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Polynomial Time Algorithms for Minimizing the 

Weighted Number of Late Jobs on a Single Machine 

with Equal Processing Times  

 

Abstract 

We study the problem of minimizing the weighted number of late jobs to be 

scheduled on a single machine when processing times are equal. In this paper, 

we show that this problem, as well as its preemptive variant, are both strongly 

polynomial. When preemption is not allowed 1 | pj = p, rj | Σ wj Uj, the problem can 

be solved in O(n7). In the preemptive case, 1 | pj = p, pmtn, rj | Σ wj Uj, the problem 

can be solved in O(n10). Both algorithms are based upon dynamic 

programming.  

 

Keywords 

Single machine scheduling, preemptive scheduling, late jobs, dynamic 

programming. 
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1. Introduction 

Given a set of jobs P = {J1, ..., Jn}, each job being described by a release date ri, 

a due date di, a processing time pi (with ri + pi ≤ di), and a non-negative weight wi, 

minimizing the weighted number of late jobs on a single machine consists of 

finding a schedule of the jobs on which the weighted number of jobs completed 

after their due date is minimal. Conversely, one can also seek to maximize the 

weighted number of jobs completed before their due date. Along this paper, we 

will rather rely on this latter formulation. This problem, denoted as 1 | rj | Σ wj Uj 

(where U stands for Unit penalty per late job) in the standard scheduling 

terminology (e.g., [3]) is NP-hard in the strong sense, even if weights are equal 

[10]. To our knowledge, no exact approach has been made to solve the general 

problem. However, some branch and bound methods have been recently 

designed for the non-weighted problem ([2], [7], [9], [15]).  

Some special cases of the general problem are solvable in polynomial time (see 

[4] for a rather comprehensive and up-to-date review of the hardness of 

machine scheduling). When weights are equal and when release dates are equal 

1 | | Σ Uj, the problem can be solved in O(n log(n)) steps by Moore's well-known 

algorithm [14]. Moreover, when release and due dates of jobs are ordered 

similarly ([ri < rj] ⇒ [di ≤ dj]), the same problem is solvable in O(n2) with a 

dynamic programming algorithm of Kise, Ibaraki and Mine ([11]). An 

O(n log(n)) has been proposed Lawler for the same problem ([13]). Dauzère-

Pérès and Sevaux have extended [8] the result of Kise, Ibaraki and Mine to the 
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case where ([ri < rj] ⇒ [di ≤ dj or rj + pj + pi > di]). Carlier has proven [5, 6] that 

when processing times are equal, the problem 1 | pj = p, rj | Σ Uj can be solved in 

O(n3 log(n)).  

Researchers have also studied the preemptive variant of the problem 

1 | pmtn, rj, Σ wj Uj. It is NP-hard but can be solved in pseudo-polynomial time by 

Lawler’s algorithm [12, 3] whose time and space complexities are respectively 

O(n k2W2) and O(k2W), where k is the number of distinct release dates and 

where W is the sum of the weights of the jobs. If weights are equal 1 | pmtn, rj | 

Σ Uj, the problem obviously becomes strongly polynomial; the time and space 

bounds of Lawler’s algorithm reducing to O(n3k2) and O(n k2). So, O(n5) and 

O(n3) if all release dates are distinct. [1] describes an algorithm for this special 

case that improves the bounds to respectively O(n4) and O(n2). 

These results leave two problems open, namely the non-preemptive and the 

preemptive weighted problems with equal processing times: 1 | pj = p, rj | Σ wj Uj and 

1 | pj = p, pmtn, rj | Σ wj Uj. In this paper, we show that both of them are strongly 

polynomial and we provide two dynamic programming algorithms whose time-

bounds are respectively O(n7) and O(n10). This paper is organized as follows. 

