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@ We are given r convex d-polytopes P, Py, ..., P, in E? let
P=P &P,®---® P, be the Minkowski sum of these polytopes.

What is the (exact) maximum number of k-faces f;.(P) of P, where
0<k<d-17

@ In other words we seek to find a function ®(d, ) such that, for all
possible Py, P, ..., P., we have

fe(P) < ®r(d,r)

and @ (d,r) is as small as possible (ideally: tight).
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Minkowski sums

@ Given two sets P and (), their Minkowski sum is defined as

PoQ={p+q|lpcPqcQ}

[Image from www.cgal.org]
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@ The size/cardinality/complexity of a (mathematical) structure is the
first thing you want to know.
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Why do we care? (a.k.a. Motivation)

@ The size/cardinality/complexity of a (mathematical) structure is the
first thing you want to know.

@ Important in many many applications. To name a few:

o Combinatorial Geometry, Computational Geometry, Computer
Algebra

@ Graphics, Robotics, Motion Planning, Assembly Planning,
Computer-Aided Design

o Game Theory, Biology, Operations Research
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@ If P, and P, are convex, then P, & P, is also convex, i.e.,
Py ® Py =conv({p+q|p€ P1,q € P2}).

o In particular, if P; and P, are convex polytopes, so is P; @© Ps.

® For the convex polytope case, f;(P; @ P») is maximized if P, and
Py are in general position (cf. [Fukuda & Weibel 2007]).
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Bounds in E?

@ For 2-polytopes (polygons) the following worst-case bounds are well

known (at least since the 1990's):
o If P, P, ..., P, are convex, then:

r

filPrePre - &P)<Y n;, k=01

i=1
e If PP, is convex and P, is non-convex, then:

fk(Plepg) :(~)(n1n2), /i:()].

e If both P, and P, are non-convex, then:

fk:(Pl D PQ) = @(71%773)7 k= 0, 1.

where n; is the number of vertices (or edges) of P;.
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Asymptotic bounds in [

@ For 3-polytopes the following worst-case asymptotic bounds are
known (see, e.g., | D:

If both P, and P, are convex, the complexity of P; & Ps is in
O(nins9).

If both P, and P, are non-convex, the complexity of P, & P,
is in ©(nin3).

@ For two 3-polytopes where one is convex and one is non-convex,
see, e.g., | ]
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Utilizing the Cayley trick it is easy to deduce that the complexity of
P& Py is in O((ny + na)l“54)).

o For d > 2 even this is tight.
o It is also tight for ny = n2 = O(n).

For r polytopes, with n vertices each, the Cayley trick gives:
O(nl=57)).
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Asymptotic bounds in [E“

@ Utilizing the Cayley trick it is easy to deduce that the complexity of
PL@® Py is in O((ny + na)L 2.

e For d > 2 even this is tight.
e It is also tight for n1 = ny = O(n).

For r polytopes, with n vertices each, the Cayley trick gives:
O(nt=%)).

@ Ford > 3 odd, the worst case complexity of P; & P» is in
()(mnz Iy 712711 ) (cf. [K D-
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@ Utilizing the Cayley trick it is easy to deduce that the complexity of
PL@® Py is in O((ny + na)L 2.
e For d > 2 even this is tight.
e It is also tight for n1 = ny = O(n).
For r polytopes, with n vertices each, the Cayley trick gives:
O(nt=%)).
@ For d > 3 odd, the worst case complexity of P; & P» is in
()(mn2 +712n1 ) (cf. [K D-
@ Forr>d>2] ] has shown that the the number of

vertices of P, & @ P, is at most (," )n?"!, where n is the
number of vertices of each polytope.

@ For 2 <r <d-—1, we have shown that the worst-case complexity of
P&---@ P, isin ()(71L S ) where, again, n is the number of
vertices of each polytope (cf. [K ]
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Summary of known exact tight worst-case bounds

Exact tight worst-case bounds for the number of faces of the Minkowski
sum of r d-polytopes are known in the following cases:

[ d [ 7 [ k [ in terms of: ]
[>2] > 2 [ 0,...,d—1(all faces) [ # of non-parallel edges |
2 2 0,1 (all faces) # of vertices or # of facets
3 2 0,1,2 (all faces) # of vertices or # of facets
3 >2 2 (facets) # of facets
> 2 >2 0 (vertices) 7 of vertices
>4 2,..., 9] 0,..‘.Lf§]J77' # of vertices
>3 2,..., d—1 0,..., | =L —» # of vertices
> 2 2,3 0,..., d — 1 (all faces) # of vertices
[ > 2 [ >4 [ 0,...,d—1 (all faces) [ # of vertices l

@ Thistalk: d>2,r=2,3and0<k <d—1 (in terms of the
number of vertices of the d-polytopes).
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Our results for two polytopes (in more detail)

Result
Let P, P> be d-polytopes, d > 2, with n; > d + 1 vertices, j = 1,2. Then:

L (a1 & [y —d—2+4i
_ < — - A
fe—1(PL®P:) < fu(Cayi(ni+nz)) ; (lc—}— 1— z) ; ( ; ),

where 1 < k < d, and C4(n) stands for the cyclic d-polytope with n vertices.
These bounds are tight.

o

Theorem (Upper Bound Theorem [/« //iiilen 1070])
Let P be a d-polytope, d > 2, with n > d + 1 vertices. Then:

d

fer(P) < fua(@atm) = Y ((Z) + (,HH)) ("dy-,l*")

where 1 < k < d, and C4(n) stands for the cyclic d-polytope with n vertices.

v
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@ Given a d-polytope P, its f-vector f(P) is the (d + 1)-dimensional vector

F(P) = (f-1(P), fo(P), ..., fa-1(P))
@ fi(P) is the number of k-faces of P; f_1(P) =1 (empty set).

