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Plan

© Simply-typed A-calculus

© Focusing

© Focused M-calculus

@ (Maximal) Multi-focusing

© First application: equivalence of (focused) \-terms

@ Second application: which types have a unique inhabitant?



Section 1

Simply-typed A-calculus



Nx:AFt: B lN-t:A—B N~u:A

lN-Xx.t:A— B ltu:B
M-t A
MEt: A MNEt: A X A
rl—(tl,tg):Aleg Mt A
r,X1:A1|—U12C
Mt A; M=t: A1+ A Mxo:AkFuw:C
lFojt: AL+ A [ - match ¢ with o1 X1 — Up
02 Xp — U
(x:A)erl r=t:0

r-(:1 NEx:A '+ absurd(t): A
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Gn-equivalence

(Ax.t) u pg tlu/x] mi (ti, k) > ti

. o1 X1 — U
match oj t with | " ! >3 uj[t/xi]
092 Xo —» U2

r’-t:A—B MEt: AL x A M-=t¢:1
t >y A (t x) t >y, (71 t,m t) toy ()
M-t AL+ A Nr=DJ[t]: C MEt:0 Fr=DJ[t]: C
match t with

D [t] >, absurd(t)
D[t] >y o1 X1—>D[(71 X1]

02 X — D [(72 X2]

(Derived equalities:)



Gn-equivalence

(Ax.t) u pg tlu/x] mi (ti, k) > ti

. o1 X1 — U
match oj t with | " ! >3 uj[t/xi]
092 Xo —» U2

r’-t:A—B MEt: AL x A M-=t¢:1
t >y A (t x) t >y, (71 t,m t) toy ()
M-t AL+ A Nr=DJ[t]: C MEt:0 Fr=DJ[t]: C
match t with

D [t] >, absurd(t)
D[t] >y o1 X1—>D[(71 X1]

02 X — D [(72 X2]

. . N-tu:1
(Derived equalities:) _—
M=t=yu:l
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Gn-equivalence

(Ax.t) u pg tlu/x]

o1 X1 — U1

i (t1, t2) >t

match o; t with 02 X0 5 U >3 uj[t/xi]
r’-t:A—B MEt: AL x A M-=t¢:1
t >y A (t x) t >y, (71 t,m t) toy ()
M-t AL+ A Nr=DJ[t]: C MEt:0 Fr=DJ[t]: C

match t with
o1 X1 — D[Ul X1]
02 X — D [(72 X2]

D [t] >,

N-tu:1

(Derived equalities:)

D [t] >, absurd(t)

N=t:0 MNEug,um: A

N-tryu:l

r|—U1%77UQZA
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Easy in the negative fragment (—, x,1). Values and neutrals.

v = values n ::= neutrals
| Ax. v | x
| (v1, v2) | min
| n | nv

Problem: no clear way to add positives (+,0).



Easy in the negative fragment (—, x,1). Values and neutrals.

v 1= values n 1= neutrals
| Ax. v | x
| (v1,v2) | min
| n | nv

Problem: no clear way to add positives (+,0).

n ::= neutrals
X
v :| \)/ilujs I -
: | nv
i (v1, v2) | absurd(n)
n

1 () 7 | match n with ‘ 1=
N | oy 02 Xp — W
. I 01 X1 — M

? | match n with ‘
g2 X — N>
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Easy in the negative fragment (—, x,1). Values and neutrals.

v 1= values n 1= neutrals
| Ax. v | x
| (v1,v2) | min
| n | nv

Problem: no clear way to add positives (+,0).

n ::= neutrals
| x
v := values | i n
| Ax.v I nv
i (v1,v2) | absurd(n)
n
1 () 7 | match n with ‘ 1=
N | oy 02 Xp — W
: i
? | match n with ‘ 71X m
g2 X — N>

(Remark on System L) 6



Section 2

A discipline to remove some redundancy in proof representations.



