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When are two program fragments t, v contextually equivalent?

vC, C[t] = C|u]

Specifics depend on the programming language: input/output,
non-termination, just values?

Untyped A-calculus: undecidable.

Simple type system AC(c, —): decidable.
Polymorphism AC(«a, —,V), dependent types AC(«, —, 1): undecidable.

What's in the middle? Simple types, but richer datatypes?



Decidability of equivalence:

AC(a, —): Tait, 1967 or earlier.
AC(a, —, x): essentially the same proof.
AC(a, —, x,1): essentially the same proof.

AC(a, —, x,1,+): Ghani, 1995; Altenkirch, Dybjer, Hoffman, Scott:
2001; Balat, Di Cosmo, Fiore: 2004; Lindley, 2007; Ahmad, Licata,
Harper, 2010 (draft).

o ANC(a,—, x,1,+,0): ? (this work)



A. It has remained an open problem for decades, despite recurrent work:
© People still care = it comes up in their problems.
(Ryan Winesky, [types-list], 2013)

@ It requires a new perspective that will have other applications.

B. Deciding equivalence can teach us something deep about
the structure of programs.

C. We have a lot of practical tools to check specifications of program,
but not their equivalence.

Many applications: testing, refactoring verification, program specialization,
program synthesis...
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What is a canonical form for equivalence of simply-typed terms?
Redundancy: two (syntactically) distinct terms that are equivalent.

Canonical representation: a syntax of programs with no redundancy:

(Fstx) = (Feex)

With only functions and pairs, there is a reasonable notion of 3-short
n-long normal form. It does not scale to sums.

Normal form (for reduction) # Canonical form (for equivalence)

(see also Watkins, Cervesato, Pfenning, Walker, 2002)



Curry-Howard, again: programs as proofs.

The structure of
canonical forms
corresponds to the structure of

proof search

Restricting the search space restricts expression redundancy.
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(existing work)

Gives a term representation (Fsoc).
Canonical for effectful programs.
(Noam Zeilberger's thesis, 2009)

Not canonical for pure programs (stronger equivalences).

Complete: any term can be focused.
r=A = [ioc A

Mr-t: A - dvrgyt, [hiev:iA

Remark: (~g,) C (Rctx)



(my contribution, 2015).

Family of representations (Fsat:0)-

Canonical for pure programs (this work).

Locally complete: for any finite set of terms,
there is a ® such that (Fgat.0) is complete.

Extends to the empty type (this work).
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Local completeness of saturation: pick ® complete for {vi, v,},

Mot W1, wo: A
r l_foc Vi, Vo : A i:i sat:d 1 2
Wi %:877 Vi

Canonicity of saturated focused forms:
Check syntactic equality of w1, wo:

W1 Rsex W2 — W1 Zepx W2

Corollary: (%3,) C (%ctx), 50 () and (Rcex) coincide.

10



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms:

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms:

n:(1+a)—ak o e

11



Canonicity: example

n:(l+a)—atn(e1()), n(o2 (no1()) ) : «

Saturated forms:

n:(1+a)—ak o e

11



Canonicity: example

n:(l+a)—atn(e1()), n(o2 (no1()) ) : «
Saturated forms: let 7 = n (o1 () in
?
n:(1+a)—ak o e
let z=n (o1 ()) in
?

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«
Saturated forms: let 7 = n (o1 () in
?
n:(1+a)—ak o e
let z=n (o1 ()) in
?

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«
Saturated forms: let 7 = n (o1 () in
?
n:(1+a)—ak o e
let z=n (o1 ()) in
?

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

leto=n(0o22z)in?

n:(1+a)—ak o e
let z=n (o1 ()) in

let 0o =n(opz) in?

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

leto=n(0o22z)in?
n:(1+a)—ak o e

let z=n (o1 ()) in
let 0o =n(opz) in?

Shared context.

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

let o =n(o2z) in ?
n:(1+a)—ak o e

let z=n (o1 ()) in
let 0o =n(opz) in?

Shared context. Source of inequality:

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

leto=n(opz)in z
n:(1+a)—ak o e

let z=n (o1 ()) in
let 0o =n(o22z) in o

Shared context. Source of inequality: z &gy 0.

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

leto=n(opz)inz
n:(1+a)—ak o e

let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gy 0.

11



Canonicity: example

n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in

leto=n(opz)inz

n:(1+a)—ak o e
let z=n (o1 ()) in

let o =n(o22z) ino

Shared context. Source of inequality: z &gy 0.
Type variables:

11



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in
leto=n(opz)inz
n:(1+a)—ak o e
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gy 0.

Type variables: pick a finite type of codes of the form 1+ (1 + ..

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in
leto=n(opz)inz
n:(1+a)—ak o e
let z=n (o1 ()) in
let 0 =n(o22z) ino

Shared context. Source of inequality: z &gy 0.

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here,

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: )
let z=n (o1 ()) in
leto=n(opz)inz
n:(1+a)—ak o e
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gy 0.

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, %141, 2% 6, () and 6 & o, ().