@ The h-vector h(P) of a simplicial d-polytope P is the
(d + 1)-dimensional vector

h(P) = (ho(P),h1(P),...,ha(P))
where
hi(P) := S0 o (=) ({2 fima(P), 0<k<d.
@ The g-vector of P is the (| ] + 1)-dimensional vector
9(P) = (90(P); 91(P); ..., g 4/ (P))
where go(P) = 1, and gi(P) = hp(P) — he—1(P), 1 <k < [4].
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Dehn-Sommerville egs. and bounds on f(F7), h(FP), g(P)

@ For every simplicial d-polytope P, the, so called, Dehn-Sommerville
equations hold:

hd,k(P) = hk(P), 0 S k S d

@ For all k> 0 we have: fr_1(P) < (}), where n is the number of vertices
of P.

@ Forall k > 0 we have: 1y (P) < ("4 ).
@ Forall k > 0 we have: gi(P) < ("4 *™").

@ git1-1(P)=—gr(P), 0 <k <d+ 1 (we can extend the definition of
g(P) using the Dehn-Sommerville equations for P).

@ The maximal values for the f-, h-, and g-vector of a polytope P are all
attained “simultaneously”, and, in particular, when P is a neighborly
polytope.
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Shellings

Definition

Let C be a pure simplicial polytopal d-complex.
A shelling S(C) of C is a linear ordering

Iy, Fy, ..., Fs of the facets of C such that for
every i < j there exists an / < j such that the
intersection F; M F is contained in F; N F},
and such that F; N F; is a facet of Fj.

@ Every polytopal complex that has a
shelling is called shellable.

@ The boundary complex of a polytope of
always shellable (cf. [

D-

@ Given a shellable complex C, the star/link
of a vertex v € vert(C) is also shellable.
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Shellings

Definition

Let C be a pure simplicial polytopal d-complex.

. A shelling $(C) of C is a linear ordering
(“ Fi, Fs, ..., Fs of the facets of C such that for
‘ every i < j there exists an / < j such that the

intersection F; M F is contained in F; N F},
and such that F; N F; is a facet of Fj.

@ Every polytopal complex that has a
/ shelling is called shellable.

X

f @ The boundary complex of a polytope of
always shellable (cf. [

D-

@ Given a shellable complex C, the star/link
of a vertex v € vert(C) is also shellable.

/|
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Shellings, restrictions and /-vectors

Consider a pure shellable simplicial polytopal complex C and let
$(C) = {Fi1,..., Fs} be a shelling order of its facets.

@ The restriction R(F;) of a facet F} is the set of all vertices v € F}; such
that £} \ {v} is contained in one of the earlier facets.

Also R(Fy) =0 and R(F;) # R(F}) for all i # j.

@ The vertex set R(F}) forms a face G of F;. G is called the minimal new
face at the j-th shelling step.

@ For a polytope P, hi(P) counts the number of facets of P whose
restriction has size k& (and this is independent of the chosen shelling).
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£(Q) = (1,19,51,34) ho(Q/v) < ho(Q) -
h(Q) =(1,16,16,1) h1(Q/v) < hi1(Q) <
£(Q/v) = (1,6,6) ha(Q/v) < ha(Q) <
h(Q/v) = (1,4,1) hs(Q/v) < hs(Q) <[o]

#/ EIEIEE]

7
|

A/\




» Skip figures

£(Q) =(1,19,51,34) ho(Q/v) < ho(Q) <
h(Q) = (1,16,16,1) h1(Q/v) < h1(Q) [¢]<
£(Q/v) = (1,6,6) h2(Q/v) < h2(Q) <
h(Q/v) = (1,4,1) hs(Q/v) < hs(Q) [o]<[o]

7
|

A/\




» Skip figures

£(Q) = (1,19,51,34) ho(Q/v) < ho(Q) <
h(Q) = (1,16,16,1) h(Q/v) < hi(Q) [4]<
F(Q/v) = (1,6,6) ha(Q/v) < ha(Q) <
h(Q/v) = (1,4,1) ha(Q/v) < h3(Q) [o]<

7
|

A/\




h(Q) = (1,16,16,1) « hi(:) counts the number of vertices in the dual graph
h(Q/v) = (1,4,1) with in-degree k.

