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Abstract. In the recent years, constraint programming has been applied to a wide variety of 
academic and industrial non-preemptive scheduling problems, i.e., problems in which activities 
cannot be interrupted. In comparison, preemptive scheduling problems have received almost no 
attention from both the Operations Research and the Artificial Intelligence community. Motivated 
by the needs of a specific application, we engaged in a study of the applicability of constraint 
programming techniques to preemptive scheduling problems. This paper presents the algorithms 
we developed and the results we obtained on the preemptive variant of the famous “job-shop 
scheduling problem.” Ten heuristic search strategies, combined with two different constraint 
propagation techniques, are presented, and compared using two well-known series of job-shop 
scheduling instances from the literature. The best combination, which relies on “limited 
discrepancy search” and on “edge-finding” techniques, is shown to provide excellent solutions to 
the preemptive job-shop scheduling problem. A mean relative distance to the optimal solution of 
0.32% is achieved in five minutes, on instances with 10 jobs and 10 machines (100 activities). 
Keywords: Preemptive scheduling, job-shop scheduling, constraint programming, constraint 
propagation, resource constraints, timetables, edge-finding, limited discrepancy search, depth-
bounded discrepancy search. 

1. Introduction  

Broadly speaking, constraint programming can be defined as a programming method 
based on three main principles: 
• The problem to be solved is explicitly represented in terms of variables and 

constraints on these variables. In a constraint-based program, this explicit problem 
definition is clearly separated from the algorithm used to solve the problem. This 
separation guarantees that the problem to be solved is precisely defined. In many 
cases, it also simplifies the revision or the extension of a constraint programming 
application when the corresponding problem changes. For example, the replacement 
of old machines by new machines in a manufacturing shop can lead to the 
introduction of new constraints and to the removal of old constraints; yet, in some 
cases, the same problem-solving algorithms will continue to apply, with a different 
problem definition as input. 

• Given a constraint-based definition of the problem to be solved and a set of 
decisions, themselves translated into constraints, a purely deductive process referred 
to as “constraint propagation” is used to propagate the consequences of the 
constraints. This process is applied each time a new decision is made, and is clearly 
separated from the decision-making algorithm per se. This allows the software 
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developer to implement the constraint propagation code and the decision-making 
code independently of one another. The same constraint propagation code can then 
be used to propagate decisions made by different decision-making algorithms, as 
well as decisions made by a human user. In an optimization context, this may lead to 
the development of several decision-making algorithms, dedicated for example to 
distinct combinations of optimization criteria. 

• The overall constraint propagation process results from the combination of several 
local and incremental processes, each of which is associated with a particular 
constraint or a particular constraint class. This “locality” principle (Steele, 1980) is 
fundamental, since it enables the efficient combination of multiple constraint 
propagation techniques, associated with different classes of constraints. This allows 
the developer of a constraint programming application to reuse constraint 
propagation techniques developed for other applications. It also allows multiple 
developers to “share” libraries of constraints and augment such libraries with 
whatever new specific constraints are required for a given application. 

In practice, the adherence to these three principles facilitates the development of 
complex problem-solving applications. However, the success of a constraint 
programming application depends a lot on the constraint propagation algorithms that are 
employed and on the heuristics that are used to explore the search space. Obviously, a 
“good” constraint propagation algorithm is an algorithm that makes a lot of useful 
deductions with a low CPU cost. In most cases, the “simplest” constraint propagation 
algorithms, which merely notice when values assigned to variables violate a constraint, 
are not acceptable as they are absolutely ineffective in guiding and reducing the 
exploration of the search space. On the other extreme, “complete” constraint propagation 
algorithms, which, given a constraint language, determine all the consequences of a 
given set of constraints, are in most cases even less acceptable, because determining all 
the consequences of a set of constraints (or even determining whether a set of constraints 
is consistent) is often an NP-hard problem, not known to be solvable in polynomial time. 
In general, a compromise must be made between the deductive power of the chosen 
constraint propagation algorithm and the cost of its application. Finally, constraint 
propagation is not the only component of a constraint programming algorithm. 
Heuristics are also used to decide how to explore the search space, e.g., on which 
alternative decisions to branch first, whether all possible branches must be pursued and 
in which order, etc. In practice, the quality of a heuristic constraint-based algorithm must 
be judged by the quality of the solutions obtained after a given amount of CPU time, 
depending on the requirements of the problem-solving application under consideration. 
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A number of researchers have designed, implemented, and evaluated various constraint 
programming techniques for the resolution of non-preemptive scheduling problems, i.e., 
problems in which activities cannot be interrupted. See, for example, (Fox, 1983), 
(Fox & Smith, 1984), (Rit, 1986), (Smith et al., 1986), (Le Pape & Smith, 1987), 
(Collinot & Le Pape, 1987), (Burke, 1989), (Prosser, 1990), (Burke & Prosser, 1991), 
(Erschler et al., 1991), (Le Pape, 1991), (Lopez, 1991), (Beck, 1992), (Smith, 1992), 
(Aggoun & Beldiceanu, 1993), (Varnier et al., 1993), (Caseau & Laburthe, 1994), 
(Cheng & Smith, 1994), (Le Pape, 1994), (Nuijten & Aarts, 1994), (Nuijten, 1994), 
(Zweben & Fox, 1994), (Baptiste & Le Pape, 1995), (Caseau & Laburthe, 1995), 
(Cheng & Smith, 1995a), (Cheng & Smith, 1995b), (Caseau & Laburthe, 1996a), 
(Colombani, 1996), (Lock, 1996), (Nuijten & Aarts, 1996), (Baptiste & Le Pape, 1997), 
(Colombani, 1997). Many deductive algorithms that can serve as a basis for constraint 
propagation have also been developed by researchers in the Operations Research 
community, e.g., (Erschler et al., 1976), (Pinson, 1988), (Carlier & Pinson, 1990), 
(Applegate & Cook, 1991), (Brucker et al., 1994), (Carlier & Pinson, 1994), (Brucker & 
Thiele, 1996), (Martin & Shmoys, 1996), (Péridy, 1996), (Brucker et al., 1997). 

