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Goal: drawing graphs on surfaces
Tutte Schnyder FPP layout

Schnyder woods and
canonical orderings
for higher genus
surfaces

fish model

random

periodic toroidal
drawings




Graphs on surfaces

(some definitions and notations)




Periodic (planar) drawings

S

P
- 4

‘F

flat torus

G: (simple) toroidal triangulation




Simple and 3-connected graphs on surfaces

(G essentially simple graph

e
P
Taas

(G: essentially 3-connected graph G™° Is 3-connected (e

~a\ |/ e +©

fl . G’ (its endowed embedding) has a unique face f;

: S\ GG’ is homeomorphic to a topological disk

G/ : — C ut_gra p h Of G (in this example S is a sub-graph spanning all vertices)



Drawing graphs on surfaces

(periodic straight line drawings)




g=1>0

G

Drawing higher genus graphs

Let us try planarize the graph

1- compute (canonical) polygonal schemes




Drawing higher genus graphs

drawing in polynomial area  [Duncan, Goodrich, Kobourov, GD'09]

[Chambers, Eppstein, Goodrich, Loffler, GD'10]

(Palais de la Découverte,Féte de la Science, October 2013)

~ [Mohar'99]

periodic drawing out of circle packing




Drawing toroidal graphs
On the torus | | : | ;

(Palais de la Découverte, Féte de la Science, October 2013)



Periodic straight-line drawings
On the torus

> N straight-line drawing
x-periodic and
y-periodic drawing

[Castelli Devillers Fusy, GD'12]
- O(n x n2) grid

. [Goncalves Lévéque, DCG]
] O(n* x n?) grid

straight-line frame
not x-periodic
not y-periodic
) [Chambers et al., GD'10]
[Duncan et al., GD'09]
O(n x n?) grid

straight-line frame
x-periodic and
y-periodic drawing

> [Castelli Fusy Kostrygin, Latin'14]




MPRI 2-38-1: Algorithms and combinatorics for geometric graphs

Toroidal drawing I: the shift algorithm on the torus




A shift-algorithm for the torus

1.Recall algorithm of 2. Extend to the cylinder 3. Get toroidal drawings

[De Fraysseix et al’89]
Plane Cylinder Torus

Grid 2n—4 X n—2 Grid < 2n x n(2d + 1) Grid< 2n x (14+n(2c+1))



Incremental drawing algorithm
[de Fraysseix, Pollack, Pach’89]

Grid size of Gi: 2k X k




Reformulation of the shift-step

At each step: insert two vertical strips of width 1 using the dual tree




Reformulation of the shift-step

At each step: insert two vertical strips of width 1 using the dual tree




Reformulation of the shift-step

At each step: insert two vertical strips of width 1 using the dual tree




Reformulation of the shift-step

At each step: insert two vertical strips of width 1 using the dual tree




Extension to the cylinder: drawing
algorithm

At each step: - insert two vertical strips of width 1
- Insert the next vertex as in the planar case
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Extension to the cylinder

1

IIIIIIIIIIIIIIII L =R

algorithm

e
_s\rlll'

Y [ AR R RSy R
1 1 1 1 1

/ /’ / 4 /
. e
S oyl s
PSS

)
N
)
)
S
©
c
— ®
c
._Lp
O QO
.Wh
i)
(.
o .S
n n
O @©
= 5
i)
n Y
= O
©
nIbV
£
UV o
>
Q w
S c
o P
pul
O O
n u
£ <
| I |