31,7729/°27/28 | 30 \ 32\ 34\




For a simplicial d-polytope we have:

d g 4] g ., o
fk_l(P):Z(k—i)hi(P):Z(k_i)h”(PH > (k—i)hi(P)
B o i=g]+1
L%J d—1 ’—%]—1 ;

-2 (o _rpr+ ;O (k_dﬂ)hd—i(P)

s L1454

d—i )
(k—i)hi(P)+ ;0 (k_d_H,)hi(P)

3]
=0

Is9

2

- ;* ((Z:z) * (k_fiﬂ)) hi(P)



For any n-vertex simplicial shellable (d — 1)-complex we have:

(k+ Dhies1(C) + (d = k)hi(C) = Y he(C/v)

vevert(C)

But on the other hand:
hi(C/v) < hi(C),

which gives:
(k4 Dhis1(C) + (d = k)he(C) < > hae(C) =n- ha(C)
vevert(C)
or, equivalently,
hisr(C) < "%J{k hi(C).
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Solving the recurrence relation and finishing up

Using the fact that ho(P) = 1, we can solve the recurrence relation and get:

k> 0.

hi(P) < (n—d;l—&—k:)

Substituting this bound in relations above, we get:

d

fea(P) =377 <<Z_§> N (A—ld+7>> ha(P)
S ((d-i i n—d—1+k
<3 () i) (75

The above bound is tight for n-vertex | 4 |-neighborly d-polytopes (e.g., the
cyclic d-polytopes Cy(n)).
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McMullen's methodology in a glance

=

) Consider the h-vector h(P) of P.

)

Use the Dehn-Sommerville-like equations for P.

Prove a recurrence relation for the elements of h(P).

®

Prove bounds for the elements of h(P) (using ®).

® Compute bounds for the elements of the f-vector f(P) of P using @ and
the bounds on the elements of h(P).
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Our methodology

For the upper bound we proceed in way analogous to that of | ]
for proving the UBT for polytopes:

-> We use the Cayley embedding to define a set of faces F such that
[o(F) = fici(PL@® P), 1 <k <d.

@ We define the h-vector h(F) of F.

@ We establish Dehn-Sommerville-like equations for h(F).
® We prove a recurrence relation for the elements of h(F).
@ We prove bounds for the elements of h(F) (using ®).

® We compute bounds for the elements of the f-vector f(F) of F using @
and the bounds on the elements of h(F)

~> bounds on the elements of f(P1 & P%).
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The Cayley embedding & the Cayley trick

@ Cayley embedding:
Given two d-polytopes P; and Ps,
embed P; (resp., %) in the
hyperplane of E“*! with equation
{zar1 =0} (resp., {zay1 = 1}).

@ Cayley trick:
The intersection of the Cayley
polytope P = conv({P1, P»}) with
the hyperplane {z 11 = \},
A € (0,1), is the weighted Minkowski
sum (1 — )\)P] D NPs.

For any two values of A\ € (0, 1), the
weighted Minkowski sums are
combinatorially equivalent to each
other and to P & P.
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The Cayley embedding & the Cayley trick

@ Cayley embedding:
Given two d-polytopes P; and Ps,
embed P; (resp., %) in the
hyperplane of E“*! with equation
{zar1 =0} (resp., {zay1 = 1}).
@ Cayley trick:
The intersection of the Cayley
polytope P = conv({P1, P»}) with
the hyperplane {z 11 = \},
A € (0,1), is the weighted Minkowski
sum (1 — )\)P] D NPs.

Call F the set of faces of P intersected
by {z4+1 = A}. Then for all
1<k<d:

f6(F) = fo—1(P1 © P2).
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Double stellar subdivision of the Cayley embedding

@ W.l.o.g., we can assume that P is almost
simplicial (except possibly its facets P;
and /).

@ Add two points y; and y2 so that they
are beyond the facets P, and P, of P,
and beneath any other facet of P.

@ Let Q = conv(Vi UVaU{y1,y2}).
Observe that Q) is simplicial.

The faces of 9Q) that are not faces of F
are exactly the faces of the star S; of y;
inoQ, j =1,2.

The link 9Q/y; of y; in OQ is the
boundary complex 0P;, j = 1,2.
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Dehn-Sommerville equations for F

@ We can show that, forall 0 < k <d+ 1:

hi(0Q) = hi.(F) + hi.(OP1) + hi(OP2).

@ Using the Dehn-Sommerville equations for (), we get:

hav1—k(F)+har1-k(0P1) +hat1-k(0P2) = hi(F)4hg(OP1) +hi (OF:).

@ After using the Dehn-Sommerville equations for 0P;:

hd+17k(]:) + hk,l(aPl) + hk,l(OPg) = hk(]‘—) —+ hk(c‘)Pl) + hk (8P2)

@ Since g1.(0P;) = hi,(OP;) — hi,—1(0F;), we arrive at the relation:
hat1—k(F) = he(F) + ge(OP1) 4 gr(0P2) = hi(K).
where /C is the closure of F under inclusion.
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For all 0 < k <d,

ni+ne—d—1+k

hiat(F) <
k+1(F) < P

hi(F) + —— + 9k (0P2) + gk (0P1).

