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INTRODUCTION



Goal: Make proof assistants easier to use

- Intuitive and discoverable for newcomers

- Productive and customizable for experts

For now, focus on common logical heart:

Intuitionistic FOL

2/29



Actema

“A demo is worth a thousand words...”



- Fully graphical: no textual proof language

- Different modes of reasoning with a single “syntax”:

Click <= introduction/elimination

DnD <= backward/forward
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REASONING THROUGH DRAG-AND-DROP



Proof-by-Pointing Bertot et al. (1994)

- Socrates example:

Backward <= apply H1
Forward <= apply H1 in H2

-AAB F BA(AVC)ADIs trickier..

destruct H as [HA HB].

ﬂ VR split.
ABFAVC A,BFD * admit.
AR :
ABFB ABF(AVC)AD = Sl .
AR - left. assumption.
A BEBA(AVC)AD - admit.

ANBEBA(AVC)AD
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Subformula linking

Chaudhuri (2013)

Idea: instead of destroying connectives, switch them

>

) >
switch

>

>

identity { >

>

unit elimination >

v

AAB F [BAJAVC)AD

AAAB F (AVC)AD)
ANAAB F AVC)AD
((A = A)VC)AD
A (

(B=(AF A))vO)aD
BA((B)VC)AD

BA(TvC)AD
BA[TAD]

BAD
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Linking under quantifiers Donato et al. (2022)

1. Unify linked subformulas
2. Instantiate unified variables
3. Switch uninstantiated quantifiers

X.R(X./ y) B W3y .R(X,y)

!/
> Wy.(WXR(Y) F VXL BV R( YY) S
> WYX (WXCR(X,Y) F R(ley/)) /
> Wy (YCR(GY) FOR(X,Y)) s
> Wy.WXL(R(X,Y) F R, Y))
> WX T ’
>* T
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Linking under quantifiers Donato et al. (2022)

1. Unify linked subformulas
2. Instantiate unified variables
3. Switch uninstantiated quantifiers

VX/-EYI-M F Sy.VX.M X — X
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Linking under quantifiers Donato et al. (2022)

1. Unify linked subformulas

2. Check for V3 dependency cycles
3. Instantiate unified variables

4. Switch uninstantiated quantifiers

vx'. 3y .R(X',y") + Jy.¥x.R(X,y) I p
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Rewriting equalities Donato et al. (2022)

Add 4 rules = rewrite for free!

l—+
T

> A{t:=u} =y [F

A > A{u:=t}
t=uxA > A{t:=u} t=u %

> A{u:=t}

> >

Compositional with semantics of connectives:

- Quantifiers: rewrite modulo unification
- Implication: conditional rewrite

- Arbitrary combinations are possible:

xx#0=f(x) =g(x) - IVAFY))VB(Y)
>* Jy.(y #0AAG(Y))) Vv B(y)
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REASONING WITH BUBBLES



The chemical metaphor

ltem <= lon
Color <= Polarity
Logical connective <= Chemical bond
Click <= Heating
DnD <= Bimolecular reaction
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The chemical metaphor

ltem <= lon
Color <= Polarity
Logical connective <= Chemical bond
Click <= Heating
DnD <= Bimolecular reaction

- Works well for = and A only!
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The chemical metaphor

ltem <= lon
Color <= Polarity
Logical connective <= Chemical bond
Click <= Heating
DnD <= Bimolecular reaction

- Works well for = and A only!

