
� �� �� �� � �� � �� � �	 �
 � �� �

� �� � �  � � 	 �

�� � �� ��� � �� ��

��� ���� � !#" $%& '( %& )+* ' $,- . /10 ' �324 5- $ '

6 7 7 8 : 9 9: : :; <=> ; 8@? < A 7BC 6D = E@F B ; GH 9 ∼ IC 6 JB G GB

K 5L 'M .- N 54 * %- O% .- *P %4 Q LP .* , ( R� , 5L L 5 .- S 5- MT RT 54 $0 L R

U



�� �� �� � � �� �� 	
 � 	� �

� �� � ��� �� � �� �� � � �� �

�4 5 N , L � L 04 � 5 $ 'L 5- M � 5 N L

� � �� � � �  � � !#"

$& S '%4 5 . $ S '- '4 5* .- S �0 - $* .%- L

& �� � � � � � ! " � � " � �' � �� "

$ M .L $4 '* ' � % M '& % �4 5- M % � S ' % � '*4 . 'L
( �  *) � �  � � �" � � !#"

+ , ' L $ , ' � ' % � 5 � 5 N

,



) � � � �� � � � ��� ��  � � � � �

�4 5 N , L � L 04 � 5 $ 'L 5- M � 5 N L

�



� � �� � � 	 �� �� �� � � � � � � � � � � � � � 
 �

�
	4 ' S0 & 54 � $0 % . $ � φ3

� � 5 N L  	4 ' S0 & 54 � φ
4

� � 5 N L

+4 . 5- S0 & 5* .%- L � 0 5 M4 5- S0 & 5* .%- L

�



� � � � � � � �� � � � � � �� � '� - .* .%-

�� � � .L 5- ' � % 'M M .- S % � 5 S4 5 N , .- 5 L 04 � 5 $ 'P .* , L . � N& )

$%- - ' $* 'M � 5 $ 'L � $%- L .M '4 'M 0 N * % , % � ' % � %4 N , .L � L % � * , ' L 04 � 5 $ ' R

� % % * 'M � 5 N�� %- ' 'M S ' .L M .L * .- S0 .L , 'M 5- M %4 . '- * 'M R

2 %4 * , ' L N , '4 ' �P ' � 5 Q ' N& 5- 54 N . $* 04 'L �

* 5 Q .- S * , ' .- � - .* ' � 5 $ ' %- * , '4 . S , * , 5- M

L .M ' % � * , '4 % % * R

	



� � � � � � � �� � � � � � ��T 5 N L � L S4 5 N , L

�4 5 N , � 5 M O 5 $ '- $ ) � 5*4 .� R

� .L * .- $* � 5 N L � 5 ) L , 54 '

* , ' L 5 � ' 0 - M '4 & ) .- S S4 5 N , �

� 5 N 6= S4 5 N ,

� � � � � �� ��� � �	� � ��� � �	� + 
 � 
� 
� � �� � � � � � �� � �� � �� � �� � �  
� ��

7

13
14

89

10

5
6

3

4

11

2

1

12
15 16

� � N %- & 5 % '& & .- S 1
2

	 ' M S 'L � 5 � 5 N $ 5- % ' '- $% M ' M % ) N '4 � 0 * 5* .%- L �

σ• = (1, 5, 13)(2, 7, 3, 10)(4)(8, 14, 12, 9)(6, 15, 16)

α = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12)(13, 14)(15, 16)

+ , ' S '- 0 L .L '- $% M 'M .- , '4 ' � c(σ•) + c(σ•α) = c(α) + 2− 2g R

�



� � � � � � � � � � � � 	 �� � % 0 - * .- S 5- M L ) � � '*4 ) � 5 $* %4 L

1
7

13
14

89

10

5
6

3

4

11

2

1

12
15 16

fake

Rn �4 % % * 'M � Ln �& 5 % '& & ' M � Mn � 0 - 4 % % * 'M R

� $ �� � �� � � 5 NP .* , n ' M S 'L , 5L (2n− 1)!M .L * .- $* 1
2

	 'M S '& 5 % '& & .- S L

� $ � 5 N MP .* , n 'M S 'L , 5L 2n
Aut(M) N % L L .% & '4 % % * L

� - N 54 * . $0 & 54 � |Rn| = 1
(2n−1)! |Ln| =

∑

M∈Mn

2n
Aut(M) .

⇒ � % % * 'M �& 5 % '& & 'M %4 0 - 4 % % * 'M P .* , L ) � � '*4 ) � 5 $* %4 54 ' * , ' L 5 � ' R

�



� � � � 	 �� � � �� � � � � � � � R

� � � � � �� � �

� � � � � �

|Rn| � � 	 
 � ��� � � �

� � � � � �

2n
Aut

1
1

2
2

2
2

4
2

4
1

4
2

4
4

� � � � � � � � �

+ , ' �� � � � ��  � � � � � 
�  � � R(t)% �4 % % * 'M � 5 N LP .* , 'M S 'L � 54 Q 'M

% ) t .L * , ' �%4 � 5& N %P '4 L '4 . 'L �

R(t) =
∑

R∈R t|R| = 1 + 2t + 9t2 + 54t3 + 378t4 + . . .

