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From semantics to syntax

Syntactical term encoding of semantical (tree) structure
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Intuitionistic modal logic IK is obtained from intuitionistic propositional logic
» by adding the necessitation rule: DA is a theorem if A is a theorem;

» and the following five variants of the k axiom.

ki: O(AD>B) > (oAD>aOB) k3: O(Av B)D(CAVOB)
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ks: OLD L

Nested sequent system:
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Theorem: nlK is sound and complete for IK. [StraBburger, 2013]

Note: A system can also be designed using labelled sequents. [Simpson, 1994]



Classical modal logic S5

Classical modal logic S5 is obtained from classical propositional logic
» by adding the necessitation rule: OA is a theorem if A is a theorem;

» and the axioms:

0(A>B)>(mA>OB)
ADCA

OCOAD CA
CADOCA

b + X
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Classical modal logic S5
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Classical modal logic S5

Sequent system:

A
roA

OF

Nested sequent system:

<>F1, |—17 Dr27 A
Ows = — =
<>F1, Drz, F3, OA

[Briinnler, 2009]
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Classical modal logic S5

Sequent system:

o F7A <>F1,I'17DF27A
O Ows = — =
r,oA Ol, 00, I3, 0A
Nested sequent system: [Briinnler, 2009]
AL TH{OA AL} ([ T{OA A} |Ti{CA[CA T}  Ti{[CA ]H{OA}
r{oA} ™ N{oA Rl 7" T{oA} 7 M{oA R} 7 Mi{[0AHe}
Example:
ax® — ax”
. . x 3, a : 3, a,l]
ax® ——— Opas ———
): 3,00a, a k5 0a, ¢Ca ; 3, <¢a,[]
O
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Classical modal logic S5

Sequent system:

o0 F7A <>F1,I'17DF27A
D e —
‘T,0A K% ory,0m, 3,0A
Nested sequent system: [Briinnler, 2009]
THIAL [ Ti{CA[A T2} ([ T{OA A} | Ti{OA[CA ]} | Ti{[CA ]H{OA}
r{oA} ™ N{oA Rl 7" T{oA} 7 M{oA R} 7 Mi{[0AHe}
Example:
ax® — ax”
. . * 3a : 3, a,l]
ax® ———— O ——
): 3,00a, a k5 0a, ¢Ca ; 3, <¢a,[]
a
‘500202 03 a00a ° 3,04
cut a" ———
= 3,00a ~ = a,00a

Note: A cut-free system can also be achieved using hypersequents [Avron, 1996]

or labelled sequents [Negri, 2005]
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o Fl,A o I',A(MXA) o {r,VnX.A}nzo
O
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Theorem: Sound and cut-free complete wrt. the modal p-calculus semantics.

» How to eliminate cuts between p and v?

. ) I uX.A ' XA .
Alternative: Replace p° with rules yf ———————— for each i > 0.
I uX.A

» vX.0X D ovX.oX is not derivable!
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Nested sequent system: [Briinnler and Studer, 2012]
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Example:
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Modal fixed point logics

Nested sequent system: [Briinnler and Studer, 2012]

CT{ALY  T{OA ALY | T{uX A XA} {VX.A}is
oA} T {oA ]} M T{uX.A} YT X A}

Example:

R - .
_ puX.OX, ou'X.OX, [V’X.DX]

; ; CpX.oX, p X oX, [V X.oX]
PX.OX, [u X.0X, v X.ux] e :
uX.0X, [Z/’X.DX]

v XX, [pX.0X]
O

uX.OX, ovX.0X

Note: Subsumes the systems for common knowledge [Briinnler and Studer, 2009]

and PDL [Hill and Poggiolesi, 2010] but only complete for a fragment of modal p.
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» Grammar logics [Tiu, lanovski, and Goré, 2012]

» Provability logics [Poggiolesi, 2009], [Shamkanov, 2015]
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> etc...

To give them better design and clean meta-theory
Understand the links between different formalisms

And applications.
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