Sections 2 and 3 are dedicated respectively to the non-preemptive weighted 

problem 1 | pj = p, rj | Σ wj Uj and to the preemptive weighted problem 

1 | pj = p, pmtn, rj | Σ wj Uj. Finally, we draw some conclusions in Section 4. 
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2. The Non-Preemptive Weighted Problem (1 | pj = p, rj | Σ  wj Uj) 

A schedule of a subset X of jobs is said to be feasible iff (1) all jobs in X start 

after their release date and are completed after their due date and (2) jobs do not 

overlap in time. Notice that this definition remains valid in the preemptive case. 

Since when a job is late, it can be scheduled arbitrarily late, the problem 

reduces to finding a set of jobs (1) that is feasible, i.e., for which there exists a 

schedule that meets release dates and due dates and (2) whose weight is 

maximal. From now on, we suppose that jobs are sorted in increasing order of 

due dates. We first introduce some notation and then provide the proposition 

that is the basis of our dynamic programming algorithm. 

Definition. 

Let Θ = {t such that ∃ ri, ∃ l ∈ {0, ... , n} | t = ri + l * p}.           

Notice that there are at most n2 values in Θ. 

Proposition 1. 

On any left-shifted schedule (i.e., on any schedule on which jobs start either at 

their release date or immediately after another job), the starting times of jobs 

belong to Θ.  

Proof. 

Let Jk be any job. Let t be the largest time point before the start time of Jk at 

which the start-time of a job is equal to its release date (such a time-point exists 

because the schedule is left-shifted). Thus, t is a release date, say ri. Between ri 
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and the starting time of Jk, l jobs execute (0 ≤ l ≤ n). Hence the starting time of 

Jk belongs to Θ.              

Since any schedule can be left-shifted, Proposition 1 induces a simple 

dominance property: There is an optimal schedule on which jobs start at time 

points in Θ . 

Definition. 

• For any integer k ≤ n, let Uk(s, e) be the set of jobs whose index is lower than 

or equal to k and whose release date is in the interval [s, e), i.e., Uk(s, e) = {Ji 

| i ≤ k and s ≤ ri < e}. 

• Let Wk(s, e) be the maximal weight of a subset of Uk(s, e) such that there is a 

feasible schedule S of these jobs such that 

 S is idle before time s + p, 

 S is idle after time e, 

 starting times of jobs on S belong to Θ. 

Notice that if the subset of Uk(s, e) is empty, Wk(s, e) is equal to 0.         

Proposition 2. (cf., Figure 1) 

For any value of k in [1, n] and for any values s, e  with s ≤ e, Wk(s, e) is equal to 

Wk-1(s, e) if rk ∉ [s, e) and to the following expression otherwise: 

max(Wk-1(s, e), (wk + Wk-1(s, s’) + Wk-1(s’, e))). 
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Proof (sketch). 

Let W’ be the expression above. If rk ∉ [s, e), the result obviously holds since 

Uk(s, e) = Uk-1(s, e). We now consider the case where rk ∈ [s, e). 

We first prove that W’ ≤  Wk(s, e).  

• If W’ = Wk-1(s, e) then W’ = Wk-1(s, e) ≤ Wk(s, e). 

• If there is a value s’ in Θ such that max(rk, s + p) ≤ s’ ≤ min(dk, e) - p and such 

that W’ = wk + Wk-1(s, s’) + Wk-1(s’, e), let X and Y be two subsets of the set of 

jobs P that realize respectively Wk-1(s, s’) and Wk-1(s’, e). Because of the 

definition of W, the sets X and Y are disjoint and moreover, there exists a 

feasible schedule of X that fits in [s + p, s’] and there exists a feasible 

schedule of Y that fits in [s’ + p, e]. Thus, X ∪ Y ∪ {Jk} is a set whose weight 

is W’ and there is a schedule of the jobs in this set that does not start before 

s + p and that ends before e (take the schedule of X, schedule Jk at time s’ 

and add the schedule of Y, see Figure 1). On top of that, starting times 

belong to Θ. Hence, W’ ≤ Wk(s, e). 

We now prove that Wk(s, e) ≤  W’.  

