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1 Introduction

We present in this paper a version of Heyting arithmetic where all the axioms
are dropped and replaced by rewrite rules. A previous work has been done by
Gilles Dowek and Benjamin Werner presenting Heyting Arithmetic in such a
way [3], but where equality was defined by a “Leibniz rule” : a proposition of
the form = = y was rewritten in their system into Vp (xz € p = y € p), that is
provable if x and y are two equal closed terms, but not as simply as it could be
expected. In this paper, in contrary, when x and y are closed terms, we considere
checking equality between terms is just a computation : z = y rewrites directly
to T or L.

We followed a remark of Schwichtenberg, about how a set of rewrite rules could
be (or not) enough to decide equality in Heyting Arithmetic. In the work we
present here, we answer positively to this question and present a set of rewrite
rules that define a new Heyting Arithmetic modulo HA __, | that is

e an extension of axiomatic Heyting Arithmetic : all the theorems of arith-
metic and, in particular, all instances of Leibniz’ scheme can be proved in
HA_

e this extension is conservative with respect to a very simple translation
e all proofs of HA__, strongly normalize.

This work suggests new ways to consider equality of inductive types in general,
not anymore with Leibniz’s axiom as it is the case in Coq for instance, but
building specific rewrite rules to define equality in an algorithmic way.

2 Definitions

2.1 Deduction Modulo

Modern type theories feature a rule called conversion rule which allows to iden-
tify proposition which are equal modulo beta-equivalence. It is often presented
as follows :
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where T' =3 T" is read T' is convertible to T".

This convertibility is not checked by logical rules but by computation with the
rule 8. The idea of natural deduction modulo is to "import" this computation
of convertibility inside the natural deduction but replacing =g by an arbitrary
congruence = defined by a confluent rewrite system. For instance, the axiom
rule and the = elimination rules are the following :

mAXifAGFandAEB

TF-C TF_A
Tr_ B

=eifC=A= B

The other rules of natural deduction modulo are built the same way upon natural
deduction [2].

The convertibility = is not fixed. It can be any congruence defined by the
reflexive, symmetric and transitive closure of a rewrite system which is confluent,
rewrites term to term and atomic proposition to proposition.

2.2 Theories in natural deduction modulo

Definition 1 (Axiomatic theory)
An axiomatic theory is a set of axioms.

Definition 2 (Modulo theory)
A modulo theory is a set of axioms and a congruence defined as the reflexive,
transitive and symmetric closure of a set of rewrite rules.

Definition 3 (Purely computational theory)
A purely computational theory is a modulo theory where the set of axioms is
empty.

3 Heyting Arithmetic - from axioms to rewrite
rules

3.1 The axiomatic presentation of Heyting Arithmetic

The language of arithmetic formed by the functional symbols 0 of arity 0, S of
arity 1, + and x of arity 2. The predicate symbol = of arity 2. The axioms are
structured in four groups as follow :



The axioms of equality
Reflexivity Leibniz' axiom scheme
Vex=z Vo Vy x =y = P(z) < P(y)

The axioms 3 and 4 of Peano
Ve Vy (S(x) =S(y) =z =y) Ve 0=S(z)= L

The induction scheme
(P{z:=0} AVy (P{z =y} = P{z:=5(y)})) = Vn P{x :=n}

The axioms of addition and multiplication.
Yy (0+y =vy) Vo Vy (S(z) +
Yy (0 x y =0) Va Yy (S(z) x

y=S(z+y))
y=xxy+y)

3.2 The steps to go from an axiomatic theory of Heyting
Arithmetic (HA) to a purely computational one

We shall introduce four successive theories to reach the final purely compu-
tational theory we aim at, each of them being an equivalent or conservative
extension of HA.

3.2.1 HAp

Induction axiom scheme
(P{x:=0} AVy (P{z =y} = P{z:=S(y)})) = Vn P{x:=n}

Rewrite rules

0=0—T O+y—uy
0=S(x)— L S(z)+y — Sz +v)
S(x)=0— L Oxy—0
S(a) =5y —a=y S(x) xy —zxy+y

The axioms of addition and multiplication are transformed in a very intuitive
way into rewrite rules : for instance, the axiom Vx 0 + x = x becomes the
rewrite rule 0 + x — x. We keep the induction axiom scheme. We drop the
Leibniz axiom and add 4 rewrite rules to define equality. We prove this theory
is equivalent to HA.



