
X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M
�miQMQKQmb _Q#Qi

J�`B� GmBx� *Qbi� oB�MM� R-k 1`B+ :Qm#�mHi R

Gm+ C�mHBM k avHpB2 SmiQi R

R G�#Q`�iQB`2 /ǶAM7Q`K�iB[m2 /2 HǶú+QH2 SQHvi2+?MB[m2 UGAsV
k1Lah� "`2i�;M2- G�#@ahA**

S�H�Bb2�m- RRfRyfkykR

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi R f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

R AMi`Q/m+iBQM

k S`Q#H2K ai�i2K2Mi

j S`Q#H2K �TT`Q�+?

9 AKTH2K2Mi�iBQM

8 _2bmHib

e *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi k f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

R AMi`Q/m+iBQM

k S`Q#H2K ai�i2K2Mi

j S`Q#H2K �TT`Q�+?

9 AKTH2K2Mi�iBQM

8 _2bmHib

e *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi j f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

AMi`Q/m+iBQM

�miQMQKv
• L�pB;�iBQM b2MbQ`b US`QT`BQ+2TiBp2V

@ AJl- :Sa- .oG . . .

• P#b2`p�iBQM b2MbQ`b U1ti2`Q+2TiBp2V
@ *�K2`�- bQM�`fHB/�`- i2KT2`�im`2- b�HBMBiv . . .

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi 9 f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

AMi`Q/m+iBQM

�miQMQKv
• L�pB;�iBQM b2MbQ`b US`QT`BQ+2TiBp2V

@ AJl- :Sa- .oG . . .

• P#b2`p�iBQM b2MbQ`b U1ti2`Q+2TiBp2V
@ *�K2`�- bQM�`fHB/�`- i2KT2`�im`2- b�HBMBiv . . .

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi 9 f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

AMi`Q/m+iBQM

1tTHQ`2/ �`2�
h?2 2tTHQ`2/ �`2� Bb i?2 mMBQM Q7 i?2 pBbB#H2 �`2�b Qp2` i?2 r?QH2 i`�D2+iQ`vX

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi 8 f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

S`Q#H2K

• *QKTmi2 i?2 2tTHQ`2/ �`2�X
• *QKTmi2 i?2 MmK#2` Q7 iBK2b 2�+? TQBMi BM i?2 2MpB`QMK2Mi ?�b #22M

2tTHQ`2/X
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• �bb2bb �`2�@+Qp2`BM; KBbbBQMb
@ .2i2`KBM2 B7 � KBbbBQM Bb +QKTH2i2

@ SH�M Qi?2` KBbbBQMb iQ }HH TQbbB#H2 ;�Tb

• :m�`�Mi22 i?�i B7 � i�`;2i Bb MQi /2i2+i2/- i?2 i�`;2i /Q2b MQi 2tBbiX
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>vTQi?2bBb
• t(.) : R → R2

• h = [0,hK�t]

• t(.) Bb +QMiBMmQmb BM hX
• t(.) �M/ ṫ(.) �`2 FMQrMX

x(.)
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• V(t(i), ṫ(i)) Bb i?2 pBbB#H2 �`2� �i iBK2 iX

x(t)

V(t)

ẋ(t)
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AE Bb i?2 2tTHQ`2/ �`2�
AE =

⋃
i∈h

V(i)

AE
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• ṫ(.)- i?2 `Q#QiǶb i`�D2+iQ`v /2`Bp�iBp2bX
• h- iBK2 BMi2`p�HX
• V(.)- pBbB#H2 �`2�

.2bB`2/ PmiTmi
• :m�`�Mi22/ �TT`QtBK�iBQM Q7 i?2 2tTHQ`2/ �`2� AEX
• LmK#2` Q7 iBK2b 2�+? TQBMi BM AE r�b b22M /m`BM; i?2

KBbbBQMX
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• ṫ(.)- i?2 `Q#QiǶb i`�D2+iQ`v /2`Bp�iBp2bX
• h- iBK2 BMi2`p�HX
• V(.)- pBbB#H2 �`2�

.2bB`2/ PmiTmi
• :m�`�Mi22/ �TT`QtBK�iBQM Q7 i?2 2tTHQ`2/ �`2� AEX
• LmK#2` Q7 iBK2b 2�+? TQBMi BM AE r�b b22M /m`BM; i?2

KBbbBQMX

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi Rk f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

R AMi`Q/m+iBQM

k S`Q#H2K ai�i2K2Mi

j S`Q#H2K �TT`Q�+?