Let Z be a subset that realizes Wk(s, e). If Jk does not belong to Z then Wk(s, e) = 

Wk-1(s, e) ≤ W’. Now suppose that Jk belongs to Z. According to the definition of 

Wk(s, e), there is a schedule S of Z that fits in [s + p, e] on which starting times 

belong to Θ. 

We claim that we can suppose that on S, the jobs executed after Jk are not 

available when Jk starts (i.e., their release date is strictly greater than the start 

time of Jk). To justify our claim, we show how S can be modified to reach this 
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property: Suppose that there is a job Ji that starts after Jk and that is available at 

the start time of Jk. Let then f(S) be the schedule obtained by exchanging the 

starting times of Ji and Jk. Because di ≤ dk and because processing times are 

equal, the resulting schedule is feasible. Notice that each time f is applied, the 

position of Jk strictly increases and that the idle time intervals of the resource 

remain the same. Thus, f can be applied a limited number of times only. The 

resulting schedule is feasible and the jobs executed after Jk are not available at 

the starting time of Jk. On top of that the overall set of starting times has not 

been modified. 

Let us examine the partition induced by the starting time s’ of Jk. 

• The jobs scheduled before s’, belong to Uk-1(s, s’) and their total weight is 

lower than or equal to Wk-1(s, s’).  

• The jobs scheduled after Jk belong to Uk-1(s’, e) and their total weight is 

lower than or equal to Wk-1(s’, e).  

• The weight of Jk is wk. 

Moreover s’ belongs to Θ because it is a starting time. On top of that, 

max(rk, s + p) ≤ s’ ≤ min(dk, e) – p. Hence, the weight of the set Z is lower than 

or equal to W’.               

Given the dominance property induced by Proposition 1, the maximum 

weighted number of on-time jobs is Wn(min Θ – p, max Θ). Thanks to 

Proposition 2, we have a straight dynamic programming algorithm to compute 

this value. The relevant values for s and e are exactly those in Θ (plus min Θ – p 

for s). The values of Wk(s, e) are stored in a multi-dimensional array of size 
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O(n5) (n possible values for k, n2 possible values for s and n2 possible values 

for e). Our algorithm then works as follows. 

• In the initialization phase, W0(s, e) is set to 0 for any values s, e (s ≤ e) in Θ .  

• We then iterate from k = 1 to k = n. Each time, Wk is computed for all the 

possible values of the parameters thanks to the formula of Proposition 2 and 

to the values of Wk-1 computed at the previous step. 

The initialization phase can be done in O(n4). Afterwards, for each value of k, 

O(n4) values of Wk have to be computed. For each of them, a maximum among 

O(n2) terms is computed. This leads to an overall time complexity of O(n7). A 

rough analysis of the space complexity leads to an O(n5) bound but since, at 

each step of the outer loop on k, one only needs the values of W computed at the 

previous step (k-1), the algorithm can be implemented with 2 arrays of O(n4) 

size (one for the current values of W and one for the previous values of W).  

3. The Preemptive Weighted Problem (1 | pj = p, pmtn, rj | Σ  wj Uj) 

Again, we suppose that jobs are sorted in increasing order of due dates. We first 

introduce Jackson Preemptive Schedule and some notation. Afterwards, we 

provide the proposition that is the basis of our dynamic programming 

algorithm. 

Definition. 

The Jackson Preemptive Schedule (JPS) of a set of jobs O ⊆ P is the 

preemptive schedule obtained by applying the Earliest Due Date priority 

dispatching rule: whenever the machine is free and one job in O is available, 
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schedule the available job Ji ∈ O for which di is the smallest. If a job Jj becomes 

available while Ji is in process, stop Ji and start Jj if dj < di, otherwise 

continue Ji.         

Jackson Preemptive Schedule has several interesting properties (e.g., [6]). In 

particular, if a job is scheduled on JPS after its due date, there is no feasible 

preemptive schedule of the set of jobs. Hence, searching for a schedule on 

which the weighted number of late jobs is minimal, reduces to finding a set 

whose weight is maximal and that is feasible, i.e., whose JPS is feasible.  

