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Coq and PVS, sitting in a tree...

Coq Logical team at INRIA - Futurs

• natural deduction
• intuitionistic CIC
• light automation
• mathematics

PVS SRI’s Computer Science Laboratory

• sequent calculus
• classical HOL with subtypes
• heavily automated
• engineering

Share core logics (HOL), tactic languages (LCF), libraries (R... )
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... k-i-s-s-i-n-g

Variable A:Set
Variable R:A->A->Prop assymetric, transitive.
Variable Eq:A->A->Prop.
Variable f:A->A increasing.
Variable M:A least upper bound.

Theorem Tarski : (Eq M (f M)).

Proof.
cut (R M (f M)).
repeat intros ; apply.
Qed.
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• similar (universal?) formal developments

• very different levels of automation

• multiple proof languages with disparate semantics
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• An independent system of propositions and proofs

• Translation into both provers

• A proof manager to write and test proofs

•• Nicolaas de Bruijn’s postulates:

Provers and their formalisms should stay simple.

People will never agree on the logics: we should to
give them the choice.
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First order sequent calculus

x : A, Γ ` ∗ : B; ∆ x : A, Γ; ∗ : B ` ∆
cutL

Γ; ∗ : A ` ∆
Γ ` ∗ : B; x : A,∆ Γ; ∗ : B ` x : A,∆

cutR
Γ ` ∗ : A; ∆

Γ ` ∗ : A; ∆ Γ; ∗ : B ` ∆implyL Γ; ∗ : A⇒ B ` ∆
Γ, x : A ` ∗ : B,∆

implyR Γ ` ∗ : A⇒ B; ∆

Γ; ∗ : B[x ← t] ` ∆
forallL

Γ; ∗ : ∀(x : A)B ` ∆

Γ ` ∗ : B; ∆forallR
Γ ` ∗ : ∀(x : A)B; ∆



First order sequent calculus + λ̄µµ̃

x : A, Γ ` v : B; ∆ x : A, Γ; e : B ` ∆
cutL

Γ; µ̃x .〈v |e〉 : A ` ∆
Γ ` v : B;α : A,∆ Γ; e : B ` α : A,∆

cutR
Γ ` µα.〈v |e〉 : A; ∆

Γ ` v : A; ∆ Γ; e : B ` ∆implyL Γ; v · e : A⇒ B ` ∆
Γ, x : A ` v : B; ∆

implyR Γ ` λx .v : A⇒ B; ∆

Γ; e : B[x ← t] ` ∆
forallL

Γ; t · e : ∀(x : A)B ` ∆

Γ ` v : B; ∆forallR
Γ ` λx .v : ∀(x : A)B; ∆



First order sequent calculus + λ̄µµ̃

• There is always an active formula

• As many multiplicative rules as possible

• 4 primitive tactics: axiom, cut, elim, weaken

• Multiple options: intuitionistic / classical, minimal / full

• Proof terms
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Assuming FOL

• Not that expressive, but powerful enough

• Adhoc implementation, via the theory of classes

• More on this on Tuesday



Giving people the choice. . . of provers

• Cannot rely on tactic translation

• Proposition translation, proof of logical rule correctness

• Checkout the proofs into Coq or PVS

• Export to natural language (C.S.C.)



Giving people the choice. . . of provers

• Cannot rely on tactic translation

• Proposition translation, proof of logical rule correctness

• Checkout the proofs into Coq or PVS

• Export to natural language (C.S.C.)



Giving people the choice. . . of provers

• Cannot rely on tactic translation

• Proposition translation, proof of logical rule correctness

• Checkout the proofs into Coq or PVS

• Export to natural language (C.S.C.)



Giving people the choice. . . of provers

• Cannot rely on tactic translation

• Proposition translation, proof of logical rule correctness

• Checkout the proofs into Coq or PVS

• Export to natural language (C.S.C.)



Generating proof scripts

• Goals and specifications are translated

• Sequents are flattened:

A1 . . .An ` B1 . . .Bn  A1 ∧ . . . ∧ An ⇒ B1 ∨ . . . ∨ Bn

• Each logical rule application is proven:

S2

S1
 

(S ′2 ⇒ S ′1) ∧ S ′2
S ′1
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Working with proof terms

• Plain λ-term generation.

