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BRAID FAN

braid fan F(n) = fan defined by hyperplanes {x e R" | z; =x;} for 1 <i < j <n
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BRAID FAN

braid fan F(n) = fan defined by hyperplanes {x ¢ R" | z; =x;} for 1 <i < j <n
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BRAID FAN

braid fan F(n) = fan defined by hyperplanes {x €¢ R" | z; =} for 1 <i < j<n

regions <— permutations of |n]
rays <— proper subsets of [n]
cones <— ordered partitions of |n]
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BRAID FAN

braid fan F(n) = fan defined by hyperplanes {x €¢ R" | z; =} for 1 <i < j<n
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regions <— permutations of |n]
rays <— proper subsets of [n]
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NUMBER OF ORDERED PARTITIONS

QU. Show that
e Ordered partitions of [n] into k parts are in bijection with surjections from [n] to [k].
e The number of surjections from A to B, with |A| > |B]| is given by

> () g
— p

p=0

(Apply the inclusion-exclusion formula to the sets X;,= {f: A— B|b¢ f(A)}
for b € B to compute the number of non-surjective applications from A to B).




NUMBER OF ORDERED PARTITIONS

k
PROP. The number of ordered partitions of [n| into k parts is Z(—l)p (k> (k—p)".

p=0 p

proof: For finite sets A and B, we have

{f1A=B|f(A)#B}=J{f: A= B|b¢ f(A)}.

beB

Thus by inclusion-exclusion principle

{f: A= B|f(A)#B}|= ) (-1

(V{f:A—=B|c¢ f(A)}

d#CCB B ceC
= (1B e = Z<—1>p“('3')<|3| _p
@£CCB p—1 P
Thus | B|
{f:A— B f(A)=B}| = Z(—Dp(‘f ') (1B = p).

Ordered partitions of [n] into k parts are in bijection with surjections from |n| to [£].
(the parts of the partition are the fibers of the surjection)



PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7_1(1) .....
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PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7'_1(1), 7 N n)) ‘ Te 6 }
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PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7_1(1), 7 N n)) ‘ Te 6 }
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PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7_1(1), 7 N n)) ‘ Te 6 }
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PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7'_1(1), 7 N n)) ‘ Te 6 }
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PERMUTAHEDRON

Permutahedron Perm(n) = conv {(7_1(1), 7 N n)) ‘ T € GR}
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1432 31247% Cayley graph of simple transpositions
\ £ 134 2314

transpositions 7; = (¢ i+ 1)
1423\ \ / Hasse diagram of the weak order

3241 1<i<j<n
471;2 Va8 2all \\ vertices <— permutations of [n]

= inclusion of inversion sets
inv(o) ={(04,0;) |+ < jand o, > 0;}

braid relations 7,717 = T T =TT




WEAK ORDER

DEF. weak order = inclusion of inversion sets inv(o) = {(0,0;) | « < j and 0; > 0,}
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ASSOCIAHEDRA




ASSOCIAHEDRON

associahedron = polytope whose face lattice is isomorphic to the lattice of crossing-free

sets of internal diagonals of a convex (n + 3)-gon, ordered by reverse inclusion.

vertices <> triangulat> /® /\® vertices <+ binary trees

edges <> flips ~ / edges <> rotations

faces < dissections faces «» Schroder trees



THREE FAMILIES OF ASSOCIAHEDRA

SECONDARY LODAY'S CHAP.-FOM.-ZEL.'S
POLYTOPE ASSOCIAHEDRON ASSOCIAHEDRON
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SYLVESTER FAN

DEF. binary tree T' = tree where each internal node has exactly 2 children.
Schroder tree S = tree where each internal node has at least 2 children.
inorder labeling = label left subtree, then angle, then right subtree.

1 <gj <= thereis a path fromito jin S.




SYLVESTER FAN

DEF. incidence cone C(S) ={x € R" | x; <z, for i <g j}.
sylvester fan = {C'(S) | S Schroder tree with n + 1 leaves}.




SYLVESTER FAN

PROP. C'(u) CC(S) <= jpextendsS <<= i<gj=1<,7].
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SYLVESTER FAN

PROP. C(u) CC(S) <= pextendsS <= i<gj=1<,7].
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SYLVESTER FAN

QU. Prove that the number of linear extensions of a binary tree T is n!/[ [, n
where n = number of vertices and n; = number of vertices in the subtree of node i.
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SYLVESTER FAN

PROP. The number of linear extensions of a binary tree T is n!/ Hie[n] n;, where n =

number of vertices and n; = number of vertices in the subtree of node 3.

EEDAR

proof: Induction. Let L and R denote the left and right subtrees of T', with ¢ and r
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nodes. Then the number ¢(T') of linear extensions of T is

rl (n—1)

S(T) = o(L) - 6(R) - (

{+r

n
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LODAY'S ASSOCIAHEDRON

DEF. Loday's associahedron
Asso = conv{L(T) | T binary tree} = H n (] H(i, )

1<i<j<n+1
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L(T)=[(T0) - #(T,i)], 0y H) = {m -
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LODAY'S ASSOCIAHEDRON

DEF. Loday's associahedron
Asso = conv{L(T) | T binary tree} = H n (] H(i, )

1<i<j<n+1

L(T)=[(T0) - #(T,i)], 0y H) = {m -




LODAY'S ASSOCIAHEDRON

DEF. Loday's associahedron
Asso = conv{L(T) | T binary tree} = H n (] H(i, )
1<i<j<n+1

s (1)

i<k<j

L(T)=[(T,i)-r(T,i)]

i€n+1]
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TAMARI LATTICE

DEF. Tamari lattice = right rotations on binary trees

= orientation of the graph of the associahedron
= quotient of the weak order by the sylvester congruence
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TAMARI LATTICE

DEF. Tamari lattice = right rotations on binary trees

= orientation of the graph of the associahedron
= quotient of the weak order by the sylvester congruence
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Contact me for internship ideas.
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