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1.2. Linear Logic 7

The maybe most harmful drawback of linear logic is that, in the eyes of many, there
is no natural semantics, although there exist various kinds of denotational semantics for
linear logic. Besides the various forms of games semantics, which I have mentioned before,
there are also coherence spaces [Gir87a], which provide a natural interpretation of proofs of
linear logic. (In fact, linear logic has been discovered on the grounds of coherence spaces.)
In addition to that there are many other kinds of semantics including Banach spaces [Gir96]
and categorical axiomatisations [Bar91, See89).

Much of the difficulty of finding a natural semantics is probably caused by the fact that
one has to switch between various viewpoints in order to grasp the intuition behind the
various connectives. For example the multiplicative conjunction ® is more intuitive from
the viewpoint of actions and resources, whereas linear negation is more intuitive from the
viewpoint of games. In particular, there is still no formal semantics that meets the intuition
of resources as it has been discussed in the beginning of this section, although most “real-
world applications” of linear logic are based on that. For example, linear logic has been
used for specifying and verifying the TCP/IP protocols [Sin99].

I believe that one reason for the somewhat experimental stage of the semantics is that
the syntax of linear logic is rather underdeveloped and not yet well enough understood. This
has consequences for applications of linear logic in computer science. The problems in the
presentation of logic in general, and of linear logic in particular, translate into limitations
in the applicability of proof theory. Consequently, it is necessary to find new presentations
for linear logic, i.e. to develop new logical systems, that are equivalent to linear logic, but
have better proof theoretical properties. Positive evidence for this is, for example, Forum
[Mil94, Mil96, HP96]. On one side Forum can be seen as just another presentation of linear
logic (the set of provable formulae did not change), and on the other side Forum can be
seen as a first-class logic programming language because uniform proofs are complete for
it. In particular, it is the only logic programming language that can model the concept
of state in a natural way and can incorporate simple notions of concurrency. It has been
successfully employed as specification language. For example in [Chi95], the sequential
and pipelined operational semantics of DLX, a prototypical RISC processor, were specified
and shown to be equivalent. In the same work, Forum is used for specifying many of
the imperative features of Standard ML, like assignable variables and exceptions, and for
proving equivalences of code phrases.

Besides that, it can be argued that for many applications in computer science linear
logic is too simple. In particular from the viewpoint of concurrency this is not far-fetched.
Compared to the rich syntax of process algebras like CCS or the 7-calculus [Mil01], the
syntactic possibilities of linear logic seem quite poor. However, there exist preliminary
results showing that a relation between process algebras and logical systems can be estab-
lished [Mil92, Bru02c|. In order to pursue the idea of using proof theoretical methods in
concurrency theory, it is therefore necessary to develop new logical systems that go beyond
linear logic.

Let me conclude this section by stating the following two research problems which I
consider important and which have implicitly already been mentioned.

(1) Find better syntactic presentations for linear logic. More precisely, design new log-
ical systems that are logically equivalent to linear logic and that have better proof
theoretical properties. This means, in particular, that they should better express the
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1.2. Linear Logic 5

Despite the success that classical and intuitionistic logic have in many areas of computer
science, they have certain limitations that prevent them from dealing naturally with certain
aspects of computer science, as they occur, for instance, in concurrency theory and in
artificial intelligence. Examples of these limitations are their lack of resource consciousness
and the inability of dealing with noncommutativity. For that reason, linear logic and several
other, so called substructural logics are being investigated.

1.2 Linear Logic

Linear logic has been conceived by J.-Y. Girard as a refinement of intuitionistic logic
[Gir87a]. The two main novelties of linear logic are its resource consciousness and its
notion of duality, which is represented by linear negation, denoted by (-)*.