• Extract proof scripts for λ̄µµ̃-terms.

JxK = exact x JαKH:T = exact H

J>K = constructor J⊥KH:T = contradiction



Jµα.〈v : T |e〉K = cut T ; [ intro H ; JeKH:T | JvK ]

Jv · eKH:T ′→T ′′
= cut T ′′ ; [ intro H ′ ; JeKH

′:T ′′ | apply H ; JvK ]

Jµ̃x .〈v : T |e〉KH:T ′
= rename H x ; cut T ; [ intro H ′ ; JeKH

′:T | JvK ]

J[e, e ′]KH:T ′∨T ′′
= destruct H as [H ′|H ′′] ; [ JeKH

′:T ′ | JeKH
′′:T ′′

]

Jinjl vK = left ; JvK
Jinjr vK = right ; JvK
Jproj[x , y , 〈v |e〉]K = destruct H as [x y ] ; Jµα.〈v |e〉K
J(v , v ′)K = split ; [ JvK | Jv ′K ]

Jλx .vK = intro x ; JvK
J(t, v)K = exists t ; JvK

Jt · eKH=∀x :T ′.T ′′
= cut T ′′[x ← t] ; [ intro H ′ | apply H ] ; JeKH

′:T ′′[x←t]

Jproj[x , y , 〈x |e〉]KH:∃x :T ′.T ′′
= destruct H as [x y ] ; JeKy :T ′′



The proof monad

• π is the representation of a proof tree

• tactic :: π →Mπ

• Integer n represents the number of
subgoals

• String s stores the description of the
exception

typeMΠ = success π
| subgoals n π
| exception s π



The proof monad

• unit :: Π→MΠ
unit π = subgoals 0 π

• (?) ::MΠ→ (Π→MΠ)→ Π
m ? t = case m of

| success π ⇒ success π
| subgoals i π ⇒ f i (t π)
| exception s π ⇒ exception s π

• (idtac)(π) ≡ unit π
(step1 ; step2)(π) ≡ step1(π) ? step2
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The proof monad

• Solid foundation for proof languages
• Monadic operators
• Monad destructors

• Used to wrap up the sequent calculus

• Basis for PVS# (C.M.)



PVS#: The case of TRY

• |(SKIP)| = skip

• |(FAIL)| = failure

• |(TRY A B C)| =
|C| if |A| ∈ {skip, backtracking}
|A| if |A| ∈ {failure, success}
backtracking if |A| = subgoals, |B| ∈ {failure, backtracking}
subgoals if |A| = subgoals, |B| ∈ {skip, subgoals}
success if |A| = subgoals, |B| = success



The language

Tactics axiom, cut, elim, weaken, contraction, focus,
apply, ’;’ , ’;[||]’ , in.

Instructions declare, theorem, qed, discard, checkout, open,
export natural language, min, full, lj, lk, next,
prev, undo, quit.



Enter Fellowship

• Objective Caml: leveraging objects and modules

• Small is beautiful: 4200+ code lines

• GPL-compatible CeCILL license

• Fantastic user base

• Ongoing work



Enter Fellowship



Topping

• Compilator and toplevel options

• Toplevel help with terms, tactics and instructions

• Localized error printing

• UTF-8, formatted output

• Vi syntax file for .fsp extensions



In the crosshairs

• Scale (R is currently at 1000 lines)

• Develop the proof language: auto, tacticals

• Implement a toplevel-centric ( 6= editor-centric) interface

• Implement a communication layer for graphical frontends (eg.
PGIP)

• Generate proof scripts from λ̄µµ̃-terms

• Extend to other provers (Isabelle, HOL, NuPrl, Mizar, etc.)

• Integrate to provers

• Integrate concept to provers

• Go modulo (P.B. and C.H.)

• Go higher-order (S.L. and A.M.)
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The nutshell

• Fellowship is a Super Prover

• First order sequent calculus, correctness

• Generation of Coq and PVS proofs

• Play!

Google ‘‘Florent Kirchner’’ I’m Feeling Lucky

> Software
> Fellowship
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