_n2
k+1

Since @ is a (d + 1)-polytope, and P;, P are d-polytopes, we have: (cf. [McMullen

1970]):
(k+ Dhii1(0Q) + (d+ 1 — k)he(8Q) = > hi(9Q/v), 0<k<d.
veV
(k+ D)hpg1(OP;) + (d — k)hi(0P;) = > hi(0P;/v), 0<k<d—1.
veV;

From these relations and after some algebra, we arrive at:

2
(k+ Dhi1 (F) + (d+ 1= k)hy(F) =Y (Z [he(K/v) = gk(aPi/'U)]> :

i=1 \veV;




The recurrence relation for the elements of h(F)

Claim

If the claim is true, we get:

ST [he(K/v) — gk (0P1/0)] < D [hip(K) — 95 (8P1)] = n1[hy (F) + 95 (0P2)],

vEV] vEV]
> he(K/v) = gr(OP2/0)] < Y [hi(K) = g (0P2)] = nalhs (F) + g (9P1)].
vEVy vEVY

We thus conclude that, for 0 < k < d:
(k+ Dhpy1 (F) + (d+ 1 = k)hg(F) < (01 + n2)hg(F) + ni1ge(9P2) + nagr(0Pr)

Solving for hj,41(F) gives the relation in the statement of the lemma. O




@ Let Xy = IC\8P1 = IC1\81, where 1 = KUS; and S; = Star(yi,aQ), i=1,2.
~ hy(X1) = h (K1) = hye(S1) = hi(K) — g (OPy)
hk(Xl/’U) = hk(ICl/v) - hk(Sl/v) = hk(’C/’U) - gk(aPl/v), for all v € Vel‘t(aPl)

»

51,7%0/21 s | 50\ NN

b ¢ by b 7 by b B by b
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Proof of the Claim by ... example

@ Let X = IC\8P1 = }C1\51, where 1 = KUS; and S; = Star(yi,aQ), 1=1,2

In a shelling of 9Q) that shells S; first and Sz last, hj (X1) counts the # of vertices of
in-degree k in G2 (9Q), that are dual to facets in K.

Analogously: In the induced shelling of 9Q /v, hj (X1 /v) counts the # of vertices of
in-degree k in G (9Q/v), that are dual to facets in C/v.

h(X) = (0,8,9,0)
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@ Let Xy = IC\8P1 = IC1\81, where 1 = KUS; and S; = Star(yi,aQ), i=1,2.

,\ Since G2 (9Q/v) is (isomorphic to) a subgraph of G*(9Q), we deduce that
hy(K/v) = gi(0P1/v) = hi(X1/v) < hi(X1) = hi(K) — g (OP1).

h(X) =(0,8,9,0) h(X/v) =(0,3,1)




Forall0 <k<d+1,

hi(F) < (n1+n2—kd—2+k)_(nl—dk—2+k)_(n2—dk—2+k).

The upper bound follows by induction on k, from the recurrence relation for h(F),
and the upper bounds for g(0P;) and g(9F%). O




di1 L4 d+1
fk l(f) Z(d+l Z)h (.F) Z d+1 ’L)h (]_—)+ Z d+1 z)h
=0 1=0 i L%J-ﬁ-l
| 14
- Z d+1 ‘ h’ (}-)+Z (k d— 1+z)hd+1 Z(J:)
=0
L%J L4)
= > (B l)h<f>+2(k a1y (hi(F) + gi(OP1) + gi(0P2))
1=0 =0
a4 L4)
_ *(d+1 Nt (ot 1+1))h F)+ D (i’ 140 (9:(0P1) + i (0P2))
i=0 i=0
S — .. =
124
= fi—1(Capr(n1 +mn2)) = > (*F'7 Z)Z("j_d !
=0



k
@ h(P) =3 (=D ({Z) fiaP), 0<k<ad
i=1

> fe(F) = fr-1(P1 & P2), 1<k<d

k
O h(F) =3 (DGR ), o<k <d+1
i=1



k . -
@ he(P)=> (D" ({T) fia(P), 0<k<a
i=1

@ hg_p(P) = hp(P), 0<k<d

> fe(F) = fr-1(P1 & P2), 1<k<d
® h(F) =Y (D (I ), 0<k<d+1
i=1

@ hgp1-x(F) = hp(F) + 9k (8P1) + g (0P2) = hy(K), 0<k<d+1



he(P) = 30 (- 1R (4 “i)fica(P), 0<k<d

i—=1

@ hg_p(P)=hg(P), 0<k<d
® hpyr(P) < 2ptEEn (P),  0<k<d-1
2> fr(F) = fr_1(P1 & P2), 1<k<d

®

k
he(F) =3 (-0 (GHID (P, o<k <d+1
i=1

hat1—k(F) = hi(F) + g9, (0P1) + 9k(3P2) = h(K), 0<k<d+1
h (_7-') < niy+nog—d—1+k
k1 < s hi(F) + 151 k+1 9k (0P2) + 7% k+1 9 (9P1),

0<k<d



® © e ©

k . -
hi(P) = > (=D (§20) fica(P), 0<k<a

i=1
ha—k(P) = hi(P), 0<k<d
hip1(P) < Bt (P),  0<k<d-1
—d—1+4+k
he(P) < ("TMTR), o<k <d

