
1SRS²HI HI X]TI TPE\MUYI IX EPK«FVI HI
,STJ

7¬QMREMVI HY 0-<

.IER�&ETXMWXI 4VMI^

0EFSVEXSMVI HI 6IGLIVGLI IR -RJSVQEXMUYI
*EGYPX¬ HIW WGMIRGIW HŢ3VWE]

9RMZIVWMX¬ 4EVMW�7YH

���

1IVGVIHM �� 7ITXIQFVI ����

.��&� 4VMI^ �0�6�-� 0�-�<� �� � � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� %PK«FVI HI ,STJ 0�-�<� �� � � ��



-H¬I K¬R¬VEPI
0RQR°GH GH W\SH SOD[LTXH!→ $OJ©EUH GH +RSI � [4�� ��]

���

� � � � ��%PK«FVI

��

6IPEXMSRW �
ũ 4PE\MUYI
ũ 7]PZIWXVI
ũ 7XEPEGXMUYI
ũ &E\XIV
ũ Ū

� ��1SRS²HI � ��
UYSXMIRX HI
*57]Q�
;57]Q SY
457]Q

� ��EPK� HI ,STJ

� � � � ��'SEPK«FVI

�

'SVVIWTSRHERGI HI
X]TI 7GLIRWXIH

�
%WWSGMEXMZMX¬

�

ϕ�G
SRK

VYI
RGI

�

6IWXVMGXMSR
EY\ MRXIVZEPPIW

HŢEPTLEFIX

.��&� 4VMI^ �0�6�-� %PK«FVI HI ,STJ 0�-�<� �� � � ��



%PK«FVI HI ,STJ
$OJ©EUH GH +RSI FRPELQDWRLUH �$+&� �
ũ )WTEGI ZIGXSVMIPH
ũ EZIG YRI EDVH MRHI\¬I TEV YR HQVHPEOH JUDGXª FRQQH[H
ũ × � PI TVSHYMX DVVHPEOH PIW ¬P¬QIRXW

��� �� �
�� � �× ��� �� �

�� � �� = ��

� � � �� �
� � �� � ��
� �� � � �
�� � � � �

+ ��
� � � �� �
� �� � � ��
�� � �� � �

+ ��

� � �� �
�� � � ��
� �� � �
��

+ ��
� � �� �
� �� � ��
�� � �� �

+ ��
� � �� �
�� � � � ��
� �� � �� �

+ ��

� �� �
�� � � ��
� � �� �
� ��

+ ��
� � �� �
� �� � ��
�� � � � ��

+ ��
� �� �
�� � ��
� �� � ��

+ ��
� �� �
�� � ��
� �� � ��

+ ��

� �� �
�� � ��
� � � ��
� � ��

ũ ∆ � PI GSTVSHYMX GªVDVVHPEOH PIW ¬P¬QIRXW

∆( ��
� �� �
�� � ��
� ��

) = ��
� �� �
�� � ��
� ��

⊗ � + ��� �� �
�� � �� ⊗ ���� + ��� ��

�� � ⊗ ��� ��
�� � + . . .

.��&� 4VMI^ �0�6�-� %PK«FVI HI ,STJ 0�-�<� �� � � ��



%Q¬PMSVIV PŢI\TVIWWMZMX¬ HIW W¬VMIW JSVQIPPIW

5HPSODFHU OD QRWLRQ GH WDLOOH SDU OǆREMHW �

6H = ∑
Q⩾�

���� Q

Q! = � + ���� + �
�!( ����� �� + ��� ��

�� )
+ �
�!( ��

��
� ��
� � ��

+ � ��� ��
�� � �� + ��

� � ��
� ��
��

+ ��
��
� ��
��
+ ��

� ��
��
� ��
)

+ �
�!

⎛⎜⎜⎝. . . + �
��

� � �� � �

� �� � �� �

�� � � � ��
+ � ��

� � �� �

� �� � ��

�� � �� �
+ � ��

� � �� �

� �� � �

�� � �� �

� � � ��

. . .
⎞⎟⎟⎠ + . . .

