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Finite frieze patterns

Definition

A frieze pattern is an array such that:

1. the top row is a row of 1s
2. every diamond

b
a d

c

satisfies the rule ad − bc = 1.

Example (a finite integer frieze)

1 1 1 1 1 1 1 · · ·
Row 2 · · · 3 1 2 2 1 3 1

2 2 1 3 1 2 2 · · ·
· · · 1 1 1 1 1 1 1

Note: every frieze pattern is completely determined by the 2nd row.
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Conway and Coxeter (1970s)

Theorem

Finite integer frieze patterns ←→ triangulations of polygons

1 1 1 1 1 1 1 · · ·
Row 2 · · · 3 1 2 2 1 3 1

2 2 1 3 1 2 2 · · ·
· · · 1 1 1 1 1 1 1

v1

v2

v3v4

v5

3

1

22

1
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Broline, Crowe, and Isaacs (1970s)

Theorem

Entries of a finite integer frieze pattern ←→ edges between two
vertices.

1 1 1 1 1 1 · · ·
Row 2 · · · 3 1 2 2 1 3

2 2 1 3 1 2 · · ·
· · · 1 1 1 1 1 1

· · ·

· · ·
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Cluster algebras (Fomin and Zelevinsky, 2000)

A cluster algebra is a commutative ring with a distinguished set
of generators, called cluster variables.

Cluster algebras from surfaces
(Fomin, Shapiro, and Thurston, 2006, etc.)

I Fix a marked surface: a Riemann surface S + marked points.

I Points are either on the boundary of S or in the interior
(called punctures).

I The cluster variables ←→ arcs with no self-intersection.

Remark

I A cluster algebra of type A arises from a polygon.

I A cluster algebra of type D arises from a punctured polygon.
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Cluster variables and mutations

I Specify an initial set of cluster variables {x1, . . . , xn} (called
cluster) and an initial triangulation Tinitial.

I To produce all cluster variables, repeatedly perform a
mutation µk in each of the n positions:

Definition (mutations)

I Replace diagonal k with k ′

a
b

c

dk µk

a
b

c

dk ′

I The new cluster variable is U ′k , where

Uk U
′
k = Ua Uc + Ub Ud .

Set weight of a boundary edge to 1.

I Remark: µk is an involution.
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Example: a sequence of flips for a polygon
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Example: a sequence of mutations

Tinit µ1(Tinit) µ2(µ1(Tinit)) µ3(µ2(µ1(Tinit))

1
2

3 4

µ1 1′2

3 4

µ2 1′2′

3
4

µ3 1′2′

3′ 4

{x1, . . . , x4} {x ′1, x2, x3, x4} {x ′1, x ′2, x3, x4} {x ′1, x ′2, x ′3, x4}

Initial cluster x ′1 = x2+x4
x1

x ′2 =
x ′1x4+x3x4

x2
x ′3 =

x ′1+x ′2
x3

x ′2 = x0x2+x1x3+x4
x1x2

x ′3 =
x2x4+x1x3x4+x2

4 +x2
2 +x2x4

x1x2x3

Remark

Arc 4 in the two right-most triangulations looks like it cannot be
flipped, but there is a way to mutate at 4.
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Cluster algebras

Definition (Fomin-Zelevinsky 2001)

The cluster algebra (corresponding to a triangulation T ) is the
subring of Q(x1, . . . , xn) generated by all cluster variables.

Theorem (Fomin-Zelevinsky 2001)

Laurent Phenomenon: each cluster variable can be expressed as
a Laurent polynomial in {x1, . . . , xn}, that is, as

f (x1, . . . , xn)

xd1
1 . . . xdnn

,

where f is a polynomial.

Theorem (Lee - Schiffler, Gross - Hacking - Keel - Kontsevich,
2014, and special cases by others)

Positivity: this polynomial f has positive coefficients.
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Finite type classification (Fomin-Zelevinsky 2002)

A cluster algebra is of finite type if there are finitely many cluster
variables.