� - N , ) L . $L � R(t) = 2t ∂
∂tF

(0)(t)P , '4 ' F (0)(t) .L * , ' �4 ' ' '- '4 S ) % �

L % � ' %- ' � 5*4 .� � % M '& Z =
∫

HN
dMeNTr(V (M)−tM2) �

F (0)(t) =
∑

M∈M
t|M|

Aut(M) = lim
N→∞

1
N2 log(Z)





� � � � 	 �� � � � � �

* , ' '- 0 � '4 5* . � ' N % .- * % � � . 'P

�



� � � � �� � 	 � � �� � � � 	 �� � 	 � �� ��� . $ ' ' � 5 $* �%4 � 0 & 5L R

� � � � � � � � + 0 * * '�� �� �
#{4 % % * ' M N& 5- 54 � 5 N L � n ' M S 'L } =

2 · 3n(2n)!

(n + 2)!n!
∼ c2

n5/2
12n

#{4 % % * 'M *4 . 5- S0 & 5* .%- L � 2n � 5 $ 'L } =
2n+1(3n)!

(2n + 2)!n!
∼ c1

n5/2
(27/2)

n

5- M 5 � 'P % * , '4 - . $ ' �%4 � 0 & 5L �%4 % * , '4 � 5 � .& . 'L % � � 5 N L R

� � �� � 	�
 � �� � �� �� � 	� � � 	� � � � 	� �� �� � 	 � 	� ��  � � � � � � � �� � � � ��  �� � � � � � �

� � �� � 	 � 	� � � � � � � � � � � � � � ��

� �� 	 � 	 � 	 � �� � � � � � � 	 � 	� � � 	� 	 � � � �� � � � � �� � �� 	 �� � � � � � !" # 
 �� $�

% ��& � � � � � � �� � � � � � �� � � � �' � � ( � � � � � � ' � � � � � � � �� � � �� � �

U )



� � � � �� � 	 � � �� � � � 	 �� � 	 � �� �� $& S '%4 5 . $ S '- '4 5* .- S �0 - $* .%- L R

� - * '4 � L % � S '- '4 5* .- S �0 - $* .%- L �

R(t) =
∑

n≥0

|Rn|tn =
∑

M∈R

t|M | =
−1 + 8t + (1− 12t)3/2

54t2
.

� / 0 . � 5& '- *& ) R .L 54 % % * % � * , ' N %& )- % � . 5&
P (r, t) = 1− 16t− r + 18tr − 27t2r2.

T 5- ) L 0 % $& 5L L 'L % � � 5 N L , 5 � ' L 0 $ , � � �� ' � � 
 �� � � � ��  � � � � � 
�  � � � R

→ ��� ��� � � �� �	 �
 ��� �� �� � ��� �� �� � � � ��� � � ��� �� 

→ ! � " � 
 � �� � �� ! � �# ��$ $ � 
 	 " � 
 � � � � � ��% �&' ' ( )� )' � �� �* 

U U



� � � � �� � 	 � � �� � � � 	 �� � 	 � �� �� $& S '%4 5 . $ S '- '4 5* .- S �0 - $* .%- L R

$& S '%4 5 . $ S R � R 54 '- 5* 04 5& & ) 5L L % $ . 5* 'M * % *4 ' '	& . Q ' L *4 0 $* 04 'L R

� '* Tn M '- % * ' * , '

L '* % � N& 5- ' *4 ' 'L

P .* , n 'M S 'L � 5- M

T (t) =
∑

T∈T t|T | R
T’’

T’T’ T’’

+ , '- T (t) =
∑

T=(T ′,T ′′)

t|T
′|+|T ′′|+1 = 1 + t(

∑

T ′∈T

t|T
′|)2

L % * , 5* T (t) = 1 + t(1 + T (t))2 � T .L 5& S '%4 5 . $ R

� � � � � �� ' � � 
 �� � � � ��  � � � � � 
�  � � �� � � � � � � � � 
� � � 
� � � � � �� ' � � 
� �

�� � ��� �	� 
� � � �� � � 
� �� � �

U ,



� � � � �� � 	 � � �� � � � 	 �� � 	 � �� �� $& S '%4 5 . $ S '- '4 5* .- S �0 - $* .%- L R

� '* R(g)
n % ' * , ' L '* % �4 % % * 'M � 5 N L %- 5 L 04 � 5 $ ' % � S '- 0 L g R

� � � � � � � � K '- M '4 '* 5& R �� � R + , '4 ' ' � .L * L 54 5* .%- 5& �0 - $* .%-

r(g)(a, t)L 0 $, * , 5*

R(g)(t) = r(g)(A(t), t)

P , '4 ' .L * , ' 0 - . /10 ' �%4 � 5& N %P '4 L '4 . 'L L R* R A = 3t(1 + A)2 R

T %4 ' % � '4

|R(g)
n | ∼ Cg · n

5

2
(g−1)12n,

P , '4 ' Cg .L 5 $%- L * 5- * M ' N '- M .- S %- & ) %- g R

+ , .L 4 'L 0 & * P 5 L .- M ' N '- M 5- *& ) % % * 5 .- 'M .- N , ) L . $L � . 5 N '4 * 04 % 5* . � '

' � N 5- L .%- % � � 5*4 .� .- * ' S4 5& L � log Z = N2R(0) +R(1) + 1
N2 R(2) + . . .