- Problem: context-scoping through premisses/tabs
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Adding bubbles

Idea: Internalize subgoals by nesting sequents

a:::F...A Fo=A ... A Ax=o|A
(/A\\/(éﬂ C~> =) (P\=>C>/\(@=>C>
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Adding bubbles

Idea: Internalize subgoals by nesting sequents

a:::F...A Fo=A ... A Ax=o|A
Av e = C (A=c¢) A (8=0)
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Reducing non-determinism

Moto: Non-reversibility reduces freedom

AVB > A
AVvB > B

A=BC > @

- Hack: use only DnD
- New objective: full formula decomposition property
- (Guenot, 2013): only classical {A, V} and intuitionistic {=}
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Coloring bubbles Grishin (b)

AvB > AB A=B b
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Coloring bubbles Grishin (b)

A\ 5= 01 coo O L=Alo

AvB > AB A=B b

g v (/\¢>C>
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Coloring bubbles Grishin (b)
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Red bubbles Grishin (a)

AvB > AB A=B b

A = (6ve) & v (A=)
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Red bubbles Grishin (a)

AvB > AB A=B b

A = (6ve) 3 A= C
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Red bubbles Grishin (a)
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Red bubbles Grishin (a)
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Red bubbles Grishin (a)

AvB > AB A=B b
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Red bubbles Grishin (a)
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Red bubbles Grishin (a)
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Red bubbles Grishin (a)
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r‘."‘A

AT S A A]
i

Need for a (non-trivializing) base case:

cu=FF AT S A

~——
subgoal  branching
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Blue bubbles Clouston et al. (2013)

- Allow nesting in hypotheses = dual-intuitionistic logic
= u ... un

- Rules for subtraction — dual to =

A—B> A-B > (A (B)

- Blue bubbles hermetic to blue items
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A new view on classical VS intuitionistic
i@ >

Intuitionistic logic
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A new view on classical VS intuitionistic
i@ »

Dual-intuitionistic logic
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A new view on classical VS intuitionistic
'@ b i@ v

Bi-intuitionistic logic
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A new view on classical VS intuitionistic

@ > (o) 4@ o (o)
\@ > (o) 4@ o (o)

Classical logic
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A new view on classical VS intuitionistic
4@ o A@ ©

Intuitionism = same polarities repel eachother
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REASONING WITHOUT FORMULAS




Existential graphs

(Peirce, 1882)

- solved, but = still irreversible!
is polarized, not items
- In classical logic:

- Key idea:

AN G

A

Av G

A=
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Illative transformations (Peirce, 1882)

Only 3 principles!

- (De-)Iteration (copy/cut-paste):

G H{} = G H{G}

- Insertion:
> G
- Deletion:
And a principle, the double-cut law:

@ =6 17129



Example: Peirce’s law

(A > 8)=>A)=>A
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Example: Peirce’s law
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Example: Peirce’s law

Aot @
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Example: Peirce’s law
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Example: Peirce’s law

O 6
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Example: Peirce’s law
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Intuitionistic existential graphs Oostra (2010)

Officialize Peirce’s

~
Av B /L\:>% /\(’\AA’\@) »\(A/\n(év
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Turn inloops into

F=Aqy oo Ay
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(De-)iteration is now called

law:

= G becomes

1]
—
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Disjunction and falsity

Deletion splits in two:
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>
=
G
©
©
c
©
c
=
+—
(@)
c
=)
o
o

rule for case reasoning:
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Example: disjunction elimination

«AV ) =C) = (/\=> c)n (B=0)
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Example: disjunction elimination
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Example: disjunction elimination

- ' ON:S
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Example: disjunction elimination
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Full reversibility

A fully-reversible variant conjectured complete:

- Pollination + Decomposition + Reproduction
- Petal removal all at once:

Basis for a connection method-like proof-search procedure.
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FUTURE WORKS




Graphical interfaces

- Interface Actema with Coq (for real case studies)
- Custom (interactive?) notations

- ZUI for nested judgments (demo)
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./zui/index.html

- Extensions and variants (classical, linear, higher-order)

- Computational content/Curry-Howard ((Guenot, 2013),
(Elliott, 2007))

- Notion of cut, internal cut-elimination

- Completeness and automated proof-search in reversible
fragment

SFL, bubbles and flowers
Bubbles and flowers
Flowers
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Thank you!
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