I The finite type cluster algebras are classified by the Dynkin
diagrams.

I Type A and D are modeled by marked surfaces.

Example (Type D4)

1

2 `
r

1

2

r

r

1 2

r

r./

I Type B and C are modeled by orbifolds.
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Caldero-Chapoton (2006)

Theorem

The cluster variables of a cluster algebra from a triangulated
polygon (type A) form a finite frieze pattern.

· · · 1 1 1 1 1 1 · · ·
1+a+b

a b a 1+b
a

1+a
b b 1+a+b

a b

· · · 1+a
b b 1+a+b

a b a 1+b
a

1+a
b · · ·

1 1 1 1 1 1 1

(Example: type A2)

v1

v2

v3v4

v5
ab

3

1

22

1

I Remark: When the variables a and b are specialized to 1, we
recover the integer frieze pattern.

11 / 33



An infinite frieze patterns
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3

3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5

2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2

Level 1 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3

------------------------------------------------------------

4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4

13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9

9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14

Level 2 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5

6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6

------------------------------------------------------------

7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7

Level 3 22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15

15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23

8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8

9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9

------------------------------------------------------------

10 28 55 19 10 10 28 55 19 10 10 28 55 19 10

Level 4 31 19 29 21 11 31 19 29 21 11 31 19 29 21

21 10 32 23 34 21 10 32 23 34 21 10 32

11 11 35 71 23 11 11 35 71 23 11 11

12 12 108 48 12 12 12 108 48 12 12

------------------------------------------------------------

13 37 73 25 13 13 37 73 25 13

40 25 38 27 14 40 25 38 27

27 13 41 29 43 27 13 41

14 14 44 89 29 14 14

15 15 135 60 15 15

------------------------------------------------------------

16 46 91 31 16

49 31 47 33

33 16 50

17 17

18

------------------------------------------------------------
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Infinite frieze patterns

Theorem (Baur, Fellner, Parsons, and Tschabold, 2015-2016)

Any infinite frieze can be constructed from a triangulation of a
punctured disk or an annulus/ infinite strip.

v3

v2

v1

v5

v4

4

1

23

2

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3

3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5

2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2

3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3
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Theorem (G., Musiker, Vogel)

We construct an infinite frieze pattern of Laurent polynomials
corresponding to arcs (allowing self-intersections) between the
boundary vertices of a punctured disk or annulus.

I Convention: the boundary is to the right of the curve.
14 / 33



I Remark: When the variables are specialized to 1, we recover
the integer frieze pattern.
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4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3

3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5

2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2

3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3

------------------------------------------------------------
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------------------------------------------------------------
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Theorem (G., Musiker, Vogel)

We construct an infinite frieze pattern of Laurent polynomials
corresponding to arcs (allowing self-intersections) between the
boundary vertices of a punctured disk or annulus.

Proof: The self-intersecting arcs correspond to elements of the
algebra via skein relation

= +

due to Musiker, Schiffler, and Williams (2011), etc.

Example (Example of resolving a self-crossing)

= +
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Complementary arcs

Definition (complementary arc)

Let γk := γk(i , j) be the arc from i to j with k − 1 self-crossings.
The complementary arc γCk of γk is the arc from j to i with
k − 1 self-crossings.

Example (γ1 and γC
1 )

i j i j

Example (γ3 and γC
3 )

i

j

i

j

I Their concatenation is a loop with twice as many
self-crossings.
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Glide symmetry for finite friezes

· · ·

· · ·

In a polygon vs a punctured disk/annulus

= 6=
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Complementary arcs in infinite friezes

. . .
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Progression formulas

Theorem (G., Musiker, and Vogel)

Let γ1 be an arc starting and finishing at vertices i and j . For
k = 1, 2, . . . and 1 ≤ m ≤ k − 1, we have

x(γk) = x(γm)x(Brack−m) + x(γCk−2m+1), where:

I for r ≥ 0, γC−r is the curve γr+1 with a kink, so that
x(γC−r ) = −x(γr+1), and