¥

® ©® ® ©

fe(F) = fr—1(P1 & P2), 1<k<d
k . N

he(F) =3 (-0 (GHID (P, o<k <d+1
1=1

hat1—k(F) = hi(F) + 91 (0P1) + g (0P2) = hy(K), 0<k<d+1

—d—1+k P
hipr (F) < 2o R b () 4 2L g (0P2) + 22 9, (0P1), 0 <k <d
ny+ng—d—2+k ny—d—2+k ng—d—2+k
hi(F) < (Mg )= (M) = (m2 ), o<k <d+



@ hi(P)= Z( DR (A2 ficap), 0<k<a
—
@ hq_k(P) = h(P), 0<k<d
® hpy1(P) < "kﬂ’“hk(m, 0<k<d-—1
® hp(P)< ("TIMTR), 0<k<ad
%
© fooa(P) =3 (($2D) + (hbys)) he(P),  0<k<d
1=0
> fe(F) = fr-1(P1 & P2), 1<k<d
k
® h(F) =Y (D (I ), 0<k<d+1
i=1
@ hgi1—k(F) = hp(F) + g9k (0P1) + g (0P2) = hy(K), 0<k<d+1
® hpyy(F) < MUEmRTdEIER gy () 4 2L g (0P)) + 2 9k (9P1), 0 <Kk <d
® hy(F) < (771+n2;d—2+k) - (nl—dk—2+k) - (77,2—dkf2+k)1 0<k<d+1
da+1 LQJ
2 * d+1—1 i 2 i 2
® feo1(F) = D07 () + (eabags)) B + ] . (k_a'1ps) > 9:(0Fy),
- = =
0<k<d+1
da+1 14
S = d+1—1i i 2 [3 2
~ e ProP) = 3" ((FT) + (bbnd) ) @ + X0 (o hiys) D2 9s(@Py),
i=0 i=0 j=1

1<k<d



Forall0 <k <d+1:

L
Fro1(F) < froc1(Cagr(ma +m2)) — > (Y5179 ((nl_i_zﬂ) + (nZ_di_H’)) )
i=0
where C(n) stands for the cyclic d-polytope with n vertices.

Using the fact that, for all 0 < k < d, f_1(P1 ® P2) = fr(F), we have:

Let P; and P> be two d-polytopes in B%, d > 2, withny > d+ 1 and ns > d + 1
vertices, respectively. Let also P be the Cayley polytope of P; and P». Then, for

1 < k <d, we have:
!
2

fe—1(P1® P2) < fr(Caq1(n1+n2))— Z (zi}:z) ((n1 _di_2+i) + (nz—di—2+i)) ,
=0

where C;(n) stands for the cyclic d-polytope with n vertices.




To prove that the upper bounds are tight, we need to construct two
d-polytopes P; and P, that satisfy two conditions:

@ Both P and P are [ £]-neighborly
=  g(P) = (") forall0< k< |2],j=1,2.
@ Forall 0 <k <[4,

ha(F) = <n1+n2—kd—2+k)_(n1—dk—2+k>_<n2—dk—2+k>.



To prove that the upper bounds are tight, we need to construct two
d-polytopes P; and P, that satisfy two conditions:

@ Both P and P are [ £]-neighborly
=  g(P) = (") forall0< k< |2],j=1,2.
@ Forall 0 <k <[4,

ha(F) = <n1+n2—kd—2+k)_<n1—dk—2+k)_<n2—dk—2+k>.

The second condition is equilavent to the condition:
d+1
@ Forall 0 <k <[],

o= (17)-6)-)



@ Attaining a tight bound for d = 2 is trivial.



@ Attaining a tight bound for d = 2 is trivial.

@ For d > 4, [Fukuda & Weibel 2007] have established the following trivial

upper bound for two summands:

e

fea(PLo ) € 32 (1)(22) = (M) = () = (),

for all 2 <k < d+ 1. According to [Fukuda & Weibel 2007], this bound
is tight for d > 4 and for all & with 2 < k < L%J and is attained when P;
and P, are cyclic d-polytopes with disjoint vertex sets.
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Lower bounds for d > 2 even

@ Attaining a tight bound for d = 2 is trivial.

@ Ford>4,| ] have established the following trivial
upper bound for two summands:
k—1
fia(Pro P < 3 (1)) = (1) = () = (),
=1
for all 2 < k < d+ 1. According to [ ], this bound

is tight for d > 4 and for all k with 2 < k < [£], and is attained when P,
and P, are cyclic d-polytopes with disjoint vertex sets.

v Hence, condition @ is satisfied (cyclic polytopes are neighborly).
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Lower bounds for d > 2 even

@ Attaining a tight bound for d = 2 is trivial.

@ Ford>4,| ] have established the following trivial
upper bound for two summands:

k—

fia(Pr® Py) z ) = () - () -

= (%)

for all 2 < k < d+ 1. According to [ ], this bound
is tight for d > 4 and for all k with 2 < k < [£], and is attained when P,
and P, are cyclic d-polytopes with disjoint vertex sets.

v Hence, condition @ is satisfied (cyclic polytopes are neighborly).

v/ For condition @ we observe that we get:
fea(F) = fe—a(Pro P2) = ("72) = (%) = (),

forall 2 <k < [2] = [%}], while for k = 0 and k = 1 it is easy to see
that equality is also satisfied.
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Lower bounds for d > 3 odd — First step

Define the following two moment-like curves in E<.

t: _ t., t(l.tz,t37....t(171 )
71(t5¢) = (&, T, ), 150 ¢>0.