9 AKTH2K2Mi�iBQM

8 _2bmHib

e *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi Rj f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

aQM�` *QMiQm`

6`QK i?2 `Q#QiǶb i`�D2+iQ`v t(.) �M/ i?2 FMQrH2/;2 Q7 i?2 `�M;2 Q7
pBbB#BHBiv Q7 2�+? Q#b2`p�iBQM b2MbQ`- i?2 bQM�` +QMiQm` γ(.) +�M #2
/2}M2/ �b BHHmbi`�i2/X

• γ(.) : R → R2

• hγ = [0, 1]

• γ(.) Bb +QMiBMmQmb BM hγ X
• γ(0) = γ(1)X

x(.)
�(.)
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S�`�K2i2`Bx�iBQM

• t(.) : R → R2

• h = [0,hK�t]

• t(.) Bb +QMiBMmQmb BM hX

• γ(.) : R → R2

• hγ = [0, 1]

• γ(.) Bb +QMiBMmQmb BM hγ X
• γ(0) = γ(1)X

x(.)
�(.)

h?2 T�`�K2i2`Bx�iBQM Q7 t(.) �M/ γ(.) �`2 MQi i?2 b�K2X
• t(.) Bb T�`�K2i2`Bx2/ #v iBK2 i ∈ hX
• γ(.) Bb T�`�K2i2`Bx2/ #v τ ∈ hγ X
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qBM/BM; LmK#2`

qBM/BM; LmK#2`
h?2 rBM/BM; MmK#2` η(γ(.), T) Q7 � +HQb2/ +m`p2 γ(.) BM i?2 TH�M2
�`QmM/ � ;Bp2M TQBMi T Bb �M BMi2;2` `2T`2b2MiBM; i?2 iQi�H MmK#2`
Q7 iBK2b i?�i +m`p2 i`�p2Hb +QmMi2`+HQ+FrBb2 �`QmM/ i?2 TQBMiX (k)

Winding Number :

�1

+1

+2
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S`Q#H2K �TT`Q�+?

AE = {x ∈ R2|η(γ(.), x) #= 0}

�(.)

+1

+2

Winding Number :

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi Rd f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F
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:Bp2M � +HQb2/ +QMiQm` γ(.) �M/ � TQBMi T- r?�i Bb i?2 rBM/BM;
MmK#2` η(γ(.), T) \

�(.)

p

⌘(�(.), p) = 1� 1 = 0

.�M amM/�vǶb �H;Q`Bi?K (9)

• *?QQb2 �M BM}MBi2 `�v +�bi `
7`QK i?2 TQBMi #2BM;
+?2+F2/ X

• A/2MiB7v BMi2`b2+iBQMb Q7 `
rBi? γ(.) �M/ /B`2+iBQMbX

• *QKTmi2 η(γ(.), T)
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MmK#2` η(γ(.), T) \

�(.)

p

r

⌘(�(.), p) = 1� 1 = 0

.�M amM/�vǶb �H;Q`Bi?K (9)
• *?QQb2 �M BM}MBi2 `�v +�bi `

7`QK i?2 TQBMi #2BM;
+?2+F2/ X

• A/2MiB7v BMi2`b2+iBQMb Q7 `
rBi? γ(.) �M/ /B`2+iBQMbX

• *QKTmi2 η(γ(.), T)
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D = [0, 0]⇥ [0,1]

�(0)
w(0) = 0

w(⌧1) = 1

w(⌧2) = 0w(⌧3) = 1

• h+(τ) = {i ∈ [0, τ ] | γ(i) ∈ D �M/ γ1(i − δ) > 0}
• h−(τ) = {i ∈ [0, τ ] | γ(i) ∈ D �M/ γ1(i − δ) < 0}
• r(τ) = Oh+(τ)− Oh−(τ)
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MmK#2`X