I a bracelet Brack is obtained by following a (non-contractible,
non-self-crossing, kink-free) loop k times, creating (k − 1)
self-crossings.

x(γ4) = x(γ1)x(Brac3) + x(γC
3 ) for k = 4, m = 1

i

j =

i

j +

i

j
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Arithmetic progressions in frieze patterns from punctured
disks (Tschabold)

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3

3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5

2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2

3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3
------------------------------------------------------------

4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4

13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9

9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14

5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5

6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6
------------------------------------------------------------

7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7

22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15

15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23

8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8

9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9
------------------------------------------------------------

10 28 55 19 10 10 28 55 19 10 10 28 55 19 10

31 19 29 21 11 31 19 29 21 11 31 19 29 21

21 10 32 23 34 21 10 32 23 34 21 10 32

11 11 35 71 23 11 11 35 71 23 11 11

12 12 108 48 12 12 12 108 48 12 12
------------------------------------------------------------
13 37 73 25 13 13 37 73 25 13

40 25 38 27 14 40 25 38 27

27 13 41 29 43 27 13 41

14 14 44 89 29 14 14

15 15 135 60 15 15

------------------------------------------------------------

16 46 91 31 16

49 31 47 33

33 16 50

17 17

18

------------------------------------------------------------
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Geometric interpretation of the arithmetic progression

Lemma

The arc from vertex blue to vertex green with k self-intersections

=

the arc from the vertex blue to vertex green with k − 1
self-intersections

+
i j

+
i j

Proof: Progression formulas and induction.
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Constant growth factor across rows (Baur, Fellner,
Parsons, Tschabold)

−1 −1 −1 −1 −1 −1

0 0 0 0 0 0

1 1 1 1 1 1

1 2 6 1 2 6

1 11 5 1 11 5

5 9 4 5 9 4

4 7 19 4 7 19

3 33 15 3 33 15

14 26 11 14 26 11

11 19 51 11 19 51

8 88 40 8 88 40

37 69 29 37 69 29

29 50 134 29 50 134
...

...

s0 = 2

s1 = 3

s2 = 7

s3 = 18
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In punctured disk case, this growth factor is always 2.
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3 2 4 1 2 3

3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5 5 7 3 1 5

2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2 8 17 5 2 2

3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3 3 27 12 3 3

----------------------------------------------------------------------------------------------------

4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4 4 10 19 7 4

13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9 5 13 7 11 9

9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14 11 16 9 4 14

5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5 17 35 11 5 5

6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6 6 54 24 6 6

----------------------------------------------------------------------------------------------------

7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7 7 19 37 13 7

22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15 8 22 13 20 15

15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23 17 25 15 7 23

8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8 26 53 17 8 8

9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9 9 81 36 9 9

----------------------------------------------------------------------------------------------------

10 28 55 19 10 10 28 55 19 10 10 28 55 19 10 10 28 55 19 10 10 28 55 19 10 10 28 55 19 10 10 28 55 19 10

31 19 29 21 11 31 19 29 21 11 31 19 29 21 11 31 19 29 21 11 31 19 29 21 11 31 19 29 21 11 31 19 29 21

21 10 32 23 34 21 10 32 23 34 21 10 32 23 34 21 10 32 23 34 21 10 32 23 34 21 10 32 23 34 21 10 32

11 11 35 71 23 11 11 35 71 23 11 11 35 71 23 11 11 35 71 23 11 11 35 71 23 11 11 35 71 23 11 11

12 12 108 48 12 12 12 108 48 12 12 12 108 48 12 12 12 108 48 12 12 12 108 48 12 12 12 108 48 12 12

----------------------------------------------------------------------------------------------------

13 37 73 25 13 13 37 73 25 13 13 37 73 25 13 13 37 73 25 13 13 37 73 25 13 13 37 73 25 13

40 25 38 27 14 40 25 38 27 14 40 25 38 27 14 40 25 38 27 14 40 25 38 27 14 40 25 38 27