Specifically, denote ~;(;0) by v, ().

Embed v, (¢;¢) in {zq41 = 0} and ~,(£;¢) in {xqp1 = 1}.

Choose n1 points on 7y, (t) of the form ¢; = a;7.

Choose n2 points on «,(t) of the form t; = ;.

Let U; and U; be the two point sets, and let Q); = conv(Uj),

Q = conv({Uy, Uz }).

There exists a sufficiently small positive value 7* for 7, such that for all
0<k< |4

fia(Far) = (1) = () -

(2).
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Lower bounds for d > 3 odd — First step

@ Define the following two moment-like curves in EZ.

t: _ t., t(l.tz,t37....t(171 )
71(t5¢) = (&, T, ), 150 ¢>0.

Specifically, denote ~;(;0) by v, ().

Embed v, (¢;¢) in {zq41 = 0} and ~,(£;¢) in {xqp1 = 1}.

Choose n1 points on 7y, (t) of the form ¢; = a;7.

Choose n2 points on «,(t) of the form t; = ;.

Let U; and U; be the two point sets, and let Q); = conv(Uj),

Q = conv({Uy, Uz }).

There exists a sufficiently small positive value 7* for 7, such that for all
0<k< |4

(2).

fia(Far) = (1) = () -

v Q" satisfies condition @.
X The Q}'s are (d — 1)-dimensional.
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Lower bounds for d > 3 odd — Second step

Fix a small enough value 7* for 7; let U} be the corresponding vertex sets.

Choose some positive ¢, call V; the d-dimensional vertex sets we get from
U, and let P; = conv(Vj;), P = conv({V1, V2}).

J

For any ¢ >0, P, and P, are | £ |-neighborly.

For ¢ > 0 small enough, P satisfies

frar(Fp) = (M) = (V) = (%), 0<k< |5
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Lower bounds for d > 3 odd — Second step

@ Fix a small enough value 7* for 7; let U} be the corresponding vertex sets.

@ Choose some positive ¢, call V; the d-dimensional vertex sets we get from
Uj, and let P; = conv(Vj), P = conv({V1, V2}).

@ Forany ¢ >0, P and P, are | £]-neighborly.
@ For ¢ > 0 small enough, P satisfies

fia(Fe) = () = () - (%), 0<k< 4

k

v/ By choosing a small enough positive ¢, conditions @ and @ are satisfied
for P1 and Ps.
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Upper bounds for three polytopes

@ Same methodology as for two polytopes:

o Consider the Cayley polytope of the polytopes

e Make it simplicial (by adding vertices)

o Derive Dehn-Sommerville-like equations

@ Prove bounds on certain h-vectors

e Calculate bounds for the f(P @ P> @ P3) from these h-vectors
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Upper bounds for three polytopes

@ Same methodology as for two polytopes:
o Consider the Cayley polytope of the polytopes
e Make it simplicial (by adding vertices)
o Derive Dehn-Sommerville-like equations
@ Prove bounds on certain h-vectors
e Calculate bounds for the f(P @ P> @ P3) from these h-vectors

@ Analysis is much harder
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Upper bounds for three polytopes

@ Same methodology as for two polytopes:

o Consider the Cayley polytope of the polytopes

e Make it simplicial (by adding vertices)

o Derive Dehn-Sommerville-like equations

@ Prove bounds on certain h-vectors

e Calculate bounds for the f(P @ P> @ P3) from these h-vectors

@ Analysis is much harder

@ Idea seems to generalize for more summands (later on in the talk)
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The Cayley trick (for three polytopes)

@ Cayley embedding:
Given three d-polytopes P;, P>, Ps, and the
(standard) affine basis e, e1, e> of E* we
embed each P; in E4*2 using the inclusion
pi(x) = (€i—1,@).

@ Cayley trick:
The intersection of Cj5) = conv({ Py, P, P3})
with the d-flat of E*™7

0.1) ¢

W ={leo+iei + lez} x EY,

is the Minkowski sum P; & P> @& Ps.

(0,0 (£,0) (1,0) T
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The Cayley trick (for three polytopes)

@ Cayley embedding:
Given three d-polytopes P;, P>, Ps, and the
(standard) affine basis e, e1, e> of E* we
v embed each P; in E“"? using the inclusion
' pi(x) = (€i—1,@).
@ Cayley trick:
The intersection of Cj5) = conv({ Py, P, P3})
with the d-flat of 7"

0.1) ¢

W = {%60 + %61 + éez} X Eds

is the Minkowski sum P; & P> @& Ps.

