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Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry  & Machine Learning  

I̔nformation Geometry  & Natural Gradient  

Information geometry has been derived from invariant geometrical structure 

involved in statistical inference. The Fisher metric defines a Riemannian metric as 

the Hessian of two dual potential functions, linked to dually coupled affine 

connections in a manifold of probability distributions. With the Souriau model, this 

structure is extended preserving the Legendre transform between two dual 

potential function parametrized in Lie algebra of the group acting transentively  

on the homogeneous manifold . 

Classically, to optimize the parameter     of a probabilistic model, based on a 

sequence of observations      , is an online gradient descent with learning rate      , 

and the loss function                                 : 

q
ty

()
1

T

t t

t t t

l y
q q h

q
-

µ
« -

µ

th
( )Ĕlog /t t tl p y y=-



17 

T
h

is
 d

o
c
u
m

e
n

t 
m

a
y
 n

o
t 
b

e
 r

e
p

ro
d
u
c
e

d
, 
m

o
d
if
ie

d
, 

a
d
a
p

te
d
, 

p
u
b

lis
h

e
d
, 

tr
a
n

s
la

te
d
, 
in

 a
n

y
 w

a
y
, 
in

 w
h

o
le

 o
r 

in
 

p
a
rt

 o
r 

d
is

c
lo

s
e

d
 t

o
 a

 t
h

ir
d
 p

a
rt

y
 w

it
h

o
u
t 
th

e
 p

ri
o

r 
w

ri
tt
e

n
 c

o
n

s
e

n
t 
o

f 
T

h
a
le

s
  
- 

 ©
 T

h
a
le

s 
 2

0
1

5
 A

ll
 r

ig
h

ts
 r

e
s
e

rv
e

d
.

 

Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry & Machine Learning  

I̔nformation Geometry  & Natural Gradient  

This simple gradient descent has a first drawback of using the same non -adaptive 

learning rate for all parameter components, and a second drawback of non 

invariance with respect to parameter re -encoding inducing different learning 

rates. Amari has introduced the natural gradient to preserve this invariance to be 

insensitive to the characteristic scale of each parameter direction. The gradient 

descent could be corrected by             where       is the Fisher information matrix 

with respect to parameter     , given by:  
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Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry & Machine Learning  

I̔nformation Geometry , Dual Potentials  & Fisher Metric  

Amari has proved that the Riemannian metric in an exponential family is the 

Fisher information matrix defined by:  

 

 

 

and the dual potential, the Shannon entropy, is given by the Legendre transform:  
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Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry & Machine Learning  

S̔tatistical  Mechanics , Dual Potentials  & Fisher Metric  

In geometric statistical mechanics, Souriau has developed a òLie groups 

thermodynamicsó of dynamical systems where the (maximum entropy) Gibbs 

density is covariant with respect to the action of the Lie group. In the Souriau 

model, previous structures of information geometry are preserved : 

 

 

 

 

In the Souriau Lie groups thermodynamics model,      is a ògeometricó (Planck) 

temperature, element of Lie algebra      of the group, and       is a ògeometricó 

heat, element of dual Lie algebra      of the group.  
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Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry & Machine Learning  

S̔tatistical  Mechanics  & Fisher Metric  

Souriau has proposed a Riemannian metric that we have identified as a 

generalization of the Fisher metric : 

 
 

 

The tensor       used to define this extended Fisher metric is defined by the 

moment map          , from         ( homogeneous symplectic  manifold) to the dual 

Lie algebra      , given by : 

 

This tensor      is also defined in tangent space of the cocycle                    (this 

cocycle  appears due to the non -equivariance  of the coadjoint  operator           , 

action of the group on the dual lie algebra):  
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Séminaire Ecole Polytechnique , 20/11/2018  

Fundamental  Souriau Theorem  
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Séminaire Ecole Polytechnique , 20/11/2018  

Motivation: Information Geometry & Machine Learning  

S̔tatistical  Mechanics  & Invariant Souriau -Fisher Metric  

In Souriauõs Lie groups thermodynamics, the invariance by re -parameterization in 

information geometry has been replaced by invariance with respect to the 

action of the group. When an element of the group     acts on the element           

of the Lie algebra, given by adjoint  operator         . Under the action of the group                       

,                , the entropy            and the Fisher metric             are invariant:  
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Séminaire Ecole Polytechnique , 20/11/2018  

Souriau -Fisher Metric  & Souriau Lie Groups Thermodynamics :  
Bedrock  for Lie Group Machine Learning  

Gibbs canonical
ensemble
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