N=t: A1 x A N-A; x Ay A +FC
—_— = _— = _—
ME=mt: A M= A F,A1><A2FC

(,) is non-disjoint union



Sequent calculus

A BEC NAEB
NA—BEFC r'-A— B
A +FC [+ A M= As
I',A1><A2I—C I'I—A1><A2
MnAFEC MAEFC [EA n
MNA T +AEC N-=Ai+ A
rorc r-1

Invertible vs. non-invertible rules. Positives vs. negatives.
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Invertible phase

7
X+YEX
X+YEFY+X

If applied too early, non-invertible rules can ruin your proof.

Focusing restriction 1: invertible phases

Invertible rules must be applied as soon and as long as possible
— and their order does not matter.

10



7
X+YEX
X+YEFY+X

If applied too early, non-invertible rules can ruin your proof.

Focusing restriction 1: invertible phases

Invertible rules must be applied as soon and as long as possible
— and their order does not matter.

Imposing this restriction gives a single proof of (X — Y) — (X — Y)
instead of two (Af.f and Af.Ax.f x).

After all invertible rules, negative context, positive goal.
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After all invertible rules, negative context, positive goal.

Only step forward: select a formula, apply some non-invertible rules on it.
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Non-invertible phases

After all invertible rules, negative context, positive goal.

Only step forward: select a formula, apply some non-invertible rules on it.

Focusing restriction 2: non-invertible phase

When a principal formula is selected for non-invertible rule, they should be
applied as long as possible — until its polarity changes.
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After all invertible rules, negative context, positive goal.

Only step forward: select a formula, apply some non-invertible rules on it.

Focusing restriction 2: non-invertible phase

When a principal formula is selected for non-invertible rule, they should be
applied as long as possible — until its polarity changes.

Completeness: this restriction preserves provability. Non-trivial !
Example of removed redundancy:

Xo, YiFA

Xo X X3, YiFA
Xox X3, YixYoFA
X1 xXox X3, Y1 X YoFA
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F(1 - X =2(Y+Z)=> X =>(Y=>W)=(Z2+W)

invertible rules
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(1 > X =2 (Y+Z)E X =>(Y = W)= (Z+W)

invertible rules
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(1 > X = (Y+2Z)), XEY=>W)=(Z+W)

invertible rules
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(1 =X =(Y+Z), X, Y=WF Z4+W

invertible rules
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(1 =X =(Y+Z), X, Y=>WF Z+W

choice of focus

12



(1 =X =(Y+Z), X, Y=WF Z4+W

choice of focus
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(1 = X =(Y+Z), X, Y=WF Z4+W

non-invertible rules

12



(1 =X =(Y+Z), X, Y=WF Z4+W

non-invertible rules

12



(1 =X =(Y+Z), X, Y=WF Z4+W

invertible rules
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Y)Y > WFZ + W ZFZ+W

(1 =X =(Y+Z)), X, Y=>WIE Z4+W

invertible rules

12



Y)Y > WFZ + W ZFZ+W

(1 =X =(Y+Z)), X, Y=>WIE Z4+W

choice of focus
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Y)Y > WFZ + W ZF-Z+W

(1 =X =(Y+Z)), X, Y=>WIE Z4+W

conclusion
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Focused proofs are structured in alternating phases,
invertible (boring) and non-invertible (focus).

Phases are forced to be as long as possible — to eliminate duplicate proofs.

The idea is independent from the proof system.
Applies to sequent calculus or natural deduction;
intuitionistic, classical, linear, you-name-it logic.
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A B = P|NJ| X all types

negative types
B function type
B product
unit

= positive types
| A+ B sum
| 0 empty

Pat, Qat :=P | X positive or atomic type
Nat, Moy = N | X negative or atomic type

14



Let's pretend that atoms are given a polarity.

