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Context: cubical type theory and iterated parametricity

Cubical type theory and (iterated) parametricity type theory:

e equipped with a cubical heterogeneous equality: (t =y 4 u) = {f i : LA | f(0)=t& f(1) = u}
for T a formal interval [0, 1]

e supports computational extensional “equality” and higher inductive types

e usually modelled in set theory using cubical sets with at least faces



Context: cubical type theory and iterated parametricity

Cubical type theory Parametric type theory
name of equality | path bridge
def. of (A =y, B) | A ~y, B (i.e. equivalence) Ax B—U

provides univalence and Kan composition | not transportable

de Morgan style in CCHM (2015) Bernardy, Coquand, Moulin (2014)
variants Cartesian style in ABCFHL (2019) Nuyts, Vezzosi, Devriese (2017)

Cavallo, Harper (2020)

in addition reflexivity /degeneracy & permutations internal if with
to faces, connections reflexivity /degeneracy & permutations,
equipped with diagonals/Cartesian external otherwise

optionally symmetry/reversion

CCHM = Cohen, Coquand, Huber, Mortberg
ABCFHL = Angiuli, Brunerie, Coquand, Favonia, Harper, Licata



external parametric type theory

text of this talk: . SN | |
Context of this ta (i.e. semi-cubical type theory with bridges)

Objective 1: modelling cubical equality in a bare type theory without universes

Objective 2: modelling cubical equality in a bare type theory with universes

Related work: Parametricity and Semi-Cubical Types, Moeneclaye (2021)



Objective 1: Modelling a bare cubical theory without universes

I = 0| T,a: AT i1
A, B

tu,v,w,p,q == a|pi

Plt=yau

['F A type ['a: AT ok I ok
ok ['a: A ok [La:Al"Fa: A ['- P type

I'Fp:t=yau ['i: T A type Fl—tiA{O/i} Fl‘UZA{l/i}

LikFpi:A 't =).4u type
where Ao/ and Ay are defined compositionally with base case (pi){o/i} £ v and (Pi)g/z'} 2w

whenever p : v =); g w.

Note: No reflexivity (= no weakening for i), no permutation (= no exchange for i), no diagonals (=
no contraction for i), no connections, only a cubical equality



Digression: The correspondence between iterations of cubical equality and

cubes
t: X -t ; - X
p - t =X u t b u : XlX
t T v X —i.X X
= . o “NC=nix o) |
a:p Ni.(ri=); x51) q D q )\z.X| =\i.X
U S W X =M. X X

and so on



Summary of objective 1

To provide a sound and complete interpretation of bare cubical theory without universes in Extensional
Type Theory (ETT, with II, X, strict identity, ...), i.e., basically, an interpretation of X (as a set of points),
t =)i.x u (as a set of lines), p =\i.(ri=yxsi) 4 (as a set of squares), ... i.e., eventually, to interpret X as
a semi-cubical set



Objective 2: Modelling a bare cubical theory with universes

I = 0| Ta: A6 1
t7u7v7wap7Q7AaB = P|t:)\@AU’CL’pZ‘UZ

IHA:U, [ a: AT ok I ok I" ok
ok ['a: A ok [a:AT"Fa: A '+ PV '+ U U
I'Fp:t=yau I'Vi:IFA:U I'Et: Ao I'Fu: A1

F,i"pi:A Fl_t:)\i_AUIUl

Objective 2: To provide a sound and complete interpretation in ETT, as before, but additionally

interpreting A =\, B, p =i i=jus1) 4 - I.e., eventually, to interpret U; as a semi-cubical set whose
points are themselves semi-cubical sets



Objective 1: modelling cubical equality in a bare type theory without
universes



Grothendieck's construction at work:
Fibered semi-cubical sets vs indexed semi-cubical sets

Ay o U Ay o ago, agr, a1, ann : Ao.
Ai(agy, ap1) x Ai(ayg, arr)x
Aq(ag, A1g) X Aq(apr, A1) — Uy (squares)

fil - U Ay Ag x Ay — U; (segments)
2;) Uy Ay o U (points)
N—— N ~ Y

fibered view indexed view

(presheaf) (dependent types)
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Comparison with iterated parametricity: translation of the universe

The parametricity translation associates to each type a pair of types and an heterogeneous relation over
these types that expresses how to relate terms in the corresponding types.