Resource consciousness means that it matters how often a hypothesis is used inside a
proof. In particular, there are two possible conjunctions in linear logic. Proving A “and” B
from some hypotheses @ can mean, either that the hypotheses have to be shared between
the proofs of A and B, or that both proofs have access to all of @. The former, written
as A ® B, is called multiplicative conjunction, and the latter, written as A & B, is called
additive conjunction. The corresponding proof rules are (in the one-sided sequent calculus):

Txr@ Tmuﬁ Txrnv Tm}w
@ ———— and & —
FA® B, 9.W FA& B, ®

The notion of resource consciousness has also been studied in artificial intelligence, in the
area of planning [Bib86, HS90], where actions consume and create resources. The relation
between planning and a small fragment of linear logic has been investigated in [GHS96]. A
more recent work on the use of linear logic for planning problems is [KVO01].

An example from the area of planning can be used for better illustrating the difference
between the two disjunctions. If we let A stand for having €1 and B for having one loaf of
bread and C for having one croissant, then A + B can be used to say that with €1 one can
buy a loaf of bread at the bakery, and similarly, A F C can be interpreted as spending €1 for
buying a croissant. Then A+ B ® C' is not provable because the money can be spent only
for one item. One would need €2 to buy both, bread and croissant, i.e. A A B C.
However, we have that A - B & C, with the meaning that with €1 one can buy one of the
two items and the customer can choose which he wants.

Although such examples can help to get some intuition for the different connectives—a
similar example has been used by J.-Y. Girard in [Gir96]—the reader should be warned that
these examples are misleading in the sense that they give a wrong idea of what linear logic
is about. In his recent work [Gir01, p. 399], J.-Y. Girard gives a more refined elaboration
on the relation between his work and the area of artificial intelligence.

Similar to intuitionistic logic, linear logic is not based on the a priori existence of
truth values, but it has a truth value semantics, which is given by phase spaces [Gir87a,
Laf97]. From a proof theoretical viewpoint, (denotational) semantics for proofs are more
interesting. This means that the semantics does not ask the question “When is A true?”
but “What is a proof of A?” [GLT89].

An example of such a semantics is games semantics [Bla92, Bla96, AJ94, HO93, Lam95,
Lam96, LS91], where formulae are interpreted as two-person games, or debates. While the
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1.1. Proof Theory and Declarative Programming 3

One example of a logic programming language is (pure) Prolog, which is based on the Horn
fragment of classical logic. However, Horn clauses are not able to support concepts like
modular programming or abstract data types, which are common in modern programming
languages. For that reason, pure Prolog has been extended in several ways. There are
essentially three possible approaches to do so [MNPS91]. The first is to mix concepts
of other programming languages into Horn clauses, and the second is to extend a given
interpreter by certain nonlogical primitives that provide aspects of the missing features.
The third approach is to extend the underlying logic to provide a logical basis for the
missing mechanisms. This raises the question in what way the logic should be extended.
The solution must be found somewhere between the two extremes of Horn logic, which is
weak but proof search can be implemented efficiently, and full first-order or higher-order
logic, for which an all-purpose theorem prover has to serve as interpreter. Here, the proof
theoretical concept of uniform provability [MNPS91] provides a criterion for judging whether
a given logical system is an adequate basis for a logic programming language. A uniform
proof is a proof that can be found by a goal-directed search, i.e. the logical connectives in
the goal formula are interpreted as search instructions.

Although the first two approaches lead, in general, to an immediate and efficient ex-
tension of the language, they have the disadvantage of cluttering up the semantics and of
obscuring the declarative reading of the programs [MNPS91]. The third approach might
not immediately lead to an efficient solution, as the other two do, but it has the advantage
that the extended language still has a clear semantics.

Through the notion of uniform proof, proof theory can help to design logic program-
ming languages that are capable of supporting features like abstract data types without
compromising the pure declarative paradigm. An example of such a language is AProlog
[MN88, Mil95], which is based on higher-order hereditary Harrop formulae [MNPS91]. Their
main extension with respect to Horn logic is that implication and quantification is allowed
in the body of definite clauses, and that quantification over predicates is possible. AProlog
supports modular programming, abstract data types and higher-order programming,.

Having a pure declarative paradigm is not only important for having a clear semantics,
it also plays a role when security issues are under consideration. An example is the concept
of proof-carrying code, where the program carries a proof of its own correctness.