A B = P|N| X all types
N, M negative types
— B function type
x B product

unit

i
= > >

P,Q positive types
A+ B sum
0

empty

Pat, Qat :=P | X positive or atomic type
Nat, Moy = N | X negative or atomic type

14



A B =P N all types

NM = negative types
| A— B function type
| Ax B product
|1 unit
| X~ negative atom
P,Q = positive types
| A+ B sum
| 0 empty
| X* positive atom
Pat, Q¢ =P | X~ positive or atomic type

Nat, My = N | XT negative or atomic type

14



MAFWw B
MN-iwA—B

r I_inv Bl r I_inv 82

I l_inv Bl X 82

I" negative or atomic

rv Al |_inv B ra A2 |_inv B
[ AL+ Ax Finy B

I0kiw B i 1

[ Fioc B B positive or atomic

i B

15



Structural presentation (2)

r |_foc.r [B] I_7 [A] l_foc.l B
r l_fOC B ra A |_Foc B

16



r l_foc.r [B] r7 [A] '_foc.l B
r l_fOC B ra A l_foc B

I Focr [Bi] B negative iy B

r |_foc.r [Bl + 82] r7 X+ }_foc.r [X+] r |_foc.r [B]
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r l_foc.r [B] r7 [A] '_foc.l B

e B A, B
I Focr [Bi] B negative iy B
r |_foc.r [Bl + 82] r7 X+ }_foc.r [X+] r |_foc.r [B]
ra [AI] |_foc.l B r l_foc.r [B] r7 [A] l_foc.l C
r7 [Al X A2] Ffoc.l B r7 [B — A] Ffoc.l C

A positive INAFWwB
M IX ] Ffoct XT [ [A] Foct B
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Section 3

Two angles:
© focusing in natural deduction

@ normal forms for a mixed-polarity world

17



Any (t : A — B) may be n-expanded into a A-abstraction: Ax. (t x)

We can ask all (open) values of type (A — B) to be of the form Ax.t

We cannot ask all (open) values of type A + B to be of the form o; t

x: X+YEFE?7: Y+ X

An invertible rule is an inversion principle.

18



Focused normal forms: invertible rules

Inversion judgment (I Hi,, v A).

NMx:AFwv:B [y V1t A [y vo @ Ap
I'I—im, Ax.v:A— B Fl—;m, (V1,V2)ZA1><A2

19



Focused normal forms: invertible rules

Inversion judgment (I Hi,, v A).

NMx:AFwv:B [y v1 s A [y vo @ Ap
I'I—im, Ax.v:A— B Fl—;m, (V1,V2)ZA1><A2

Mx:Aikbnwwv:C Mx: Ak w: C
Mx: A1+ Az Fipy match x with |01 x = vy |oax = v : C

19



Focused normal forms: invertible rules

Inversion judgment (I Hi,, v A).

NMx:AFwv:B [y v1 s A [y vo @ Ap
I'I—im, . v:A— B Fl—;m, (V1,V2)ZA1><A2

Mx:Aikbnwwv:C Mx: Ak w: C
Mx: A1+ Az Fipy match x with |01 x = vy |oax = v : C

o1 X1 — D[Ul X1]

D [x] >, match x with 02 %> — D [0 %]

19



Focused normal forms: invertible rules

Inversion judgment (I Hi,, v A).

NMx:AFwv:B [y v1 s A [y vo @ Ap
I'I—im, . v:A— B Fl—;m, (V1,V2)ZA1><A2

Mx:Aikbnwwv:C Mx: Ak w: C
Mx: A1+ Az Fipy match x with |01 x = vy |oax = v : C

M ()0 1 I, x: 0 kFiny absurd(x) : A

19



Inversion judgment (I Hi,, v A).

NMx:AFwv:B My v A [Mipy Vo @ A
I'I—im, AX.v:A— B Fl—;m, (V1,V2):A1 ><A2

Mx:Aikbnwwv:C Mx:A b w:C
Mx: A1+ Az Fipy match x with |01 x = vy |oax = v : C

My ()0 1 I x:0 ki, absurd(x) : A

I negative or atomic e v A A positive or atomic
N v A

19



Inversion judgment (I Hi,, v A).