Example: The context

AU

is translated to three contexts:

. AO . U[
2 points { A, U,

1 segment { Ay U, AU, A s Ag x A = U,

A\ . g

triplication& AU

Graphically, the later context is a segment of “types”

Ag— 4y
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Comparison with iterated parametricity: translation of the universe

This can be iterated to produce nine contexts:

4 points g

AOO : Ul,Am : UlaAO* : AOO X A()l — Ul
AU Ay UL A A X A — U
AOO : UZ;Al() : Ul,A*() : A()() X A10 — Ul
\ A()l : UlaAll : UZ,A : A()l X All — Ul
( Ago s U, A 2 Up, Age - Ago X A — Up, A - U, Ay U, A s Ayg x Ay — Uy,
1 square < A*O : A()() X Al() — UZ,A*l A()l X AH — U[,
Ay Tago, ao1, a10, a11. Aox(ago, aot) X Ai(ai, a11) x Awl(ao, aio) X Awlan, an) — U;

4 segments <

\

Graphically, the later context is a square of “types”

Ay
AOO . Al()
A
AO* = Al*
Axl
Ao . An

and so on...
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Otherwise said

Observation: The recipe to build the set of n-cubes as a dependently-typed types over the cubes of
smaller dimensions has the same structure as the recipe to build the type of A,n, in the parametricity
translation.

Processus: build a dependently-typed stream Ay (type), A; (equality on Ay), Ay (squared equality on
AO and Al),
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The definition in ETT of semi-cubical sets as a dependent stream of
higher-dimensional cubical relations

Cubical sets

cubset; : Ui

cubset; 2 cubset; (%)

cubset?™ (D :cubset;") : U;

cubset?” D = YR : cubset;"(D). cubset;" ™ (D, R)

Truncated cubical sets

cubset;™" - Ui
cubset;™ 2 unit

/ / _
cubset; " *! 2 YD : cubset;”™ . cubset; " (D))

cubset;” (D :cubset;) : Upy
cubset;” D fullbox;' (D) — U,

|I>

where fullbox;' is defined by a technical mutual recursive construction
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The recursive process used to build boxes and cubes

| e

I?ﬂ

A=

15

A n-box is made of n layers, each
made of two opposite cubes of de-
creasing size and stretched to get
the size of the box



The recursive construction, formally

fullbox;' (D : cubset]™) .U

fullbox;' D £ box"(D)

box?’p’[pgn] (D : cubset™) .U

box;""’ D 2 unit

box"" ' D 2 % : box"™” (D). layer!” (D)(d)

Iayer?’p’[pm] (D : cubset;™) (d : box;"?(D)) .U 1
cube)” ’p(hd(D))(tl(D))(subbon’f(D)(d))
% cube] ™7 (hd(D)) (hd( D)) (subbox"2(D) (d))

|I>

layer)"”” Dd

cube"P=" (D : cubset;™) (E : cubset;"(D)) (d : box""(D)) : U,

cube”"="1 D E d E. =, (d)

cube! """ D E d b : layer™(D)(d). cube!™* (D)(E)(d, b)

which corresponds to the following organisation of the 3" components of a n-cube (shown for n = 2),

> 1>

with box; associating layers on the left and cube; associating them on the right:

20 additionally,

squares layer:” | .
q ol layeri”! each  atomic
lines t at
layer}*° Q) layer!® Q14| 1As0 | | Q1| cuper component a

: : dimension n
pOIntS m a’Ol cubell’0 cubell’0 CUbelQ’O

. n,n
1S a cubel

1,1

1,1
box; ’

box;

2,1
box;”

2.2
box;
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The recursive

subbox; (d : box,""(D))
subboxan D * =
subbox" AP+ D (d,b) 2

(D : cubset;™)
subbyeflqpkK@<n] (d : box;"? (D))

(b : layer}""(D)(d))

sublayer;" " Ddc

>

(D : cubset;™)
71qp p<q<n] (E :cubset;"(D))
(

d : box,""(D))
(b : cube(D)(E)(d))

subcube) "~ D Ed (b, )
subcube”qp < pEd®,e)

subcube

> >

construction: restrictions ("faces’)

box" " (hd(D))

(subboanp(l))QD subbyeﬁlqp(l))@ﬂ(b))

layer; ~"(hd(D))(subbox;:"* (D)(d))

(cohbox;‘ff»P(D)(dj(subcube” M7 (hd (D) (H(D)) (subbox)' 7 (D) (d) ) (cL)),
cohbox)'”#( D)(d)(subcube]’, """ (hd(D))(tl(D))(subbox] ¥ (D)(d))(cr)))

cube~?(hd(D))(tl(D))(subbox):?*(D)(d))

be
(sublayer}*”(D)(d) (b), subcube,"*" ! (D)(E)(d, b)(¢))