3.2.2 HAy

Induction axiom scheme
Vn N(n) = (P{x:=0}AVy (N(y) = P{z =y} = P{z:=S(y)})) = P{z :=n}

Axioms for N

N(0) Vo N(z) = N(S(x))
Rewrite rules

0=0—T O+y —uy

0= S(x) — L S(2)+y — Sz +y)
S(z)=0— L Oxy—0
S(x)=Sy) —ax=y Sy xy—azxy+ty

We introduce a new predicate symbol N for the natural numbers and three
axioms to define it. We prove this theory is a conservative extension of HAp
modulo a certain translation .

3.2.3 HAg

Comprehension scheme
vxvylvyn (x € fz,yhm,ymP(yL s ayn) <~ P{Z = Z‘})

Induction axiom
Vn (N(n) & Vf (0e f=Vy (Ny)=yef=Sy ef)=nef)

Rewriting rules

0=0—T O+y —uy
0=5() — L 8(z) +y — S(z +1)
S(x)=0— L Oxy—20
S(x)=S(y) — v =y Sy xy—zxy+y

We sort our theory with two sorts ¢ and k. We add an infinite number of func-
tion symbols of the form f, ,, . 4, P, one for each proposition P that can be
expressed in the language of HA v, where the free variables of P are y1,...,yn-
Each of those symbols is of rank (¢, ...,¢, k). We add a symbol € of rank (i, k).
Finallyn we add an axiom scheme expressing the equivalence of the proposi-
tion € f. 4y, yo.P(Y1,...,Yn) wWith P. Notice that the free variables of these
propositions are the same. The induction axiom scheme is replaced by a single
axiom. We prove this theory is a conservative extension of HA .

3.24 HA_,

We transform the remaining axioms of HA y into rewrite rules.
HA__, is a purely computational presentation of Heyting Arithmetic.



3.3 HA__., a purely computational presentation of Heyt-
ing Arithmetic

Definition 4 (HA__)

€ foyryn P, yn) — P{z:=2x}

Nn) —Vf(0ef=Vy (Ny) =yef=5Sy ef)=nef)

0=0—T 0O+y—uy
0=S() — 1L S(x)+y — Sz +y)
S(x)=0— L Oxy—0
S(x)=5y) —z=y S)xy—zxy+y

We introduce the following Translation | - | from HA to HA__,
|P| = P, if P is atomic,

|—|—‘ = T’

|l‘ = L)

|ANB| = |A|A|B,

|AV B| = |A] VB,

|A= B[ = |A| = |B],

Vo A| =Vz (N(z) = |A]),

|3z Al =3z (N(z) A |A])

Proposition 1
HA__, is a conservative extension of HA, i.e. for all closed propositions A,

Faa A if and only if Fua . |4]

We prove that each of the theories HA, HAr, HAN, HAx, HA__ is a conser-
vative extension of the previous one.

The main difficulty lies in the first step: proving that HAg is an extension of
HA, and more specifically that the Leibniz’s axiom scheme of HA is derivable
in HAg. This requires to prove successively the following properties of HAg
equality:

Vo (v =x)
Ve Vy (z=y=y==x)
VeVyVz (z=y=>y=2=x=2)

VeVyVzaex=y=>zx+2=y+z2
VeVyVzaex=y=>z+x=2+y

VeVyVzae=y=>axXz=yXz
VeVyVzae=y=zxXxx=2Xy

Vraxx0=0
Yy Ve (yx S(z) =y xx+1y)
Ve Vy (x xy=yXxx)



Thanks to those properties of equality in HA g, we can prove by induction on ¢
that for each term ¢, the proposition Va Vb (a = b = t{y := a} = t{y := b}) is
provable in HA i.

This proposition is the basic case of an induction on P we made to prove that
each instance of Leibniz’ scheme

Ve Vy x =y = P(x) < P(y)

is provable in HA .

Finally we also prove two other results :

Proposition 2
The congruence defined by the rewrite rules of HA__., is decidable.

Proposition 3
HA__. has cut elimination property.

4 Discussion

One can ask if this system is really efficient in practice: in one hand, the proof
of x = y are shorter, in the other hand the proof of x = y = P(z) = P(y)
is longer. There is no theorical answer to that question, it’s only by making
tests that we would see how the size of proof terms would change. An good
indication is that the way we manage to “simulate” an application of Leibniz
principle with our rewrite rules (the way it is shown in [1]) is linear in the size
of the proposition.

5 Conclusion

We have reached a presentation of Heyting Arithmetic without any axiom, sim-
ply defined by a rewrite rule system. A cornerstone of this presentation is that it
makes use of the decidability of the equality in Heyting Arithmetic, indeed the
equality is defined as a decision procedure, rather than as Leibniz’s proposition
which becomes a consequence of the congruence of the system.
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