NMx:AFwv:B My v A [Mipy Vo @ A
I'I—im, AX.v:A— B Fl—;m, (V1,V2):A1 ><A2

Mx:Aikbnwwv:C Mx:A b w:C
Mx: A1+ Az Fipy match x with |01 x = vy |oax = v : C

My ()0 1 I x:0 ki, absurd(x) : A

I negative or atomic e v A A positive or atomic
N v A

(discuss ordering)

19



Focused normal forms: non-invertible rules (right)

N v: N
r I_foc.r [N]
I Focr [N + 1]
[ ocr [O + (N + 1)]
MMfoc 04+ (N +1)

20



Focused normal forms: non-invertible rules (right)

N v: N
r I_foc.r [N]
r I_1‘oc.r [N + 1]
[ ocr [O + (N + 1)]
MMfoc 04+ (N +1)

N v N
MNhevf N
MNeorvft N+1
MNFpe o2 (o1 v) 104+ (N+1)

Non-invertible right-introductions: positive constructors.

20



N v: N
I Focr [N]
r I_foc.r [N + ]-]
I Feocr [0 + (N + 1)]
o 04+ (N +1)

N v: N
Mpe vt N
Mheor vt N+1
MNFpe o2 (o1 v) 104+ (N+1)

Non-invertible right-introductions: positive constructors.

lhep Tt A (x: XM er M v N N negative

Fheoi p AL+ Az M ne x # X MNhev(t N
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Focused normal forms: non-invertible rules (left)

r; QZ }_inv A
r, [Q2] l_foc.l A
r l_foc.r [P] r, [Ql X Q2] l_foc.l A
r ['D — (Ql X Q2)] Foct A
er:P—)(le Q2)|_focA
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F, Q2 I_inv A
r, [Q2] l_foc.l A
[ ocr [P] r7 [Ql X Q2] Ffoc.l A
r, [P — (Ql X Q2)] Ffoc. A
r9XZP—>(Ql><Q2)|—fOCA

(XZP—>(Q1XQQ))E|_
r}_neXuP_)(lecb) rl_nepﬂP
e x p b Q1 x @

[ Fhe m2 (XP)UQ2

Non-invertible left-introductions: negative destructors/eliminators.
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F, Q2 I_inv A
r, [Q2] l_foc.l A
[ ocr [P] r7 [Ql X Q2] Ffoc.l A
r, [P — (Ql X Q2)] Ffoc. A
r9XZP—>(Ql><Q2)|—fOCA

(XZP—>(Q1XQQ))E|_
r}_neXuP_)(lecb) rl_nepﬂP
e x p b Q1 x @

[ Fhe m2 (XP)UQ2

Non-invertible left-introductions: negative destructors/eliminators.

(x:N)ET  TrpenlAixA ThenllASB  TrepfA

e x4 N [Fnemind A Fhenpl B
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Focused normal forms: choosing a focus

On the right, rien a signaler.

r l_foc.r [P] r I_ne p TT P
Fl—focP rl—focp:P

22



On the right, rien a signaler.

r l_foc.r ['D] r l_ne p TT P
Fl—focP rl—focp:P

Left is upside-down: starting a left focus corresponds to sequent release
rules.

NeTl M [N] Froct A IPFwA
r Ffoc A r7 [X_] Ffoc.l X~ r7 ['D] Ffoc.l A

22



On the right, rien a signaler.

r l_foc.r ['D] r l_ne p TT P
Fl—focP rl—focp:P

Left is upside-down: starting a left focus corresponds to sequent release
rules.