The proof theoretical foundations for both paradigms are provided by the cut elimination
property, which is one of the most fundamental concepts of proof theory. The notion of cut
elimination is tightly connected to the sequent calculus [Gen34], which is a proof theoretical
formalism for presenting logical systems by specifying their proof rules. For example the
rule

PHA o+ B
PHANB

A

says that if one has a proof of A from hypotheses ¢ and a proof of B from hypotheses @,
then one can obtain a proof of A A B from the same hypotheses. This rule exhibits an
important property that rules in the sequent calculus usually have: the premises of a rule
contain only subformulae of the conclusion. This is called the subformula property. The
only (propositional) rule that does not have this property is the cut rule. The precise shape
of the cut rule varies from logical system to logical system, but it always expresses the
transitivity of the logical consequence relation, i.e. it allows to use lemmata inside a proof.
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List of Figures

Introduction

1.1 Proof Theory and Declarative Programming

Proof theory is the area of mathematics which studies the concepts of mathematical proof
and mathematical provability [Bus98]. It is mainly concerned with the formal syntax of
logical formulae and the syntactic presentations of proofs, and can therefore be regarded
as “logic from the syntactic viewpoint” [Gir87b]. An important topic of research in proof
theory is the relation between finite and infinite objects. In other words, proof theory
investigates how infinite mathematical objects are denoted by finite syntactic constructions,
and how facts concerning infinite structures are proved by finite proofs. Another important
question of proof theoretical research is the investigation of intuitive proofs [Kre68]. More
precisely, not only the study of a given formal system is of interest, but also the analysis of
the intuitive proofs and the choice of the formal systems needs attention.

These general questions of research are not the only ones that are investigated in proof
theory, but they are the most important ones for the application of proof theory in computer
science in general, and in declarative programming in particular. By restricting itself to
finitary methods, proof theory studies the objects that computers (which are, per se, finite)
can deal with.

In declarative programming the intention is to describe what the user wants to achieve,
rather than how the machine is accomplishing it. By concerning itself with the relation
between intuitive proofs and formal systems, proof theory can help to design declarative
programming languages in such a way that the computation of the machine meets the
intuition of the user.

This rather high level argumentation is made explicit and put on formal grounds by the
two proof theoretical concepts of proof normalisation (or proof reduction) and proof search
(or proof construction), which provide the theoretical foundations for the two declarative
programming paradigms of functional programming and logic programming, respectively.

Proof normalisation and functional programming. The relation between the func-
tional programming paradigm and proof theory is established by the Curry-Howard-iso-
morphism [CF58, How80, Tai68], which identifies formal logical systems, as they are stud-
ied in proof theory, with computational systems, as they are studied in type theory. More
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10 1. Introduction

On a technical level, the main difference is that inference rules do not operate on se-
quents, which are sets, multisets or lists of formulae, but on structures, which are equivalence
classes of formulae. Structures can be seen as intermediate expressions between formulae
and sequents. They are built from atomic expressions via various syntactic constructions as
it is usually done for formulae, and they are subject to laws like associativity or commuta-
tivity as usually imposed on sequents. Such a notion of structure first occurs in N. Belnap’s
display logic [Bel82] and is established in the tradition of philosophical and substructural
logics [Res00]. However, an important difference is that in the calculus of structures, struc-
tures are the only kind of expression allowed. They are built from atoms and not from
formulae as in [Bel82, Res00]. As a consequence, binary connectives disappear and there
is no longer a difference between logical rules and structural rules. All rules (apart from
identity and cut) are structural in the sense that they rearrange substructures inside a
structure. In particular, the notion of main connective loses its pivotal role.

The second technical difference to the sequent calculus is that in the calculus of struc-
tures every rule has only one premise. This means that there is no branching in a proof.
Proofs in the calculus of structures are not trees of instances of inference rules as in the
sequent calculus, but chains or sequences of instances of inference rules.

