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Motivation

Combinatorial information describing incidence relations

Which information?

Connectivity
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Motivation

Geometry information (vertex coordinates)

Which information?

Connectivity
Geometry
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Motivation

Usual mesh representation

VRML format file
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Motivation

Mesh compression algorithms

Edgebreaker [Rossignac]

Touma Gotsman
Poulhalon Schae Lerl

General underlying idea
Encoding strategies based on a local (global) conguest
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Mesh compression

* lossless compression of the connectivity of the mesh;

= 3-connected planar graphs: polygonal meshes equivalent
topologically to a sphere (genus 0, no boundary, one

connected component)
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Tutte’s entropy (triangulations)

(information theory asymptotic lower bound)

< Ayl
/]
RN

enumeration of rooted planar triangulations on n vertices:

1
Yo = 2(an + 1)! == 16 in—5/2(@)n
T @Bn+2n+1)! 27 2m 27

Tutte’s entropy (1962):

1 256 .
e = - log, ¥, = Iogz(ﬁ = bits/vertex
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Polygonal meshes
Tutte’s entropy (1963)

= enumeration of 3-connected planar graphs with m edges:

0

9 5

®, = - —m 24" 1
* Information theory lower bound bpe (bits/edge):

1
e = Elog2 ®,, bpe

e = log,4 = @ bpe (2)
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Graph encoding algorithms

Encoding algorithms with a guaranteed bit rate upper bound
= Keeler and Westbrook (’95). 3bpe
* He et. al (SIAM J. Discrete Math.’99). 2.83 bpe
* Chuang et. al (ICALP 98). 2.37 bpe
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Near-optimal valence based strategie:

* triangulations: Touma-Gotsman ’98, Alliez-Desbrun ’01
= polygonal meshes. Khodakovsky et al., Isenburg '02

Touma Gotsman
valence based method
Output: sequence of
vertex degrees +

codes splits

7 6+4+5+7+7+6
Full+6+5+4+10
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Near-optimal valence based strategie:

Entropy of triangle meshes valegces (Gotsman ’02)
pi = 4(mi)2(;)

L 1,
Entp] := pi log o = 3.236... < 3.245...

=3

Touma Gotsman

valence based method
Output: sequence of
vertex degrees +

codes splits

F+8+4+4
F+7F+6+5
Split(+3)
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Optimal encodings

= 3.24v bits for triangulations: Poulalhon Schae Lerl
(ICALP ’03)

= 2e bits polygonal meshes: Fusy Poulalhon Schae Lerl
(SODA ’05)

€1
€2

€3
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Overview of our encoding algorithm

Canonical triangulation Tg

any coder for
wigulatlons

01000110100111

arlthme C coder
ZG =3,3,4,3,4,.
Vo Vi Sequence of face degrees
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Our encoding contribution

= compute a canonical triangulation Tg of G;

= we use only the connectivity of Tg and the sequence of
face degrees to encode the original graph original G;

* we encode Tg with an arbitrary triangle mesh encoder.
Main ideas:

= we perform a deterministic conquest of the graph without
splits;

= near-optimality of valence based method;
= guaranteed upper bound: 2.62 bpe;

= adaptive algorithm: interesting rates compression for
regular meshes.
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nical ordering for 3-connected planar ¢

Deéefinition (Kant’96). Let m = {V,,...Vk} be an ordered
partition of vertices V. Denote by Gy the sub-graph of G

Induced by V; [L1., [MJdand by Cy the boundary of the
outer face Gy (orange edges). We say that m is a canonical

ordering of G If:
* Vi ={vo,V1}, Vk = {vnh-1} and each Cy Is a cycle

containing (Vo, V1); each Gy (k > 1) is 2-connected

and internally 3-connected

G
9 8
' 10 7
5
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onical ordering for 3-connected planar

For each k [{2,...,K — 1} at least one of the two following
condition holds:

1. Vy = {z} s.t. z LCk and z has at least one neighbor in
G — Gy

2. Vk ={z1,...,7}, chaque z; has at least one neighbor Iin
G — G and zy, z; has exactly one neighbor in Cy_;.
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Notation: free vertex

1. v is incident to at least one edge in G — Gy;

2. Its deletion (with its incident faces in Gy) does not change

the 2-connectivity of sub-graph G.

vy not free: condition 2 PN
vz not free: condition 1+2 /1%
v4 not free: condition 1+2 7/ 1% 3,
v7 not free: condition 1 /7 /11 ™
free //’/,’ Lo \

V r! [ S
Vg, V10 not ?ree: condition/2, /9107
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Triangulating a face of G

case 1. insert the star of edges around (vq3)