NeTl M [N] Froct A IPFwA
r Ffoc A r7 [X_] Ffoc.l X~ r7 ['D] Ffoc.l A
NFpe n{ X™ NFpen{ P MNx:PkHnwv:A

INoe n: X NFfoclet x =ninv:A

22



Focused normal forms: summary

(Grammar with type annotations)

v ::= values

| Ax. v

| (vi, v0) f ::= focused forms

12 ‘v | let (x: P)=ninv
| match x with o1 ! | (n: X7)
o2 X — Vo | (P . P)
| absurd(x) '
| (f: Pat)
n ::= negative neutrals p: ositive neutrals

.= po
}(XIN) I(X X+)
np (Vi)
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Focused normal forms: summary

(Grammar with type annotations)

v 1= values
| Ax.v .
| (vi, v0) f ::= focused forms
12 ‘v | let (x: P)=ninv
| match x with o1 ! | (n: X7)
T [(p: P)
| absurd(x) '
| (f : Pat)
n ::= negative neutrals p ::= positive neutrals

| (x: N) | (x: X*)
| min | o
| np | ( N)

(Cut-free)

23



(Grammar with type annotations)

v 1= values
| Ax.v .
| (vi, v0) f ::= focused forms
12 ‘v | let (x: P)=ninv
| match x with o1 ! | (n: X7)
T [(p: P)
| absurd(x) '
| (f : Pat)
n ::= negative neutrals p ::= positive neutrals

| (x: N) | (x: X*)
| min | o
| np | ( N)

(Cut-free) (System L)

23



Focused forms as normal forms (stronger than 8-normal).
Inversion is n-expansion.

Remark: After inversion, 8-normal forms may be non-neutral.

match f () with match f () with
s 01 X1 — X1 01 X — T X g (absurd(f ()))
03 Xo — X2 0'2X—>0']_()

let-extrusion (let x = (n: P) in v) saves the day.
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Section 4

(Maximal) Multi-focusing

25



Focused forms do not solve positive n-equivalence

x:1—= (X4 X)Fin 7:04+ (X x X)
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Focused forms do not solve positive n-equivalence

x:1—= (X4 X) b 7: 04+ (X x X)

01z — 03 (z,2)

let y = x () in match y with 02 2 5 09 (2.2)

. . 01z—Z
let =X in match with
yi=x () nwien | 7127
02 ’
. . 01Z—Z
let = X () in match with
2 () % ’ 02 Z — Z

Neutrals of positive type may be split at difference places, a different
number of times.
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Idea: introduce each neutral (n: P) as early as possible.

This suggests an “even more normal” form, maximally focused.

27



Idea: introduce each neutral (n: P) as early as possible.
This suggests an “even more normal” form, maximally focused.
Multi-focusing:

I_l_neﬁU'l5 ry)_(:'él_nepatﬂat Pt
rl_foclet)_(:ﬁinpat:Pat

(pat : Pat) i=(p: P) | (v : Pat)

Maximal multi-focusing: no n can be moved down in the term.

27



Maximal multi-focusing solves positive n-equivalence

x:1—= (X4+X)Fin 7:04+ (X, X)

01z — 03 (z,2)
02z — 03 (z,2)

let y = x () in match z with

X in match with
() /1 02 Z — Z

012 —~ 2

X () in match with
() 2 ’ 02 Z — Z

Neutrals of positive type have a canonical place.
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Section 5

First application: equivalence of (focused) A-terms

29



Algorithm for equivalence of focused values.
Idea: perform maximal multi-focusing on the fly.

Mutual judgments:
0 Mhiny Vgg vV 1A
0 MFgefrggf i A
o MFpennmyggn A
o Mkpepragp MA

Depends on a consistency checking judgment [ -0
Definable as 3t, (I -t : 0).
Decidable in propositional logic (key!)

30



(Terms modulo commuting conversions, or enforced ordering)

Mx 1 Abiny Vv ~alg v - B
r I_inv AX. v ~alg AX. vV:A—> B

31



(Terms modulo commuting conversions, or enforced ordering)
-
r |_inv Vi ~alg V1 - A1

. ’. /.
x:Abn vege v i B [ Finy V2 ~aig Vo - Ao

[ Finy AX. v~ Ax.V 0 A— B M Hinv (vi, v2) ~alg (v{, vé) DAL X A

. /
[x A Finy v ~aig vp 2 €

. /.
r,X D Ao l_inv Vo ~alg Vo ! C

match x with match x with
I x: AL+ A Finy o1 X —Wn ~alg o1 X — V{ - C
o2 X — VW oy X — Vé
M e () ~ag ()01 I, x : 0 ki, absurd(x) ~,jg absurd(x) : A
[ negative or atomic [ Fsat vV ~alg Vi A A positive or atomic