U �



� � � � � � � � � �

5L 5 M .L $4 '* ' � % M '& % �4 5- M % � S ' % � '*4 . 'L

U �



�� �� � � � � � � � � � � � � �� � '� - .* .%- R

� '* Rn% ' 5 � 5 � .& ) % �4 % % * 'M � 5 N L

�� �� � �� (� �' � � � ) Rn = {� � � � �� � � � � � � �� (' 	 n �� � ) � } R

�� Rn = { � �� � � � 
 & � � � � � ��& �� ' ( � � � � (' 	 n �� � ) � } R

� %- L .M '4 54 R � R XnP .* , 0 - . �%4 � M .L *4 .% 0 * .%- %- Rn �

Pr(Xn = R) =
1

|Rn|
, �%4 5& & R ∈ Rn R

U 	



� � � � � �� � �� � � � � � � � � � �

U �



� � � � � 	
 � �� 	� �� � �� � � � � � 	� � �� 	
 � � � � � � � � � �� � � � � � � �

� 5- M % � � 5 N L 5 N N ' 54 * % % ' /10 .* ' M .� '4 '- * �4 % � 4 ' S0 & 54 & 5* * . $ 'L R

� 5 � 5* *4 ' ' L *4 0 $* 04 ' �

� %4 5- $, .- S L .- * % % 5 % ) 0 - . � '4 L 'L �

� � 50 L M %4 � M . � '- L .%- �

� L , %4 * L ' N 54 5* %4 L �

 ' � '4 5& % � * , 'L ' /10 'L * .%- L , 5 � ' % ' '- 5- LP '4 'M .- * , ' N , ) L . $L 5- M

$% � % .- 5* %4 . 5& & .* '4 5* 04 ' �- % * 5& & * , % 0 S , � R

� '* 0 L $%- $ '- *4 5* ' %- M .L * 5- $ 'L .- 4 5- M % � � 5 N R

U �



� � �� � � � � � � � � �� � % � 5 � 5 NP .* , n � 5 $ 'L R

• X
(k)
n .L * , '- 0 � % '4 % � � '4 * . $ 'L 5* M .L * 5- $ ' k% � 54 5- M % � � '4 * ' �

•* , ' � �� ��� � � �� 	 
� Xn = (X
(1)
n , X

(2)
n , . . . , X

(k)
n , . . .)

• rn � �� 	 
� � � � � � �  � � � � � � ��  � � 
 �� �� � 	 
� 
� � 
� � 
 � �

�� � � � � � � � � rn ≤ Dn ≤ 2rn ��� 	 
� 
 Dn � �� 	 
 � � � 
� 
� �

� 



�� �� � � �� � � � � �� � ��  �  � � �� 	 n�  � 
 � �

• X
(k)
n � �� 	 
 � � � � 
� �� � 
� � � � 
 � � � � ��  � � 
 k � �  �  � � � � � 
� � 
 �

•� 	 
 � �� ��� � � �� 	 
� Xn = (X
(1)
n , X

(2)
n , . . . , X

(k)
n , . . .)

X
(1)
n = 3

• rn � �� 	 
� � � � � ��  � �� � � � ��  � � 
 � � �� � 	 
� 
� � 
� � 
 � �

�� � � � � � � � � rn ≤ Dn ≤ 2rn ��� 	 
� 
 Dn � �� 	 
 � � � 
� 
� �

� �



�� �� � � �� � � � � �� � ��  �  � � �� 	 n�  � 
 � �

• X
(k)
n � �� 	 
 � � � � 
� �� � 
� � � � 
 � � � � ��  � � 
 k � �  �  � � � � � 
� � 
 �

•� 	 
 � �� ��� � � �� 	 
� Xn = (X
(1)
n , X

(2)
n , . . . , X

(k)
n , . . .)

X
(1)
n = 3

X
(2)
n = 8

• rn � �� 	 
� � � � � ��  � �� � � � ��  � � 
 � � �� � 	 
� 
� � 
� � 
 � �

�� � � � � � � � � rn ≤ Dn ≤ 2rn ��� 	 
� 
 Dn � �� 	 
 � � � 
� 
� �

, )



�� �� � � �� � � � � �� � ��  �  � � �� 	 n�  � 
 � �

• X
(k)
n � �� 	 
 � � � � 
� �� � 
� � � � 
 � � � � ��  � � 
 k � �  �  � � � � � 
� � 
 �

•� 	 
 � �� ��� � � �� 	 
� Xn = (X
(1)
n , X

(2)
n , . . . , X

(k)
n , . . .)