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

leto=n(opz)inz
n:(l+a)—ak o e}
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«
Saturated forms: )
let z=n (o1 ()) in
leto=n(opz)inz
n:(1+a)—ak o e
let z=n (o1 ()) in
let o =n(o22z) ino
Shared context. Source of inequality: z &gty O

Type variables pick a finite type of codes of the form 1+ (1+...).
Here, 6 1+ 1, 2% o, () and 6% o, ().

Separating context: C [0] = def (An.O) A

Adef{
n —

11



n:(l+a)—atn(o1()), n(o2 (no1())):«
Saturated forms: )
let z=n (o1 ()) in
leto=n(opz)inz
n:(1+a)—ak o e
let z=n (o1 ()) in
let o =n(o22z) ino
Shared context. Source of inequality: z &gty O

Type variables pick a finite type of codes of the form 1+ (1+...).
Here, 6 1+ 1, 2% o, () and 6% o, ().

Separating context: C [0] = def (An.O) A

Adef{
n —

11



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

leto=n(opz)inz
n:(l+a)—ak o e}
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

ﬁdéf{ o1 () —

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

leto=n(opz)inz
n:(l+a)—ak o e}
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

ﬁdéf{ o1 () —

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

leto=n(opz)inz
n:(l+a)—ak o e}
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

ﬁdéf{al() — 2

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

let o =n(o2z) in z

n:(1+a)—ak o e

let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

ﬁdéf{al() — 2

11

).



n:(l+a)—atn(o1()), n(o2 (no1())):«

Saturated forms: let z = n (o1 () in

leto=n(opz)inz
n:(l+a)—ak o e}
let z=n (o1 ()) in
let o =n(o22z) ino

Shared context. Source of inequality: z &gty O

Type variables: pick a finite type of codes of the form 1+ (1 + ..

Here, 8 %141, 5% cfl()andodj o2 ().

Separating context: C [0] = def (An.O) A

ﬁdéf{ o1 () —

o> N>

).



Take away:
@ Proof theory, proof search have surprising PL applications.
@ Focusing is cool, learn about it!

o 0 is okay.

https://arxiv.org/abs/1610.01213

Questions?
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https://arxiv.org/abs/1610.01213
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negative types N.M :=a ,87,7v |P—=> N | Ny x Ny |1]|(P)”
positive types P, Q = at,8T 4T | P1+ Py | 0] (N)"

Pa,Qa L= PaQ | O[_,/B_ Na,Ma = N7M | O[+7B+

invertible terms  t,u,r = Ax.t | () | (t1,t2) | (f : P)
| absurd(x) | match x with (o; x — t;)’

focusing terms  f,g u=1let (x:P)=nint|(n:a7)|p
negative neutrals n.m == (x:N)|np|7min
positive neutrals  p,q =0, p|(x:a™)

shift-or-atom notations
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rnaizpyx PEnwt:N | 0 (rna;zp Finv ti 2 N ‘ @)I
Fna;Zp Fow Ax.t: P —= N | @ Fna;):p Finv (tl,tQ) N1 x N» | @

(Thai Zp, X Qi Finy ti = N | P,)’
Mha; Xp, X 1 Q1 + Q5 Finy match x with (o7 x — t,-)i N | P,

Mna; Lp, X 1 0 Finy absurd(x) : N | P, Mnai Zp Finv () 1] 0
rnaqr;a Foc f (Pa | Qa) IMa Fpﬂ‘ P
Foai (Tra). Fine £ 2 (Pa)) | Q. Mna Froc p : P
MatbFnla  Tabnl(P)” Mha;x: Pl t: 0| Q,
[ha Ffoc N1 ™ rnakfocletX:nintZQa rna,XZNFX»U«N
rnaFnuNIXNQ rna;wl_invt:N|®
rna,x:oﬁl—xﬂoﬁ rnal_ﬂ_in‘U’Ni rna}_t'ﬂ‘<N>+
MabnyP—N lrabEpN P FlabEpf Pi
Mabnply N Maboipft Pr+ P2
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Mha; Xp,x 1 Plginy t: N | 0 (rna;zp Fsinv ti 0 N | (Z))'
Mha; Zp Fsinv Ax.t: P = N | ( Mna; Xp Fsinv (t1,t2) : N1 x No | @

Mna; Xp Fsinv ()2 1] 0 Mna; Xp, X : 0 Fsiny absurd(x) : N | Q,

(Thai Tpo X PiFsiny ti N | Q)
Mna; p, X : P14 P2 by match x with (o7 x — ;)" : N | Q,

SINV-SAT
rna;r;a Fsatf:('Da | Qa) [na FsPﬂ‘P Mna Fs HU«OC7

[ha; <r'/13>: Fsinv - <Pa>: | Q, Mna; 0 Feat p:P Mna; O Feat n o™

o d_ef (rnayrl/‘la l_S n U’ <P>_)
(n7 P) = Selectrna,rfm({(lu P) | A dx € r:137X €n )

I—na7r:13;)_( . p I7Sinv t: @ | Qa
Mha; r/na Featlet X =nin t: Q,

(Tha ks ny N), (Tha s p 1 P), as before
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