At each step



\ \
1

1 1

e =

ing

[ ] Ao cbeodecbaodaodas
1 1 1 1
1 1 1 1

I e T R (i T
1 1 1 1 1

| IR RN A R A
a 1 1 1 1 1
1 1 1 I 1

r === === =
1 1 1 1 1
1 1 1 1 1

F=-"--r==l-=-T1--
1 1 1 1 1

L Y I
1 ] 1 1
| e 1 1 1 1

il Bl plli bl Ml
1 1 1 1

N IS PR I P [,
1 1 1 I 1
1 I ] 1 I 1

ey il e B R iy B
1 1 1 1 1 1

El B RN BN R Bl

1 I 1 1 I 1

algorithm

| legb = m

R I i

| strips of width 1

he next vertex as in the planar case

- Insert two vertica

- Insert t

Extension to the cylinder

e
1

1 1 1 1
Sy S R S R -
/ /’ / 4 /
e
B o s e o o % i
i \‘ “ “ \‘

At each step



Ing

draw

Extension to the cylinder
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Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm e




Extension to the cylinder: drawing
algorithm




Extension to the cylinder: drawing
algorithm L
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Extension to the cylinder: drawing
algorithm

Width = 2n Height < n(n — 3)/2
Can also deal with chordal edges incident to outermost cycle



Extension to the cylinder: drawing
algorithm 7

Each edge has vertical extension at most w
= h < n(2d+ 1)
with d the graph-distance between the two boundaries



Getting toroidal drawings

Every toroidal triangulation admits a "tambourine”
Bonichon, Gavoille, Labourel’06]

Torus
(. —

:

Cylinder




Getting toroidal drawings

compute
tambourine

. linder
drawing algg Cylinde
on cyIinde/

N

d [Hutchinson,

Let ¢ =length shortest non-contracti 7 Albert'78]
Can choose tambourine so that d <|c = h = O(n°/?)




>0 The width of (c’,d") depends on the

number of vertices in the triangle (c, e, d)




Ensuring z-periodicity: 2-pass shift
Goal: compute a grid drawing (via the shift-algorithm, with prescribed edge
lengths (for horizontal edges)

Prescribed edge lengths: F = (48,72, 96)
(in the final drawing)

First pass: with initial vector I; = (2,

WLMM&AQ&/(

= (8,6, 10)




Ensuring x-periodicity: 2-pass shift
Goal: compute a grid drawing (via the shift-algorithm, with prescribed edge
lengths (for horizontal edges)

Prescribed edge lengths: F' = (48,72, 96)
(in the final drawing)

Second Pass: S _ (6 4 8) \0
. e . 9 9 ~7
use a new Iinitial vector 8 . E o 10

I, = (44, 64, 80) L =(2,2,2)
G5 G6 G7

final width




Tutte drawings on surfaces




Tutte drawings (in the plane)

Thm (Tutte barycentric method, 1963)
Every 3-connected planar graph G admits a convex
representation p in 2.

p (Vg) — R2

the images of interior vertices are barycenters of their neighbors

where w;; satisfy >, w;; =1, and w;; > 0

,O(Uz E Wi g ,0(1}]) according to Tutte: w;; = m
JEN (1)

% 6



Spherical parameterization (Tutte on the sphere)

i
u.
vi=——, with w; = E wiivi, t=12,...,N.
il

(system of quadratic equations)

3=l

u

|u|

(Gotsman Gu Sheffer, 2003)

Initial lavout Projected Gauss-Seidel Alexa method

random locations 50 iterations 250 iterations 50 iterations 1200 iterations




Spherical parameterization (Tutte on the

T
u.
v, = ——. with u, = wi;jvi, t=1,2,..., N
T 2

(system of quadratic equations)

Initial lavout

Projected Gauss-Seidel

Alexa method

random locations 50 iterations 250 iterations 50 iterations 1200 iterations

B A
A X
south emisphere
separating cycle Tutte 2D layout

polar-to-cartesian 50 iterations

Polar-to-cartesian mapping

_ ) o £ =47.84
550 iterations 50 iterations

1050 iterations el=0.849

£ =45.21
[ = 0.926 | 50 iterations

, £ =47.82
inverse stereo  p = 42.8% 636 iterations el = 0.849

50 iterations 1190 iterations




Tutte drawings, from another point of view




Planar drawings and edge orientations

p(G) (G, 0)

planar drawing edge orientation




Planar drawings and edge orientations

Choose a generic line [ and project all vertices on [
(such that the images z; of vertices are distinct)