[ Finv vV ~alg Vi A

31



Just follow the constructors. (Failure cases)

(x:N)erl M bne n~ag i I A X Ay

[Fne X ~ag x | N [ Fne i 0 ~alg i 0" 4 A

32



Just follow the constructors. (Failure cases)

(x:N)erl M bne n~ag i I A X Ay
[ e X ~aig x 4 N [ bne mi 0 ~aig mi 0’ | Aj

r|_nen’\’algn/UA_>B r'_nep’\“algplﬂA
I_l_nenp’\“algn/p/uB

I_l_nep'\“algp/ﬂA (X:X+)€|-

r'_neUiP'\"algUip/ﬂ‘Al“‘A2 rl_neXNaIgXﬂX+

[ Finy v ~aig Vi N N negative
[ e v ~alg Vi N

32



Equivalence: saturation

The hard stuff.

nef Mpenl P
ndﬁf{ne |r|:nenNalgn/iiP}
I x: P Fiy fl[X/n/] ~alg f2[x/n'] tA

I Fsat f;l ~alg f2 A

33



Equivalence: saturation

The hard stuff.

nef Mpenl P
7 € £ | T Foe n~ag 0’ I P}
Ix: Pl fl[x/n’] ~alg h[x/n]: A N=0

st £ ~alg fh:A [sat A ~alg h:A

33



The hard stuff.

nef MFnend P
7 € £ | T Foe n~ag 0’ I P}
[,x 1 Pl A[x/n'] ~aig B[x/n’] : A M=o

st £ ~alg fh:A [sat A ~alg h:A

—|(3n€f,-, [ e HUP) _'(r|_0) r|_nef1'\‘alg f2“UX_
r }_sat fl ~alg 7(2 X7

ﬁ(HHEﬁ,anenUP) _'(r|_0) rl_nefl"“algﬁﬂp
[ sat f1 ~alg f: P

(negative side-conditions: no backtracking)

33



Equivalence: demo

O XA x =gy M. Ax.f (f (f x)): (B—B)— (B—B)
f:B—B,x:BkFw

34



Equivalence: demo

O XA x =gy M. Ax.f (f (f x)): (B—B)— (B—B)
f:B—B,x:BkFw

match x with o; y —f

34



Equivalence: demo

O XA x =gy M. Ax.f (f (f x)): (B—B)— (B—B)
f:B—B,x:BkFw

match x with o; y —f
let xy = f(ojy) in

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
f:B—B,x:BkFw

match x with o; y —f
let xy = f(ojy) in
match x; with ~alg
01Yy1—>01)1
02y1—> 021

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
f:B—B,x:BkFw _
match x with o; y —'
let xy = f(ojy) in
match x with o; y —i match x; with g; y1 —J
let xy = f(ojy) in
match x; with ~alg
o1y1 — 011
02 Y1 — 021

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
f:B—B,x:BkFw _
match x with o; y —'
let xy = f(ojy) in

match x with o y —' match x; with g; y1 —J
let xy = f(ojy) in let x, = f (0jy1) in
match x; with ~alg

Oo1y1—~01)1
O2Yy1—>02)1

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
f:B—B,x:BkFw _
match x with o; y —'
let xy = f(ojy) in

match x with o y —' match x; with g; y1 —J
let x; = f(ojy) in let xo = f (0 y1) in
match x; with ~alg match xo with oy y» —k

Oo1y1—~01)1
O2Yy1—>02)1

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
f:B—B,x:BkFw _
match x with o; y —'
let xy = f(ojy) in

match x with o y —' match x; with g; y1 —J
let x; = f(ojy) in let xo = f (0 y1) in
match x; with ~alg match xo with oy y» —k
o1Yy1—01n let x3 = f(Uk yg) in

O2Yy1—>02)1

34



Equivalence: demo

OF M. Ax f x =g, M. Ax.f (f (f x)): (B— B)— (B— B)
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Addition of 0 is conceptually very simple once the right point of view is in
place. It does not complicate the proofs.