On a more fundamental level, the differences to the sequent calculus are more drastic.
The calculus of structures draws from the following basic principles:

e Deep inference: Inference rules can be applied anywhere deep inside structures.

o Top-down symmetry: Derivations are no longer trees but “superpositions” of trees,
which are upward- and downward-oriented. This yields a top-down symmetry for
derivations.

From a proof theoretical viewpoint, the idea of deep inference did already occur in [Sch60],
but the systems presented there are highly asymmetric. A weak form of deep inference is
also available in display logic [Bel82], but again, there is no top-down symmetry present.
Nevertheless, it is a substantial task for future research to investigate the precise relation
between the calculus of structures and display logic.

In computer science, the notion of deep rewriting is well-known from term rewriting
(e.g. [BN98]). The resemblance between the calculus of structures and term rewriting
systems becomes even more vivid when the inference rules in the calculus of structures are
inspected. Usually they are of the shape

S{T}
S{Rr} '
where premise and conclusion are structures. A structure S{R} is a structure context S{ },
whose hole is filled by the structure R. The rule scheme p above specifies that if a structure
matches the conclusion, in an arbitrary context S{ }, it can be rewritten as in the premise,
in the same context S{ } (or vice versa if one reasons top-down). In the terminology of
term rewriting this scheme describes a rewriting step modulo an equational theory (since
structures are equivalence classes of formulae) where R is the redex and 7" the contractum.
Because of this resemblance, the calculus of structures might help to establish a bridge
between term rewriting and proof theory, in the sense that results from one area can be
applied to the other.

2.3. Cut Elimination 23

The cases for the other rules are similar. But it should be noted that it can happen that

the cut is duplicated:
N FA®,C +B,2C Aﬂ

FA&B,®C FChw
FA&B,o,W

cut

is replaced by

NN N N

FA®C FCOLw FB,®,C FCHw
cut cut
FA® W FB,®,W
&

FA&B,&,0

This can blow-up of the proof exponentially.
The second type of case, called key case, occurs when both cut formulas coincide with
the principal formulae of the two rules above the cut. Then the situation is as follows:

AV

FAB,® FALw +-BL Y
i ®
FA®B,® FAteBL U X

cut s
Fow X

which can be replaced by

FAB® FAL W @

F B, &,W F Bty
ko0, 5

cut

cut

Observe that the number of cuts has increased, but their rank (the size of the cut formula)
has decreased. This is used in an induction to show the termination of the whole procedure.
But there is also the following case:

NN

(FAB,. B, AL 7A@
i c
F1A,7By,...,7B, F7AL. ¢
t ,
< F7By. ... 7B,
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12 1. Introduction

in the sequent calculus usually have would be lost. This means that the main challenge in
developing logical systems in the calculus of structures lies in designing the rules carefully
enough such that it is still possible to prove cut elimination and to have (an equivalent of)
the subformula property.

Besides linear logic and a form of noncommutativity, which will be studied in this thesis,
several other logical systems, including classical logic [BT01, Brii03b, BG03], minimal logic
[Brii03c], several modal logics [SS03], and cyclic linear logic [Gia03], have been presented
in the calculus of structures.

1.5 Summary of Results

Before I summarise the results that are contained in this thesis, let me recall the three
problems mentioned in Sections 1.2 and 1.3:

(1) Design new logical systems that are equivalent to linear logic, but have better proof
theoretical properties.

(2) Design new logical systems that are more expressive than linear logic (with respect
to certain computational phenomena).

(3) Develop a proof theoretical formalism for presenting these new systems.

The calculus of structures (which is an outcome of research on the third problem), is a
good candidate for helping to make progress on the first two problems because of the new
proof theoretical properties that are associated to it. Consequently, in this thesis I study
several logical systems presented in the calculus of structures and explore their properties.
Some of these systems are equivalent to linear logic or its fragments and others go beyond
linear logic. The investigation of these systems does not only contribute to problems (1)
and (2), but also helps to establish the calculus of structures as a first-class proof theoretical
formalism.