4, A

z3

A




Vertex and face classification

xROOx K%

ind(v) =1 ind(v) =0 ind(v) <0
source non singular saddle
sc(v) =0 sc(v) = 2 sc(v) =4

(O <O <O

ind(v) =0 ind(v) <0
non singular saddle

sc(f) =2 sc(f)y=4

IndeX Of a VerteX ’Lnd(v) T ( SC(U)) sc(v) := number of sign changes

2 around vertex v

IndeX Of a face an(f) p ( SQC(f)) sc(f) := number of sign changes

around face f




Discrete Index Theorem (Poincaré-Hops)

Thm Given a closed manifold mesh of genus g:
> vey nd(V) + ) scpind(f) =2 —2g

Proof

>vev md(v) + 3 repind(f) =53 0,ev (2= 5c(v) + 52 e (2 — se(f))

Claim: the total number of =V +F— 2> ,cp sc(v) + > rer Sclf)]
changes of edge direction
(around each vertex and
around each face) is equal to
the number of half-edges

K <3




Discrete one-forms and Tutte equations

zi = oz + Py

(value of the one-form

Azi; 1= 2 — 2
i] J v A for edge (7,7))

(G, 0)

Remark: Aij = Ajz’ and Az’j # 0
Fact: Given a Tutte barycentric drawing of a planar graph G, we have:

1 o o — . .
ZWGN(Z-) 7 Az; =0, for each inner vertex v,

Z(u,v)eaf Az, = 0 for each face f of G




Discrete one-forms and Tutte equations

Z,UjeN(Z) R Az;; = 0, for each inner vertex v, z; = ax; + Py;

D (uwyeaf Dzuy = 0 for each face f of G AZij =2 %

Proof: inner vertices are placed at the barycenter of their neighbors

1 .
V; = g —uv;, for any inner vertex v;

JEN ()

which is equivalent to: x; = ZJEN(Z.) %xj et y; = ZjeN(i) %yj. By
definition we have:

implying:




Discrete one-forms and Tutte equations

1A = : . Zi 1= QT :
qujeN(z‘) T Az;; = 0, for each inner vertex v; i i + By

D (uwyeaf Dzuy = 0 for each face f of G AZij =2 %

Fact (exercise): In an orientation induced by a Tutte drawing there are
no saddle vertices and no saddle faces

Corollary (exercise): all faces in a Tutte drawing are convex




Tutte equations on the torus

Azp := one-forme associated to half-edge h

( Zhe@f Az, = 0 for each face f of G FE unknowns

\ ZhGN@.) d%AZh = 0, for each vertex v; F+V equations
The rank of the two systems is (F' — 1) and (V' — 1)

The solution space has dimension
E-[(V-1)4+F-1)]=29g=2

([ ho1 + hot — hag — hag = 0
hio + hi3 — hor — h31 =0
ha3 + hog — h3a — ho2 =0
h32 + h31 — hoz — h13 =0

fo
fo
fo
fo

\

Eqs = —(FEqo+ Eq1 + Eq2)




Computing coordinates on the torus

Azp := one-forme associated to half-edge h

( Zhe@f Az, = 0 for each face f of G FE unknowns

\ ZhGN@.) d%AZh = 0, for each vertex v; F+V equations

Compute the null-space of the matrix
Choose any pair of linearly indenpendent one-forms Ax and Ay

Choose a vertex vy as origin and compute

coordinates relatives to v
(3707 yO) — (07 O)

(x’b y’t) — (ZhGP(UO,’Ui) Aajh? ZhEP(vo,vi) Ayh)