Correctness: immediate.

Completeness: maximal multi-focusing (WIP, will be in my thesis).

Termination: easy on the focused structure.
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Trying to decide equivalence by “small-step” rewriting of pieces of
programs (or in fact any method relying only on comparing the two terms)
does not scale to 0.

Neil Ghani, who first solved the sum case (without 0) in his 1995 PhD
thesis, had the right intuition:

The no-reducts of a term are determined more by the consistency
of the context in which the term was typed, rather than the term
itself. [...] Context inconsistency, term typability and other
important issues in the study of the ng-rewrite rule are decidable
[in our setting].

What was lacking was the framework to make this easy.
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Section 6

Second application: which types have a unique
inhabitant?
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Given a typing (I', A), is there a unique t such that I' -t : A holds?

Unique modulo Sn-equivalence.

Motivation: type-directed code inference.

Idea: enumerate maximal multi-focused proofs.
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Maximality of multi-focusing is a non-local criterion.

Easily applicable to equivalence: search for subterms to extrude.

Doing goal-directed search of maximal proofs is more difficult.

[ foc 7 Pat
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We don't know which neutrals will be used in subterms — to split on them.

Let us split on all of them.
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We don't know which neutrals will be used in subterms — to split on them.
Let us split on all of them.
DRAFT-DO-NOT-DISTRIBUTE

— 5y def - B
(na'D)é{(n?P)|(ratFnen‘uP)} rath:PFinvt:Qat
rat l_foc let X =nin t: Qat

Two issues:
@ saturate twice on the same neutral = wrong answer

@ infinitary rule; termination?
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I ,X:Aknwv:B r Finv V1 @ Ar r Fiw Vo @ Ao

r l_inv Ax.v:A— B [ l_inv (V1,V2) 2A1 XA2

r XAl Fnwwvr: C I XAk v C

r ,x A+ Ay by match x with o1 x = vy |oox = v C
r Finv () 1 1 r ,x 1 0 Fjqy absurd(x) : A
" negative or atomic r Ffoc Vi A A positive or atomic
r Fav VA

DRAFT-DO-NOT-DISTRIBUTE

(7, P) = {(n,P)| (T FpenlP) }
r , X Phiny t: Qat

r Ffoc let X = nin t: Qat
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Fat; T/, x 1 Ay + A iy match x with |01 x = vy [oax = va: C

Cat; T iy () 2 1 Fat; T’y x 1 0 Fipy absurd(x) : A

[’ negative or atomic Fat; M Foc Vi A A positive or atomic

Fas T iy v A

DRAFT-DO-NOT-DISTRIBUTE
— 5y def
(7, P) = {(n, P) | (Tat, T Fne n I P) }
[at; rla)_( tPliny t: Qat
Fat; T Feoc let X = A in t 1 Qat
41
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[’ negative or atomic Fat; M Foc Vi A A positive or atomic
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DRAFT-DO-NOT-DISTRIBUTE
(7, P) % {(n, P) | (Tae,T" e n b P) A nuses [’}
Fag; T, % P Finv 1 Qat
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DRAFT-DO-NOT-DISTRIBUTE
(7, P) % {(n,P) | (Tat,T" Fne n I P) A nusesT'}
Fati 7, % 0 Pliny 0 Qat
Fat; T Ffoc let X = A in t: Qat

For unicity, no need to keep more than two variables at each type.
Contexts are multisets over multiplicities {0,1,2}.

Finite search space = search terminates.
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https://gitlab.com/gasche/unique-inhabitant
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Focusing: an idea of proof theory that applies to programming language
theory.

Maximal multi-focusing: deeper understanding of program equivalence and
identity.

“Focusing is like bidirectional type checking, but better”
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