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Focusing for nested sequents

— Focusing :
distillation process for proofs in linear, intuitionistic and classical logic
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Focusing for nested sequents

— Focusing :
distillation process for proofs in linear, intuitionistic and classical logic

— Nested sequents : modular proof systems for modal logics
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Classical modal logic

Formulas: Az=a|3|ANA|AVA|OA|CA
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Classical modal logic

Formulas: Ax=a|3|ANA|AVA|OA|CA
Axioms for K: classical propositional logic and
k: O(A— B) — (0DA — OB)

A A—=B

Rules: modus ponens: ——— necessitation:

B
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Classical modal logic

Formulas: Ax=a|3|ANA|AVA|OA|CA
Axioms for K: classical propositional logic and

k: O(A— B) — (0DA — OB)

A A= B o A
Rules: modus ponens: ——— necessitation: —
B OA
The S5-cube:
d: OA— OA 4 7
t: A — <>A D4 D45 e
b: A— OCA / /
4: GOA = OA o oe
5: <>A — D<>A / /K45 / KBS
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Nested sequents

Sequent: MN=Ay, ..., An
fm(MN =A1 V...V A,
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Nested sequents

Nested sequent: Fa=Ay, .., An M1, -, [Fa)
fm(MN =A1V...VA,VOm)V...vOm(l,)

Ar,. . A

rl/ \rn

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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Nested sequents

Nested sequent: Fa=Ay, .., An M-, [Fa)
fm(MN =A1V...VA,VOm)V...vOm(l,)

Sequent context: ['{ }{ } = A, B,[C,[{ }I.[D,{ }]

A, B
/ AN
C D.{}

{1}

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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Nested sequents

Nested sequent: Fa=Ay, ..., An M1, -, [Fh)
m(MN)=A1V...VA,VOm)V...vOfm(l,)

Sequent context: [{B}{ } = A, B,[C,[B]],[D,{ }]
A B

/ N
D.{}

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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Nested sequents

Nested sequent: Fa=Ay, ..., An M1, -, [Fh)
m(MN)=A1V...VA,VOm)V...vOfm(l,)

Sequent context: {B}{A,[C]} = A, B,[C,[B]],[D, A, [C]]

[Kashima, 1994], [Briinnler, 2009], [Poggiolesi, 2009]
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The standard nested system

Formulas: A 1= a|3|ANA|AVA|OA|CA

System KN:

rAA _T{A} , A B)
r{A} r{OA} r{AVv B}

J . HAAL - T{A} T{B}
{a 3} T{CA,[A]} T{AAB}

k: O(A — B) — (OA — OB)
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The standard nested system

Formulas: A 1= a|3|ANA|AVA|OA|CA

System KN:

rAA _T{A} , A B)
r{A} r{OA} r{AVv B}

J . HAAL - T{A} T{B}
{a 3} T{CA,[A]} T{AAB}

k: O(A— B) — (DA — OB)

Modal rules:

. HIAY . HA . HIAL A} . HICA Al
r{oA} r{oA} r{[Aa, ©Al} r{OA [A]}

d: OA = OA t: A= CA b: A— OCA 4: OOA — CA

. H{0H{oA}
r{oAH0}

5. CA— OCA

[Briinnler, 2009]
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Focusing and polarities

batd band
[a,a A b,b,c]

. [a,a A b, bV (]

Ca,[anbbV

Sa, (@ Ab), bV (|
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Focusing and polarities

invertible rules ©  negative connectives

Polarities: . . L .
non-invertible rules :  Positive connectives

[Andreoli, 1992], [Laurent, 2004]
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Focusing and polarities

Weak focusing: For any subproof :\L the only positive rules

between two rules decomposing P are rules decomposing P.

e d Q'd [0,0,b,]
&a,a, b, ] Oa, [byb, ]
Sa, @A b, b,
Oa,[a b, ]

Ca, (@ Ab), bV (|

[Andreoli, 1992], [Laurent, 2004]
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Focusing and polarities

Strong focusing: For any subproof :{HP} the only rules between

two rules decomposing P are rules decomposing P.

id = id =
ki la,a,b,c] OI [a,b,b,c]
<a, [a, b, d a, [b,b, c]
\4 — \Y
<>a7 [a7 :| Oa’ I:b7 }

Ca,[anbbV
Sa, O(aAb), bV (]

[Andreoli, 1992], [Laurent, 2004]
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Focusing and polarities

Inversion: For any subproof :{(l\l} the last rule is negative.

id
ko

[a,a,b,c] kold [a,b,b,c]
Oa,la, b, Oa, [byb, ]
Ca, @A b, b,

Sa, O(a Ab), b, c]
Sa,>(@Anb),[b v (]