In order to give the reader some guidance to the following description of the major
results, I have shown in Figure 1.1 the most important logical systems occurring in this
thesis. Although not all of them are mentioned in this introduction, I included them in the
figure, in case the reader wishes to consult it again later while reading this work. The figure
shows a graph, where the nodes are labeled by the names of logical systems in the calculus
of structures. The annotations in parentheses are the names of the equivalent sequent
systems, where @ means that there is no sequent system. An arrow from one system to
another means that the latter one can be obtained from the former one by adding what is
written on the arrow. For example NEL is obtained from BV by adding the exponentials.
If the arrow is solid, then the second system is a conservative extension of the first one and
if the arrow is dotted, then this is not the case. For example, LS and LLS are conservative
extensions of ELS, but ELS® is not.

There are three main results contained in this thesis:

e Linear logic in the calculus of structures. First, I present system LS in the
calculus of structures, which is equivalent to the traditional system LL for linear logic
in the sequent calculus. System LS is not a “trivial” translation of LL, but naturally
employs the new symmetry of the calculus of structures, and exhibits the mutual

2.2. Rules and Derivations 21

2.2.8 Remark The identity rule

can be replaced by an atomic version
id —
Fa, at

without affecting provability. This can be shown by using an inductive argument for replac-
ing each general instance of the identity rule by a derivation containing atomic instances of
identity and some other rules. For example if A = B ® C' we can replace

id
®

- d—
+ B,Bt ko, ct
FBeC, B CH

d ——— b; o e —
_ Y FB®C,BtsCt

FB®C,BtwsCt
However, for the cut rule such a reduction is impossible. For example, the instance

FBeC, & Byt w
Fo,w

cut

of the cut cannot be replaced by a derivation

FBeC,$ FBleCctw

Fow

i )

using only atomic cuts, because every atomic cut branches the derivation tree. If we try
for example
FC Bt ChHw
caut—m
- B, FBhw

cut——
Fow

there is no way to bring the two leftmost branches back together.

2.2.9 Remark Let me draw the attention of the reader to the following well-known fact
regarding the connectives of linear logic. If we define a new pair of connectives & and &’
with the same rules as for the connectives & and &:

FAP FB FA D
FAs/ B,® FAo B,&

- B,
FA® B,&

/

, @

/

& , @

then we can show that the connectives &' and &, as well as @ and @' are equivalent. If we
do the same to the exponentials, i.e. define two new modalities ?" and !" by the same rules
as for ? and !, then there is no possibility to show any relation between ! and !, or between
?and 7.
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1. Introduction

substructure. This means that the amount of computational resources (i.e. time and
space) that is needed for applying the rules is bounded. This is achieved by having
only two kinds kinds of rules in the system:

— Either a rule operates only on atoms, i.e. no generic structures are involved,

— or arule only rearranges substructures of a structure, without duplicating, delet-
ing, or comparing the contents of a substructure.

This means in particular, that there are no rules like the generic contraction rule

F24,7A4,8
F2A4,®

7c

5

which requires to duplicate a formula of unbounded size while going up in a derivation.
In fact, it has been shown in [Brii02b] that in the sequent calculus it is impossible to
restrict contraction to an atomic version.

Decomposition. For linear logic and its fragments, I show several decomposition
theorems. In general, decomposition is the property of being able to separate any
given derivation or proof into several phases, each of which consists of applications of
rules coming from mutually disjoint fragments of a given logical system.

In principle, decomposition is not a new property in proof theory. For example, in
natural deduction one can decompose any derivation into an ‘introduction’ phase and
an ‘elimination’ phase, and this corresponds to a proof in normal form. In the sequent
calculus, an example of a decomposition result is Herbrand’s theorem that allows a
separation between the rules for the quantifiers and the rules for the connectives. But
apart from these rather simple consequences of normalisation and cut elimination,
decomposition does not receive much attention.

However, in the calculus of structures, decomposition reaches an unprecedented
level of detail. For example, in the case of multiplicative exponential linear logic
(MELL), it is possible to separate seven disjoint subsystems.

