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ICP: lterative Closest Point
Algorithm at a glance

e Start from a not too far initial transformation

Do iterations until the mismatch error goes below a threshold:
* Match the point of the target to the source
 Compute the best transformation from point correspondence

In practice, this is a very fast registration method...

A Method for Registration of 3-D Shapes.Paul J Besl, Neil D Mckay.
IEEE Trans. Pattern Anal. Mach. Intell., Vol. 14, No. 2. (February 1992
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ICP is a generic method
Example for curve registrations:

Curves after registration

Curves before registration
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|ICP: Finding the best rigid transformation

Given point correspondences, find the best rigid transformation.

X = {21, ... ¥n} P =1{p1, - spn}

Observation/Target Source/Model

Find (R,t) that minimizes the squared euclidean error:
Ny

E(R,t) = — Z |lz; — Rp; — t||°
Pg_
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Align the center of mass of sets:

;sz—zi‘g' and Mp:—zpi
* =1 Np =1
X = {mlﬂ “'?33”} X' = {.T,.; — H-::r:} — {55!}
P ={p1,....,pn} > P' = {p; — pp} = {p}}
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Finding the rotation matrix:

W=y 7 apt Cross-covariance matrix:

Compute the singular value decomposition

o1 O O
W=U| 0 oo 0 |V 01 = 02 = 03
0 0 o3

Optimal transformation:

R=UVT |
. Recover the translation
t = Hax — Rﬂp once optimal rotation is found
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|CP: Monotonicity and convergence

The average squared Euclidean distance
decreases monotonously (— convergence)

In fact (stronger result):
Each correspondence pair distance decreases

Different point clouds.

Drawback:
When does the local minimum is global?

Difficult to handle symmetry

(use texture, etc. to disambiguate)




Best 3D transformation (with quaternions)

With respect to least squares...

SVD take into account reflections...

gr = [90q19293)° gr = [q195qs)" 7 = [qrldr]’

G+ai—a—a3  2(qig — qog3) 2(q1q3 + qoq2)
R = 20192 + qog3) g5+ — a1 — 4@ 2(q2q3 — qoq1)
2(q1q3 — qoqo) 2(q293 + qoq1) G5+ a3 — i — a3 |

Minimize:

N
- ]' - — — — —
f(@) = 5 D IE: = R(Gr)p: — Gl
P =1
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Best 3D transformation (with quaternions)

1 ]
#p=ﬂ_ pi and EI_FZ
P T io1

N N
1 ., .
Ep::: — Fp ;[(pi _p'p)( )u-'-'—') ] - Z_: et}
Aij — ngI _ EL)H Anti-symmetric matrix
A= [Ayn Ay Apl
ou(E) AT
QEpa) = A T+ XL — (X5
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Best 3D transformation (with quaternions)

Q(Zpe) = [ tr(ipm) AT ]

Ype + X0, — tr(Epa )13

Take the unit eigenvector corresponding to the maximal eigenvalue:

e = [0 @1 g ¢

Get the remaining translation (easy) as:

gr = [z — R(Q'R)ﬁp
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Time complexity of ICP

Linear (fixed dimension) to find least square transformation
At each iteration, perform n nearest neighbor queries

Naive implementation: O(I*"n*n) => slow for large n

=60 MeshLab v1.1.0 - [arc_du_triomphe_vis_500k.ply] ="
o - — P zm oz
o OB > B> Mo
00 arc_du_triomphe_vis_500k.ply

@8 http://meshlab.sourceforge.net/



kD-trees for fast NN queries

fonction kdtree (list of peoints pointList, int depth)
{
if pointli=st is empty
return nil:;
el=se
i

A4 Select axis based on depth so that axis cycles through 211 wvalid values

var int axis := depth mod k;

A7 Sort point list and choose median as pivet element
select median from pointlList:

/ i/ Create node and construct subtrees
var tres node node:

node.location := median;
node.leftChild := kdtree(points i1n pointlist before median,
node.rightChild = kdtree(points in pointlList after median,

retorn node; 10

depth+l) ;
depth+1) ;

Nearest neighbor (NN) queries in small dimensions... 2|

s HEp iErkiiedia. org/wiki/Kd-tree %

10



KDTREE(P,I)
1. < Build a 2D kD-tree >

2. < denote the level. Initially, [ =0 p
3. H[Pl=1l
4. then return LEAF(P)
5. else if Even(l)
6. then < Compute the median z-abscissa (vertical split) &
7. r; = MEDIANX(P)
8. Pt ={p € P | z(p) < 1}
9. /Pright — {p = | I(p) > IE}
10. return TREE(z;, KDTREE(Pieg, [ + 1), KDTREE(Pright, ! + 1));
11. else < Compute the median y-abscissa (horizontal split)
12 y; = MEDIANY (P)
13. Phottom = {p e P | y(p) < yﬁ}
14. XPtDp = {p =iy | y(p) = yf}
15. return TREE(y;, KDTREE(Phottom, ! + 1), KDTREE(Piep, I + 1));