3OXV GǆLQIRUPDWLRQV � 'ÖŴGMIRXW HI PŢEVFVI 7#→ 1RPEUH GH SHUPXWDWLRQV GRQQDQW 7 SDU LQVHUWLRQ GDQV XQ DUEUH
ELQDLUH GH UHFKHUFKH

.��&� 4VMI^ �0�6�-� %PK«FVI HI ,STJ 0�-�<� �� � � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� � � ��



1ERMTYPEXMSR HŢEPK«FVI HI ,STJ

5ªDOLVDWLRQ SRO\QRPLDOH � [,28 ��� 28 �� � ,MZIVX�4� ��]
ũ %TTPMGEXMSR ϕ ∶ A∗ → C

Hϕ(A) ∶= K⟨Pσ(A) ∣ σ ∈ C ⟩ ⊂ K⟨A⟩ ,
S¼Pσ(A) = ∑ϕ(X)=σ X�

ũ TVSHYMX � FRQFDWªQDWLRQ�

Pσ ×Pµ ≃Pσ(A) ⋅Pµ(A) = ⎛⎝ ∑ϕ(X)=σ
X
⎞
⎠ ⋅
⎛
⎝ ∑ϕ(Y)=µ

Y
⎞
⎠ = ∑

ϕ(X)=σ
ϕ(Y)=µ

X ⋅ Y
= ∑
∃XY∈ϕ−�(τ)
ϕ(X)=σ
ϕ(Y)=µ

Pτ(A) ≃∑
τ

Pτ

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� � � ��



ũ GSTVSHYMX � ŤGªGRXEOHPHQW GǆDOSKDEHWť
▸ H(A) ≃H(B) ≃H(A⊕B) ≃ ⋯

∆(Pσ) ≃ δA⇄B(Pσ(A⊕B)) = ∑
ϕ(Z)=σ

δA⇄B(Z)
= ∑

ϕ(Z)=σ
Z∣A ⊗Z∣B

≃∑
τ,µ

Pτ ⊗Pµ

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� � � ��



%TTPMGEXMSRW TEVXMXMSRRERXIW

7SMX Z ∶= YR QSX WYV N>��
6WDQGDUGLVDWLRQ �

'SRWXVYMX PŢXQLTXH σ ∈S E]ERX QQI ORQJXHXU IX QQI HQVHPEOH
GǆLQYHUVLRQV �(L, M) ∈ ,QY(Z) VVL L < M IX ZL > ZM�

VWG(Z) =
7DVVHPHQW � [(,8� ��]
'SRWXVYMX PŢXQLTXH X ∈ 4; E]ERX QQI ORQJXHXU N IX E]ERX QQI
HQVHPEOH GǆLQYHUVLRQV IX GHPL�LQYHUVLRQV �(L, M) ∈ �/�,QY(Z) VVL L < M IX
ZL = ZM�

SDFN(Z) =

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� � � ��



6¬EPMWEXMSR TSP]RSQMEPI HI *57]Q
7SMX σ ∶= ���� YRI TIVQYXEXMSR�
7SMX N>� PŢETLEFIX HIW IRXMIVW WXVMGXIQIRX TSWMXMJ�

+σ(N>�) = ∑
Z∈N∗>�

VWG(Z)=σ
Z = ∑

DGEF ∈N∗>�
D⩽E⩽F<G

DGEF

= ���� + ���� + ���� + ���� +⋯ + ���� +⋯ + ���� +⋯

ũ 7M σ ∶= ��� . . . = ,GQ PŢMHIRXMX¬ HI XEMPPI Q�

+σ(N>�) = ∑
X� ⩽ . . . ⩽ XQ

X� . . .XQ

ũ 7M σ ∶= Q(Q − �) . . . � PI QE\(SQ)�
+σ(N>�) = ∑

X� > . . . > XQ
X� . . .XQ

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� �� � ��



6¬EPMWEXMSR TSP]RSQMEPI HI *57]Q ��

+��� ×+�� ≃ +���(N>�) ⋅+��(N>�)
= ∑

DFE ∈N∗>�
D⩽E<F
GH∈N∗>�
G⩽H

DFE ⋅ GH = ∑
DFEGH ∈N∗>�
D⩽E<F⩽G⩽H

DFEGH + ∑
DFEGH ∈N∗>�
D⩽E⩽G<F⩽H

DFEGH + . . .