[ ho1 + hot — hip — hao =0

Az = (1,1,1,1,0,0,0,0) [y he o ba =
Ay: (070707071,1,1,1) hos + hog — h3as — hga = 0

h3a + h31 — hoz — h13 =0

\




Toroidal drawings lll: toroidal Schnyder woods
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Toroidal Schnyder woods: definition
Toroidal Schnyder woods [Goncalves Lévéque, DCG'14]

n—e+f=2-2g

® 3-orientation + Schnyder local rule valid at each vertex ;‘k‘
4\
Toroidal Schnyder woods are crossing if '\

® every monochromatic cycle intersects at least one monochromatic cycle of each color

crossing Schnyder wood half-crossing
Schnyder wood

not half-crossing




Toroidal Schnyder woods vs. 3-orientations

® 3-orientation + Schnyder local rule valid at each vertex

Toroidal Schnyder woods [Goncalves Lévéque, DCG'14] A
>

n—e+f=2-2g

Toroidal Schnyder woods are crossing if

® every monochromatic cycle intersects at least one monochromatic cycle of each color

Remark: unlike the planar case, some 3-orientations do
not lead to valid Schnyder woods

toroidal triangulation (one vertex, 3 loops) simple toroidal triangulation

3-orientation 3-orientation

not admitting a valid admitting a valid
Schnyder wood Schnyder wood (local Schnyder rule cannot be
propagated everywhere)

valid 3-orientation not valid Schnyder wood




/)

toroidal Schnyder wood

® mono-chromatic cycles are non-contractibles

u2

(there are 3 disjoint
mono-chromatic cycles of color 2)

Toroidal Schnyder woods: cycles

® toroidal Schnyder woods must contain a (mono-chromatic) cycle in each color:

e = 3n

(n edges in each color)

Remark: the inner region of a
contractible mono-chromatic cycle

Is a topological disk

# irreducible

triangulations

#triangulations
g=1)

1
4

15
1

1
7
112
2109
37867

Open problem: is it possible to find (at
least) one toroidal Schnyder wood with
connected mono-chromatic components

(true for all triangulations
of size at most n = 11)




Toroidal Schnyder woods: cycles

/)

toroidal Schnyder wood

® toroidal Schnyder woods must contain a (mono-chromatic) cycle in each color:

® mono-chromatic cycles are non-contractibles




Toroidal Schnyder woods: cycles

/)

toroidal Schnyder wood

® toroidal Schnyder woods must contain a (mono-chromatic) cycle in each color:

® mono-chromatic cycles are non-contractibles

all mono-chromatic cycles of the same color are:
° homotopic and disjoint (parallel) and oriented in one direction




Toroidal Schnyder woods: cycles

/)

toroidal Schnyder wood

® toroidal Schnyder woods must contain a (mono-chromatic) cycle in each color:

® mono-chromatic cycles are non-contractibles

all mono-chromatic cycles of different colors are:
® either homotopic and disjoint (parallel) or crossing




Toroidal Schnyder woods: existence |

Thm{[Fijavz, unpublished] (for simple toroidal triangulations)

A simple toroidal triangulation contains three non-contractible
and non-homotopic cycles that all intersect on one vertex and
that are pairwise disjoint otherwise.

Corollary|[Goncalves Lévéque, DCG'14]

Any simple toroidal triangulation admits a toroidal crossing Schnyder wood

(two planar quasi-triangulations)  crossing toroidal Schnyder wood

Split along Fo, Fl, F2
(for simple triangulations)




Toroidal Schnyder woods: existence |

Thm{[Fijavz, unpublished] (for simple toroidal triangulations)

A simple toroidal triangulation contains three non-contractible
and non-homotopic cycles that all intersect on one vertex and
that are pairwise disjoint otherwise.

Conjecture: is it possible to find (at
least) one toroidal Schnyder wood with
connected mono-chromatic components
and such the intersection of the three
cycles is a single vertex?