As for the non-preemptive case, the time points in Θ play a particular role  in 

the structure of optimum schedules. In the following, we note Θ = {t1, t2, ..., tq} 

the ordered set of distinct time-points in Θ. Recall that q ≤ n2. 

Proposition 3. 

For any subset of jobs Z, the start and end times of the jobs on the JPS of Z 

belong to the set Θ. 

Proof. 

We first prove that the end time of a job on the JPS of Z belongs to Θ. Let Jk be 

any job and let s and e be respectively its start and end times on JPS. Let t be 

the minimal time point such that between t and s JPS is never idle. Because of 

the structure of JPS, t is a release date, say rx. The jobs that execute (even 

partially) between s and e execute neither before s nor after e (because Jackson 

Preemptive schedule is based upon the EDD rule). Thus e – s is a multiple of p. 

Two cases can occur: 
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• Either Jk causes an interruption and hence s = rk. 

• Or Jk does not cause any interruption and hence the jobs that execute 

between rx and s, are fully scheduled in this interval. Consequently, s – t is a 

multiple of p. 

In both cases, there is a release date ry (either rk or rx) such that between ry and e, 

JPS is never idle and such that e is equal to ry modulo p. On top of that, the 

distance between ry and e is not greater than n * p (because JPS is not idle). 

Hence, e ∈ Θ. 

Now consider the start time of any job on JPS. This time point is either the 

release date of the job or is equal to the end time of the “previous” one. Thus, 

start times also belong to Θ.                   

Definition. 

For any time points tu, tv in Θ with u < v and for any integer value k such 

that 1 ≤ k ≤ n, 

• let Uk(tu, tv) = {Ji | i ≤ k and tu ≤ ri < tv} (as for the non-preemptive case), 

• for any m such that 1 ≤ m ≤ n, let Wk(tu, tv, m) be the maximal weight of a 

subset Z ⊆ Uk(tu, tv) of m jobs such that, the JPS of Z is feasible and ends 

before tv. If there is no such subset, Wk(tu, tv, m)  is set to -∞.   

         
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Proposition 4. (cf., Figure 2) 

For any time points tu, tv in Θ with u < v and any integer values k and m such 

that 1 < k ≤ n and 1 ≤ m ≤ n, Wk(tu, tv, m) is equal to Wk-1(tu, tv, m) if rk ∉ [tu, tv) and 

to the expression above otherwise: 

max(Wk-1(tu, tv, m), 

    (Wk-1(tu, tx, m1) + Wk-1(tx, ty, m2) + Wk-1(ty, tv, m3)) + wk) 

Proof. 

Let W’ be the expression above. It is obvious that if rk ∉ [tu, tv), Wk(tu, tv, m) is 

equal to Wk-1(tu, tv, m). In the following, we suppose that rk ∈ [tu, tv). 

We first prove that W’ ≤  Wk(tu, tv, m). 

• Consider the case where W’ = Wk-1(tu, tv, m). Since Uk-1(tu, tv) ⊆ Uk(tu, tv), we 

have W’ ≤ Wk(tu, tv, m). 

• Consider now the case where there exist tx ∈ Θ, ty ∈ Θ and 3 integers 

m1, m2, m3 such that 

 max(rk, tu) ≤ tx < ty ≤ min(dk, tv),  

 m1 + m2 + m3 = m -1  

 p * (m2 + 1) = ty – tx,  

 W’ = Wk-1(tu, tx, m1) + Wk-1(tx, ty, m2) + Wk-1(ty, tv, m3)) + wk. 

Obviously, the subsets Uk-1(tu, tx), Uk-1(tx, ty) and Uk-1(ty, tv) do not intersect. 