≃ +����� ++����� ++����� ++����� ++����� ++�����+
+����� ++����� ++����� ++�����

7SMX N>� ⊕N>� YR EPTLEFIX XIP UYI Q <P �

∆(+����) ≃ δ⇄(+����(N>� ⊕N>�)) = ∑
D⩽E<F<G

δ⇄(DGFE)
= ∑

D⩽E<F<G
DGFE⊗ ϵ + ∑

D⩽E<F<G
DFE⊗ G + ∑

D⩽E<F<G
DE⊗ GF +⋯

≃ +���� ⊗ � ++��� ⊗+� ++�� ⊗+�� ++� ⊗+��� + �⊗+����

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� �� � ��



6¬WYQ¬

ϕ ∶ A∗ → C YRI ETTPMGEXMSR TEVXMXMSRRERXI

Hϕ(A) ∶= K⟨Pσ(A) ∣ σ ∈ C ⟩
$OJ©EUH GH +RSIHϕ(A) �
ũ TVSHYMX ! FRQFDWªQDWLRQ
ũ GSTVSHYMX ! GªGRXEOHPHQW GǆDOSKDEHW

([HPSOHV �
ũ *57]Q�
ũ ;57]Q�
ũ 457]Q�
ũ Ū

.��&� 4VMI^ �0�6�-� 6¬EPMWEXMSR TSP]RSQMEPI 0�-�<� �� �� � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



1SRS²HIW TPE\MUYI#

[4SMVMIV�6IYXIREYIV ���� (YGLEQT�,MZIVX�8LMFSR ���]
5HODWLRQV 3OD[LTXHV �

X ⋅ DFE ⋅ Y ≡S X ⋅ FDE ⋅ Y EZIG D ⩽ E < F
X ⋅ EDF ⋅ Y ≡S X ⋅ EFD ⋅ Y EZIG D < E ⩽ F

0ŢDOJRULWKPH GH 6FKHQVWHG GEPGYPI PIW FODVVHV SOD[LTXHV�

( )→
��
�

�
�

�
�

�
�

�
�

�

�
�

�

�

�
�

�

�

��

�

��

�

��

6¬EPMWEXMSR HI )6\P � PŢDOJ©EUH GH +RSI GHV WDEOHDX[� UYSXMIRX HI
)46\P TEV PIW UHODWLRQV SOD[LTXHV

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



'SRKVYIRGI IX ϕ�GSRKVYIRGI
7SMIRX X�Y�Z IX [ HIW QSXW�

&RQJUXHQFH �

9RI UHODWLRQ GǆªTXLYDOHQFH ≡ IWX YRI FRQJUXHQFH WM

X ≡ Y IX Z ≡ [ EPSVW X ⋅Z ≡ Y ⋅Z�
ϕ�FRQJUXHQFH �

9RI FRQJUXHQFH IWX YRI ϕ�FRQJUXHQFH WM

X ≡ Y WM IX WIYPIQIRX WM { ϕ(X) ≡ϕ(Y)
HY(X) = HY(Y)

S¼ HY(Z) GSQTXI PIW SGGYVIRGIW HI GLEUYI PIŻVI�

5HPDUTXH � S,4; IX 4* TIYZIRX XVI MHIRXMŲIV £ HIW QSXW
5DSSHO � ϕ IWX VWG� SDFN SY SDUN

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



'SRKVYIRGI IX ϕ�GSRKVYIRGI
7SMIRX X�Y�Z IX [ HIW QSXW�

&RQJUXHQFH �

9RI UHODWLRQ GǆªTXLYDOHQFH ≡ IWX YRI FRQJUXHQFH WM

X ≡ Y IX Z ≡ [ EPSVW X ⋅Z ≡ Y ⋅Z�
ϕ�FRQJUXHQFH �

9RI FRQJUXHQFH IWX YRI ϕ�FRQJUXHQFH WM

X ≡ Y WM IX WIYPIQIRX WM { ϕ(X) ≡ϕ(Y)
HY(X) = HY(Y)