[Andreoli, 1992], [Laurent, 2004]
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The standard nested system

Formulas: A =

System KN:
r{A, A} r{[A]} r{A, B}
oM Ay ) r{Av B}
y . THIA A} r{A} r{B}
r{a,3) F{OA, [A]} F{AA B}

Modal rules:

o A . MiAaLA} . HCA Al

ala|ANA|AVA|OA|CA

5o r{0H{oA}

r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

Formulas: A =

System KN:
r{A, A} r{[A]} r{A, B}
oM Ay ) r{Av B}
y . THIA A} r{A} r{B}
r{a,3) F{OA, [A]} F{AA B}

Modal rules:

o A . MiAaLA} . HCA Al

ala|ANA|AVA|OA|CA

5o r{0H{oA}

r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

Polarized formulas: al IN|OP[PAP

| P| N | NVN
System KN:
r{A, A} r{[A]} r{A, B}
oM Ay ) r{Av B}
y L ALl T(A) T{B)
r{a,3) F{OA, [A]} F{AA B}

Modal rules:

CHA L THA) . MiAaLA} . HCA Al

5o r{0H{oA}

r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

Polarized formulas:

al IN|OP| PAP

. [0}0A)

[ TP | ON | NVN
Focused system KNF:
dec r{P.(P)} r{{Al} r{A, B}
r{P} r{OA} r{Av B}
o Ko H{[{A), AT} Al‘{(A>} r{(B)}
r{a (a)} r{(0A), [A]} F{{AnB)}
Modal rules:
&0 H{IAl} . A} . AL A} . H{[®A A}
r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

Polarized formulas:

al IN|OP| PAP

r{r}
°ritpy

. [0}0A)

[ TP | ON | NVN
Focused system KNF:
dec r{P.(P)} r{{Al} r{A, B}
r{P} r{OA} r{Av B}
o Ko H{[{A), AT} Al‘{(A>} r{(B)}
r{a (a)} r{(0A), [A]} F{{AnB)}
Modal rules:
&0 H{IAl} . A} . AL A} . H{[®A A}
r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

Polarized formulas:

al IN|OP| PAP

r{r}
°ritpy

r{n}
r{(LN)}

. [0}0A)

[ TP | ON | NVN
Focused system KNF:
dec r{P.(P)} r{{Al} r{A, B}
r{P} r{OA} r{Av B}
o Ko H{[{A), AT} Al‘{(A>} r{(B)}
r{a (a)} r{(0A), [A]} F{{AnB)}
Modal rules:
&0 H{IAl} . A} . AL A} . H{[®A A}
r{CA} r{CA} r{[A, CAJ} M{CA, [A]}

r{OAH0}
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The focused nested system

al IN|OP|PAP| PUP

Polarized formulas: | "P|ON| NUN | NAN

Focused system KNF:

TP LAY MAB) A MB} TP
r{P} r{OA} r{AvB} r{AAB} r{tP}

y o ML TAY T8 A T
Ma@) oA} | TTAAE) HmTA)) N}

Modal rules:

L HALY o A . HIALAY JHeA AL T{0}{OA}
r{oA} r{oA} r{[Aa, ©A]} T{CA,[A]} r{OAH0}
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The focused nested system

al IN|OP|PAP| PUP

Polarized formulas: | "P|ON| NUN | NAN

Focused system KNF:

o TPPY A MAB) (A} 1B} TP}
r{P} r{OA} r{AvB} r{AAB} r{tP}

y o FUALAL  TA) B TA)} W)
Ma@) oA} | TTAAE) HmTA)) N}

Focused modal rules:

SHAL LAY TALAY  HIALAL  THO{(0A)
Hoa)  © A} HARAL TOAB) oA
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.
Via cut-elimination:

r{p} T{P}
r{0}
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.

Via cut-elimination:

r{p}y T{P}
{0}

cut

simulation
KN ———— KNF + cut

r{p} T{P}
{0}
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.

Via cut-elimination: ~
r{r} 1{P}

{0}

cut

cut-elimination
KN ———  KNF + cut —— KNF
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.

Via cut-elimination: ~
r{rP} r{P}

r{0}

Problem:

r{p} T{P}
r{0}
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.

Via cut-elimination: ~
r{rP} r{P}

r{0}

Problem:

— Weak focusing:

KN ———— KNwF + cut

simulation

r{p} T{P}
r{0}
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X, then any pol(A) is provable in KNF + X°.

Via cut-elimination: ~
r{rP} r{P}

r{0}

Problem:

— Weak focusing:

KN ———— = KNwF + cut ——— = KNwF

cut-elimination

r{p} T{P}
r{0}
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X°, then any pol(A) is provable in KNF 4 X°.