: LT . :
where cohbox; . . is a coherence proof and we write cohbox; . . for the rewriting of this proof from left to

right
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The recursive construction: coherences

cohboxT’L’Ci Piacn (D cubset™) : SUbeXn o 1p(hd(D))(SUbb°XWp( )(d))
Lee! (d : box"’(D)) = subbox" b= ”’(hd(D))(subbox” 4P (D)(d))

cohbox;f’ef’;f’o D % 2 reflx

cohbox}ﬂf’;ff’purl D (d,b) = (cohbox; " (D)(d),cohIayeerg’p/(D)(d)(b))

na,rp (D : cubset; ™) sublayer? 1qp(hd(D))(subb0anp )(d))(sublayerwp( )(d) (D))

cohlayer":g””] (d : box;"?(D)) : nlrp g ap
! (b Iayelrf’p(D)(d)) = sublayer; , """ (hd(D))(subbox;"**(D)(d))(sublayer;""(D)(d) (b))

ey ) s (cohcubef 177 (hd (D)) (H(D)) (subbox (D) (d) (s,
Ml D cohcube]’~ =712 (hd (D)) (e D) )(subbox! &7 (D) (d)) (c))
(D : cubset;™)
cohcubef”imi“"] (E : cubset; " (D)) . subcube” La= 1p(hd( ))(tI(D))(subboxmp( )(d))(subcubewp( Y(E)(d)(D))
e (d : box""(D ); ' _subcuben L2 (hd (D)) (tl(D ))(subbox"qp(D)(d))(subcube"‘”’(D)(E)(d)(b))

(b: cube;"(D)(E)(d))
cohcube) """ D B d (b, )
cohcube”W <D Ed (b, 0)

A
A

refl subcube]', "~ ? (hd(D))(tl(D))(subbox)"s* (D)(d)) (be)
(cohlayer”qrp(D)(d)(b), cohcube”q,”’“(D)(E)(d, b)(c))

l,e,e

where we rely on the strictness of equality in ETT to enforce irrelevance of proof of coherence (otherwise,
coherences in higher dimensions are recursively needed)
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Objective 2: modelling cubical equality in a bare type theory with universes

19



Bridge equality on universes

We now have to interpret the universe as a semi-cubical set of semi-cubical sets, where

A - U, £ cubset;
A—I B : A=y, B 2 A x B — cubset;
A L C
A P s R =Xi.(Ti=yju,U 1) S £ Tabed. R(a,b) x S(c,d) x T(a,c) x U(b,d) — cubset;
B U

So, we have to define the sequence of

univy g £ cubset;
univy 1 £  MAB : cubset;. A x B — cubset;
univis = MNABCDRSTU.Ilabed. R(a,b) x S(c,d) x T(a,c) x U(b,d) — cubset;

which will inhabit cubset; .
In particular, — has to build here a cubical set dependent on cubical sets! This goes through generalising

homogeneous cubes into heterogeneous cubes and in defining dependent cubical sets.
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Homogeneous cubes of terms over cubical sets vs heterogenous cubes of
terms over cubes of types

n-truncated (semi-)cubical sets n-cubes of types

A,o:Ago X A10—U; .
Ago : U A U

A U
: A
A* . A X A — Ul N AO*:AO()XAOl—)Ul = Al*:AIOXA11_>Ul
A
A*1:A01 XA11*>UZ
A()l . Ul All : Ul
homogeneous n-cubes of terms heterogenous n-cubes of terms
over some n-cubes cubical set over some n-cube of types
a40: A4 Qoo a10 . . a40: A0 Qoo 10 .
ago : A ayp : A ago : Aoo ao : Ao
Gyexe Qyexe
ao«: A ago aot arx: Ay aro arn C aox:Aox aoo ao1 arx: A1 ao an
ay1: Ay ao1 a1y . . ay1: A1 Qo1 11 .
ao - A aiy - A aoy - A(n aiy - AH
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Conclusions and open questions

e This work is one step towards setting the basis of a modular syntactic “indexed” model in ETT to

both parametric type theory and (variants of) cubical type theory, realising a project imagined in
Altenkirch-Kaposi 2014 (see also Polonsky 2014, Adams 2016).

e For instance, as a reminder, adding reflexivity, connections, diagonals, permutations, path equality
would justify a cubical type theory with (well-behaved) univalence and higher inductive types.

e \We expect to get a precise correspondence between models (indirect style) and appropriate type
theories (direct style)

e We expect the syntactic model to make easy the comparison of reduction in the source and the target,
inheriting properties of the source from those of the target, such as new definitional properties
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Full n-cubes of types

fullCube; U
fullCube}’ £ YD : fullBox]. Filler}

Full n-boxes of types

n .
fullBox; o Ui
A
fullBox;" £ Box™"