27 13 41 29 43 27 13 41 29 43 27 13 41 29 43 27 13 41 29 43 27 13 41 29 43 27 13 41

14 14 44 89 29 14 14 44 89 29 14 14 44 89 29 14 14 44 89 29 14 14 44 89 29 14 14

15 15 135 60 15 15 15 135 60 15 15 15 135 60 15 15 15 135 60 15 15 15 135 60 15 15

----------------------------------------------------------------------------------------------------

16 46 91 31 16 16 46 91 31 16 16 46 91 31 16 16 46 91 31 16 16 46 91 31 16

49 31 47 33 17 49 31 47 33 17 49 31 47 33 17 49 31 47 33 17 49 31 47 33

33 16 50 35 52 33 16 50 35 52 33 16 50 35 52 33 16 50 35 52 33 16 50

17 17 53 107 35 17 17 53 107 35 17 17 53 107 35 17 17 53 107 35 17 17

18 18 162 72 18 18 18 162 72 18 18 18 162 72 18 18 18 162 72 18 18

----------------------------------------------------------------------------------------------------

19 55 109 37 19 19 55 109 37 19 19 55 109 37 19 19 55 109 37 19

58 37 56 39 20 58 37 56 39 20 58 37 56 39 20 58 37 56 39

39 19 59 41 61 39 19 59 41 61 39 19 59 41 61 39 19 59

20 20 62 125 41 20 20 62 125 41 20 20 62 125 41 20 20

21 21 189 84 21 21 21 189 84 21 21 21 189 84 21 21

----------------------------------------------------------------------------------------------------

22 64 127 43 22 22 64 127 43 22 22 64 127 43 22

67 43 65 45 23 67 43 65 45 23 67 43 65 45

45 22 68 47 70 45 22 68 47 70 45 22 68

23 23 71 143 47 23 23 71 143 47 23 23

24 24 216 96 24 24 24 216 96 24 24

----------------------------------------------------------------------------------------------------

25 73 145 49 25 25 73 145 49 25

76 49 74 51 26 76 49 74 51

51 25 77 53 79 51 25 77

26 26 80 161 53 26 26

27 27 243 108 27 27

----------------------------------------------------------------------------------------------------

28 82 163 55 28

85 55 83 57

57 28 86

29 29

30

----------------------------------------------------------------------------------------------------
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Geometric interpretation of the growth factor
The “jump” between frieze level k and k + 1 correspond to the
bracelet which crosses itself k − 1 times.

Bracelets with 0, 1, and 2 self-crossings

Definition

Define the normalized Chebyshev polynomial by

T0(x) = 2,T1(x) = x , and

the recurrence relation

Tk(x) = x Tk−1(x)− Tk−2(x).

For punctured disk, every bracelet corresponds to the integer 2.
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v1

v2

v3v4

v5

γ

T and γ
v1

v2

v3v4

v5
A B C

(t1, t2) = (A,C )
v1

v2

v3v4

v5
A B C

(t1, t2) = (B,C )

Definition (Broline, Crowe, and Isaacs, 1970s)

Let R1, R2, . . . , Rr be the boundary vertices to the right of γ. A
BCI tuple for γ is an r -tuple (t1, . . . , tr ) such that:

(B1) the i-th entry ti is a triangle of T having Ri as a vertex. (We
say that the vertex Ri is matched to the triangle in the i-th
entry of the tuple).

(B2) the entries are pairwise distinct.
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v1

v2

v3v4

v5

γ

T and γ

b a

v1

v2

v3v4

v5

1 b a

1 b−1 a

v1

v2

v3v4

v5

1

b

1

1 b−1 1

Definition (Studied by Carroll-Price, 2003 and others)

A BCI trail w for (t1, . . . , tr ) is a walk from the beginning to the
ending point of γ along T such that:

(TR 1) the triangles t1, . . . , tr are to the right of w ,

(TR 2) the other triangles are to the left of w .

Proposition (G., Musiker, Vogel)

There is a lattice-preserving bijection between the BCI tuples and
T -paths (of Schiffler-Thomas, 2006-2007).
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v1

v2

v3v4

v5

γ

T and γ

b a

v1

v2

v3v4

v5

1 b a

1 b−1 a

v1

v2

v3v4

v5

1

b

1

1 b−1 1

xγ =
a

b
+

1

b

Corollary (G., Musiker, Vogel)
1. BCI-trail formula: the Laurent polynomial expansion
corresponding to γ written in the variables of T is

xγ =
∑

w

∏
odd steps of w∏
even steps of w

where the sum is over all BCI-trails w for γ.

2. Starting from the minimal BCI-tuple for γ, we get to all the
BCI-tuples by toggling a triangle to get closer to the starting point
of γ.
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From ideal triangulation T to its polygon cover

v2

v3

v4

v5v1

b45

b51

b12

b23 b34

1

2 3

4

0

 

v1 v2 v3 v4 v5 v1

τ1

τ2

τ4

τ3
τ0

v1 v2 v3 v4 v5 v1

τ1

τ2

τ4

τ3
τ0

v1 v2 v3 v4 v5 v1

τ1

τ2

τ4

τ3
τ0

τ1

γ
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1 2 3 4 5 1

τ1

τ2

τ4

τ3
τ0

1 2 3 4 5 1

τ1

τ2

τ4

τ3
τ0

1 2 3 4 5 1

τ1

τ2

τ4

τ3
τ0

τ1

γ

L5 = P

R1 R2 R3 R4 R5 R6 R7 R8sL1L2L3L4 t L6L7

P

40 DA EB F

42 43 44

41 C 45

R1 R2 R3 R4 R5 R6 R7 R8s t
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1

2

3

4

5

(∆3,A,B,C ,D,∆4,E ,F ) (∆2,A,B,C ,D,∆5,E ,F )

(∆2,A,B,C ,D,∆4,E ,F )

(∆2,A,B,C ,D,∆3,E ,F )

(∆1,A,B,C ,D,∆5,E ,F )

(∆1,A,B,C ,D,∆4,E ,F )

(∆1,A,B,C ,D,∆3,E ,F )

(∆0,A,B,C ,D,∆5,E ,F )

(∆0,A,B,C ,D,∆4,E ,F )

(∆0,A,B,C ,D,∆3,E ,F )

(∆3,A,B,C ,D,∆5,E ,F )

R1

R1

R6

R1

R1 R1

R6

R6

R1

R6

R6

R1

R6

R1

R6

Figure: Based on the setup of Figure ?? (redrawn at the top). Left: the
lattice LBCI (γ) of the BCI tuples for γ. Right: the poset Qγ .
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The 11 BCI tuples correspond to the 11 terms of the expansion of
xγ :

xγ =
x0x1x4 + 2x1x3x4 + 2x2

0 + 4x0x3 + 2x2
3

x0x1x4

For example, from the minimal BCI tuple b = (∆0, A, B, C , D,
∆3, E , F ), we get a BCI trail (b40, τ5, τ1, τ1, τ3).

R1 R2 R3 R4 R5 R6 R7 R8

s t

L1 L2 L3 L4 L5 L6 L7

τ3 τ2

τ4
τ3τ2

τ5 τ2

b40

τ0

τ1

τ4

τ4

τ1

τ3

τ5

b01

b40

b34

with weight b40 x
−1
0 x1 x

−1
1 x3 =

1 x1 x3

x0 x1
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Thank you

LATEX TikZposter

Atomic Bases and T-path Formula for Cluster Algebras of Type D

Emily Gunawan – University of Minnesota, Minneapolis (joint work with Gregg Musiker)

Atomic Bases and T-path Formula for Cluster Algebras of Type D

Emily Gunawan – University of Minnesota, Minneapolis (joint work with Gregg Musiker)

What is a cluster algebra? (Fomin and Zelevinsky, 2000)

• A (coe�cient-free) cluster algebra of rank n is a Z-subalgebra of Q(x1, . . . , xn) generated by elements called cluster variables :

– Start with an initial seed : a cluster x = {x1, x2, . . . , xn} and a skew-symmetrizable exchange matrix B = (bij).

– For each k = 1, . . . , n, we mutate in the k-th direction ({x1, . . . , xk, . . . , xn}, B)
µk�!

�
{x1, . . . , x

0
k, . . . , xn}, µk(B)

�
to obtain a new seed where

x0k =
1

xk

0
@ Y

bik>0

x
bik
i +

Y

bik<0

x
�bik
i

1
A and µk(B)ij =

(
�bij if k = i or k = j

bij + 1
2

�
|bik|bkj + bik|bkj|

�
otherwise

– Apply all possible sequences of mutations to produce all cluster variables (usually infinitely many).

• Laurent Phenomenon: each cluster variable can be expressed as a Laurent polynomial in {x1, . . . , xn}.

• Positivity: this Laurent polynomial has positive coe�cients (2014, [Lee and Schi✏er], [Gross, Hacking, Keel, and Kontsevich], and special cases by others).

Cluster algebras from orientable surfaces

Definition: ordinary arcs

• An ordinary arc � is a non-contractible curve between marked points
such that � does not cross itself or the boundary, and � is not homotopic
to a boundary edge.

• An ideal triangulation is a maximum collection of distinct arcs that
pairwise do not cross.

Definition: tagged arcs

• A tagged arc is an ordinary arc (which does not cut out a monogon with

1 puncture ` ) decorated (plain or with a ./) at each endpoint.

• A tagged triangulation is a maximum collection of distinct tagged arcs
that are pairwise “compatible”.

Theorem (Fomin, Shapiro, and Thurston, 2006)

One can define a cluster algebra from an orientable Riemann surface + interior points (called punctures) and/or marked points on the boundary:

seed (xT , BT ) ! tagged triangulation T = {⌧1, . . . , ⌧n}
cluster variable x�  ! tagged arc �

cluster mutation ! “flipping diagonals”

Example: once-punctured 4-gon

A tagged triangulation of a once-punctured square  ! A quiver that is
mutation equivalent to an orientation of a type D4 Dynkin diagram.
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2 r

r
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2 r

r

1 2

r

r./

Example: once-punctured 3-gon
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x2 x1

x1+x2
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./ ./
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Fig. 1: There are
�

2n
n

�
�

�
2n�2
n�1

�
tagged triangulations of a once-punctured n-gon.

Atomic bases

Definition: atomic bases (Sherman and Zelevinsky, 2003)

Let A be a (coe�cient-free) cluster algebra.

• Let the positive cone of A be A+ := {positive elements} =
{elements that are positive Laurent polynomials with respect to every
cluster}.

• The subset B of all indecomposable positive elements (i.e., those
that cannot be written as a sum of two positive elements) is called
the atomic basis if it forms a Z-basis of A.

The existence of this atomic basis is not known in general. The cluster

algebra with the exchange matrix
✓

0 b

�c 0

◆
has no atomic basis if bc � 5.

Result 2: Combinatorial proof (by
T-path) for type D cluster algebras

Definition: cluster monomial

a cluster monomial is a product of cluster variables all coming from the
same cluster, e.g. a5be2 is a cluster monomial if {a, b, c, d, e} is a cluster.

Theorem (atomic basis)

For a cluster algebra of type A, D, or E, the basis of cluster monomials
is atomic.

– Representation theory proof by [Cerulli Irelli, 2011] and [Cerulli Irelli,
Keller, Labardini-Fragoso, and Plamondon, 2012].

– We give a combinatorial proof (using the T -path formula) for type D,

inspired by work on types A and eA by [Dupont and Thomas, 2011].