Build time: O(dn log n) with O(dn) memory
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) o
B - £
SEARCHNNINKDTREE(q, V; p, dist) = . N -
1. < Input: © E /f— s Ef
2. aV: akD-Tree node > = q 3
3. <q: a query point > | b= | dist ™~ 4
4. < Output: > /
5. < p: nearest neighbor point &
6. < dist: distance to the nearest neighbor \'“' -+
7. if Vleft = V.right = NULL
8 then < Leaf of a kD-Tree >
9. dist’ = ||q — V.point]] V.axis = V.value V.axis = V.value
10. if dist’ < dist
11. then dist = dist’
12. p = V.point
13 else if qyaxis < V.value
14. then < Search on the left subtree first
15 SEARCHNNINKDTREE(q, V.left; p, dist)
16. if qvaxis + dist > V.value
17. then SEARCHNNINKDTREE(q, V.right; p, dist)
18. else < Search on the right subtree first
19. SEARCHNNINKDTREE(q, V.right; p, dist)
20. if qv.axis — dist < V.value
21. then SEARCHNNINKDTREE(q, V.left; p, dist)

n o Query complexity: From O(dlog n) to O(dn)



kD-trees for fast NN queries

X-5plitti |
D. & - plitting planes @
o # X
©,

Y-Splitting planes
< .— C X-Splitting planes ®/ \® ®/ \©

E not needed for leaf

But also: Approximate nearest neighbors
http://www.cs.umd.edu/~mount/ANN/
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k-d Tree data structure
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http://donar.umiacs.umd.edu/quadtree/points/kdtree.html
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Homography (also called collineation)
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Homography (Collineation)

T [ hi1 hio his
ri= 1 v, | =Hlj=1| hoy ha hos
i "U.-’_E | i f?-gl hgj }'3-33 |

Assuming h33 is not zero, set it to 1 and get:

o — ji5’1:L-i'f. + 3312?}1‘ + fi'13
- haix; + hsoy; +1

) — hoy; + hogy; + has
' harx; + hyoyi +1

,ﬁ © 2011Frank Nielsen




Homography (Collineation)

L _ Py iy by
o hgl;i”t’_ + I]Eggyi + 1 .

) — hor; + haoyi + hag
. fi’gl.'i!.'f_ + hggyi +1

v

r; = h11x; + h12y; + h1s — .'r.';(hgl:ri + h32y;),

L;; — hglifi -+ f.‘fzgyf_ + 3323 — y;(f'rgl;'ri + hgzyi),

‘E © 2011Frank Nielsen



Homography (Collineation)

From 4 pairs of point correspondences:
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) Ir1 N 1 0
0 0 0 a4
Io Y2 1 0
0 0 0 @9
r3 Y3 1 0
O 0 0 x5
rqe yq4 1 0

0 0 0 x4

0
n

Y2

Y3

Ya

0 —zz) —y12)
1 —nyy —wny
0 —xowh —youh
. ! ) !
L —zoyy  —y2un
0 —z3zh —yszh
i f !
1 —x3y3  —y3y3
0 —;_'1:4;:1:& — 14 ::.'{1
1 —z4y) —yayy _
A x h = b

Ah=b =

] 11
hi2
his
/ 191
hao
hos
hat
hao

h=A"'b.




Homography (Collineation)

From n pairs of point correspondences:

1 o y1 1 0 O —r1xy  —yrxy ry
0 0 0 z1 m —T1yy -y | ) Y1
ro y2 1 0 0 —;3’2;3'5 —sz'E '11 IE
0 0 0 z2 u —T2yy  — Y212 112 Y
r3 y3 1 0 0 —x3Th  —y3rh hi3 5
0O 0 0 x3 us —T3Ys  —Y3Ys hay Y3
gy 4 1 0 0 —TyTly  —ysry hag y
0 0 0 x4 —T4Yy  —YaYy 23 Yy

. . h31 .
X . ’;?32 X
'm Yn 1 0 0 — a1 —ypal xy,
0 0 T Yn —TnYy  —YnYn Yn
A x h = b . .
e i rdilioret Matrix pseudo-inverse
xS 8x1 2nx1
AT = (ATA)"IAT
h=A"b
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Homography (Collineation)

Matching planar surfaces...




Homography (Collineation)

Matching perspective pictures acquired
from the same nodal point




Homography (Collineation): Projective geometry

FIGURE 3.33  Point/line mappings under a homography H.
Lines map by the transpose of the inverse of the homography
mapping points: HT.