X
(1)
n = 3

X
(2)
n = 8

X
(3)
n = 6

• rn � �� 	 
� � � � � ��  � �� � � � ��  � � 
 � � �� � 	 
� 
� � 
� � 
 � �

�� � � � � � � � � rn ≤ Dn ≤ 2rn ��� 	 
� 
 Dn � �� 	 
 � � � 
� 
� �

, �



�� �� � � �� � � � � �� � ��  �  � � �� 	 n�  � 
 � �

• X
(k)
n � �� 	 
 � � � � 
� �� � 
� � � � 
 � � � � ��  � � 
 k � �  �  � � � � � 
� � 
 �

•� 	 
 � �� ��� � � �� 	 
� Xn = (X
(1)
n , X

(2)
n , . . . , X

(k)
n , . . .)

X
(1)
n = 3

X
(2)
n = 8

X
(3)
n = 6

X
(4)
n = 1

rn = 4 �
• rn � �� 	 
� � � � � ��  � �� � � � ��  � � 
 � � �� � 	 
� 
� � 
� � 
 � �

�� � � � � � � � � rn ≤ Dn ≤ 2rn ��� 	 
� 
 Dn � �� 	 
 � � � 
� 
� �

, ,



�� �� � � �� � � � � �� �� � � � 	 
 �� �� �

� �  �� �� � �� 	 n�  � 
 � �

√
n×√n � �� 	 
 � 
 	  � � � �� � � �� 
 � �

�� � � � � � � � � �

X
(k)
n = Θ(k)� �� k < n1/2 �  � � rn �� �� � � �� 
 n1/2 �

� �� � � � 	 
 � 
 � � � 
� 
� � � 
 	  � 
 � � �  � � �� �  � � �

� �



�� �� � � �� � � � � �� �� � � �� � � 
 � � � � � �� � 	 
 � �  � � �  � 


� �� �  � � �� � �  � � � � �  � � � � � � � � � �

• � �� ��� �� 	�
 � � �� � ��� �� � � �� �� � �� � ��� ��  � !" �# � ! � # !� 4

$ %&' (' ) * +, k � n
1/4

, E(
R k

0
X

(i)
n ) ∼ k4,

* +, k � n
1/4

, E(X(k)
n ) ( - %. /10 2 %3 , % & - (' )

45 % 6 5 &7 % 819 :; <= >5 & > >5 % +' ? 6 / + - - (� ? % -3 & ? (' ) ( - k = tn1/4&' 2

3 + $ /A@ > % 2 - + $ % *@ ' 3 > ( +' & ? >, &' - * +, $ + * >5 % ? ( $ ( > / , +B ? %0

�� ��  � �� 
� C � � 	 
� � � � � � � �� � � � D � 
� � 	 
 � �� � �� � � � � � � � ��

� �� � � 
� 
� C � � � �� C �� � �E 
 � �� 
 � �� � � 
 � � �� � � �� � �� 
F  ��

� �� � �� � � � � �� � 	 
 � � � �� 
� 
 � ��  �� �

G 
 � 
 � �� � � 
  � �� 	 
�  � �� �  � 	 � � �� �  � 
� � � � �� � �� �  � � � C � � 
 
 � �

�H



� � �� �� � � � �� � � � � � �

� �



��� � �� �� �� � � � � � � ��

G 
� 
 �� � � �� � �� � � 
� � � � � � � � � � �  � � � � � � � � � �� � � � �� 
 � � � � �  � � � �

�� � 	 
 � �  � � �  � 
 �� 	 
 � 
 �  � � � 
 � � � � � �� 
 � � � � 
 	� 
� � �


 � D 
�  � 
� D 
� � 
F � 
 �  � 
� �� 	 
� D 
� � � � 
 � � C � 	 
 �� � � ��  � � 
 � � � 	 � �

� ��� �� � �� �

� �



� � � � � � � � � � � � � ��  � � 
 � �

� 
� � � �  � 
� D 
� � � � 
 � � C � � ��  � � 
 �� � � 	 
 � 
� D 
� � 
F �

1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

10

i+1

i+2

i+1

i+1

i

i

i

i+1

� 	 
� 
 � 
 � � � C � � � � � � � � � � 
 � � � � � �� � � � � � � � � � �  �  � 
 � � � � � � �� 
� 
 � � � �

� �



� � � � � � � � � � � � � � � � � � 
 �

� � � � �� 
� � 	 
 � � � � �� �� � � � � � � � � � � � 
 ��
1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