Corollary|[Goncalves Lévéque, DCG'14]

Any simple toroidal triangulation admits a toroidal crossing Schnyder wood

(two planar quasi-triangulations)  crossing toroidal Schnyder wood

Split along Fo, Fl, F2
(for simple triangulations)




Toroidal Schnyder woods: existence |l

(not necessarily crossing Schnyder woods)

Second step: compute a cylindric canonical ordering
First step: cut GG along a non contractible cycle I'  Performing vertex shelling, starting from I'.,;

(getting a cylindric triangulation)

S

o o o

At each step colorient and oriented edges

Corollary
Any simple toroidal triangulation admits a toroidal (not necessarily crossing) Schnyder wood




Toroidal Schnyder woods: existence |l

(not necessarily crossing Schnyder woods)

N

glue together the two boundaries

(the local Schnyder woods remains satisfied on I')




Toroidal Schnyder woods: existence |l

(not necessarily crossing Schnyder woods)

glue together the two boundaries

(the local Schnyder woods remains satisfied on I')

Thm
Any simple toroidal triangulation admits a toroidal
(not necessarily crossing) Schnyder wood
(which can be computed in linear time)

R L A e N
SVARASANAN
ANASRNARAN

N SERCERCERCE local invariant
red and black cycles are homotopic (not crossing)

Open problem
s it possible to modify the vertex shelling order to preserve the crossing condition?




Toroidal Schnyder woods: existence Il
Thm[Goncalves Lévéque, DCG'14] (for general toroidal triangulations)

Any toroidal triangulation admits a toroidal crossing Schnyder wood

computation of (planar) Schnyder woods R

first phase: perform edge contractions o !
second phase: perform edge expansion—+edge coloring v Noor

Vo

7N

. N (3 p055|b|e choices of coloring)

U

(5 cases to distinguish)

A Y 1 A Y 1
* 'l /, . -,
AL AL
\
\ \
\ RN
td td
\\\ - \\ :
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~ 7 ~
[IREN 1~
~




Toroidal Schnyder woods: existence Il

(for general toroidal triangulations)
Any toroidal triangulation admits a toroidal crossing Schnyder wood

Thm|Goncalves Lévéque, DCG'14]

computation of (planar) Schnyder woods
first phase: perform edge contractions

second phase: perform edge expansion+edge coloring

Vo

perform a sequence of n — 1
edge contractions

color and orient

decontract (and color/orient)
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Region counting on the torus

How regions are defined on the torus?
How to assign coordinates to vertices to ensure periodicity?

How periodicity is defined? (how vectors S, .S’ are defined?)

u = (uxa uy) .4.
umght =u-+ S/ (‘
Uiop = U+ S < \A.

(@




Regions are unbounded
Vo

Toroidal case: unbounded regions

Planar case: bounded number _. [Ro@)y, | IR (v)|v |Rg(v)yv
of faces in each region V= TR Y0 T RS *TF-




Regions are unbounded

Do not use absolute coordinates

Ro(v Ri(v Ra (v
v = Bellly  IBONY, 1Ry,

Toroidal case: regions are unbounded

but differences between regions is
bounded

Fix an origin vertex O

Define coordinates of v relatives to O




How to define the size of a region

2 mono-chromatic consecutive blue cycles

Cy == {C3}

1 mono-chromatic black cycle

0 ._ 0o 0 : - :
Ll T {Cl ) C 19+ } (Imes in the universal cover) (how many faces in the gray region?)
eS| . . 0 (1)| —2
R(CY, C’{+ ) := region between consecutives 1-cycles |R(CY,Ch)|l ="

f1 = ||R(CL,C?™)|| (size of the 1-region: number of faces)




How to define the size of a region

o ooy o
¥ ¥

Cl - {097 Cll}

2 mono-chromatic consecutive blue cycles

Cy :={C3}

1 mono-chromatic black cycle

Z : HR(C,‘Z, Cij+1> H = F 0 Nl (2 faces in the gray region)
(for eagh color 7 € {0,1,2}) R(O ) =< HR(O?,C%)H = 2

