover, it can be shown that B has for every [ a finite
number of [-ary first-order definable relations.

For the description of the algorithm, though, we decide to return to the original description
of the branching time consistency problem, and do not make further reference to B. A solution
to an instance A of the branching time consistency problem is thus a pair (T, h) where T is
a rooted tree and h : A — T is a mapping such that the conditions specified for T and h in
the problem description are satisfied.

Definition 5.3.1 A subset of variables S of an instance A of the branching-time-consistency
problem is called free if there exists a solution (T, h) such that for all a € A the vertex h(a)
is the root of T if and only if a € S.

Let A be an instance of the branching-time-consistency problem. Let U be the undirected
graph with vertex set U = A where {u,v} € EV if u <# v or v <4 w.

Lemma 5.3.2 Let A be a satisfiable instance of the branching-time-consistency problem, and
let U be the graph as described above. If U is connected, then there exists a free set of variables.

Proof. Let (T, h) be a solution of A. Assume for contradiction that there are two distinct
elements x, 2’ € A with the property that there is no y € A such that both x and 2’ lie below
y in T. Since U is connected, there must be a sequence x = xq, ...,z = 2’ of vertices in
A such that z; <2 x4 or x4 <* z; for all 0 < i < k. Tt is easy to see that the sequence
h(zg),...,h(zy) must contain a vertex h(x;) such that both h(x) and h(z') lie below h(x;)
in T. This contradicts the assumption for x and /. J

Definition 5.3.3 A set of variables S C V of an instance A of the branching-time-consistency
problem is blocked if one of the following is true.

o Thereisy € A\ S and x € S such that y < z.
o Thereisy € A\ S and v € S such that y |* z.

e There are x,y € S such that x #* y.

Clearly, a set of variables that is blocked can not be free. Note that it can be checked
efficiently whether a given set of variables is blocked.

Corollary 5.3.4 An instance whose graph U is connected and where all sets of variables are
blocked is unsatisfiable.

Proof. Suppose for contradiction there was a solution for the instance A. By Lemma 5.3.2,
there exists a free set of variables. But since all sets are blocked, and free sets can not be
blocked, we obtain a contradiction. [

To find unblocked sets of variables, let G be the directed graph with vertex set A where
(u,v) € EG if x <A yorax || yin I. A directed graph G is strongly connected if any two
vertices x,y € G are connected via a path © = py,...,p, = y such that (p;, p;y1) € EC for all
1 <i<mn-—1. A strongly connected component (SCC) of G is a maximal strongly connected
subgraph of G.
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Proposition 5.3.5 All free sets S of variables of A must be strongly connected components
of G, and they must be terminal, i.e., there is no (u,v) € ES where uw € S andv € A\ S.

Proof. Assume otherwise. Then S would be blocked, a contradiction by Corollary 5.3.4. [J

We can now state the algorithm, see Figure 5.3.

PDC(A)
Input: a structure A over {<, ||, #} where <,||,# are binary relation symbols.

Compute the connected components Uy, ..., U of the graph U for A;
Fori=1tok
Compute the SCCs of the graph G of A[U;];
if there is an unblocked terminal SCC G’ of G then call PDC(A[U; \ G'])
else reject
end for

Figure 5.3: The branching-time-consistency algorithm.

Proposition 5.3.6 The PDC algorithm given in Figure 5.3 rejects an instance of the branch-
ing time consistency problem if and only if the given instance A is unsatisfiable, in time that
i quadratic in the size of the instance.

Proof. We show the correctness of the algorithm by induction on the recursion of the
algorithm. If the all terminal strongly connected components are blocked, the algorithm
correctly rejects, because Proposition 5.3.5 implies that A is unsatisfiable.

Otherwise, let Uy, ..., U be the connected components of the graph U for A. We first
show that A[U;] has a solution, for alli € {1,...,k}. Let G be the directed graph of A[U;] that
was described above. Since the algorithm does not reject, there is an unblocked terminal SCC
G’ of G. If PDC(A[U; \ G']) rejects, then by inductive assumption there is an unsatisfiable
substructure of A, and hence A is unsatisfiable as well. Otherwise, by inductive assumption
there exists a solution (T’, k') for A[U;\ G’]. Create a new vertex r, link the root of T’ below,
and let T; be the resulting tree with root r. Let h; be the extension of A’ that maps all
vertices in G’ to r.

We claim that (T, h;) is a solution for A[U;]. If z <* y and z,y are both in G/,
then h;(x) = hi(y), and if z,y are both in U; \ G’ then h;(y) lies below h;(z) by inductive
assumption. Since y € G’ implies that x € G’, the only remaining case is that x € G’ and
y € U; \ G'. In this case h;(y) lies below h;(z) by construction of h;. If 2 #4 y, then z and
y can not both be in G’ (otherwise G would be blocked). If they are both in U; \ G’ then
hi(x) # hi(y) by inductive assumption. In all other cases, h;(x) # h;(y) be construction of
h;. Finally, if z ||* y, then by definition of G and strongly connectedness, either =,y € G’
or z,y € U; \ G'. In the first case, we are again done by inductive assumption, in the second
case neither h;(z) lies above h;(y) nor vice versa by construction of h;. This concludes the
proof that (T, h;) is a solution for A[U;].

To show that A is satisfiable, create a new vertex s, and link the roots of all trees
Ty,...,T; below s. Let T be the resulting tree, and let h be the common extension of
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the mappings hq, ...,y with domain A. Note that all h; have disjoint domains, and hence
this is a well-defined mapping. We claim that (T, h) is a solution for A. By the definition of
the graph U and connectedness, for all z,y such that © <A y both z and y must be in the
same component U;, and hence h;(y) lies below h;(y) in T; and therefore also in T. If 2 #A y
or x |4 y, then either 2 and y are in the same component U;, and # and || are preserved by
inductive assumption, or # and || is preserved by construction of h.

The running time is bounded by C'nm where n is the number of variables, m is the size
of the input instance A, and C' is a constant. [J

There is a series of problems in computational problems that can be solved by extensions
or variations of the algorithms presented in this Section. Cornell’s original logic is an extension
of branching time constraints where we have additional constraints that can talk about left
and right for the vertices of a (plane) tree. Cornell’s logic can be solved by a an extension of
the PDC algorithm presented here [8].

Yet another important field of efficient graph algorithms are dominance constraints used
in semantic underspecification formalisms in computational semantics [2, 19, 3, 5]; again, the
notion of free variables is crucial.

Exercises for Section 5.3.

Exercise 5.3.7 Verify the claim made in this section that the branching time consistency problem can
be described as CSP(B) for the relational structure B described above.

Exercise 5.3.8 Show that there is a polynomial-time reduction from the rooted triple consistency
problem to the branching-time-consistency problem.

Exercise 5.3.9 Let C, D, E, F be binary relation symbols. Let L and L' be the following structures.
Both have the same domain as the structure B described in this section. The signature of L is {C, D},
and (a,b) € AY if a < b as described in this section, and (a,b) € BY if neither a < b, a > b, nor a = b.
The signature of L/ is {E, F}, and (z,y) € E¥ iff not x |B y, and (z,y) € F* iff not x <B y.

Show that every relation in L has a primitive positive definition in L' and vice versa.
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