10

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � �� � � � � �� �
� 	



� � � � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

1

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

� 




� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

1

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

��



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

1

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

��



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

3

2

2

2

2

2

2

2

1

1

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

� �



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

� �



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

� H



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
0

1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

i+1

i+2

i+1

i+1

i

i

i

i+1

� � � � C �� �� �� � � � � � � � � � � �� �� 	

� �



� �� � � � � � � � � � �� � �� � � � �

� �� � � � �� �� � � � � � �� �� � �� � � �� � �� � � �� �
1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

i+1

i+2

i+1

i+1

i

i

i

i+1

�� � � �� � � � �� � �� � � � � �� �� � � � � � � 	 C � �� � �� � � �� � �� 
 � �� � � 	

� �



� �� � � � � � � � � � �� � �� � � � �

�� � � �� � � � �� � �� � � � � �� �� � � � � � � 	 C � �� � �� � � �� � �� 
 � �� � � 	

i+1

i+2

i+1

i

i

i+2

i+1

i+1

i

i

i+1

i+1

i+2

i+1

i+1

i

i

i

i+1

� � �� � � � � �� 	 � �� � C �� �� � � � �� � �� � � � � � �� � � � � � 
 � � � � 	 C � � C � � � 	

� �� �� � i + 1 
 �� � 
 � � �� �� � � C � � � � � � �� �� � � �� � � �� �� � 	 � � �� � �

	 � �� � �� � � � �� �� � � � 	 � � � �� � 	 C � �� � �� � � 	

� �



� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

E C � �� � �� � � � � �� � � � 	 � �� �� �� � �� � � � �� �� � � 
 � � � 	 C � � � � � �� �

� � � �� � �� � �� � 
 �� � 
 � 
 � � 	 � � �� � 	
1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

2

1
2
3
4

3
3

3
22

1

22
32

2
3

1

�� � �� �� �� � �� � � � � � � �� �� � � � � � � �� � �� 	 �� �� � D �� � � �� � 
 �� �

� � 	 � � � � � �� � �

� 	



� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

� � �� � �� � �� � 
 � � � 	 � � � � � �� � � �
2

1

2

3

4
3

3

3

22

1

22
32

2

3

1

� �� � � � � � � �� �� 
 � � � 	 � � � �� � � �� 
 (i, i− 1, i, i + 1) �� (i, i− 1, i) �


 �� � �� � � � � � � �� � � �� � D �� � � 	 C � �� � � � C (i→ i− 1) 
 � �� � �� �

�� � � � � �� � �� � � 	

� 




� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

� � �� � �� � �� � 
 � � � 	 � � � � � �� � � �
2

1

2

3

4
3

3

3

22

1

22
32

2

3

1

� �� � � � � � � �� �� 
 � � � 	 � � � �� � � �� 
 (i, i− 1, i, i + 1) �� (i, i− 1, i) �


 �� � �� � � � � � � �� � � �� � D �� � � 	 C � �� � � � C (i→ i− 1) 
 � �� � �� �

�� � � � � �� � �� � � 	

H �



� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

� � �� � �� � �� � 
 � � � 	 � � � � � �� � � �
2

1

2

3

4
3

3

3

22

1

22
32

2

3

1

� �� � � � � � � �� �� 
 � � � 	 � � � �� � � �� 
 (i, i− 1, i, i + 1) �� (i, i− 1, i) �


 �� � �� � � � � � � �� � � �� � D �� � � 	 C � �� � � � C (i→ i− 1) 
 � �� � �� �

�� � � � � �� � �� � � 	

H �



� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

� � �� � �� � �� � 
 � � � 	 � � � � � �� � � �
2

1

2

3

4
3

3

3

22

1

22
32

2

3

1

� �� � � � � � � �� �� 
 � � � 	 � � � �� � � �� 
 (i, i− 1, i, i + 1) �� (i, i− 1, i) �


 �� � �� � � � � � � �� � � �� � D �� � � 	 C � �� � � � C (i→ i− 1) 
 � �� � �� �

�� � � � � �� � �� � � 	

H �



� � � � � � � � � � � 	 �� � �� � 
 �� � �� � � 	

� � �� � �� � �� � 
 � � � 	 � � � � � �� � � �
2

1

2

3

4
3

3

3

22

1

22
32

2

3

1

� �� � � � � � � �� �� 
 � � � 	 � � � �� � � �� 
 (i, i− 1, i, i + 1) �� (i, i− 1, i) �


 �� � �� � � � � � � �� � � �� � D �� � � 	 C � �� � � � C (i→ i− 1) 
 � �� � �� �

�� � � � � �� � �� � � 	

H �



� � � � � � � � � � � � �� � � � � � �� 	

←→ 2

1
2
3
4

3
3

3
22

1

22
32

2
3

1

�� � � � � � � � � � � �� � �� � � � �� � � � � � � � � � � � � �� � �� � �� � �� � � 	 � �� � ��

� � � � � � � � � �� � � � � � � �� �� � � � � � � �� � � � �� n � �� �� � �� �

� � �� �� ��� � � 	 � � � � � �� � �� � � �� n � � � � � �� � 
 �� � 
 � 
 � � 	 � � � 	