A7 γ(0) = γ(1) ⇒ r(1) = η(γ(.), 0)
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w(0) = 0
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w[1] = [0, 1]

D

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi jj f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

�H;Q`Bi?K

_mH2 k
[γ][F] ∩D = ∅
[γ1][F] ⊂ R−

[γ][F − 1] ∩D #= ∅
0 /∈ [γ][F − 1]





[r][F] = [r−[F − 1] + 1,r+[F − 1]]

[�][0]

[�][1]

w[2] = [1, 1]

D

[�][2]

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi j9 f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

�H;Q`Bi?K

_mH2 j
[t][F] ∩D = ∅

[t][F − 1] ∩D = ∅

}
[r][F] = [r][F − 1]

[�][0]

[�][1]

w[3] = [1, 1]

D

[�][2]

[�][3]
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�H;Q`Bi?K

_mH2 j
[t][F] ∩D = ∅

[t][F − 1] ∩D = ∅

}
[r][F] = [r][F − 1]

[�][0]

[�][1]

D

[�][2][�][3]

[�][10]

w[10] = [1, 1]
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�H;Q`Bi?K

_mH2 9
[γ][F − 1] ∩D = ∅

0 ∈ [γ][F]
0 /∈ [γ̇][F]




 [r][F] = [r][F − 1] + [−1, 1]

[�][0]

[�][1]

D

[�][2][�][3]

[�][11]w[11] = [0, 2]

[�][10]
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�H;Q`Bi?K

A7 0 ∈ [γ̇][F]

[�][0]

[�][1]

D

[�][2][�][3]

[�][11]
w[11] = [�1,1]

[�][10]
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_mH2 8
[γ][F] ∩D = ∅
[γ1][F] ⊂ R+

0 ∈ [γ][F − 1]




 [r][F] = [r−[F − 1],r+[F − 1]− 1]

[�][0]

[�][1]

D

[�][2][�][3]

[�][11]

w[12] = [0, 1] [�][12]

[�][10]
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_mH2 8
[γ][F] ∩D = ∅
[γ1][F] ⊂ R+

0 ∈ [γ][F − 1]




 [r][F] = [r−[F − 1],r+[F − 1]− 1]

[�][0]

[�][1]

D

[�][2][�][3]

[�][11]

w[12] = [0, 1] [�][12]

[�][10]
[�][11]
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η([γ](.), 0) = [0, 1]
η(γ(.), 0) = 1 ∈ η([γ](.), 0)

�(.)

[�](.)

0
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�H;Q`Bi?K

• T ∈ R2

@ η([γ](.), T) = η([γ](.)− T, 0)

• [#] ∈ IR2

@ η([γ](.), [#]) = η([γ](.)− [#], 0)

p

[�](.)� p
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�H;Q`Bi?K

• T ∈ R2

@ η([γ](.), T) = η([γ](.)− T, 0)
• [#] ∈ IR2

@ η([γ](.), [#]) = η([γ](.)− [#], 0)

[b]

[�](.)� [b]
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R AMi`Q/m+iBQM

k S`Q#H2K ai�i2K2Mi

j S`Q#H2K �TT`Q�+?

9 AKTH2K2Mi�iBQM

8 _2bmHib

e *QM+HmbBQMb �M/ 6mim`2 qQ`F

*?�`�+i2`Bx�iBQM Q7 i?2 �`2� 1tTHQ`2/ #v �M �miQMQKQmb _Q#Qi 9k f 93



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

AMi`Q/m+iBQM S`Q#H2K ai�i2K2Mi S`Q#H2K �TT`Q�+? AKTH2K2Mi�iBQM _2bmHib *QM+HmbBQMb �M/ 6mim`2 qQ`F

_2bmHib

AE = {x ∈ R2|η(γ(.), x) #= 0}
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_2bmHib

[0, 1] [1, 2] [0, 2]
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_2bmHib

[0, 1] [1, 2] [0, 2]

.2i2+iBQM Q7 TQBMib Q7 b2H7 BMi2`b2+iBQMX

η+ ≥ η− + 2
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R AMi`Q/m+iBQM

k S`Q#H2K ai�i2K2Mi

j S`Q#H2K �TT`Q�+?