Play with duality point/line in projective space
It is more stable to select four pairs of lines instead of four points
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Graphics pipeline

Object World

Positioning
Transformation

Viewing
Transformation

Geometry/Normals
Transformation Hierarchies

,ﬁ © 2011Frank Nielsen

Backface culing

V iew Normah:zed Device Device
: Projection Viewport :
Transformation Transformation
Clipping
Perspective division
t z-buffer |—#»




Graphics pipeline: Scene graph

Upper arm

(7 S High level AP is Java3D:
https://java3d.dev.java.net/

OpenGL in Processing
Rotation base

(a) ) Scaled rigid transformation:

Positioning transformation

Ho = My Mk—_ = ng Rk’. SJEC

Translation Rotation Scale

Rotation angle

@ Sun

Inclination angle

Base
H, = MM,

Inclination angle
Lower Arm
H: = MyM; M2

Upper Arm
Hy = MgM; MM,

C
I‘T_._i © LUElt‘I‘anK Ni1elsen



Graphics pipeline: Projection

Projections are irreversible transformations
Orthographic projection

o O = O
oo o o

r 1
o O o=

H © 2011Frank Nielsen
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Perspective projection: Pinhole camera

oL X
pl/ /
Camera Image Plane Focal Plane
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Graphics pipeline: Perspective projection

o O = O
it T e S e B

I 1
oo o =

Ppp —

perspective division |:

o OO
TSl

1 ]
= b =2 R
[ |

1 ]
o T e T e T
Ty [ S s R e
o O o O
L 1
1 ]
e 2 S N
L |
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Graphics pipeline: Perspective projection

y

e S

S

Caf ] [F 0 0 07

Ig s ysf — 0 f 00
-f'p:,f? and ,'Up:f?' f | [0 0 f O
| 2 | 0 0 1 0|
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Graphics pipeline:
Perspective truncated pyramid
Perspective frustrum

,ﬁ © 2011Frank Niel,

2near 0 right +left
right—left right —left
0 Inear top+bottom
top—bottom  top—bottom
0 0 . gal:—l—nc-ar
ar—near
0 0 —1

0
0

far x near

far—near




raphics pipeline: Several viewports
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Graphics pipeline (matrix concatenation):

Orthographic projection.
P < MVCC}VMH:S,

Perspective projection.

p — My CpVMyys.

Mv: positionning transformation
V. viewing transformation
C. clipping transformation
Mv: viewing transformation

‘E © 2011Frank Nielsen



OpenGL in Java: Processing

¥ 08BlendingTexture - JCreator - [C:\Nehe\src\demos\nehe\lesson08\InputHandler.java]

File  Edit  Search View  Project  Buid Tools  Configure  Window  Help -8 x
| d g e # Dot -Hme - @ E
File View B X Rendererjava  InputHandler.java 1Bk %
E ‘.’i‘nrkspac:e 'Lesson?ﬁ':.m Projects W peckage: de  — — . . —3
+ = D?Teadure_Fiherngl'rllng L. BN C:\Program Files\Xinox Software\JCreatorV3LE\GE2001.exe =|8) X =
=[5 D8Blending Texture 3 Himport dem
i ‘u InputHandler java | )
"_U Lezzon08 java 5 import jaw
; TR b | import jawv
enderer java il L inport 5o L
+ _j 09MovingBitmaps a 5
+-[E 15TextureOutiine Fort 9 Hclass Inpu
+ [ 16Fog %E privat _
¥ __E.|| 1F’Teadl..|redForrt 13 Rl %) Lesson 08: Blending
-1 33 oading TGAFle 13 th
+ _j 37CellShading 14 gl
#1-[2) 39PhyisicalSimulation 15 gl
+ _j A2MutipleViewport %g gi
+ _j 44] ensFlare 1a =
+ [ Lesson10 14 gl Bxis"
+-[Z Lesson11 20 gl 1="):
= 21 1 iz
+ _j Lesson12 g pils :'
F—— 22 gl —aE1S
-1 Lessond6 27 1
+- [ Lessondd 24
+-[5] Lessond7 25 public
0-[ Lessondd 26 pr
e 27 ¥
28 ) =
4 ﬂ_ F
General Output | o x
=l General output | [ Build output
For Help, press F1 nl Coll Charl OVR d|| CAP|[NUM

>
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public void display(GLAutoDrawable gLDrawable) {
final GL gl = gLDrawable.getGL();
gl.glClear(GL.GL_COLOR_BUFFER_BIT | GL.GL_DEPTH_BUFFER_BIT);
gl.glLoadldentity();
gl.glTranslatef(-1.5f, 0.0f, -6.0f);
gl.glBegin(GL.GL_TRIANGLES); // Drawing Using Triangles
gl.glVertex3f(0.0f, 1.0f, 0.0f); // Top
gl.glVertex3f(-1.0f, -1.0f, 0.0f); // Bottom Left
gl.glVertex3f(1.0f, -1.0f, 0.0f); // Bottom Right

gl.glEnd(); // Finished Drawing The Triangle
gl.glTranslatef(3.0f, 0.0f, 0.0f);
gl.glBegin(GL.GL_QUADS); // Draw A Quad

gl.glVertex3f(-1.0f, 1.0f, 0.0f); // Top Left
gl.glVertex3f(1.0f, 1.0f, 0.0f); // Top Rigl g
gl.glVertex3f(1.0f, -1.0f, 0.0f); // Bottom
gl.glVertex3f(-1.0f, -1.0f, 0.0f); // Bottom
gl.glEnd(); // Done Drawing
gl.glFlush();
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Processing: 3D color shapes
Tl om0 oD Shane E=REe ™

GLU (Utility)
GLUT (Utility Toolkit, including user interfaces.)

http://www.cs.umd.edu/~meesh/kmconroy/JOGLTutorial/
,ﬁ © 2011Frank Niclsen
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