The decomposition theorems can be considered as the most fundamental results
of this thesis, for the following three reasons:

— They embody a new kind of normal form for proofs and derivations. Further-
more, because of the new top-down symmetry of the calculus, they are not
restricted to derivations without nonlogical axioms (as it is the case for cut elim-
ination), but they do hold for arbitrary derivations, where proper hypotheses are
present.

— They stand in a close relationship to cut elimination. More precisely, cut elimi-
nation can be proved by using decomposition. In this case the hyperexponential
blow-up of the proof is caused by obtaining the decomposition (i.e. a certain nor-
mal form of the proof in which the cut is still present), and not by the elimination
of the cut afterwards.

— They show that the calculus of structures is more powerful than other proof
theoretical formalisms because it allows to state properties of logical systems
that are not observable in other formalisms.

2.2. Rules and Derivations 19

2.2.2 Definition A derivation A in a system .7 is a tree where the nodes are sequents
to which a finite number (possibly zero) of instances of the inference rules in .7 are applied.
The sequents in the leaves of A are called premises, and the sequent in the root is the
conclusion. A derivation with no premises is a proof, denoted with II. A sequent - @ is
provable in .7 if there is a proof II with conclusion - @.

Sometimes in the discussion only the premises and the conclusion of a derivation are of
importance. In this case, a derivation in the sequent calculus is depicted in the following
way:

Fdy - D,
K2 ,
where the sequents - @4, ..., - @, are the premises and F @ is the conclusion. A proof is
then depicted as follows:
K2

Let me now inspect the rules for linear logic.

2.2.3 Definition The two rules

FAD AL W
and cut——mM8M

P
A At Fo.w

are called identity and cut, respectively.

The rules identity and cut form the so-called identity group. They are of importance
in most sequent calculus systems. The identity rule expresses the fact that from A we can
conclude A. The rule is necessary for observing proofs because it allows us to close a branch
in the tree. The cut rule expresses the transitivity of the logical consequence relation and
is therefore necessary for using lemmata inside a proof.

Opposed to the identity group stands the so called logical group, which contains for each
connective, modality or constant one or more logical rules. In the case of linear logic, this
group is subdivided into the multiplicative, additive and exponential groups.

2.2.4 Definition The multiplicative group contains the rules
FA® +BWY = A B,® Fo

® , ® , L ol
FA® B,o, ¥ A% B, [ 1

which are called times, par, bottom, and one, respectively. The additive group contains the
rules
FA® +FB,® A - B,

&E—mMmM8 ™ , & , @
FAaB® = 'FAeBd '

2 ) T ’
FAo®B,& FT,0
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16 1. Introduction

cut elimination based on rule permutation. As a consequence, I will obtain an interpolation
theorem for multiplicative exponential linear logic. Referring to Figure 1.1, the systems
MELL and ELS are investigated in this chapter.

In Chapter 5, I will present system LLS, the local system for linear logic. In particular,
I will explain, how contraction can be reduced to an atomic version. Furthermore, I will
show several decomposition results for LLS. The reader who is only interested in locality
can just read Sections 3.1 to 3.3, Section 3.5, and Chapter 5. On the other hand, if the
reader is not interested in locality, he can skip this chapter entirely.

In Chapter 6, I will move the focus from the left-hand side of Figure 1.1 to the right-
hand side. More precisely, I study the systems ELS® and S°, which means that I show how
the rules mix and nullary mix are incorporated in the calculus of structures.

Finally, system NEL is investigated in Chapter 7. I will show that it is a conservative
extension of ELS® and BV. Then, I will extend the two decomposition theorems of Chapter 4
to system NEL. Further, I will present the cut elimination proof for NEL based on splitting.
Finally, the undecidability of NEL is shown via an encoding of two counter machines.

The results of Chapter 4 have partially been published in [GS01, Str01], the results of
Chapters 3 and 5 have partially been published in [Str02], and the results of Chapter 7 can
be found in [GS02a, GS02b] and [Str03a, Str03b].