9 AKTH2K2Mi�iBQM

8 _2bmHib

e *QM+HmbBQMb �M/ 6mim`2 qQ`F
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*QM+HmbBQMb

lbBM; i?2 iQTQHQ;B+�H T`QT2`iB2b Q7 i?2 `Q#QiǶb 2ti2`Q+2TiBp2
b2MbQ`b +QMiQm`- r2 �`2 �#H2 iQ

• /2i2`KBM2 i?2 �`2 2tTHQ`2/ /m`BM; � KBbbBQM-
• /2i2`KBM2 i?2 MmK#2` Q7 iBK2b � TQBMi BM i?2 bT�+2 r�b BM i?2

`Q#QiǶb `�M;2 Q7 pBbB#BHBivX

h?2 2tTHQ`2/ �`2� +�M #2 [mB+FHv +QKTmi2/ mbBM; i?2 T`QT2`iv Q7
+QMiBMmBiv Q7 rBM/BM; MmK#2`b BM i?2 bT�+2 �M/ i?`Qm;? i?2
B/2MiB}+�iBQM Q7 b2H7 BMi2`b2+iBQMb QM i?2 +QMiQm`X
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*QM+HmbBQMb

lbBM; i?2 iQTQHQ;B+�H T`QT2`iB2b Q7 i?2 `Q#QiǶb 2ti2`Q+2TiBp2
b2MbQ`b +QMiQm`- r2 �`2 �#H2 iQ

• /2i2`KBM2 i?2 �`2 2tTHQ`2/ /m`BM; � KBbbBQM-
• /2i2`KBM2 i?2 MmK#2` Q7 iBK2b � TQBMi BM i?2 bT�+2 r�b BM i?2

`Q#QiǶb `�M;2 Q7 pBbB#BHBivX
h?2 2tTHQ`2/ �`2� +�M #2 [mB+FHv +QKTmi2/ mbBM; i?2 T`QT2`iv Q7
+QMiBMmBiv Q7 rBM/BM; MmK#2`b BM i?2 bT�+2 �M/ i?`Qm;? i?2
B/2MiB}+�iBQM Q7 b2H7 BMi2`b2+iBQMb QM i?2 +QMiQm`X
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6mim`2 qQ`F

• �// mM+2`i�BMiv iQ i?2 `Q#QiǶb i`�D2+iQ`v �M/ i?2`27Q`2 iQ i?2
2tTHQ`2/ �`2�X

• 1tTHQ`2 i?2 T`QT2`iv Q7 b2H7 BMi2`b2+iBQM Q7 i?2 +m``2Mi
�H;Q`Bi?KX
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(R) �X "2i?2M+Qm`i �M/ GX C�mHBMX
aQHpBM; MQM@HBM2�` +QMbi`�BMi b�iBb7�+iBQM T`Q#H2Kb BMpQHpBM;
iBK2@/2T2M/�Mi 7mM+iBQMbX
J�i?2K�iB+b BM *QKTmi2` a+B2M+2- kyR9X

(k) aX :X E`�MixX
h?2 BM/2t Q` rBM/BM; MmK#2` Q7 � +m`p2 �#Qmi � TQBMiX
AM >�M/#QQF Q7 *QKTH2t o�`B�#H2b- T�;2b 9NĜ8y- "QbiQM- J�-
RNNNX

(j) aHBrF� CX C�mHBM GX G2 "�`b- 6X �M/ PX _2vM2iX
a2i@K2K#2`b?BT bi�i2 2biBK�iBQM rBi? ~22iBM; /�i�X
�miQK�iB+�- kyRkX

(9) .�M amM/�vX
AM+HmbBQM Q7 � TQBMi BM � TQHv;QMX
kyyRX
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