Via cut-elimination: ~
r{r} 1{P}

{0}

Problem:

— Weak focusing;:

KN ————— KNwF 4 cut ————— KNwF ——— KNF

rules permutation
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X°, then any pol(A) is provable in KNF 4 X°.

Via cut-elimination: ~
r{r} 1{P}

{0}

Problem:

— Weak focusing;:
KN ———— KNwF + cut ———— KNwF ——— KNF
rules permutation

— Synthetic connectives:

KN ———  KNF 4+ cut —— KNF
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Completeness of focusing

Let X C {d,t,b,4,5}.
If Ais provable in KN + X°, then any pol(A) is provable in KNF 4 X°.

Via cut-elimination: ~
r{r} 1{P}

{0}

Problem:

— Weak focusing;:
KN ———— KNwF + cut ———— KNwF ——— KNF
rules permutation

— Synthetic connectives:

KN ———— KNS + cut ——— KNS
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d 7[
a,b,b
’C:I

k<>
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The focused nested system

Focused system KNF:

dec 1P (P)} H{IAl} - {A B} _{A} T{B} r{r}
ec [m] — - sto
r{P} r{OA} r{AV B} r{AAB} r{tP}
y o HiALAL - T B Ay TV
r{a,(a)} r{(oA), [A]} r{(AiB)} ALV A} TN}

Focused modal rules:

L ) (7)) SO 1V ) S | (A

. [OH(A)

r{{cA)} r{{cA)} H{[A, (AT} r{{CA), [A]}

r{{CA) H0}
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The synthetic nested system

Focused system KNF:

dec 1P (P)} H{IAl} - {A B} _{A} T{B} r{r}
ec [m] — - sto
r{P} r{OA} r{AV B} r{AAB} r{tP}
y o HiALAL - T B Ay TV
r{a,(a)} r{(oA), [A]} r{(AiB)} ALV A} TN}

Focused modal rules:

L ) (7)) SO 1V ) S | (A

. [OH(A)

r{{cA)} r{{cA)} H{[A, (AT} r{{CA), [A]}

r{{CA) H0}

10 / 12



The synthetic nested system

Synthetic system KNS:

r{P} neg N
d o TUALAL - TUAY TEB)Y A TN
et " HeARY T HAEY T Hm AL TN

Focused modal rules:

STAY Ty ALY T{[oA)A)

L oA}

r{cA)} r{CA)} H{[A, (AT} F{CA), [A]}

r{{cA)H0}
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The synthetic nested system

Synthetic system KNS:

os A< P T{P, (A)} {F{A}}A<N
P r{P} "ETTRINy
y (R i LAY THA} T
r{a (a} r{(CA),[A]} r{(A1,Az)} T{{IN)}
Focused modal rules:
& r{{{A} " r{(A)} b r{[A], (A)} 20 r{[(¢cA), Al} 5o {0} (A}
r{{cA)} r{{cA)} r{[A. (CA)]} r{{¢A),[A]} r{{CA)}{0}
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The synthetic nested system

Synthetic substructure matching:

I'sxM AN _ r<nN r<nN .
<V = <A = <0 < <id ——
NLA<MUN < NN, [M<ON P<1P 5<3
Synthetic system KNS:
os A< P T{P, (A)} {F{A}}A<N
P r{P}) "ETTRINy
y (R S TUA)) M@} T
r{a (a} r{(cA), [A]} r{(A1,Az)} T{{IN)}
Focused modal rules:
& r{{{A1} 0 r{(A)} b r{[A], (A)} 20 r{[(¢cA), Al} 5o {0} (A}
r{{cA)} r{{CA)} H{[A, (oA} r{{¢A), [Al} r{{CA)H0}
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The synthetic nested system

Synthetic substructure matching:

_I'sxM AN _ r<x N r<nN
X : <A : < <
NMASMVN < NyA N, (< ON Px1TP
Synthetic system KNS:
A< P T{P,(A)} {F{A}}A<N
pos —F{P} neg W
y o THALAY (A T8}
r{a. (a)} r{(CA),[A]} M{(A1,A2)}

Focused modal rules:

AL LAY ALY T[4

<id

LY}
N
Y]

Py
r{(P)}

. FOH oA}

r{{cA)} r{{cA)} H{[A, (o

Al} r{{cA), [A]}

r{{CA) H0}

10 / 12



The synthetic nested system

Synthetic substructure matching:

T<M AN _ T<N r< N
]V = <Ai — <0 <
NMASMVN I NiAN, (< ON Px1TP
Synthetic system KNS:
os A< P T{P.(A)} {H{A} acn
S
d KO r{ia), Qi split (A} T{{Ax)}
r{a (3} r{((A]), 1} T{{A1, A2)}