13

0 1
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case 2

Triangulating a face (vig, Vg, V3, V4)
adding star of edges incident to v,

1
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Triangulating phase
Initial graph G

Vo Vi
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Triangulating phase

Vo V1
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Triangulating phase
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Triangulating phase
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Triangulating phase
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Triangulating phase

Vo Vi
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Start decoding

degrees of the faces: 3,3,6,3,3,6,3,4,5,4,3,4
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Start decoding

degrees of the faces: 3,3,6,3,3,6,3,4,5,4,3,4
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Start decoding

degrees of the faces: ,3,6,3,3,6,3,4,5,4,3,4

|
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Start decoding
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Start decoding

degrees of the faces: 3,3 ,3,3,6,3,4,5,4,3,4

[op)
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Start decoding

degrees of the faces: 3,3,63|,3,6,3,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,|3|,6,3,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,|3|,6,3,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,|3|,6,3,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,|3|,6,3,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,3,6/,3,4,5,4,3,4

|
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decoding

degrees of the faces: 3, 3,6, 3, 3,6,

|

14151473’4
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decoding

|

degrees of the faces: 3,3,6,3,3,6,3|,4,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,3,6,3, 4|,5,4,3,4
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decoding

degrees of the faces: 3,3,6,3,3,6,3, 4|,5,4,3,4
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decoding

|0

degrees of the faces: 3,3,6,3,3,6, 3,4 ,4,3,4

Canonical triangulation of a graph, with a coding application — p.61/73



decoding

degrees of the faces: 3,3,6,3,3,6,3,4,5

|

1314
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decoding

degrees of the faces: 3,3,6,3,3,6,3,4,5

|

1314

Canonical triangulation of a graph, with a coding application — p.63/73



decoding

[oS)
IS

degrees of the faces: 3,3,6,3,3,6,3,4,5,4
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decoding

degrees of the faces: 3,3,6,3,3,6,3,4,5,4,3

|
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decoding
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Cost of the detriangulation phase

Lemma 1. Let Tg be the canonical triangulation of G, and
> c the sequence of face degrees of G. Then it Is possible to
reconstruct the original graph G from Zg using at most

e + o(e) bits

127

1+

0.87

0.61

0.4+

0.2

0 06 08 i 12 14 16 18

. f E+n-EY
cost(G) = min{f -E,n - EY < 2n

Canonical triangulation of a graph, with a coding application — p.67/73




Cost of the detriangulation phase

) N | ) N |
E=  gjlog, ” [b/f] and E==  p;log, o [b/v]

1 1
—(  pilogp; + 0j log g;) < 2 bits/edge

i>2 j>2

1=3

The maximum 2 is achieved for r = 5 =1

. f-E+n-EY
cost(G) = min{f -E,n-E} = 5 -
e+2 1 r
- " FE+ — FH =<e+ i
5 m—— ] e + o(e) bits
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Bit rate compression upper bound

Theorem. A 3-connected planar graph with n vertices, e
edges and T faces can be encoded with

(3.2451 + 2) min{n, T} +1 = 2.62e + o(e) bits
* If G Is 3-connected then so is its dual G*;
* if n> 3 (f > 3) then G* is simple;
* [cdde(G, G*) = (3.2451 + 2) min{n, T } bits.

(3.2451 + 2)
2

(e+1) + 1= 2.62e + o(e)
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Experimental results

Combined with optimal encoding for triangulations

3D model | V F E || Gbpe | Gtbpe
triceratops || 2832 | 2834 | 5664 | 2.14 | 1.65
cupie 2984 | 3032 | 6004 | 2.07 2.15
lion head | 2109 | 2312 | 4419 | 2.03 | 2.16
shark 2560 | 2562 | 5120 | 1.98 1.62
ear 3747 | 3701 | 7746 | 1.72 1.92
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Experimental results

Our encoding combined with e Lcieht valence-based methods
for triangle mesh compression (Touma Gotsman, Alliez
Desbrun), compared with the benchmark for polygonal meshes
by Isenburg.

3D model E our+TG (b/e) | our+AD (b/e) | IS (b/e)

triceratops || 5664 1.36 1.22 0.59
lion head || 4419 1.61 1.45 0.87
beethoven | 5438 1.61 1.38 0.99
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Open problems

Genus g meshes

= optimal encodings for triangulated (or polygonal) genus
g surfaces;

= guaranteed upper bound for graph encoding for genus g
graphs;

Valence-based methods

= evaluation of the number and cost of split codes In
valence-based mesh compression algorithms.
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