Coupled with branch and bound backtracking algorithms, these techniques proved to 
be very successful on both academic and industrial problems. By contrast, preemptive 
scheduling problems, i.e., problems where activities can be interrupted, and “mixed” 
problems where some activities can be interrupted and some cannot, have received 
almost no attention from both the Operations Research and the Artificial Intelligence 
community (see, for example, (Demeulemeester, 1992) as one of a few exceptions). 
Motivated by the needs of a specific application, we decided to engage in a significant 
study of the applicability of constraint programming techniques to preemptive 
scheduling problems. In particular, we used the preemptive variant of the job-shop 
scheduling problem as a basis for comparing different constraint propagation and search 
algorithms. The present paper summarizes our results. It is organized as follows. Section 
2 presents the preemptive job-shop scheduling problem and a basic “dominance 
property” for this problem. In Section 3, we show how this dominance property allows 
us to define a simple branching rule for the resolution of the preemptive job-shop 
scheduling problem and we embed this rule in a depth first search (DFS) algorithm. 
Section 4 discusses constraint propagation: extensions to the preemptive case (and to the 
mixed case) of two well-known constraint propagation techniques are presented and 
compared. In Section 5, we propose two additional means of exploiting the dominance 
property introduced in Section 2, and show that these extensions are, on average, 
worthwhile. In Section 6, we propose to replace the depth first search algorithm by a 
limited discrepancy search algorithm (LDS) (Harvey & Ginsberg, 1995). This, again, is 
shown to be worthwhile. Section 7 summarizes our results and suggests topics for future 
work. 
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2. The preemptive job-shop scheduling problem 

The preemptive job-shop scheduling problem (PJSSP) can be defined as follows. Given 
are a set of jobs and a set of machines. Each job consists of a set of activities to be 
processed in a given order. Each activity is given an integer processing time (duration) 
and a machine on which it has to be processed. A machine can process at most one 
activity at a time. Activities may be interrupted at any time, an unlimited number of 
times. The problem is to find a schedule, i.e., a set of integer execution times for each 
activity, that minimizes the makespan, i.e., the time at which all activities are finished. 
(We remark, that since we require integer durations and integer execution times, the total 
number of interruptions of a given activity is bounded by its duration minus 1.) 

In more formal constraint programming terms, a start time variable start(A), an end 
time variable end(A), an integer duration duration(A) and a set variable set(A) are 
associated with each activity A. The set variable set(A) represents the set of times at 
which A executes, start(A) represents the time at which A starts, end(A) the time at which 
A ends, and duration(A) the number of time units required for A. An additional variable, 
makespan, represents the makespan of the schedule. The following constraints apply: 
• For every activity A, duration(A) = |set(A)|. 
• For every activity A, start(A) = mint∈set(A)(t) and end(A) = maxt∈set(A)(t + 1). This 

implies end(A) ≥ start(A) + duration(A). We remark that in a given solution we have 
end(A) = start(A) + duration(A) if and only if A is not interrupted. 

• For every job J = (A1, A2, ..., Am) and i in {1, 2, ..., m − 1}, end(Ai) ≤ start(Ai+1). 
• For every machine M, if acts(M) denotes the set of activities to be processed on M, 

then, for every pair of activities (A, B) in acts(M), set(A) and set(B) are disjoint. 
• For every activity A, 0 ≤ start(A). 
• For every activity A, end(A) ≤ makespan. 

The goal is to minimize the value of the makespan variable. In constraint 
programming, such a minimization objective is generally satisfied by solving the 
decision variant of the problem (Garey & Johnson, 1979), with different bounds imposed 
on the makespan. At each iteration, an additional constraint makespan ≤ v (where v is a 
given integer) is imposed, and the problem consists of determining a value for each 
variable such that all the constraints, including makespan ≤ v, are satisfied. If such a 
solution is found, its makespan can be used as a new upper bound for the optimal 
makespan. On the contrary, if it is proven (for example, by exhaustive search) that no 
such solution exists, v + 1 can be used as a new lower bound. The “decision variant” of 
the PJSSP, i.e., the problem of determining whether there exists a solution with 
makespan ≤ v, is NP-complete in the strong sense (Garey & Johnson, 1979). 

The search space for the PJSSP is larger than the search space of the non-preemptive 
job-shop scheduling problem. Indeed, each set(A) variable a priori accepts up to 
(v ∗ (v −1) ∗ ... ∗ (v − duration(A) + 1)) / (1 ∗ 2 ∗ ... ∗ duration(A)) values. However, the 
dominance criterion introduced below allows the design of branching schemes which in 
a sense “order” the activities that require the same machine, and thus explore a reduced 
search space. The basic idea is that it does not make sense to let an activity A interrupt an 
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activity B by which it was previously interrupted. In addition, A shall not interrupt B if 
the successor of A (in its job) starts after the successor of B. The following definitions 
and theorem provide a formal characterization of the dominance property. 

DEFINITION 1   For any schedule S and any activity A, we define the “due date of A in S” 
dS(A) as: 

• the makespan of S if A is the last activity of its job; 
• the start time of the successor of A (in its job) otherwise. 

DEFINITION 2   For any schedule S, an activity Ak has priority over an activity Al in S 
(Ak <S Al) if and only if either dS(Ak) < dS(Al) or dS(Ak) = dS(Al) and k ≤ l. Note that <S is a 
total order. 

THEOREM 1   For any schedule S, there exists a schedule J(S) such that: 
1. J(S) meets the due dates: ∀A, the end time of A in J(S) is at most dS(A). 
2. J(S) is “active”: ∀M, ∀t, if some activity A ∈ acts(M) is available at time t, M is not 

idle at time t (where “available” means that the predecessor of A is finished and A is 
not finished). 

3. J(S) follows the <S priority order: ∀M, ∀t, ∀Ak ∈ acts(M), ∀Al ∈ acts(M), Al ≠ Ak, if 
Ak executes at time t, either Al is not available at time t or Ak <S Al. 

Proof: We construct J(S) chronologically. At any time t and on any machine M, the 
available activity that is the smallest (according to the <S order) is scheduled. J(S) 
satisfies properties 2 and 3 by construction. Let us suppose J(S) does not satisfy 
property 1. Let A denote the smallest activity (according to <S) such that the end time of 
A in J(S) exceeds dS(A). We claim that: 
• the schedule of A is not influenced by the activities Ak with A <S Ak (by construction); 
• for every activity Ak <S A, the time at which Ak becomes available in J(S) does not 

exceed the time at which Ak starts in S (because the predecessor of Ak is smaller 
than A). 