‘ ’ @ Minkowski Sum: Fis) is the set of faces in
X ha— ) > C(3) having at least one vertex from each
P, 1<i<3
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The Cayley trick (for three polytopes)

@ Cayley embedding:
Given three d-polytopes P;, P>, Ps, and the
(standard) affine basis e, e1, e> of E* we
v embed each P; in E“"? using the inclusion
' pi(x) = (€i—1,@).
@ Cayley trick:
The intersection of Cj5) = conv({ Py, P, P3})
with the d-flat of 7"

0.1) ¢

W ={leo+iei + lez} x EY,

is the Minkowski sum P; & P> @& Ps.

‘ ’ @ Minkowski Sum: Fis) is the set of faces in
X ha— ) > C(3) having at least one vertex from each
P, 1<i<3

@ fL(PL®P,® P3) = fk-+2(-7‘—[:s])
forall 0 <k <d
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@ Call Kr the closure of Fr under sub-face inclusion, ) C R C [3].

@ [Cr is a pure simplicial complex (d + |R| — 2)-complex

@ We have:

fKr)= > fu(Fs),  felFr)= > ()5 f(Ks)

0CSCR PCSCR

We can prove the following analogue of the Dehn-Sommerville equations:

For any () C R C [3] and for all 0 < k < d+ |R| — 1, we have:

hat|r—1-k(FRr) = hx(KRr).




Define the m-order g-vector g™ (V) of Y as follows:

(m) hk(y)7 m =0,
V)=19 (m- e
o) {gé ) - V), m>o.

For all k > 0, we have:

(k + Dhg1(Fz)+(d + i (Fi3))

~H)
Z (i > g (Ks/v)

vEVs

where Vg = U;ec5V;, and Kg/v denotes the empty set if v & V.




For all k > 0, and for all v € Vi, we have:

Z (_1)3—|S| Z 91(63_|S|)(KS/U)

PCSC[3] veVs

< 3 ()FBEST g8 ks),

PCSC(3] vEVs

where g /v denotes the empty set if v & Vs.




For all k > 0, and for all v € Vi, we have:

Z (_1)3—|S| Z 91(63_|S|)(KS/U)

PCSC[3] veVs

< ¥ (1S 3T B8 (k)

PCSC(3] vEVs

where g /v denotes the empty set if v & Vs.

@ Similar in spirit (though more involved) argument as in the case of
two polytopes



For all 0 < k < d+ 1, we have:

w

ng —d—2+
P11 (Fig) < [S]T (Fiap) +

9r(Fiap{iy)-




For all 0 < k < d+ 1, we have:

3
nig —d—2+
P11 (Fig) < B]T (Fia)) Z w1 9k (Fiangy)-

@ Using induction we can fairly easily prove the following bounds:

hi(Fia) < Z (_1)3—|S| (ns—dk—3+k>’ nS:Zni-

WcSC(3] i€S



For all 0 < k < d+ 1, we have:

3
nig —d—2+
P11 (Fig) < B]T (Fia)) Z w1 9k (Fiangy)-

@ Using induction we can fairly easily prove the following bounds:

hi(Fia) < Z (_1)3—|S| (ns—dk—3+k>’ nS:Zni-

WcSC(3] i€S
@ More involved can also be proved for /1. (KCj3))



d+2

Free1(Fap) = (279 ha(Fray)

=0
1452 d+2
= > (W OFEs+ >0 (P h(Fe)
i=0 i=[ 42 141
1442 ) L4 )
= Z (d+2 z)h (]:[3])"‘ Z k—d— 2+J)hd+2 J(]:[3])
1=0 7=0
1452 [
= > (CPIRF) + D0 (o) hi(Ke)
=0 J=0
Ld+2 Ld+1J
d 2—14
< > ENL ]+ Z Geealor) ]

1=0

= <final result>
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The tightness construction

@ Define the following two moment-like curves in E%.
Yi(t:0) = (£, ¢, ¢ttt T,
Yo (t:¢) = (Ct, ,¢t% ¢t >0, (>0
vs(t;¢) = (Ct, ¢, 2,81, 17T,
Specifically, denote v, (+;0) by v, (:).
@ Embed ~,(t;¢) in E9T2 using the lifting map 1 (-).
@ Choose n; points on -, (t) of the form t; ; = x; ;77, 1 < j < n;, where
v1 > vy > vg > 0 (7 is a non-negative parameter).
@ Set ¢ =7, for M sufficiently large.
@ Let U; be the three point sets, Ur = U;crUs, and let Cr = conv(Ur),
0 cRC[3.
® Cpr, 0 C R C [3], is obviously the Cayley polytope of the polytopes P;
with i € R.
@ Fr is (as before) the set of faces of Cr that contain vertices from the
P;'s, i € R and those only.
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The tightness construction (contd.)

@ There exists a sufficiently small positive value 7r, such that for all
7€ (0,7r) and 2 < k < [4HL]:

fea(Fr)= 3 (=1)*7I(%), (1)
0CSCR

where |R| = 2.