Filler of a full n-box of types

Filler (D : fullBox') : Upy
Filler} D £ fullhetbox]"(D) — U,

Auziliary definitions

n,p,[p<n]

Box, U
Box;"" 2 unit
Box?’lerl £ ¥D: Box?’pl. Layer?’p,(D)
Layer?’p’[pm] (D : Box;"") : Ui
Layer™” D s Cube?_Zi(lSubbonf,g(D))
x Cube;"(Subbox;; (D))
Cube/”P<"l (D :Box") : U,
Cube/”P="1 D 2 Filler?(D)
Cube*P<"l D 2 B Layer!?(D). Cube"* (D, B)

Figure 1: Full n-box and p-prefix of a partial n-box of higher-order relations
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fullhetbox;’
fullhetbox;’

hetfiller;"

hetfiller;’

Full n-boxes of terms over a full n-boxes of types

(D : fullBox;")
D

U,
hetbox;"" (D)

Filler of a full n-box of terms over some filled full n-box of types

(D : fullBox}")

(E : Filler}™(D))
(d : fullhetbox™(D))
DEd

U,

AL

E(d)

n,p,[p<n]
hetbox,
hetbox?’0

n,p’+1,[p'<n]
hetbox,

n,p,[p<n]
hetlayer,

n?p
hetlayer,

hetcube] "=

hetcube]*P="

n,p,[p<n]
hetcube,

(D : Box;"")
D
(D, B)

(D : Box;"")
(B : Layer;,"”"(D))
(d : hetbox;""(D))

D Bd

(D : Box;'")

(C': Cube,"”"(D))
(d : hetbox;""(D))
DCd

D (B,C) d

Auxiliary definitions

> 1> -

[I>

> 11>

U;

unit

¥d: hetbox?’p/(D). hetlayerl"’p/(D)(B)(d)

U,

hetcube?fl’p(Subbonﬁp(D))(BL)(subhetbonﬁp(D)(d))

x hetcube; ™ *(Subbox;'5 (D)) (Bg)(subhetbox;'% (D)(d))

U

hetfiller}"(D)(C)(d)
%b : hetlayer[””(D)(d). hetcube"* ™ (D, B)(C)(d, b)

Figure 2: Full n-box and p-prefix of a partial n-box of terms over an n-box of higher-order relations
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UnivfullCube;'
UnivfullCube;

UnivfullBox;"
UnivfullBox;!

UnivFiller}
UnivFiller}

n-cube associated to the universe U,

||[> .. |||> ..

||[> ..

fullCubey’,
(UnivfullBox;', UnivFiller;")

n
fullBox’, |
UnivBox;""

Filler}’, |
AD : fullhetbox;(UnivfullBox;"). depcubset;' (D)

incremental construction of the n-boxr associated to universe U,

UnivBox;"”
. 70
UnivBox;'

/
, 1
UnivBox;"” +

n,p,[p<n]

UnivLayer,
UnivLayer;"”

UnivCube] "<
UnivCube]"”P="
UnivCube] "<

> > -

||[> ..

> > -

n?p
Box 7,
*

- / . /
(UnivBox;"” , UnivLayer;"”)

Layer}""; (UnivBox;"")
(UnivCube]'~"* UnivCube] ")

Cube; (UnivBox;"")
UnivFiller}
(UnivLayer;"”, UnivCube]""*1)

Figure 3: The n-cube associated to the universe [
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depcubset;’
depcubset;’

depcubset)”~”

depcubset”=”

n7<p
depcubset,

depcubset)”<°

/
1
depcubset;" <" "

depcubset;" ™

depcubset;” ™"

Full (non-truncated) cubical sets over an n-box of cubical sets

(D : fullhetbox;' (UnivfullBox;"))
D £

Uig1
depcubset;"="(D) (%)

Clubical set p-suffix over an n-box of cubical sets
(D : fullhetbox;' (UnivfullBox}'))

(P : depcubset;”~?(D))
D P =

Ui

%R : depcubset]"="(D)(P). depcubset)"~"*'(D)(P, R)

p-truncated cubical sets over an n-box of cubical sets

(D : fullhetbox;' (UnivfullBox;')) U
D £ uni
= unit
D 2 ¥P: depcubset!"*' (D). depcubset! " (D)(P)

Dependent structure carried at each dimension

(D : fullhetbox;' (UnivfullBox;'))
(P : depcubset;"“?(D))
DP £

Ui

fulldepBox;”(D)(P) — U,

Figure 4: Dependent cube set over a n-box of cubical sets

26