Let M be the machine on which A executes. The activities Ak ∈ acts(M) such that Ak <S A 
are, in J(S), scheduled in accordance with Jackson’s rule (cf. (Carlier & Pinson, 1990)) 
applied to the due dates dS(Ak). Since dS(A) is not met, and since Jackson’s rule is 
guaranteed to meet due dates whenever it is possible to do so, we deduce that it is 
impossible to schedule the activities Ak ∈ acts(M) such that Ak <S A between their start 
times in S and their due dates in S. This leads to a contradiction, since in S these 
activities are scheduled between their start times and their due dates. !  
We call J(S) the “Jackson derivation” of S. Since the makespan of J(S) does not exceed 
the makespan of S, at least one optimal schedule is the Jackson derivation of another 
schedule. Thus, in the search for an optimal schedule, we can impose the characteristics 
of a Jackson derivation to the schedule under construction. This results in a significant 
reduction of the size of the search space. 
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Example: Figure 1 displays a schedule S and its “Jackson derivation” J(S). 
 

 

 

 

 

 

 

 

3. A branching scheme for the preemptive job-shop scheduling problem 

The dominance criterion of the previous section led us to develop the following 
branching scheme (which heavily exploits the dominance criterion): 
1. Let t be the earliest date such that there is an activity A available (and not scheduled 

yet!) at t. 
2. Compute K, the set of activities available at t on the same machine than A. 
3. Compute NDK, the set of activities which are not “dominated” in K (as explained 

below). 
4. Select an activity Ak in NDK. Schedule Ak to execute at t. Propagate the decision and 

its consequences according to the dominance criterion (as explained below). Keep 
the other activities of NDK as alternatives to be tried upon backtracking. 

5. Iterate until all the activities are scheduled or until all alternatives have been tried. 
Needless to say, the power of this branching scheme highly depends on the rules that 

are used to (a) eliminate “dominated” activities in step 3 and (b) propagate 
“consequences” of the choice of Ak in step 4. The dominance criterion is exploited as 
follows: 
• Whenever Ak ∈ acts(M) is chosen to execute at time t, it is set to execute either up to 

its earliest possible end time or up to the earliest possible start time of another 
activity Al ∈ acts(M) which is not available at time t. 

• Whenever Ak ∈ K is chosen to execute at time t, any other activity Al ∈ K can be 
constrained not to execute between t and the end of Ak. At times t’ > t, this reduces 

Job 3: executes on M2 (duration= 5), on M1 (duration= 2) and finally on M3 (duration= 1) 

Job 2: executes on M1 (duration= 2), on M3 (duration= 1) and finally on M2 (duration= 2) 

Job 1: executes on M1 (duration= 3), on M2 (duration= 3) and finally on M3 (duration= 5) 

M1 
M2 
M3 

M1 
M2 
M3 

Schedule S 

Schedule J(S) 

Figure 1. A preemptive schedule and its Jackson derivation 
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the set of candidates for execution (Al is “dominated” by Ak). In step 4, “redundant” 
constraints can also be added: end(Ak) + rpt(Al) ≤ end(Al), where rpt(Al) is the 
remaining processing time of Al at time t; end(Ak) ≤ start(Al) if Al is not started at 
time t. 

• Let Ak ∈ acts(M) be the last activity of its job. Let Al ∈ acts(M) be another activity 
such that either l < k or Al is not the last activity of its job. Then, if Al is available at 
time t, Ak is not candidate for execution at time t (Ak is dominated by Al). 

The above branching scheme defines a search tree which is, by default, explored in a 
depth-first fashion. Yet several “points of flexibility” remain in the resulting depth first 
search (DFS) algorithm: the constraint propagation algorithms used to propagate the 
decision to execute Ak at time t (as well as the resulting “redundant” constraints); the 
heuristic used to select activity Ak in NDK; and the course of action to follow when a 
solution with makespan ≤ v has been found. The first point, i.e., constraint propagation, 
is discussed in Section 4. Section 5 discusses the two other points. Finally, Section 6 
proposes an alternative to depth first search, i.e., limited discrepancy search (LDS). 

4. Constraint propagation 

We distinguish three categories of constraints in the PJSSP. The first category includes 
all the constraints that relate the variables of a given activity A: duration(A) = |set(A)|, 
start(A) = mint∈set(A)(t) and end(A) = maxt∈set(A)(t + 1). These constraints are easily 
propagated by maintaining a “lower bound” and an “upper bound” for the set variable 
set(A). The lower bound of set(A) is a series of disjoint intervals ILBi such that each ILBi 
is constrained to be included in set(A). The upper bound is a series of disjoint intervals 
IUBj such that set(A) is constrained to be included in the union of the IUBj. If the size of 
the lower bound (i.e., the sum of the sizes of the ILBi) becomes larger than duration(A) 
or if the size of the upper bound (i.e., the sum of the sizes of the IUBj) becomes smaller 
than duration(A), a contradiction is detected and a backtrack occurs. If the size of the 
lower bound (or of the upper bound) becomes equal to duration(A), set(A) receives the 
lower bound (respectively, the upper bound) as its final value. Minimal and maximal 
values of start(A) and end(A), i.e., earliest and latest start and end times, are also 
maintained. Each of the following rules, considered independently one from another, is 
used to update the bounds of set(A), start(A) and end(A). 
• ∀t, t < start(A) ⇒ t ∉ set(A) 
• ∀t, t ∈ set(A) ⇒ start(A) ≤ t 
• ∀t, end(A) ≤ t ⇒ t ∉ set(A) 
• ∀t, t ∈ set(A) ⇒ t < end(A) 
• ∀t, [∀u < t, u ∉ set(A)] ⇒ t ≤ start(A) 
• ∀t, [∀u ≥ t, u ∉ set(A)] ⇒ end(A) ≤ t 
• start(A) ≤ max{t | ∃S ⊆ set(A) such that |S| = duration(A) and min(S) = t} 
• end(A) ≥ min{t | ∃S ⊆ set(A) such that |S| = duration(A) and max(S) = t − 1} 
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Needless to say, whenever any of these rules leads to a situation where the lower 
bound of a variable is not smaller than or equal to its upper bound, a contradiction is 
detected, and a backtrack immediately occurs. 