Focused modal rules:

AL LAY ALY T[4

<id

LY}
N
Y]

Py
r{(P)}

. FOH oA}

r{{cA)} r{{cA)} H{[A, (AT} r{{cA), [A]}

r{{CA) H0}
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The synthetic nested system

Synthetic substructure matching;:

<M AN r<n; r<nN _
<V —— <A —— <0 <t <id ——
LASMUN M <Ny AN, [l < ON P<xtP ik
Synthetic system KNS:
A< P T{P.(A)} {r{a ooy
pos —F{P} neg W
y 0 H{I{a), al} split (A} T{(A)} el r{P}
{3, (a)} r{([A]), @1} M{{A1, Ar)} r{(P)}
Synthetic modal rules:
4o KA} £0 r{{a)} bo r{Q), (A} 20 r{IQ, (AR} 50 H{(A) Ho}
r{(an} r{(an} r{[Q, ([AD1} r{1al, (an} r{o{ (A}
] 1012



In action...

. . {r{a}} AP T{P (A)}
Synthetic connectives: neg FT}M"’ and pos T

Structural modal rules : distinct modal phase and action on

substructures
id —— id
0 o(avh).[(@.a |, © avb),[_<b>,_]
(av b), (3),[a] O(a v b), (b)), [b]
P o@ub)E P o) b
nee o(a v b),0(3 7 b)
<id —— <id =—
o a<a _ b<xa
<A — <A = —
a<anb b<anb
<0 — <0 —
[a] < O(aAb) [b] < O(a A b)
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Synthetic permutation

L TP N
© T{LN)}P}_T(O}{P)
(V)

o 0OV

T{N}{P} L{N}{P}
T{N}{0}

I{{LN)}H0}

rel
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Synthetic permutation

}

{F{A}{P} a<0

L T@®) g

CTUQHPE TP
@30}

neg

neg

[P}

riajry YN EIRTR

I{AH0}

A<Q

rel

T{Q}H0}
(@) H0}
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Synthetic permutation

{F{A}{P}}A«z r} Weaklf{{g}iii}}

RG] cut T{A}{0}

JLUQHPY TP neg r{Q}{0)
r{(@}0) @0

neg

A<Q

KN ——— KNS + cut ——— KNS
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Cut-elimination

Theorem Let X C {d,t,b,4,5} be 45-closed.

If a sequent I is provable in KNF + X® + Cut, then it is also provable in
KNF + X°.

Cut:{cut r{P} T{P} TP T{P}  T{QHP} r{w}{ﬁ}}
oorfey T ey r{(Q)}{0}

E

T8

D4 D45
/ D5

‘ DB

K4

/ K45 KBS
/ Ks

XU{5} if {b,4} C X

XU {4} if {b,5} C Xorif {t,5} C X"
clo(X) =
X otherwise o

K KB
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Cut-elimination proof

id

03, [[[a, all]

[5:al,[a] D4 [l[a], 04l
. [3], Ca, [Cg] JEEEN|IRERSE]]
NEERCENSE] . 03, [[D3], ¢4
03, [OCa, <4 03, [003, <¢a)

id

cut —
03,[04]

NICERY
MEREND
JEEERCEN N

03, [Cg]
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Completeness proof

KN

L]
[a], ©a,[ ]

., 0a,%a,[ ]
Oa, [©a)
Oa, O0Ca
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Completeness proof

simulation

KN ——— KNwF + cut

id

g ®oo

[a], ©a, [

Oa, ¢a, [

[@,a].] ]

0a, [©a)
Oa, O0Ca

12 /12



Completeness proof

cut-elimination

KN ———— KNwF + cut ——— KNwF

e B i



Completeness proof

rules permutation

KN ——— KNwF 4 cut ——— KNwF —— KNF

Oa, [Ca, (Ca))

Oa, [Cal
sto
Oa, [t ©a]
Oa,01<a
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In action...

e neg and pos : synthetic connectives
e structural modal rules : modal phase / action on substructures

N id? —— —id? —— .
OYanth). oo @ abl S(arb), ol (@), ab] S(anb), o la,[(b),a0]

O

pos0 O Wantb), Ca, ([a]),[a,z}] o O L@ntb), oa, b, <Bz b o O(aAb), ¢ la,[(@,b),a,b
o ©Uar1d), %a, a0 S U@ntb),oa, b, b o Olarb), (@b),ola lab)
nee o OUantv),oafantbbl pos o O@ib).olaal
, OUantt).oa. [(avih).b] o o(ai0), 015, [<> 0]

o OHaa1v), ([aV b)), a, 0] o
pos = = pos

& Wanth),oa, b

S(ah ) la, [b]

e B i