Thus, the JPS schedules of subsets that realize Wk-1(tu, tx, m1), Wk-1(tx, ty, m2) 

and Wk-1(ty, tv, m3), put one after another define a valid overall schedule of a 
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set of m – 1 jobs taken in Uk-1(tu, tv). Moreover, between tx and ty there is 

enough space to schedule Jk since m2 jobs in Uk-1(tx, ty) are scheduled and 

since p * (m2 + 1) = ty – tx (see Figure 2). As a consequence, we have 

W’ ≤ Wk(tu, tv, m).  

We now prove that Wk(tu, tv, m) ≤  W’.  

We only consider the case where Wk(tu, tv, m) is finite otherwise the result holds. 

Consider a set Z that realizes Wk(tu, tv, m). If Jk does not belong to Z then 

Wk(tu, tv, m) = Wk-1(tu, tv, m) ≤ W’. Suppose now that Jk ∈ Z. Let tx and ty be the start 

and end times of Jk on the JPS of Z. Thanks to Proposition 3, we know that 

tx ∈ Θ and ty ∈ Θ. We also have max(rk, tu) ≤ tx < ty ≤ min(dk, tv). Let Z1, Z2, Z3 be the 

partition of Z- {Jk} into the jobs that have a release date between tu and tx, 

between tx and ty and between ty and tv. Because of the structure of JPS (Jk is the 

job whose due date is maximal), all jobs in Z1 are completed before tx. 

Moreover, all jobs in Z2 start after tx and are completed before ty, and all jobs in 

Z3 are completed before tv. On top of that, p * (|Z2| + 1) = ty – tx because Jk is also 

scheduled between tx and ty. Moreover, we have |Z1| + |Z2| + |Z3| + 1 = m. Finally the 

weight of Z1 is not greater than Wk-1(tu, tx, |Z1|), the weight of Z2 is not greater 

than Wk-1(tx, ty, |Z2|) and the weight of Z3 is not greater than Wk-1(ty, tv, |Z3|). This 

leads to Wk(tu, tv, m) ≤ W’.   

Our dynamic programming algorithm relies on the above proposition. The 

values of Wk(tu, tv, m) are stored in a multi-dimensional array of size O(n6) 

(n possible values for k, n2 possible values for tu, n2 possible values for tu, and n 

possible values for m).  
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• In the initialization phase the value of W1(tu, tv, m) is set to w1 if m = 1 and if 

p is not greater than min(d1, tv) - max(r1, tu) and to -∞ otherwise.  

• We then iterate from k = 2 to k = n. Each time, Wk is computed for all the 

possible values of the parameters thanks to the formula of Proposition 4 and 

to the values of Wk-1 computed at the previous step. 

The maximum weighted number of on-time jobs is equal to: 

max(Wn(min(ti), max(ti), 1), Wn(min(ti), max(ti), 2), ..., Wn(min(ti), max(ti), n)). 

The overall complexity of the algorithm is O(n5) for the initialization phase. For 

each value of k, O(n5) values of Wk have to be computed. For each of them, a 

maximum among O(n4) terms has to be computed (for given values of tx, m1 and 

m2, there is only one possible value for both ty and m3). This leads to an overall 

time complexity of O(n10). A rough analysis of the space complexity leads to an 

O(n6) bound but since, at each step of the outer loop on k, one only needs the 

values of W computed at the previous step (k-1), the algorithm can be 

implemented with 2 arrays of O(n5) size (one for the current values of W and 

one for the previous value of W).  

4. Conclusion 

In this paper, we have shown that two open scheduling problems are strongly 

polynomial. For both of them, we have provided some dynamic programming 

algorithms. Unfortunately, the worst case complexities of these algorithms are 

high and they do not appear to be suitable for real-life applications. However, 

there might be a scope for an improvement of these algorithms.  
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We believe that the study of the general non-preemptive problem 1 | pj, rj | Σ wj Uj 

is of great practical interest and we are currently trying to extend the branch and 

bound procedures initially designed for the non-weighted problem ([2], [15]) to 

the general weighted problem.  
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Figure 1. Illustration of Proposition 2 

 

 

 

 

 

 

 

 

Figure 2. Illustration of Proposition 4 
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