The second category of constraints is composed of temporal constraints, of the form 
vari + dij ≤ varj where vari and varj are either start and end times of activities, or the 
makespan variable, or even the constant 0, and dij is an integer, i.e., the minimal delay 
between the two time points vari and varj. These constraints, to which we add the 
redundant inequalities start(A) + duration(A) ≤ end(A), are easily propagated through an 
incremental version of Ford's algorithm (Gondran & Minoux, 1984), (Le Pape, 1988), 
(Cesta & Oddi, 1996). This O(n ∗ m) algorithm, where n is the number of activities and 
m the number of temporal constraints, guarantees that the earliest and latest start and end 
times of activities are always consistent with respect to the temporal constraints. In other 
terms, if no contradiction is detected, then the earliest start and end times of activities 
satisfy all the temporal constraints, and the latest start and end times of activities satisfy 
all the temporal constraints. 

The third category of constraints includes the resource constraints, stating that each 
machine M can execute at most one activity at a time. These constraints are the most 
complex to propagate. Two constraint propagation techniques, inspired by previous work 
on non-preemptive scheduling, have been developed. The first technique relies on 
resource timetables (Le Pape, 1994) and applies to both “disjunctive” resources, which 
can execute only one activity at a time, and “cumulative” resources, of capacity m > 1. 
A timetable is maintained for each resource, in order to keep track of the required and 
available capacity at any time t. Propagation occurs both from activities to resource 
timetables, and from resource timetables to activities. 
• From activities to resources 

When an activity is known to execute at time t, this activity requires its resources at 
time t. The timetable of each required resource can consequently be updated.  

• From resources to activities 
The resource timetable is used to incrementally update time-bounds of activities. The 
earliest end time of each activity is updated to ensure that between its earliest start 
time and its earliest end time, there are enough “free” time intervals on the resource 
to let the activity execute. Needless to say, if the resource timetable proves that the 
activity cannot start before time t, its earliest start time is updated and the timetable 
mechanism is iterated. A similar technique is used to update the latest start time and 
the latest end time of the activity.  

The second resource constraint propagation technique relies on edge-finding. It reasons 
about the order in which several activities can execute on a given resource. Edge-
finding, initially developed for non-preemptive disjunctive scheduling (Carlier & Pinson, 
1990), (Nuijten, 1994), consists of determining whether an activity A can, cannot, or 
must, execute before (or after) a set of activities Ω which require the same resource. Two 
types of conclusions can then be drawn: new ordering relations (“edges” in the graph 
representing the possible orderings of activities) and new time-bounds, i.e., strengthened 
earliest and latest start and end times of activities. The preemptive case is more complex 
since several activities can preempt one another. Then edge-finding consists of 
determining whether an activity A can, cannot, or must, start or end before (or after) a set 
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of activities Ω. A mixed edge-finding algorithm, running in a quadratic number of steps, 
is proposed in (Le Pape & Baptiste, 1996). Given a machine M and the current 
time-bounds of activities in acts(M), it computes, for each activity A in acts(M): 
• when A is not interruptible: the earliest time at which A could start and the latest time 

at which A could end, if all the other activities in acts(M) were interruptible; 
• when A is interruptible: the earliest time at which A could end and the latest time at 

which A could start, if all the other activities in acts(M) were interruptible. 
The edge-finding algorithm enables the deduction of better bounds, i.e., more precise 

earliest and latest start and end times, but it is expensive in CPU time and, in particular, 
much less incremental than the timetable-based algorithm. Indeed, for a given machine 
M, each run of the edge-finding algorithm involves all the activities in acts(M). Table 1 
provides the average time per node we have observed for a few PJSSP instances of 
different sizes, using the ten problem-solving strategies described in the next sections. 
Only the hardest instances have been considered because on easier instances most of the 
time is spent proving that the optimal solution has been found. In this table, n denotes the 
number of jobs, m the number of machines, c(tt) the average cost (CPU time in 
milliseconds on a PC Dell at 200MHz running Windows NT) per node when the 
timetable mechanism is used, and c(ef) the average cost per node when the edge-finding 
algorithm is used. 

Several important things appear. First, the table confirms that the edge-finding 
algorithm is costly: on the largest instances, the time spent per node is multiplied by a 
factor between 4 and 5.5 when the edge-finding algorithm is used. Second, and more 
surprisingly, c(ef) increases linearly (and even a little less than linearly) with the size of 
the problem. The c(ef) / (n ∗ m) ratio varies between 0.035, for the smallest problems, 
and 0.029. The c(tt) / (n ∗ m) ratio seems to depend on the number of machines: it varies 
between 0.012 and 0.015 for the instances with 5 machines, and between 0.0056 and 
0.0081 for the larger instances. 

Needless to say, many factors impact the measured time per node. First, the 
edge-finding algorithm tends to find dead ends sooner than the timetable propagation 
algorithm, and thus is more often in a situation where many activities are unscheduled. 
Second, the jobs tend to compete less for the machines when the number of machines is 
high (because the propagation of the temporal constraints results in spreading the 
competing activities in time). This impacts both the time needed for constraint 
propagation to reach quiescence (at a given node) and the shape of the search tree. When 
constraint propagation is restricted to the use of timetables, the making of one decision 
tends to trigger resource constraint propagation on a limited number of machines, which 
may explain the behavior of the c(tt) / (n ∗ m) ratio. A more systematic computational 
study would be necessary to further explain this behavior. 
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n m instances c(tt) c(tt) / (n ∗ m) c(ef) c(ef) / (n ∗ m) 
10 5 LA02, LA03 0.62 0.0124 1.76 0.0352 
15 5 LA07, LA08 0.99 0.0132 2.27 0.0303 
20 5 LA12, LA15 1.49 0.0149 3.13 0.0313 
10 10 FT10, ABZ5, ORB3 0.81 0.0081 3.36 0.0336 
15 10 LA24, LA25 0.94 0.0063 4.71 0.0314 
20 10 LA27, LA29 1.40 0.0070 6.12 0.0306 
15 15 LA36, LA38, LA40 1.25 0.0056 6.85 0.0304 
30 10 LA31, LA35 2.16 0.0072 8.70 0.0290 

Table 1. CPU time per node with timetables vs. edge-finding. 