H H



� � � � � � � � � � � � � 	 � � � � � �� � � 
 	 � � � � � �� � � � 	

� �� � � �� � 
 �� � 
 � � � � 	 � � 
 � � � 	 � � � � � �� � �� � � �� � � � � �� �� � �� �

D �� � � � � �� {+1, 0,−1} 	

2

1
2
3
4

3
3

3
22

1

22
32

2
3

1

←→
−2

−3
−2
−1
0

−1
−1

−1
−2−2

−3

−2
−1

−3

−2

−2
−1

−2

� � � � � � � �� � �� � � �� � � � � � � � �� � � � � �� D �� � �� �� � 
 	 � � � � � �� Z� �� �

� � � � �� � � � � � 0 �� � � �� � � � � � �� 
 � � � � � �� � � {−1, 0, +1} 	

H �



� � � � � � � � � � � � � 	 � � � � � �� � � 
 	 � � � � � �� � � � 	

� 
 	 � � � � � �� � �� � � D � � � �� � �F � � �� � � � � �

� � 
 � � � � � � �� � A = 3t(1 + A)2 	

� � � � D � � �� � � C � �� � � � 
 	 �� � � � 
 	 � � � � �

�� � �� � � �� n � � � �� ��

3n · 1

n + 1

(

2n

n

) 20 1−2 −10

1

1

−1

−20

0 1

2

1

� � � � � � �� � 	 � � � � �� � �� � � � �� � � � � � � � � � � 	 � �� � ��

� � � � � � � � � �� � � � � � � �� �� � � � � � � �� � � � �� n � �� �� � �� �

� � �� �� ��� � 
 	 � � � � � �� � �� � � �� n � � � �� 	

� � � � � 
 	 �� � � �� �� � � 	 � �� �� �� �� � � 2 · 3n · 1
n+1

(

2n
n

)

	

H �



� � �� � � � � � � � � � � � � � � � � � � � � ��

� � � �� � �� � � � �� � �� � D � � � � 	 � � �� � � � � �

� � � � �� 
 � �� �� � 	 � � � �� �� � � � �� �� � � � � � � � � � � � �� n � �� ��

�

� � � � �� 
 � �� �� � 	 � � � �� �� � 
 	 � � � � � �� � �� � � �� n � � � ��

� �� � � D �� �� � � �� �� � 	 � � � �� � � � � 	 � �� � F �� � � C �� � � � �� �� � �� � � � ��

�� � �� � �� � � �� � �� �� � � � � � rn = max(k | X(k)
n > 0) �� �� � � �� �� �� � �

	 � �� � �� �� � 
 �� �� � 
 � F � � 	 � �� � � � � �� � � 
 � 
 	 � � � � � �� � � 	

� � �� � �� � !� �# � !� ! �� !# 	� 
 � � � � � � � � � � C 
 � � � � �� � �� � � �� 	

H �



� � �� � � � � � � � � � � � � � � � � � � � � � � � � � � �� � C � �� � � � � 	 � �� 	

�� � �� �� �� � �� E � �� � � � � � � � � � � � �� 
 � �� � � 
 � � �� � �� � � � � �� n � � � � �

� � D � � C � �� � � � C � �� � � � Θ(
√

n)

�� � �� �� �� � �� � � � � � 	 � �� � � �� � � 	� �� � � � �� 
 � � �� � � 
 � � �� � � ��

� � � � �� 
 �� � � � 
 �� �� �� {−1, 0, +1} 	
⇒ � � 	 � �� �� � � �� � �� ` 	� �� � � �� � Θ(

√
`)

� �� � � � C � �� � � � � 	 � �� �� � � � �� � �� Θ(n1/4) � �� � � � C � �� � � � � 	 � � ��

�F � �� � � � � � 	 � � � �� � � 	 C Θ(n3/4) D �� � �� � � 	

�� � �� 
 � � �� �� � � 
 � � � �� �� � � � � � � �� � �� �� 
 � �� � �� � � �� � � C � �� � �

� �� � �� � � 	 � �� � �� �� � � �� � � 
 D �� � �� �� �� O(n1/4) 	

H 	



� � �� � � � � � � � � �� �� � �� � � ��

� � � � 
 �� � �� �� �� � � �� � � �� � � � � �� �� � 
 �� � � � � � C � � � 
 	 � � � � � �� � � � 	

� �� �� � � �� � � �

�� � � � � � � � � � � � � �� � � � 	� � �� � 	 � � � � �� � �� � � � � � �� � �� k = tn1/4

� �� �

� n−3/4X
(tn1/4)
n

� �	−→X(t) � � �� �� �� � � � � � �� � � � �� R
+

�

� �� �� � � � � � � � � �� � � � E(rn) ∼
n→∞

cte · n1/4 	

45 % / , + 3 % - - @ ' 2 %, ? 6 (' ) X(t) ( - >5 %
 ' > % ), & > % 2 �@ / %, � , +� ' (&'  . 3 @ - ( +' �

(' >, + 2@ 3 % 2 � 6�� ? 2 +@ - > + 2 % -3 , (� % >5 % 3 +' > (' @ @ $ ? ( $ ( > + * % $ � % 2 2 % 2 >, % % -0

� @ , >5 % +, % $ ( -� & - % 2 +' & 2 % -3 , ( / > ( +' + * >5 %
 �  (' > %, $ - + *� , +� ' (&'

-' &� % - 2@ % > +� % � & ? ?0

�� � �� � � �� � �� � �� � � �!" � �� #� $ � � $� %� & $ !' �� � $� � �(  � � � � � ! � � �� ) $ � & � $ � ! �

( $� � �� �! ) � � � �� � &! � � � � �* $ � �+ � �!-, * � + + $ � �( . /0 � 1 � � ! !' � � �! $ &2 . /0 . /3 . /4 �

1 � � � #� �!-, * � &� � . /3 � * $ � �+ � �!-, * ' � �( �� ! . /3 2
H 




� � � � � � �� �� � � � �

� � � � � � � 
 � � � � 
 � �

��



� � � � � �� � � � � � � � � � � � � � � �� ��

� � � � �� � �� � � � �� � �� � � �� �� � � � � � � �� � �� �� � � �� �� � � � �� � ��

� � � � D � � �� � � � � � C �� � �� � � �� � � � � �� � � � � � � � �� � �� � � � � � C � �� 
 � �� � � �

0
1

2

3

4

3

3

3

3

2

2

2

2

2

2

2

1

1

3

�� � �� � � g > 0 � � �� � �� � � �� � �� 
 � C � � �� � �� � �� � � 
 �� � � � � 	 � � � � ��

� � �� �� � � C � 	 � �� � D �� � � � � � �� � � �� �� � � � � � � �� � �� � � � �� � �� � � � � � �� � 	

��



� � � � � � � � � � � � � �� �� � � � �

� �� �� � �� � �� �� �� � � � � � � � �� � � �� � � �� � �� � � � � �� � � g � � � � � �� ��

�� � � � � � � C 
 �� � � � �� � � � � � 	 � � � �� � 	

� � � � � � �� �� � � � �� � � � � �� � � 	 � � � � �  �� � � � �� � � �� 	

�� � � � � � � � �� � � � � � 	 �� � � � � � � � � �� � � � C � � � � � � 	 � � �� � � �� 	 � �� � �� �

� � � � � � � � � �� � � � � � � �� �� � � � � � � �� � � � �� n � �� �� �� � � �� � � g �

� �� � � � � � � �� � � �� � � �� � � � � � �� n � � � �� �� � � �� � � g 	

� �



� � � � � � � � � � � � � �� �� � � � �

� 
 	 � � � � � �� � � �� � 
 � � � � �� 	 � � �� � 
 � � � � � � � � � � � �� � �

� � � 
 � D � � �� �� � � D � � C D �� � �� �� � � � � �� � � � �

� � � � � �� � � � � �� � 	 C � � � �� � � � �� �� � � �� 
 � � �� � � � 	 � �� 	

� � � � �� � � � �� � � �� �� �� �� � �� � � �� � 
 � � � � � �� D �� � �� �� � � � � �� � � ≥ 3 	

21

1

2

2

4

3

3

3 4

21

1

2

2

4

3

3
3

4

2 4

3

2

3

4

5

3

2

1

0
1

�� � �� �� �� � �� � � � � � 
 	 �� � � � � � � 
 �� � � � �� � � g �� � � � � � 	

�� � �� �� �� � �� � � � � �� �� � � �� � � � � � � � �� � � � 
 	 � � � � � �� � � �� � 
 � � �

� � D �� � � � � D �� � � � � 
 � �� � � � 
 � � � � � � � � � � � � � � � � � �� � � �� �

� �� �� � � �� � � � � � � � � � � � � 
 	 � � � � � �� � �� 	

� �



� � � � � � � � � � � � � �� �� � � � � � � C 
 � � � � �� �� � 
 �� � � � � �

� � � � � � 
 �� �� � � � � � 
 �� � � � �� � � g � �� � � � �� � � � � �� � 
 � � � 
 � � � �

�� � 
 � � � � � 4g − 2 D �� � �� �� � � � � �� � � � �� � 6g − 3 � � � � � 	

� � � � 
 	 � � � � � 
 � � � � � �� � � g + 1� �� 	 � �� � � � � � � �� � 
 ��

� 
 	 � � � � � 
 � � � � � �� � � g 	 C � � � C �� � � � � �� �� � � �� �� � � � 
 � � � 	 � ��

�� �� � � � � � �� � �� �� �� � � � C � � �� D �� � �� �� �� �� � � � 
 �� �� � � � � � 
 � 	

� � � �� � �� � Θ(n1/4) � � 	 � �� �� � Θ(n3/4) � � �� �� � � �� � � � � D �� � � 	 � �

⇒ �� �� � �� � Θ(n1/4(n3/4)3) = Θ(n5/2)� � C � � � �� � � � 
 �� � �� � � �� � � 	

� { � � � � 	 n � �� �� � � �� � � g} = n
5

2
g ·#{ � � �� �� � � � � 	 n � �� � � } 	

�H



� � � � � � � � � � � � � �� �� � � � � � � C 
 � � � � �� � � � � � ��

G � � � D � � �� � � � � � �� � D � � � � 
 	 �� � � �� � � � � C �� � � � � � �� �� � � �� � � � �

�� � � � � � �E �� � �� � � �� � � � ��� �� 	 � �� � �� � � � �� � �� � � C �� � � C � �� � �

� � � � � 
 � � C � � � � � �� �� � � � � � � �� � �� � �� � �� �� � � � �� � ��

#{ � � � �� �� � � � � � � � � � � � � �� � � g� � �� n � �� �� } = cgn
5

2
(g−1)ρn,

� � �� � ρ = 12 	

� � � � �� 
 n
5

2
(g−1)ρn � � �� � � � C 
 � � � � �� � �� 
 � � � �� � C � �� � � � � � � 
 � � � ��

� � 
 � � � � �� � � �� � � �� � ρ � � � �� � � �� �� � � � 
 � � C � 	 � � �� � � � � C � � 
 � � �

� �� � �� � � � � �� � � �� � C � � �� � D �� 	 C �� � � � 
 � � � � � D �� � � � � � � � �� � �

�F � �� �� � � � � �� � � � � � �� � � 
 �� � D � � C � 5
2(1− g) 	

� �



� � �� � � � � � � �
�� � � � � � �� � � � � � � � � � � � �� � g�

� � �� � � �� � �� � � �� � C � � � � � �� � �� � � � �� � � � �� � �� � �� � � 
 � �� � � �� � ��

Θ(n1/4) �� � � � �� �� � � � � � � �� � � � �� n � �� �� �� � � � � �� � �� � � � �� � �� �� 	


 ' 2 % % 2 3 +' - ( 2 %, % $ � % 2 2 % 2 $ & / - 3 +' - >, @ 3 > % 2 +@ > + * % $ � % 2 2 % 2 >, % % - � 6

>5 % / , %7 ( +@ - ) %' %, (3 3 +' - >, @ 3 > ( +' �

� >&� % & , &' 2 + $ % $ � % 2 2 % 2 >, % % � ( >5 n % 2 ) % - �

� >&� % 3g, &' 2 + $ 7 %, > (3 % - &' 2 ) ?@ % >5 % $ � � 6 � (' & , &' 2 + $ � & 6 �

� 3 5 %3� >5 & > >5 % , % -@ ? > (' ) $ & / 5 & - 3 +5 %, %' > ?& � % ? - � >5 & > ( > 5 & - ) %' @ - g �

&' 2 >5 & > >5 % ) ?@ (' ) +, 2 %, ( - 3 &' +' (3 & ?0

45 ( - / , + 3 % - - ) (7 % - % �@ & ? 3 5 &' 3 % - > + %& 3 5 % $ � % 2 2 % 2 $ & / - + * ) %' @ - g&' 2

5 & - / , + � & � ( ? ( > 6 Θ(n−

5

2
g) > + -@ 3 3 % % 20

45 %, % * +, % &' %. / +' %' > (& ? ? 6 , & , % %7 %' > +' % $ � % 2 2 % 2 >, % % - � ? (� %
rn � n

1

4
+ε

�5 & - > + � % %. / +' %' > (& ? ? 6 , & , % +' % $ � % 2 2 % 2 $ & / - + * ) %' @ - g0

� �



� � � � �� �� � � �

G � � � D � � �� � � � 	 � � � �� � �� � �� �� 
 � � � � � �� � � 
 	 � � � � � �� � �� 	

�� � � � � � � � 	 � � � � �� � � �� � � �� � �� � ��� �� �� � 
 � �� �F �� � � �� � � �� � 
 �� �� � �

� �� C � � �� � � �� � � �� �� � � 
 � �� � � �� � 	 � � � �� � � � � 
 � �� C � �� �� � � 


� � � �� �� �� � � � � 
 � � � 	 �� � �� � �� � � �� �

� �� � � � � � � � 	 � � � � � � � �� � � � � 
 � � � � � �� � n �� � � � � � � � C � � � � � � �� ��

� � �� � � C � � � � � � �� � �� � n1/4

�

� � �� � � � � � � � � � � � � � � � � �� � � �� � � � � �� �� 
 � � � � � D � � � � � � �� �� ��

�� � � � � � �� � � 
 � � 
 � � � �� � � �� �� � �� � � � �� � � �� � � 
 � � � � � � �� � ��

� � � � � � � C �� �� �� � � 
 � � 	

� �


