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Eulerian polynomials

The sequence of Eulerian polynomials (A,(t))n>1 can be defined by

x" t—1
2 A0 = e

n>1
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Eulerian polynomials

The sequence of Eulerian polynomials (A,(t))n>1 can be defined by
x" t—1
A(t) e =
; n(t) nl t—elt=1)x

The first values of A,(t) :

Ai(t) =1,

Ax(t) =1+t,

As(t) =1+ 4t + t2,

Ag(t) =14 11t + 112 + £2.
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Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) — Z pexc(o)

O'EGn O'EGn

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.
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Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) — Z pexc(o)

O'EGn O'EGn

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.

@ The integers i € [n — 1] such that o(i) > o(i + 1) are called
descents.

Ange Bigeni A bijection relating g-Eulerian polynomials



Introduction Eulerian polynomials
Combinatorial interpretations
g-Eulerian polynomials

Eulerian statistics

Proposition (MacMahon)

We have

An(t) = Z pdes(o) — Z pexc(o)

O'EGn O'EGn

where &, is the set of permutations on [n] := {1,2,...,n} and

des(o) = #{i € [n—1],0(i) > o(i + 1)},
exc(o) = #{i € [n],o(i) > i}.

@ The integers i € [n — 1] such that o(i) > o(i + 1) are called
descents.

e The integers i € [n] such that o(/) > i are called exceedances.
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Eulerian statistics

1 2 3 4
Example : 0 = 34 09 1)F€ G4 has des(o) = 2 descents 2
and 3 and exc(o) = 2 exceedances 1 and 2.
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Eulerian statistics

1 2 3 4
Example : 0 = 34 09 1)F€ G4 has des(o) = 2 descents 2
e

and 3 and exc(o) = 2 exceedances 1 and 2.

A statistic equidistributed with des or exc is said to be Eulerian.
Example : ides defined by ides(c) = des(o™1).
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Mahonian statistics

The g-factorial [n]4! is defined as H . Z
=1+
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Mahonian statistics

i

The g-factorial [n]4! is defined as iﬁ1 11__(; .
Proposition (MacMahon)
We have
[n]g! = Z gmai@) = Z ¢inv(o)
oEG, oEGn
where

majo) = > i],

o(i)>a(i+1)
inv(o) = #{1 < i <j < n,a(i) > o(j)}-
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Mahonian statistics

i

The g-factorial [n]4! is defined as iﬁ1 11__(; .
Proposition (MacMahon)
We have
[n]g! = Z gmai@) = Z ¢inv(o)
oEG, oEGn
where

majo) = > i],

o(i)>a(i+1)
inv(o) = #{1 < i <j < n,a(i) > o(j)}-

The pairs (i, /) such that i < j and o(i) > o(j) are named
inversions.
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Mahonian statistics

4 . . .
Example : 0 = o) € G4 has inv(o) = 3 inversions

3
4
(1,2), (1,4) and a

1 2
31
(3,4), and maj(o) =1+ 3 =4.
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Mahonian statistics

4 . . .
Example : 0 = o) € G4 has inv(o) = 3 inversions

12 3
31 4
(1,2), (1,4) and (3,4), and maj(c) = 1 +3 = 4.

A statistic equidistributed with maj or inv is said to be Mahonian.
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.

@ The 2-major index maj,(o) of o is defined as the sum of

2-descents of o.
maj, (o) == Z i
o()>o(i+1)+2
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2-versions of the previous statistics

Let 0 € G,,.
@ A 2-descent of o is an integer i € [n — 1] such that
o(i)>o(i+1)+2.

desy (o) := number of 2-descents of o.

@ The 2-major index maj,(o) of o is defined as the sum of
2-descents of o.
maj, (o) == Z i
o(i)>o(i+1)+2

o A 2-inversion of o is a pair (i,j) € [n]? such that i < j and
0<o(i)—oc()<2(ie o(i)=0c(j)+1).

inva(o) := number of 2-inversions of o.
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Two pairs of statistics

Consider the pairs of statistics (maj,, invp) and (maj — exc, exc)
where, for all 0 € &,,.
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.

12 3 4 5
maj(0)=1+3=4
inv(o) =3
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Two pairs of statistics

Consider the pairs of statistics (maj,,inv2) and (maj — exc, exc)
where, for all 0 € &,,.
For example, let 0 = 53421 € S5 and 7 = 43251 € Gs.

12 3 4 5

maj(0)=1+3=4

inv(o) =3 maij(t)- exc(T) 1+2+4 8=1
exc(1)=3
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

An(q7 t) == Z qmaj(g)_eXC(U)teXC(U)’
ceG,

A$12)(q7 t) _ Z qmajz(a)tinvz(cr)‘
O'GGn
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

An(q7 t) == Z qmaj(g)_eXC(U)teXC(o)’
ceG,

A$12)(q7 t) _ Z qmajz(a)tinvz(cr)‘
O'GGn

Theorem 1 (Shareshian and Wachs, 2014)

For all n > 1, we have

AP)(q,t) = An(q, t).
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g-Eulerian polynomials

Let An(q,t) and Ag,z)(q, t) be the g-Eulerian polynomials

An(q7 t) == Z qmaj(g)_eXC(U)teXC(o)’
ceG,

A$12)(q7 t) _ Z qmajz(a)tinvz(cr)‘
O'GGn

Theorem 1 (Shareshian and Wachs, 2014)

For all n > 1, we have

AP)(q,t) = An(q, t).

The proof relies on quasisymmetric function techniques.
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Main result

Theorem 2 (B.,2015)

There exists a bijection ¢ : &, — &, such that
(majy(0), inva(0)) = (maj(1) — exc(T), exc(7))

for all o0 € &, and T = (o).
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Main result

Theorem 2 (B.,2015)

There exists a bijection ¢ : &, — &, such that
(majy(0), inva(0)) = (maj(1) — exc(T), exc(7))

for all o0 € &, and T = (o).

This proves combinatorially Theorem 1.
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € Gg (desz(0) = 3 and inva(o) = 4).
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Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € &g (desz(0) = 3 and inva(o) = 4).
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € &g (desz(0) = 3 and inva(o) = 4).

d[4]2 5[7]3 6 9[8] 1
0 1 2 3 4 5 6 7 8 9
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € &g (desz(0) = 3 and inva(o) = 4).

<\

[<[4]2 5[7]36 9[8]1
o 1 2 3 8 9

4 5 6 7
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € Gg (desz(0) = 3 and inva(o) = 4).

7 E
0 1

2 3 4 5 8

We compute a sequence (co, C1, - - - , Cdes, (o)) SUch that

> ¢i = inva(0).
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. e e Skeleton (graph) of ¢(o)
Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let 0 = 425736981 € Gg (desz(0) = 3 and inva(o) = 4).

We compute a sequence (co, C1, - - - , Cdes, (o)) SUch that

> ¢i = inva(0).

Main principle : for k from desy(o) down to 1, counting the
maximal number of 2-inversions (i1, 1), ..., (ip,Jjp) such that
dk<ii<...<ipand o(i) <...<0o(ip)
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let o = 425736981 € Gg (desz(0) = 3 and inva(o) =4).  We
compute a sequence (Co, C1, - - - ; Cdes, (o)) SUCh that Y ¢; = inva(o).

Main principle : for k from desy(o) down to 1, counting the

maximal number of 2-inversions (i1, 1), ..., (ip,jp) such that
dk <ip<...<ipand (i) < ... < a(ip).

[K[4]2 5[7]3 6 9 [&]1
7 3

0 17 2 3 4 5 6 9
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let o = 425736981 € Gg (desz(0) = 3 and inva(o) =4).  We
compute a sequence (Co, C1, - - - ; Cdes, (o)) SUCh that Y ¢; = inva(o).

Main principle : for k from desy(o) down to 1, counting the

maximal number of 2-inversions (i1, 1), ..., (ip,jp) such that
dk <ip<...<ipand (i) < ... < a(ip).

[K[4]2 5[7]13 6 9 [&]1
4 5 6 7 8

0 17 2 3 9

(C2, ): (27 )
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Computation of a sequence

Let o = 425736981 € Gg (desz(0) = 3 and inva(o) =4).  We
compute a sequence (Co, C1, - - - ; Cdes, (o)) SUCh that Y ¢; = inva(o).

Main principle : for k from desy(o) down to 1, counting the
maximal number of 2-inversions (i1, 1), ..., (ip,jp) such that
dk <ip<...<ipand (i) < ... < a(ip).
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Computation of a sequence

Let o0 = 425736981 € Gg (desz(0) = 3 and inva(o) =4). We
compute a sequence (Co, C1, - - -, Cges, (o)) SUCh that > ¢; = inva(0).

Main principle : for k from desy(o) down to 1, counting the
maximal number of 2-inversions (i1, 1), ..., (ip,jp) such that
dk <ip<...<ipand o(i) < ... < a(ip).
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Skeleton of (o)

We plot invy(o) circles corresponding with the sequence
(C0> Cly- s CdeSQ(U))'
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Skeleton of (o)

We plot invy(o) circles corresponding with the sequence
(C0> Cly- s CdeSQ(U))'

(C07 , Co, ): (17 727 )
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Skeleton of (o)

We plot invy(o) circles corresponding with the sequence
(C0> Cly- s CdeSQ(U))'

(C07 , Co, ): (17 727 )

Thev will be labelled with the excedant values of u(o
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Skeleton of (o)

We complete the graph by ploting dots following the descents of
the word (/1)o7 (i2) - - - 0(in—des,(s)) Where ik is not the beginning of
an arc of circle for all k.
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. e e Skeleton (graph) of ¢(o)
Construction of ¢ : Gp — Gn Labelling of the graph

Skeleton of (o)

We complete the graph by ploting dots following the descents of
the word (/1)o7 (i2) - - - 0(in—des,(s)) Where ik is not the beginning of

an arc of circle for all k.

8

-l\
© =~ "‘N
E
© A
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Skeleton (graph) of ¢(o)

Construction of ¢ : Gp — Gn Labelling of the graph

Skeleton of (o)

We demand that a dot should be a descent of the graph only if the
integer o(/) corresponding with the dot is squared. If not, we
permute circles so as to obtain the wanted situation.
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Skeleton of (o)

We demand that a dot should be a descent of the graph only if the
integer o (i) corresponding with the dot is squared. If not, we
permute circles so as to obtain the wanted situation.

o)

0 1T 2 3 4 5 8

)

© ==\
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Labelling of the graph

Construction of ¢ : G — S

Skeleton of (o)

We demand that a dot should be a descent of the graph only if the
integer o (i) corresponding with the dot is squared. If not, we
permute circles so as to obtain the wanted situation.

o)

0 1T 2 3 4 5 8

)

© ==\
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Skeleton of (o)

We demand that a dot should be a descent of the graph only if the
integer o (i) corresponding with the dot is squared. If not, we
permute circles so as to obtain the wanted situation.

6 9 [8]
6 7

0 1T 2 3 4 5 8

>
)

© ==\
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Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph

Labelling of the circles (excedances of (7))

We label the circles of the graph with the integers where the arcs of
circles are ended, while respecting the descents of the graph, the
fact that each circle should be an excedance value, and the order of
the arcs of circles.
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Labelling of the graph

Construction of ¢ : G — S

Labelling of the circles (excedances of (7))

We label the circles of the graph with the integers where the arcs of
circles are ended, while respecting the descents of the graph, the
fact that each circle should be an excedance value, and the order of
the arcs of circles.
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Labelling of the circles (excedances of (7))

We label the circles of the graph with the integers where the arcs of
circles are ended, while respecting the descents of the graph, the
fact that each circle should be an excedance value, and the order of
the arcs of circles.
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Skeleton (graph) of ¢(o)
Labelling of the graph

Construction of ¢ : G — S

Labelling of the circles (excedances of (7))

We label the circles of the graph with the integers where the arcs of
circles are ended, while respecting the descents of the graph, the
fact that each circle should be an excedance value, and the order of
the arcs of circles.

©
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Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph.

Labelling of the circles (excedances of (7))

We label the circles of the graph with the integers where the arcs of
circles are ended, while respecting the descents of the graph, the
fact that each circle should be an excedance value, and the order of
the arcs of circles.
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. e e Skeleton (graph) of ¢(o)
Construction of ¢ : G — S Labelling of the graph

Labelling of the dots (non excedance values of ¢(0)

We label the dots of the graph with the remaining integers while
respecting the descents of the graph, the fact that each dot should
not be an excedance value, and the order induced by the word

o(i1)o(i2) ... 0(ir—des, (o)) Where iy is not the beginning of an arc
of circle for all k.
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Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph

Labelling of the dots (non excedance values of ¢(0)
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Construction of ¢ : G — S Labelling of the graph

Labelling of the dots (non excedance values of ¢(0)
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Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph

Labelling of the dots (non excedance values of ¢(0)
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Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph

Labelling of the dots (non excedance values of ¢(0)

Ange Bigeni A bijection relating g-Eulerian polynomials



Skeleton (graph) of ¢(o)

Construction of ¢ : G — S Labelling of the graph

Definition of ¢(0)

o = 425736981 € G,
(majy(0),inva(0)) = (1 + 4 + 8, 4),

(o) := 956382471 € Gy,

maj((o)) — exc(p(0)), exc(p(0))) = (1 -1+3-2+5-1+8-10,4)
= (1+4+8,4).
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Extension

Thereafter Open problem

Extension

By using the same quasisymmetric function methode as Shareshian
and Wachs, Hance and Li proved that

Z Xamajz(o)yides(o)zars\c/z(cr) — Z Xmaj(a)fexc(a)yexc(a)zdes(a)
c€Gp 0€G,

where

asca(o) = #{i € [n—1],0(i) < o(i + 1) + 1} (number of 2-ascents),
. Jasco(o) if o(1) =1,
asca(7) = ascp(o) +1 if o(1) #1,

amaj(o) = Z i

o(i)<o(i+1)+1
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Extension

Thereafter Open problem

Extension

The bijection ¢ : &, — &, provides the equality

Z Xmajz(a)yinV2(a) zdfe\ng(o) _ Z Xmaj(o)—exc(o)yexc(o) ,des(o)

e, ce6,
where
— desy(0) under certain conditions,
desy(o) = _
desy(0) +1 otherwise.
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Extension

Thereafter Open problem

Extension

The bijection ¢ : &, — &, provides the equality

Z Xmajz(a)yinV2(0) zdfe\ng(o) _ Z Xmaj(o)—exc(o)yexc(o) ,des(o)

O'Een O'een
where
— dess> (o under certain conditions,
desa(o) = { 427 .
desy(0) +1 otherwise.

Open problem : prove combinatorially the equality of Hance and Li
by composing ¢ with a bijection mapping (maj,, desy, invy) to
(amayjy, ascy, ides).
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Extension

Thereafter Opealproblem

Open problem

Z Xmajz(ff) |nvz(o Z xMai (o)—exc(o) exc(a) inv(o)

ceG, ceS,
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