5. Heuristic control of the DFS algorithm 

Several points of flexibility remain in the DFS algorithm. Let us first consider the course 
of action to follow when a new solution has been found by the branch and bound 
algorithm. The alternative is either to “continue” the search for a better solution in the 
current search tree (with a new constraint stating that the makespan must be smaller than 
the current one) or to “restart” a brand new branch and bound procedure. The main 
advantage of restarting the search is that the heuristic choices can rely on the result of the 
new propagation (based on the new upper bound), which shall lead to a better 
exploration of the search tree. The drawback is that parts of the new search tree may 
have been explored in a previous iteration, which results in redoing the same unfruitful 
work. 

As far as the PJSSP is concerned, the restart strategy brings another point of flexibility, 
concerning the selection of an activity Ak in NDK. A basic strategy consists of selecting 
Ak according to a specific heuristic rule. In our case, selecting the activity with the 
smallest latest end time (Earliest Due Date rule) seems reasonable since it corresponds to 
the rule which optimally solves the preemptive one-machine problem (see, for instance, 
(Carlier & Pinson, 1990)). However, we can also use a strategy which relies on the best 
schedule S computed so far. We propose to select the activity Ak with minimal dS(Ak). 
Our hope is that this should help to find a better schedule when there exists one that is 
“close” to the previous one. 

In addition, we can use the Jackson derivation operator J and its symmetric counterpart 
K to improve the current schedule. Whenever a new schedule S is found, derivations J 
and K can be applied to improve the current schedule prior to restarting the search. 
Several strategies can be considered, e.g., apply only J, apply only K, apply a sequence 
of Js and Ks. In a previous paper (Le Pape & Baptiste, 1997a), we applied systematically 
J to S and occasionally K to J(S). After further experimentation, we decided to focus on 
the following scheme, which performs much better on average: 
• compute J(S) and K(S); 
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• replace S with the best schedule among J(S) and K(S), if this schedule is strictly 
better than S (in our implementation, J(S) is chosen if J(S) and K(S) have the same 
makespan); 

• if S has been replaced by either J(S) or K(S), iterate. 
Globally, this leads to five strategies based on depth first search: DFS-C-E, DFS-R-E, 

DFS-R-E-JK, DFS-R-B and DFS-R-B-JK, where C, R, E, B, JK stand respectively for 
“Continue search in the same tree”, “Restart search in a new tree”, “select activities 
according to the Earliest due date rule”, “select activities according to their position on 
the Best schedule met so far” and “apply JK derivation operators”. We remark that, in 
fact, three other strategies, DFS-C-E-JK, DFS-C-B and DFS-C-B-JK could also be 
considered, but with a more complex implementation (e.g., in DFS-R-E-JK, the same 
data structures are used to perform the depth-first search and apply the J and K 
operators; to implement DFS-C-E-JK, we would need to duplicate the schedule). 

Table 2 provides the results obtained on the preemptive variant of the ten 10∗10 
instances used by Applegate and Cook (1991) in their computational study of the 
non-preemptive job-shop scheduling problem. Each line of the table corresponds to a 
given “constraint propagation + search” combination, and provides the mean relative 
error (MRE, in percentage) obtained after 1, 2, 3, 4, 5, and 10 minutes of CPU time. For 
each instance, the relative error is computed as the difference between the obtained 
makespan and the optimal value, divided by the optimal value. The MRE is the average 
relative error over the ten instances. The optimal values have been obtained by running 
an exact algorithm, described in (Le Pape & Baptiste, 1998), with an average CPU time 
of 3.4 hours, and a maximum of 27 hours (for the ORB3 instance), on a PC Dell at 
200MHz running Windows NT. 

Table 3 provides the results obtained on the thirteen instances used by Vaessens, Aarts, 
and Lenstra (1994) to compare local search algorithms for the non-preemptive job-shop 
scheduling problem. As these instances differ in size, we allocated to each instance an 
amount of time proportional to the square of the number of activities in the instance. 
This means that column 1 corresponds to the allocation of 1 minute to a 10∗10 problem, 
15 seconds for a 10∗5 problem, 4 minutes for a 20∗10 problem, etc. We used the square 
of the number of activities, because the time spent per node is approximately linear in 
the number of activities, and the number of decisions necessary to construct a schedule 
(i.e., the depth of the search tree) is also proportional to the number of activities (hence 
the time necessary to reach the first solution tends to increase as the square of the 
number of activities). To our knowledge, five of the thirteen instances are, in the 
preemptive case, open (and we have been unable to solve them with our exact 
algorithm). For these instances, we applied a variant of edge-finding and “shaving” 
(Carlier & Pinson, 1994), (Martin & Shmoys, 1996), (Péridy, 1996) to obtain a lower 
bound, and thus to estimate the relative error. 

These tables show that the use of the edge-finding technique enables the generation of 
good solutions in a limited amount of time. In addition, the DFS-R-B-JK variant clearly 
outperforms the other algorithms, especially when the edge-finding technique is used. 
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Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable DFS-C-E 16.74 16.37 16.25 16.25 16.25 16.18 
 DFS-R-E 16.74 16.42 16.40 16.37 16.37 16.18 
 DFS-R-E-JK 8.95 8.95 8.95 8.95 8.95 8.33 
 DFS-R-B 14.67 14.48 14.48 14.48 14.13 13.72 
 DFS-R-B-JK 8.32 8.16 7.74 7.73 7.73 7.34 
Edge-finding DFS-C-E 5.23 4.64 3.80 3.09 2.94 1.55 
 DFS-R-E 5.70 5.26 4.99 4.47 4.09 2.73 
 DFS-R-E-JK 4.29 3.67 3.17 2.55 2.42 1.62 
 DFS-R-B 4.23 3.68 3.41 2.82 2.80 1.41 
 DFS-R-B-JK 1.69 1.32 0.86 0.80 0.79 0.65 

Table 2. DFS results on the ten instances used in (Applegate & Cook, 1991) 

Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable DFS-C-E 16.28 16.04 16.03 15.96 15.96 15.96 
 DFS-R-E 16.34 16.08 16.06 16.05 16.04 16.02 
 DFS-R-E-JK 9.22 9.22 9.22 9.22 9.22 9.04 
 DFS-R-B 14.55 14.36 14.28 14.28 14.28 14.25 
 DFS-R-B-JK 8.82 8.70 8.60 8.59 8.59 7.84 
Edge-finding DFS-C-E 4.33 3.98 3.62 3.52 3.47 3.15 
 DFS-R-E 4.99 4.80 4.49 4.25 3.96 3.72 
 DFS-R-E-JK 4.02 3.74 3.32 3.26 3.22 3.03 
 DFS-R-B 3.96 3.64 3.42 3.42 3.42 3.04 
 DFS-R-B-JK 2.26 2.12 1.94 1.77 1.77 1.72 

