Bijective counting of plane bipolar orientations
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Abstract

We introduce a bijection between plane bipolar orientations with fixed numbers of
vertices and faces, and non-intersecting triples of upright lattice paths with some
specific extremities. Writing 9J;; for the number of plane bipolar orientations with
(14 1) vertices and (j 4 1) faces, our bijection provides a combinatorial proof of the
following formula due to Baxter:

(t+7-=2(+7-D!(@+7)!
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1 Introduction

A bipolar orientation of a graph G = (V, E) is an acyclic orientation of G
such that the induced partial order on the vertex set has a unique minimum
s called the source, and a unique maximum t called the sink. Alternative
definitions and many interesting properties are described in [?]. Bipolar ori-
entations are a powerful combinatorial structure and prove insightful to solve
many algorithmic problems such as planar graph embedding [?] and geometric



representations of graphs in various flavours. As a consequence, it is an inter-
esting issue to have a better understanding of their combinatorial properties.
This extended abstract focuses on the enumeration of bipolar orientations
in the planar case. Precisely, we consider bipolar orientations on rooted planar
maps, where a planar map is a connected planar graph embedded in the plane
without edge-crossings and up to isotopic deformation, and rooted means with
a marked oriented edge (called the root) having the outer face on its left. A
plane bipolar orientation is a pair (M, X), where M is a rooted map and X
is a bipolar orientation of M with the origin (end) of the root as source (sink,
respectively). Let 9;; be the number of plane bipolar orientations with i ver-
tices and j faces. Baxter [?, Eq 5.3] has proved that 1;; satisfies Formular (77)
using algebraic manipulations on generating functions. The main result of this
article is a direct bijective proof of Formula (?7?), exemplified in Figure ?7:

Theorem 1.1 There is a bijection between plane bipolar orientations with (i+
2) vertices and (j+2) faces, and non-intersecting triples of upright lattice paths
on the grid Z* with respective origins (—1,1), (0,0), (1,—1), and respective
endpoints (i — 1,7+ 1), (4,7), i+ 1,7 —1).

Formula (?7?) is easily derived from this theorem using Gessel-Viennot Lemma [?]
(classical determinant-type formula to enumerate non-intersecting paths).

Overview. Our bijection relies on several steps. Counting plane bipolar ori-
entations is first reduced to counting quadrangulations endowed with specific
edge-bicolorations. Then these edge-bicolored quadrangulations are bijectively
encoded by triples of words with some conditions on the prefixes. The encod-
ing draws its inspiration from a nice bijection by Bernardi and Bonichon [?],
between Schnyder Woods of triangulations and pairs of non-crossing Dyck
words. The final step of our bijection is to translate each binary word of
the triple to an upright lattice path; the prefix conditions of the words are
equivalent to the property that the three paths are non-intersecting.
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Fig. 1. A plane bipolar orientation and the associated triple of non-intersecting
upright lattice paths.



2 The bijection

(I). Reduction to counting edge-bicolored quadrangulations. The
quadrangulation of a rooted map M is the bipartite map ) with vertex set
consisting of vertices and faces of M, and edges corresponding to incidences
between these vertices and faces. (@) is naturally rooted with the same root
vertex as M. From now on, rooted quadrangulations are endowed with their
unique bicoloration of vertices in black and white such that the root vertex,
called s, is black; the other outer black vertex is denoted by t.

If M is endowed with a bipolar orientation, this classical construction can
be enriched in order to transfer the orientation on @); a rooted quadrangulation
is said to be bicoloriented if the edges are oriented and partitioned into red
and blue edges such that the following conditions are satisfied:

* each inner vertex has exactly two outgoing edges, a red one and a blue one;

 around each inner black (resp. white) vertex, ingoing edges in each color
follow the outgoing one in clockwise (resp. counterclockwise) order;

e edges incident to s are ingoing blue, and edges incident to t are ingoing red.
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Theorem 2.1 ([?]) Plane bipolar orientations with i vertices and j faces are
in bijection with rooted bicoloriented quadrangulations with i black vertices and
J white vertices.

(IT). Encoding a bicoloriented quadrangulation by a triple of words.
Bicoloriented quadrangulations have an interesting property: as shown in [?,?],
blue (resp. red) edges form two trees spanning all vertices except ¢ (resp. s)
and oriented toward s (resp. t). Let @ be a rooted bicoloriented quadran-
gulation with (i 4+ 2) black vertices and j white vertices, and let Ty, be its
blue tree. We define the contour word Wg of ) as the word on the alpha-
bet {a,a,b, b, c,c} obtained as follows (see Figure ??). Perform a clockwise
traversal of the contour of Ty, starting at the root edge, and write a letter
a (resp. b) each time an edge e of Ty, is traversed from a black to a white
vertex (resp. from a white to a black one). Underline the letter if this is the
second traversal of e. Write a letter ¢ each time a red edge is crossed at a
white vertex, and underline it if the edge is ingoing.



Fig. 2. Contour words of a bicoloriented quadrangulation.

We shall consider three subwords of Wy,: for any [ in {a, b, c}, let W, denote
the word obtained by keeping only the letters in the alphabet {l,[}. In order
to describe the properties of these words, we also introduce the tree-word W
and the matching word W, that are respectively obtained by keeping the
letters in {a,a,b,b}, and in {a,a,c,c}.

(i): The tree-word encodes the blue tree. Observe that W; corresponds to a
classical Dyck encoding of Ty, in which the two alphabets {a,a} and {b, b}
are used alternatively to encode the bicoloration of vertices. Hence W; is just
the shuffle of W, and W, at even and odd positions respectively, and each
prefix of W; has at least as many non-underlined letters as underlined letters.

It is easily seen that W, has j occurences of a and ¢ occurences of a,
shortly written W, € &(a’a’). Similarly, W, € &(b't’). Moreover, the prefix
condition on the Dyck word W; translates to the following property:

Property 1 For1l < k <1, the number of a’s on the left of the kth occurence
of a in Wy is strictly larger than the number of b’s on the left of the kth
occurence of b in Wy,

(ii): The matching word encodes the red edges. Let us now focus on W, and
on the matching word W,,. Clearly, any occurence of a ¢ (resp. ¢) in Wy
corresponds to a red edge with white (resp. black) origin, see Figure ?7.
Hence W, € &(c/c). Observe also that any occurence of a in W,,, which
corresponds to the first visit to a white vertex v, is followed by a pattern cc,
with [ the number of ingoing red edges at v. Hence W), satisfies the regular

expression ac(a*ac*c)*, which uniquely defines W, as a shuffle of W, and W..



Let us now consider a red edge with black origin; its origin (encoded by
a letter a) has to be encountered before its endpoint (encoded by a letter ¢).
Hence planarity ensures that the restriction of Wy, to the alphabet {a,c} is a
parenthesis word, which translates to the following property:

Property 2 Forl < k < j, the number of a’s on the left of the kth occurence
of a in W, 1is at least as large as the number of c’s on the left of the kth
occurence of ¢ in W.,.

(ITI). Representation as a triple of non-intersecting paths. Each of
the three words (W,, W;, W,) gives rise to an upright lattice path: the binary
word is read from left to right and the path goes up or right depending on
the letter (letters associated to up steps are a, b, and ¢, respectively). Letting
the corresponding paths P,, Py, P. start at (0, —1), (1,—1), and (—1,0), prop-
erties 1 and 2 easily imply that the triple of paths is non-intersecting. Path
steps corresponding to redundant letters (two in each word) are then deleted.
This concludes the description of the mapping stated in Theorem ?7.

Finally, each step of the mapping admits an explicit inverse operation, so
that the mapping is bijective.
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