@ There exists a sufficiently small positive value 73}, such that for all
7€ (0,73) and 3 < k < |[4£2]:

fre—1(Fzy) = Z (*1)37‘“(”}5)' (2)

PCSC3]

@ Choose positive 7 to be smaller than: (1) all 7x, |R| =2, and (2) 7(3.
Then conditions (1) and (2) are satisfied for 7 < 7*.

s These two conditions are necessary and sufficient for the h-vectors of i3
and K3 to take their element-wise maximal values.
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@ Consider r > 4 d-polytopes Pi, ..., P;.
Let C be their Cayley polytope in Rt ~1,

@ Call Fr, where ) C R C [r] the set of faces of C that have at least one
vertex from each P;, i € R.

@ Call r the closure of Fr (under inclusion).
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Bounds for four or more d-polytopes

@ Consider r > 4 d-polytopes P, ..., P..
Let C be their Cayley polytope in R+~

@ Call Fr, where ) C R C [r] the set of faces of C that have at least one
vertex from each P;, i € R.

@ Call Kg the closure of Fr (under inclusion).

@ By the Cayley trick

fe1(Fi) = for(PL®P2®--- @ Pp), r<k<d+r-—1.

@ Our goal is to compute tight bounds for fi 1 (F},), r <k < d+7r—1.
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Bounds for four or more d-polytopes

@ Consider r > 4 d-polytopes P, ..., P..
Let C be their Cayley polytope in R+~

@ Call Fr, where ) C R C [r] the set of faces of C that have at least one
vertex from each P;, i € R.

@ Call Kg the closure of Fr (under inclusion).

@ By the Cayley trick

fe1(Fi) = for(PL®P2®--- @ Pp), r<k<d+r-—1.

@ Our goal is to compute tight bounds for fi 1 (F},), r <k < d+7r—1.
@ Exploit the fact that:

Ld+£71J I.d+572j
fea(Fep) = D (T ha(F)+ (ka1 sd) hrr—1-1(Fir)
i=0 =0
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R below denotes any non-empty subset of [r].

The Dehn-Sommerville equations for 7 are:
hayir|—1-k(FRr) = hi.(Kr), 0<k<d+|R| —1.

@ The following relation holds:
(k+ Dhpr(Fr)+(d + [R| = 1 — k)hi(Fr)

_ Z (_1)|R|—|5| Z g,(clRl_‘SD(ICs/’U)

OCSCR vEVyg
@ The recurrence relation for h(Fr) is* :
|R|
nr—d— N .
i1 (Fr) < 2= b (Fr) + 37 B 0n(Frvn), (3)
i=1

where nr = 7., ni.
Using (3), we quite easily get:

hi(Fr) < Y (=1)FIISI(remd 10IER) -0 <k <d+|R| - 1.
0CSCR
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Some non-facts

@ Not at all straightforward to derive good bounds for i (Kr).

@ Tightness construction for three polytopes seems to generalize
to r polytopes, for 2 < r < d.

@ For r > d, we need to further generalize the construction in
conjunction with some results by [ |
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? What is the maximum number of k-faces of the Minkowski sum of two
polytopes P; and P if they are of different dimensions?



? What is the maximum number of k-faces of the Minkowski sum of two
polytopes P; and P if they are of different dimensions?

? What about the case where P; and P» are simple?
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Open problems

What is the maximum number of k-faces of the Minkowski sum of two
polytopes P; and P if they are of different dimensions?

What about the case where P; and P» are simple?

Y

Assuming that the two polytopes 1 and P are somehow different, can
we come up with non-trivial lower bounds on the f-vector of P, & P»?
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Open problems

N W W W

What is the maximum number of k-faces of the Minkowski sum of two
polytopes P; and P if they are of different dimensions?

What about the case where P; and P» are simple?

Assuming that the two polytopes 1 and P are somehow different, can
we come up with non-trivial lower bounds on the f-vector of P, & P»?

What is the maximum number of faces of the Minkowski sum of r
d-polytopes, where » > 4 and d > 47

o In particular for 4 <r <d—1land [“5-]| —r <k<d-—1?
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Open problems

N W W W

What is the maximum number of k-faces of the Minkowski sum of two
polytopes P; and P if they are of different dimensions?

What about the case where P; and P» are simple?

Assuming that the two polytopes 1 and P are somehow different, can
we come up with non-trivial lower bounds on the f-vector of P, & P»?

What is the maximum number of faces of the Minkowski sum of r
d-polytopes, where » > 4 and d > 47

o In particular for 4 <r <d—1land [“5-]| —r <k<d-—1?

What is the maximum number of faces of the Minkowski sum of two
d-polytopes as a function of the number of facets of the polytopes?
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What to take home with you?

@ The Cayley polytope includes a lot of information that we need/can take
advantage of it.

@ It seems that we can generalize McMullen's proof for the UBT to get
analogous bounds for the Minkowski sum of convex polytopes (already
completely done for two polytopes).

@ Neighborly polytopes in general relative position seem to give Minkowski
sums with high complexity.
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What to take home with you?

@ The Cayley polytope includes a lot of information that we need/can take
advantage of it.

@ It seems that we can generalize McMullen's proof for the UBT to get
analogous bounds for the Minkowski sum of convex polytopes (already
completely done for two polytopes).

@ Neighborly polytopes in general relative position seem to give Minkowski
sums with high complexity.

THANK YOU FOR YOUR ATTENTION
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