Table 3. DFS results on the thirteen instances used in (Vaessens et al., 1994) 

6. Limited discrepancy search 

Limited discrepancy search (LDS) (Harvey and Ginsberg, 1995) is an alternative to the 
classical depth first search algorithm. This technique relies on the intuition that heuristics 
make few mistakes through the search tree. Thus, considering the path from the root 
node of the tree to the first solution found by a DFS algorithm, there should be few 
“wrong turns” (i.e., few nodes which were not immediately selected by the heuristic). 
The basic idea is to restrict the search to paths which do not diverge more than w times 
from the choices recommended by the heuristic. When w = 0, only the leftmost branch of 
the search tree is explored. When w = 1, the number of paths explored is linear in the 
depth of the search tree, since only one alternative turn is allowed for each path. Each 
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time this limited search fails, w is incremented and the process is iterated, until either a 
solution is found or it is proven that there is no solution. It is easy to prove that when w 
gets large enough, LDS is complete. At each iteration, the branches where the 
discrepancies occur close to the root of the tree are explored first (which makes sense 
when the heuristics are more likely to make mistakes early in the search). See (Harvey 
and Ginsberg, 1995) for details. 

Several variants of the basic LDS algorithm can be considered: 
• When the search tree is not binary, it can be considered that the ith best choice 

according to the heuristic corresponds either to 1 or to (i − 1) discrepancies. In the 
following, we consider it represents (i − 1) discrepancies because the second best 
choice is often much better than the third, etc. In practice, this makes the search tree 
equivalent to a binary tree where each decision consists of either retaining or 
eliminating the best activity according to the heuristic. 

• The first iteration may correspond either to w = 0 or to w = 1. In the latter case, one 
can also modify the order in which nodes are explored during the first iteration 
(i.e., start with discrepancies far from the root of the tree). The results reported below 
are based on a LDS algorithm which starts with w = 0. 

• (Korf, 1996) proposes an improvement based on an upper bound on the depth of the 
search tree. In our case, the depth of the search tree can vary a lot from a branch to 
another (even though it remains linear in the size of the problem), so we decided not 
to use Korf’s variant. This implies that, to explore a complete tree, our 
implementation of LDS has a very high overhead over DFS. 

• (Walsh, 1997) proposes a variant called “Depth-bounded Discrepancy Search” 
(DDS), in which any number of discrepancies is allowed, provided that all the 
discrepancies occur up to a given depth. This variant is recommended when the 
heuristic is very unlikely to make mistakes in the middle and at the bottom of the 
search tree (i.e., when almost all mistakes occur at low depth). We tried both classical 
LDS and DDS, and decided to focus on classical LDS, which appears to perform 
better in our case. Some experimental results with DDS are provided below. 

Table 4 provides the results obtained by the five LDS variants, LDS-C-E, LDS-R-E, 
LDS-R-E-JK, LDS-R-B and LDS-R-B-JK, on the ten instances used by Applegate and 
Cook. Table 5 provides the results for the thirteen instances used by Vaessens, Aarts, 
and Lenstra. These tables clearly show that the LDS algorithms provide better results on 
average than the corresponding DFS algorithms. Figures 2 and 3 present the evolution of 
the mean relative error for the eight “constraint propagation + search” combinations in 
which the J and K operators are used. The combination of the edge-finding constraint 
propagation algorithm with LDS-R-B-JK appears to be the clear winner. 
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Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable LDS-C-E 9.55 9.43 9.16 9.08 8.95 8.52 
 LDS-R-E 10.46 9.87 9.22 8.98 8.98 8.52 
 LDS-R-E-JK 7.68 6.75 6.75 6.75 6.75 5.98 
 LDS-R-B 5.75 4.95 4.42 4.16 4.16 3.61 
 LDS-R-B-JK 6.14 5.67 5.59 5.14 5.07 4.20 
Edge-finding LDS-C-E 3.20 2.70 2.42 2.08 1.77 1.41 
 LDS-R-E 3.52 2.90 2.67 2.39 2.25 1.66 
 LDS-R-E-JK 2.17 2.03 1.86 1.71 1.38 1.24 
 LDS-R-B 1.10 0.95 0.75 0.74 0.60 0.39 
 LDS-R-B-JK 0.64 0.64 0.55 0.36 0.32 0.23 

Table 4. LDS results on the ten instances used in (Applegate & Cook, 1991) 

Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable LDS-C-E 11.43 11.12 11.08 10.89 10.53 10.43 
 LDS-R-E 11.53 11.24 11.12 10.95 10.59 10.40 
 LDS-R-E-JK 7.98 7.97 7.95 7.89 7.87 7.40 
 LDS-R-B 6.58 5.92 5.64 5.44 5.26 4.68 
 LDS-R-B-JK 5.93 5.82 5.78 5.66 5.66 4.60 
Edge-finding LDS-C-E 3.57 3.02 2.85 2.77 2.57 2.27 
 LDS-R-E 4.33 3.37 3.14 2.91 2.78 2.39 
 LDS-R-E-JK 2.43 2.20 2.03 1.82 1.73 1.61 
 LDS-R-B 2.25 1.80 1.76 1.74 1.58 1.13 
 LDS-R-B-JK 1.75 1.28 1.03 0.92 0.92 0.79 

Table 5. LDS results on the thirteen instances used in (Vaessens et al., 1994) 
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Figure 2. Results on the ten instances used in (Applegate & Cook, 1991) 
 

 
Figure 3. Results on the thirteen instances used in (Vaessens et al., 1994) 
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Tables 6 and 7 provide the results obtained using DFS and variants of LDS with the 
edge-finding constraint propagation algorithm and the R-E-JK and R-B-JK heuristic 
search strategies. In these tables, LDSN and DDSN refer to the application of the LDS 
and DDS principles on the N-ary tree, where each son of a node corresponds to 
scheduling one candidate activity on the corresponding machine. LDS and DDS (without 
the N) correspond to the application of LDS and DDS to the binary tree in which each 
decision consists of either scheduling or postponing the best candidate. Figure 4 
illustrates the difference between the five algorithms, DFS, LDS, LDSN, DDS, and 
DDSN, on a ternary tree of depth three. “ITE” shows at which iteration each leaf of the 
tree is attained (starting with iteration number 0) and “ORD” shows in which order the 
leaves are visited. It shall be noted that, to explore a complete tree, LDS and DDS have a 
high overhead over DFS. Hence, LDS and DDS must quickly repair the bad decisions to 
beat DFS. LDSN and DDSN have a much smaller overhead on a complete tree. Hence, 
their performance is less dependent on the quick repair of the “worst” decisions. 
However, in LDSN and DDSN, the 2nd, 3rd, ... and Nth sons of a node are considered 
equal, which can lead to the early exploration of unpromising branches. 