Result 1: T-path formula for cluster variables for punctured surfaces

We generalize (to surfaces with punctures) Schi✏er and Thomas’ T -path definition and formula for unpunctured surfaces (2009).
Let To be an ideal triangulation and � an ordinary arc that crosses To. Let 4k denote the k-th ideal triangle crossed by �.

Definition: quasi-arc

If ⌧ is an ordinary arc, let an associated quasi-arc ⌧ 0 be a curve (not passing through the puncture P) which agrees with ⌧
outside of a small radius-✏ disk D✏ around P .

Definition: T -path

A (complete) (To, �)-path w = (w1, . . . , w2d+1) is a concatenation of quasi-arcs and boundary edges such that:

(T1) Each even step w2k (k = 1, . . . , d) is the k-th arc that � crosses.

(T2) The path w is homotopic to �, and satisfies the following:
Let p1, . . . , pd be the intersection points of � and T o. Let �k be the segment along � between pk and pk+1. Then the segment �k is homotopic to the segment from pk

following w2k, following w2k+1, following w2k+2 until pk+1.

(T3) The step w2k+1 traverses a side of the triangle4k, and starts and finishes in the interior of4k or at a boundary marked
point.

Theorem (T -path formula)

The cluster variable x� expressed in the variables corresponding to To is

x� =
X

w

x(w)

over all (To, �)-paths w = (w1, . . . , w2d+1), where x(w) :=
�Q

i odd xwi

� ⇣Q
i even xwi

�1
⌘
.
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1
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r

`

b4

b2

b3
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1
2

r

`
b1 b3

(b1,1,2,2,2,`,`,r, r,`,b3)

1
2

r

`
b1 b3

(b1,1,2,2,2,`,r, r,`,`,b3)

Fig. 2: Four of the nine (T o, �)-paths from the first figure. All backtracks (2, 2) and (`, `) have been omitted.
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Fig. 3: The four (T o, �)-paths of the ideal triangulation T o and the arc � of the first figure.

1
2

3 0

b1b3

b2

b4

� 1
2

3 0

b1

b2

b3

b4

b1

b4

(b1, 1, 2, 2, 2, 3, b4)

1
2

3 0

b1

b2

b3

b4

b2

b4

(0, 1, b2, 2, 2, 3, b4)

1
2

3 0

b1

b2

b3

b4

b3

(0, 1, 1, 2, 3, 3, b3)

Fig. 4: Three of the five (T o, �)-paths of the ideal triangulation T o and the arc � of the first figure.

Atomic bases for other surfaces

Conjecture (Fomin, Shapiro, and Thurston, 2008,
unpublished, based on Fock and Goncharov, 2006)

A candidate for atomic bases: the “bracelets collection” consisting of all
cluster monomials + a class of elements. A bracelet is a closed loop in the
interior of the surface which wraps around itself once or multiple times
and avoids marked points.

– True for annuli, type eA (Dupont and Thomas, 2011).

– The bracelets collection forms a basis for unpunctured surfaces
(Musiker, Schi✏er, and Williams, 2011).

Current work: type a�ne D

Type eDn�1 cluster algebras ((n�3)-gons with 2 punctures), e.g. type eD6
cluster algebra comes from a twice-punctured disk with 4 marked points
on the boundary.
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We work with cluster
algebras with principal
coe�cients

µr

r b

r0 µb

b0

For example, k µk k0

This example corresponds to

B =

0
BB@

1 2 r r./

1 0 �1 0 0
2 1 0 1 1
r 0 �1 0 0
r./ 0 �1 0 0

1
CCA

A cluster monomial corresponds to
a multi-tagged dissection (i.e. a
partial tagged triangulation allow-
ing multiple copies of tagged arcs).

new

In addition, we have:

– a similar formula for cluster
algebras with principal and
arbitrary coe�cient systems

– a T -path formula for a
tagged arc with ./ on its end-
point/s

The T -paths are in
natural bijection
with Musiker,
Schi✏er, and
Williams’ snake
graph matchings.

Also, a (complete)
T -path is uniquely
determined by its
sequence of labels.
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