S¼ HY(Z) GSQTXI PIW SGGYVIRGIW HI GLEUYI PIŻVI�

5HPDUTXH � S,4; IX 4* TIYZIRX XVI MHIRXMŲIV £ HIW QSXW
5DSSHO � ϕ IWX VWG� SDFN SY SDUN ��

��

����≡S���� , ���≡S���⇓ ⋅
���� ⋅ ���≡S ���� ⋅ ���⇓ VWG

����≡S����, ���≡S���,
�������≡S�������

��

)\IQTPI � ϕ�GSRKVYIRGI

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



6IWXVMGXMSR EY\ MRXIVZEPPIW HŢEPTLEFIX

[0EWGSY\�7GL¿X^IRFIVKIV� ��]
9RI FRQJUXHQFH IWX GSQTEXMFPI £ PE UHVWULFWLRQ DX[ LQWHUYDOOHV
GǆDOSKDEHW WM TSYV XSYX MRXIVZEPPI , ⊂ A�

WM X ≡ Y EPSVW X, ≡ Y,
S¼ Z, IWX PE VIWXVMGXMSR HI Z £ ,�

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



6IWXVMGXMSR EY\ MRXIVZEPPIW HŢEPTLEFIX

[0EWGSY\�7GL¿X^IRFIVKIV� ��]
9RI FRQJUXHQFH IWX GSQTEXMFPI £ PE UHVWULFWLRQ DX[ LQWHUYDOOHV
GǆDOSKDEHW WM TSYV XSYX MRXIVZEPPI , ⊂ A�

WM X ≡ Y EPSVW X, ≡ Y,
S¼ Z, IWX PE VIWXVMGXMSR HI Z £ ,���

��

�������≡S�������
6IWXVIMRX £ ?���A∶ ���≡S���
6IWXVIMRX £ ?���A∶ �����≡S�����

� 6IWXVIMRX £ ?���∞] ε≡Sε⋮�

)\IQTPI � 6IWXVMGXMSR EY\ MRXIVZEPPIW

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



'SRKVYIRGI HI X]TI 4PE\MUYI

9RI FRQJUXHQFH ≡ IWX ϕ�FRQJUXHQFH GH W\SH SOD[LTXH WM
ũ ≡ IWX ϕ�FRQJUXHQFH� IX�
ũ ≡ IWX GSQTEXMFPI £ PE UHVWULFWLRQ DX[ LQWHUYDOOHV GǆDOSKDEHW

��

7SMXHϕ(A) YRI DOJ©EUH GH +RSI FRPELQDWRLUH H¬ŲRMI TEV V¬E�
PMWEXMSR TSP]RSQMEPI�

0I UYSXMIRX Hϕ(A)/ ≡ �EZIG ≡ YRI ϕ�FRQJUXHQFH GH W\SH
SOD[LTXH IWX YR TXRWLHQW GH +RSI �HI FEWI MRHI\¬I TEV C/ ≡�

�

8LISVIQ �[4�� ��]

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



3TIVEXMSRW WYV PIW GSRKVYIRGIW HI X]TI TPE\MUYI
7SMIRX ∼ IX ≈ HIY\ ϕ�FRQJUXHQFH GH W\SH SOD[LTXH�

0ŢXQLRQ ∼ ∨ ≈ � PE SOXV SHWLWH FRQJUXHQFH GSRXIRERX PIW HIY\�

0ŢLQWHUVHFWLRQ ∼ ∧ ≈ � PE GSRKVYIRGI ≡ XIP UYI X ≡ Y WM X ∼ Y DQG X ≈ Y�

��0ŢXQLRQ IX PŢLQWHUVHFWLRQ HI HIY\ ϕ�FRQJUXHQFHV GH W\SH
SOD[LTXH WSRX HIW ϕ�FRQJUXHQFHV GH W\SH SOD[LTXH�

�

8LISVIQ �[4�� ��]

��6WUXFWXUH GH WUHLOOLV WYV GIW DOJ©EUHV GH +RSI ��

'SVSPPEV]

.��&� 4VMI^ �0�6�-� 'SRKVYIRGI HI X]TI TPE\MUYI 0�-�<� �� �� � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW
'SRKVYIRGI 7]PZIWXVI
'SRKVYIRGI 7XEPEGXMUYI
3T¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� )\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW 0�-�<� �� �� � ��



'SRKVYIRGI 7]PZIWXVI [,28 ��]
5HODWLRQ �

X ⋅ DF ⋅Z ⋅ E ⋅ Y ≡V\OY X ⋅ FD ⋅Z ⋅ E ⋅ Y EZIG D ⩽ E < F
$OJRULWKPH GH W\SH 6FKHQVWHG � MRWIVXMSR HERW YR EVFVI FMREMVI HI
VIGLIVGLI �%&6

(���������)→ ��

� � � � ��� �

� � � ��� �

� ��� � � � ���

��� � ��� � ��� �

� � � ��� � ���

→ ��

� � � � �� �

� � � �� �

� �� � � � ��

�� � �� � �� �

� � � �� � ��

6HULH � 'EXEPER

6¬EPMWI PŢDOJ©EUH GH +RSI GH 0SHE]�6SRGS �3%7

.��&� 4VMI^ �0�6�-� )\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW 0�-�<� �� �� � ��



'SRKVYIRGI 7XEPEGXMUYI [,28 ��]
5HODWLRQ �

X ⋅ ED ⋅Z ⋅ E ⋅ Y ≡VWDO X ⋅ DE ⋅Z ⋅ E ⋅ Y
$OJRULWKPH GH W\SH 6FKHQVWHG � MRWIVXMSR WXEPEGXMUYI

,GªH � HIVRM«VI SGGYVVIRGI � QYPXMTPMGMX¬

( )→ ����
�
� ��

�
�

�

�

�

�

�

� �� ��
�

�
�

� ��
�

�
�

�

�

�

�

�

�

'Q ∶= ∑Q
N=� N!(Q−�N−�) �N =# PIŻVIW HMWXMRGXIW�

6ªULH ∶ 6W(]) = ∑
Q⩾�'Q]Q = � + ] + �]� + ��]� + ��]� + ���]� + ����]� +⋯

6¬EPMWI PŢDOJ©EUH GH +RSI 6WDODFWLTXH �:46\P�≡VWDO

.��&� 4VMI^ �0�6�-� )\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW 0�-�<� �� �� � ��



7]PZIWXIV YRMSR 7XEPEGXMG [4�� ��]
5HODWLRQV �

X ⋅ DF ⋅Z ⋅ E ⋅ Y ≡V\OY X ⋅ FD ⋅Z ⋅ E ⋅ Y EZIG D ⩽ E < F
X ⋅ ED ⋅Z ⋅ E ⋅ Y ≡VWDO X ⋅ DE ⋅Z ⋅ E ⋅ Y

$OJRULWKPH GH W\SH 6FKHQVWHG � BST P ∶= EREPSKYI MRWIVXMSR HERW
%&6

BST P( ) = ��

� ����

���� � ����

� ����

��� → ��

� ���
��� � ���
� ���

$XWUHV UªVXOWDWV �
ũ )RUPXOH GHV ªTXHUUHV �TVIYZI TEV W¬VMI K¬R¬VEXVMGI
ũ 6ªULH � 6(W) = �−W−√�W�−�W+�

�W = � + W + �W� + ��W� + ��W� + ���W� + . . .
.��&� 4VMI^ �0�6�-� )\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW 0�-�<� �� �� � ��



7]PZIWXIV YRMSR 7XEPEGXMG [4�� ��]
5HODWLRQV �

X ⋅ DF ⋅Z ⋅ E ⋅ Y ≡V\OY X ⋅ FD ⋅Z ⋅ E ⋅ Y EZIG D ⩽ E < F
X ⋅ ED ⋅Z ⋅ E ⋅ Y ≡VWDO X ⋅ DE ⋅Z ⋅ E ⋅ Y

$OJRULWKPH GH W\SH 6FKHQVWHG � BST P ∶= EREPSKYI MRWIVXMSR HERW
%&6

BST P() ��� �� � �� �

$XWUHV UªVXOWDWV �
ũ )RUPXOH GHV ªTXHUUHV �TVIYZI TEV W¬VMI K¬R¬VEXVMGI
ũ 6ªULH � 6(W) = �−W−√�W�−�W+�

�W = � + W + �W� + ��W� + ��W� + ���W� + . . .
���

����� × ��
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%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� 8VIMPPMW 0�-�<� �� �� � ��



8VIMPPMW HŢEPK«FVIW HI ,STJ

��

��*57]Q � � � ��;57]Q �

��4&8 � � � � � ��;57]Q/ ≡V\OY
�

��&E\XIV ��*7]Q � ��;57]Q/ ≡S �

�

��57]Q � � � � ��;57]Q/ ≡K\SR
� � � � ��;57]Q/ ≡VWDO
� � � ��;57]Q≡VWDO∨SOD[ � � ��;57]Q/ ≡V\OY∨ VWDO

.��&� 4VMI^ �0�6�-� 8VIMPPMW 0�-�<� �� �� � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� 4IVWTIGXMZIW 0�-�<� �� �� � ��



4IVWTIGXMZIW

ũ %KVERHMV PI XVIMPPMW
▸ 6WDODFWLTXH ∨ 3OD[LTXH #

6*(W) = � + W + �W� + �W� + ��W� + ��W� + . . .

��0IW GSRKVYIRGIW HI 2� 6IEHMRK WSRX HIW GSRKVYIRGIW
HI X]TI TPE\MUYI�

�

'SRNIGXYVI

ũ 0MIRW EZIG PIW EPK«FVIW HIRHVMJSVQIW

.��&� 4VMI^ �0�6�-� 4IVWTIGXMZIW 0�-�<� �� �� � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR

.��&� 4VMI^ �0�6�-� 'EQFVMIR 0�-�<� �� �� � ��



'EQFVMIR
5HODWLRQV �

X ⋅ DF ⋅Z ⋅ E ⋅ Y ≡ X ⋅ FD ⋅Z ⋅ E ⋅ Y EZIG D ⩽ E < F IX VLJQ(E) = −
X ⋅ E ⋅Z ⋅ DF ⋅ Y ≡ X ⋅ E ⋅Z ⋅ FD ⋅ Y EZIG D < E ⩽ F IX VLJQ(E) = +

6ªULH JªQªUDWULFH �

I(W) = ∑
Q⩾�&Q(�W)Q = � + �W� + �W� + ��W� + ���W� + ����W� + ����W� +⋯

'HPL�&DPEULHQ�6\OYHVWUH VLJQª " �

X ⋅ DF ⋅Z ⋅ E ⋅ Y ≡ X ⋅ FD ⋅Z ⋅ E ⋅ Y EZIG D ⩽ E < F IX VLJQ(E) = −
6ªULH " �

J(W) = � + �W + �W� + ��W� + ���W� + ����W� + �����W� + ������W� +⋯

.��&� 4VMI^ �0�6�-� 'EQFVMIR 0�-�<� �� �� � ��



%PK«FVI HI ,STJ

6¬EPMWEXMSR TSP]RSQMEPI

'SRKVYIRGI HI X]TI TPE\MUYI

)\IQTPIW HI GSRKVYIRGI HI X]TI TPE\MUYI IX ST¬VEXMSRW

8VIMPPMW

4IVWTIGXMZIW

'EQFVMIR
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,SSO PIRKXL JSVQYPE � &8Q

)RUPXOD �

KO(7) = ∣7∣ (∏
W∈7
∣7∣ × (H(W) − �)!)−�

*HQHUDWLQJ VHULHV SURRI �

[ = D +∑
N⩾�

%N([, [)
[MXL %N([, \) E FMPMRIEV QET ERH MXW ZEPYEXMSR MW WXVMGXP] KVIEXIV
XLER HY([) + HY(\)�

.��&� 4VMI^ �0�6�-� )\XVE 0�-�<� ��



(IRHVMJSVQ VIWYPXW

��8LI ≡ GEVVMIW XLI GHQGULIRUP VWUXFWXUH SJ XLI FRQYROXWLRQ SUR�
GXFW�

�

0IQQE

0IX ≡ E SODFWLF�OLNH FRQJUXHQFH�

��-J JSV ER] X, Y WYGL XLEX X ≡ Y [I LEZI ODVW(X) = ODVW(Y) XLIR
XLI GSRKVYIRGI GEVVMIW XLI FRGHQGULIRUP VWUXFWXUH SJ∆�

�

0IQQE

:RUN LQ SURJUHVV � Ť8LISVIQť

-J ≡ VIWTIGXW XLI TVIZMSYW 0IQQE XLIRH/ ≡QYWX FI DXWRGXDOŪ
.��&� 4VMI^ �0�6�-� )\XVE 0�-�<� ��
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