 
 
 
ITE                             

DFS 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 
LDS 0 1 2 1 2 3 2 3 4 1 2 3 2 3 4 3 4 5 2 3 4 3 4 5 4 5 6 

LDSN 0 1 1 1 2 2 1 2 2 1 2 2 2 3 3 2 3 3 1 2 2 2 3 3 2 3 3 

DDS 0 3 4 2 4 5 3 4 5 1 4 5 3 5 6 4 5 6 2 4 5 3 5 6 4 5 6 

DDSN 0 3 3 2 3 3 2 3 3 1 3 3 2 3 3 2 3 3 1 3 3 2 3 3 2 3 3 

ORD                            

DFS A B C D E F G H I J K L M N O P Q R S T U V W X Y Z & 
LDS A D J C I Q H P W B G O F N V M U Z E L T K S Y R X & 

LDSN A F G D P Q E R S B J K H T U I V W C N O L X Y M Z & 

DDS A E I C J P F K Q B L R G S X M T Y D N U H V Z O W & 

DDSN A J K D L M E N O B P Q F R S G T U C V W H X Y I Z & 

Figure 4. The behavior of the five algorithms on a balanced ternary tree. 
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Propagation 
algorithm 

Search strategy 1 2 3 4 5 10 

Edge-finding DFS-R-E-JK 4.29 3.67 3.17 2.55 2.42 1.62 
 LDS-R-E-JK 2.17 2.03 1.86 1.71 1.38 1.24 
 LDSN-R-E-JK 2.66 2.13 1.93 1.74 1.62 1.27 
 DDS-R-E-JK 2.81 2.20 1.93 1.71 1.67 1.34 
 DDSN-R-E-JK 3.17 2.50 2.33 2.25 1.63 1.51 
 DFS-R-B-JK 1.69 1.32 0.86 0.80 0.79 0.65 
 LDS-R-B-JK 0.64 0.64 0.55 0.36 0.32 0.23 
 LDSN-R-B-JK 1.10 0.91 0.70 0.64 0.53 0.47 
 DDS-R-B-JK 2.01 1.68 1.29 1.11 0.89 0.72 
 DDSN-R-B-JK 1.98 1.63 1.34 1.21 1.03 0.81 

Table 6. LDS variants on the ten instances used in (Applegate & Cook, 1991) 

Propagation 
algorithm 

Search strategy 1 2 3 4 5 10 

Edge-finding DFS-R-E-JK 4.02 3.74 3.32 3.26 3.22 3.03 
 LDS-R-E-JK 2.43 2.20 2.03 1.82 1.73 1.61 
 LDSN-R-E-JK 2.61 2.32 2.21 1.93 1.86 1.81 
 DDS-R-E-JK 3.46 3.10 2.98 2.30 2.29 2.16 
 DDSN-R-E-JK 3.69 2.96 2.90 2.79 2.61 2.39 
 DFS-R-B-JK 2.26 2.12 1.94 1.77 1.77 1.72 
 LDS-R-B-JK 1.75 1.28 1.03 0.92 0.92 0.79 
 LDSN-R-B-JK 1.50 0.99 0.87 0.86 0.86 0.78 
 DDS-R-B-JK 2.68 2.47 2.20 1.56 1.51 1.26 
 DDSN-R-B-JK 2.68 2.40 1.87 1.59 1.56 1.32 

Table 7. LDS variants on the thirteen instances used in (Vaessens et al., 1994) 
 
LDS on the binary tree appears to be the best overall alternative. LDSN-R-B-JK also 

performs very well, in particular on the thirteen instances of (Vaessens et al., 1994). 
By contrast, DDS and DDSN do not perform that well. In particular, DDS-R-B-JK and 
DDSN-R-B-JK do not perform better than DFS-R-B-JK in Table 6 and for the first 
values of the time factor in Table 7. 

Globally, it appears that the edge-finding technique is the most crucial of the 
techniques we used to provide good solutions to the PJSSP. On the 13 instances used in 
(Vaessens et al., 1994), all the algorithms that use the edge-finding technique perform 
better than all the algorithms that do not. Tables 8 and 9 provide the average gains in 
MRE over the 8 DFS-R-∗-∗ and LDS-R-∗-∗ scenarios, when each of the other 
techniques is added. When edge-finding is not used, LDS appears as the second most 
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important technique. When edge-finding is used, the contributions of the different 
techniques are closer one to the other. This confirms the observation in (Beck et al., 
1997) that LDS appears to help the weaker algorithms to a greater extent than the 
stronger algorithms. 

Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable LDS 4.66 5.19 5.40 5.62 5.56 5.82 
 B 2.24 2.18 2.27 2.38 2.49 2.53 
 JK 4.13 4.05 3.87 3.85 3.79 4.04 
Edge-finding LDS 2.12 1.85 1.65 1.36 1.39 0.72 
 B 2.00 1.82 1.78 1.60 1.41 1.14 
 JK 1.44 1.29 1.35 1.25 1.21 0.61 

Table 8. Average gains on the ten instances used in (Applegate & Cook, 1991) 

Propagation 
algorithm 

Search 
strategy 

1 2 3 4 5 10 

Timetable LDS 4.23 4.35 4.41 4.55 4.69 5.01 
 B 2.30 2.43 2.51 2.53 2.48 2.87 
 JK 4.26 3.97 3.89 3.84 3.71 4.12 
Edge-finding LDS 1.12 1.41 1.31 1.33 1.34 1.40 
 B 1.39 1.32 1.20 1.10 1.00 1.02 
 JK 1.26 1.07 1.12 1.13 1.03 0.78 

Table 9. Average gains on the thirteen instances used in (Vaessens et al., 1994) 
 
Tables 10 and 11 detail the results obtained by the “Edge-finding + LDS-R-B-JK” 

combination, and provide the values of the optimal solutions, when these are known, or 
of the best lower and upper bounds we have for the five open instances. The upper 
bounds for LA24 (909) and LA38 (1168) have been obtained by LDSN-R-B. The upper 
bound for LA29 (1145) has been obtained by LDSN-R-B-JK. The upper bound for LA40 
has been obtained by a variant of LDS-R-B-JK, in which K(J(S)) and J(K(S)) are 
calculated in place of J(S) and K(S). The upper bounds for ABZ5, ORB3 and LA25 have 
been obtained by a systematic depth-first-search algorithm (with long CPU times). 

In these tables, a bold font is used to indicate when an optimal solution has been 
reached. For example, we see that, for seven of the ten Applegate and Cook instances, 
the optimal solution is reached in less than 5 minutes. 
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Instance LB / UB 1 2 3 4 5 10 
FT10 900 908 908 907 907 907 900 

ABZ5 1203 1206 1206 1206 1206 1206 1206 
ABZ6 924 924 924 924 924 924 924 

LA19 812 818 818 812 812 812 812 
LA20 871 871 871 871 871 871 871 
ORB1 1035 1039 1039 1039 1039 1035 1035 
ORB2 864 864 864 864 864 864 864 
ORB3 973 1013 1013 1013 994 994 993 
ORB4 980 980 980 980 980 980 980 

ORB5 849 849 849 849 849 849 849 
Table 10. Detailed results on the ten instances used in (Applegate & Cook, 1991) 

Instance LB / UB 1 2 3 4 5 10 
FT10 900 908 908 907 907 907 900 
LA02 655 655 655 655 655 655 655 

LA19 812 818 818 812 812 812 812 
LA21 1033 1056 1056 1034 1033 1033 1033 

LA24 909 931 915 915 915 915 915 
LA25 940 / 947 972 967 966 966 966 966 
LA27 1235 1239 1239 1239 1239 1239 1235 

LA29 1119 / 1145 1183 1158 1158 1158 1158 1152 
LA36 1250 / 1252 1262 1253 1252 1252 1252 1252 
LA37 1397 1397 1397 1397 1397 1397 1397 

LA38 1141 / 1168 1185 1174 1174 1173 1173 1173 
LA39 1221 1221 1221 1221 1221 1221 1221 

LA40 1198 / 1199 1225 1225 1225 1210 1210 1209 
Table 11. Detailed results on the thirteen instances used in (Vaessens et al., 1994) 

7. Conclusion and perspectives 

In this paper, we have presented the algorithms we developed for the preemptive 
job-shop scheduling problem, and the results we obtained. Ten heuristic search 
strategies, combined with two different constraint propagation techniques, have been 
presented and compared. The best combination, which relies on “limited discrepancy 
search” and on “edge-finding” techniques, provides excellent solutions to the preemptive 
job-shop scheduling problem, in a reasonable amount of time. 

All the algorithms presented in this paper have been implemented in CLAIRE, a 
high-level object-oriented programming language with backtracking and rule processing 
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capabilities (Caseau & Laburthe, 1996b). The constraint propagation techniques 
presented in Section 4 have been integrated in CLAIRE SCHEDULE, a library for 
preemptive and non-preemptive scheduling (Le Pape & Baptiste, 1997b). The source 
code of the DFS and LDS algorithms is available as an example of use of CLAIRE 
SCHEDULE, on the CLAIRE web site (http://www.dmi.ens.fr/users/laburthe/claire.html).  

The constraint propagation techniques presented in Section 4 are also used in an 
industrial project scheduling application. This application solves mixed project 
scheduling problems (half of the activities are interruptible) involving up to 40 activities, 
to be executed on 3 to 5 resources. About 70 additional constraints apply. Half of these 
additional constraints are preferences (with different levels of importance) which are 
more or less conflicting depending on the problem data. Experiments have shown that 
the use of the edge-finding technique results in a better satisfaction of the preferences, in 
a few minutes of CPU time. 

Several extensions of this work could be considered in the future. First, slightly more 
complex algorithms, based on the continuation of a unique search tree, could be 
implemented. Given our current results, LDS-C-B-JK would be a good candidate. 
Second, it would be interesting to test other techniques on the preemptive job-shop 
scheduling problem, in particular genetic algorithms and tabu search, since good results 
have been obtained with these techniques in the non-preemptive case (Mattfelfd, 1996), 
(Nowicki & Smutnicki, 1996), (Vaessens et al., 1994). “Shifting bottleneck” and 
“shuffle” algorithms (Adams et al., 1988), (Applegate & Cook, 1991), which are more 
easily amenable to a constraint programming implementation (Baptiste et al., 1995), 
(Caseau & Laburthe, 1995), could also be studied. Given a preemptive schedule, one 
could try to re-optimize each machine while keeping the schedules of the other machines 
fixed. Also, since our approach relies on ordering the activities (in terms of priority), one 
could try to randomly select some ordering relations to be relaxed, and re-optimize these 
relations, as in (Baptiste et al., 1995). 

Also, the PJSSP in itself is not that practically relevant. Industrial applications tend to 
include both interruptible and non-interruptible activities, both disjunctive and 
cumulative resources, optimization criteria that differ from makespan minimization, and 
additional constraints such as setup times, minimal and maximal delays between 
activities, etc. Even though some of the techniques described in the paper, in particular 
the constraint propagation techniques, can be generalized to more complex problems, it 
is unclear how well more general problems can be tackled. Hence, systematic 
experimental studies ought to be performed on multiple extensions of the PJSSP. Two 
simple extensions that could be looked at are the mixed job-shop scheduling problem, in 
which some activities are interruptible and some are not, and the preemptive resource-
constrained project scheduling problem (Demeulemeester, 1992). We believe that 
efficient constraint propagation algorithms could be developed for the preemptive 
cumulative case, and hope our results on the preemptive job-shop scheduling problem 
will encourage other researchers to pursue work in this area. 
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