(2 faces in the white region)

where F:= number of faces of G R(Cga Cg) =4 HR(O%’ C?) H — 9




How assign to ccordinates to vertices

Goal: assign relative coordinates to vertices

Let us revise the planar case first
CMQ(U) =. ’RQ(U)‘ =3
as(u) =: |Ra(u)| =4
A=:|Re(v) N Ra(u)| =2
as(v) =4+ (1 —2)

(V) = \Ra(v)l =A+d*
()| = A+d-

[Ra@)ly, 4 1Ry,

| £ = || =

VUV =. CYQV() + CY1V1 + CYQVQ




How assign to ccordinates to vertices

Goal: assign relative coordinates to vertices

Let us consider now the toroidal case
Consider two vertices u and v in the same "region” (defined by the same mono-chromatic lines)

Choose two references line L! (i = 0, 2)
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the i-coordinate of v is expressed as (i = 1 in the example)

a;(v) = ai(u) + (dT —d7)




How assign to ccordinates to vertices

Goal: assign relative coordinates to vertices

Let us consider now the toroidal case
Consider two vertices u and v in the same "region” (defined by the same mono-chromatic lines)

Given a vertex v and a color i take as
second vertex z;(v), the intersection of

\

the two mono-chromatic lines (of color
t — 1 and 7 + 1 defining the region of v)<
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the 2-coordinate of v is expressed as

az(v) = az(z(v)) +(d" —d7)




How assign to ccordinates to vertices

Goal: assign relative coordinates to vertices

Assign coordinates to the mono-chromatic lines

1

S+ fo+ f3

>|<
2

-5

Remark: the signs depend on the relative position of the mono-chromatic lines with
respect to the reference lines L} (top/bottom, left/right)




How assign to ccordinates to vertices

We can now define the ¢ coordinate «; of a vertex v (IV constant, appropriately choosen)

a;(v) := di(v,2i(v)) + N - (fir1(Lig1(v)) — fim1(Li-1(v)))
ar(v) = (d{ —dy)+N-(f3 — (o + f0))

(in the example i = 1) ¥
0

fB+l+fs

BN Y

f2+ 2




How assign to ccordinates to vertices

We can now define the 7 coordinate «; of a vertex v

a;(v) := di(v,2i(v)) + N - (fir1(Lig1(v)) — fim1(Li-1(v)))

(set N = 3 as constant in this example)

0 -4 —12 —16
Assign (0,0, 0) to the origin vertex O, 4 \ . A "r _________ SRR \ K
Observe that z((v) coincides with v ; : |
so: dy(v, zp(v)) =0 '

v lies on LT and L;

so: fi(L{(w) =0, fo(L3(v)) = 0

ap(v) =0+3-(0—0) =
aj(v) =04+3-(0—(—4)
as(v) =043 (—4 —
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number of times the i-cycles cross

A simple toroidal triangulation admits a straight-line periodic

drawing on a grid of size O(n? x n?)
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Schyder woods for g > 2

Thm (3-orientations for graphs on surfaces, of arbitrary genus) e
[Albar Goncalves Knauer, 2014] AN Wikipedia picture
Any triangulation of a surface (the sphere and the projective '

plane) admits a '3-orientation’: orientation without sinks

s.t. every vertex has outdegree divisible by three

Open problem [Goncalves Knauer Lévéque, 2016]
Existence of Schnyder woods for higher genus triangulations

Experimental confirmation (g = 2)
Multiple local Schnyder condition:

the outdegree of every vertex is a
positive multiple of 3.

exaustive generation of all 3-orientations
for all triangulations with g =2, n < 11

All simple triangulations of genus g =2

(there are no sinks) . )
and size < 11 admit Schnyder woods

# irreducible | #triangulations
Thm [Suagee’ 2021] triangulations (g = 2)

Simple triangulations of genus g > 1 having 7 —
"large” edgewidth do admit Schnyder woods 8 —

9
edgewidth > 40(29 — 1) 10 865

1 26276 113506
surftri software [Sulanke, 2006]

(size of the smallest non contractible cycle)