Linear Logic
and the Sequent Calculus

The sequent calculus has been introduced by G. Gentzen in [Gen34, Gen35] as a tool to
reason about proofs as mathematical objects and to manipulate them. It has been used
since then by proof theorists as one of the main tools to describe logical systems and to
study their properties. In this chapter, I will define linear logic, introduced by J.-Y. Girard
in [Gir87al, in the formalism of the sequent calculus. By exploiting the De Morgan dualities,
I will restrict myself to the one-sided sequent calculus [Sch50].

The reader who is already familiar with linear logic is invited to skip this chapter.

2.1 Formulae and Sequents

As the name suggests, in the sequent calculus, rules operate on sequents. Sequents are,
in the general case, syntactic expressions built from formulae, which in turn are syntactic
expressions built from atoms by means of the connectives of the logic to be studied. Since
in this thesis I will discuss only propositional logics, the atoms are the smallest syntactic
entities to be considered, i.e. there are no terms and relation symbols from which atoms are
built.

Here, I will study linear logic, whose atoms and formulae are defined as follows.

2.1.1 Definition There are countably many atoms, denoted by a,b,c,... The set of
atoms, denoted by A, is equipped with a bijective function (-)* : A — A, such that for
every a € A, we have ™ = a and a* # a. There are four selected atoms, called constants,
which are denoted by L, 1, 0, and T (called bottom, one, zero, and top, respectively). The

function (-)* is defined on them as follows:

=1, 1t=1
TL.=0 |, ot =T
The formulae of linear logic, or LL formulae, are denoted with A, B,C, ..., and are built

from atoms by means of the (binary) connectives %, ®, @, and & (called par, times, plus, and
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26 3. Linear Logic and the Calculus of Structures
Associativity Exponentials Negation
[R,[T,U]] = [[R,T],U] 7R = TR [R,T] = (RT)
(R(T,U)) = ((RT).U) IR = IR RT) = (RT]
*mq*ﬂq: = :hﬁwﬂTQ* Units ﬂ _ Am\w“Hﬂv
ANWAN&QVV = AANWJMJYQV P — R

- [LE] = R (RT) = 5T}
Commutativity (LR) - R e‘m _ :ww
[R,T] = [T.R] j.R} = R B = IR
(R,T) = (T\R) {T,Ry = R R = R
IRT} = TR} TR
(R, Ty = (T, R} L1y =1 = 1

Figure 3.1: Basic equations for the syntactic congruence for LS structures

with a, b, ¢, ...). The set A contains four selected elements, called constants, which are
denoted by L, 1,0, and T (called bottom, one, zero, and top, respectively). The function -
is defined on them as follows:

=1
0

) )

Ol |1

=1
=T

—I =
i

)

Let R be the set of expressions generated by the following syntax:
Ri=a|[RR] | (R,R)|{R, R} |[{R.BY| [R|?R|R

where a stands for any atom. On the set R, the relation = is defined to be the smallest
congruence relation induced by the equations shown in Figure 3.1. An LS structure (denoted
by P, Q, R, S, ...) is an element of R/=, i.e. an equivalence class of expressions. For a
given LS structure R, the LS structure R is called its negation.

3.1.2 Remark To be formally precise, the set of equations shown in Figure 3.1 should
also contain the equation @ = a, where the - on the left-hand side stands for the syntactic
negation and the - on the right-hand side for the involution function defined on atoms. In
other words, on atoms the negation is defined to be the involution.

3.1.3 Remark The set of equations shown in Figure 3.1 is not minimal. It was not
my goal to produce a minimal set because in this case minimality does not contribute to
clarity.

3.1.4 Notation In order to denote a structure, I will pick one expression from the
equivalence class. Because of the associativity, superfluous parentheses can be omitted.
For example, [a,b,c,d] will be written for [[[a,b],c],d] and [[a,b], [¢,d]]. This notation

3.3. Equivalence to the Sequent Calculus System 39

FA® AW

e If cut————————— is the last rule applied in II, then there are by induction
Fo,v 1 1
hypothesis two derivations —A[[sts and A [|sts .Let II, be the proof obtained via
ﬁmm‘.WL ﬁmmq NL
Proposition 3.2.16 from
1] —
1
Ay|sts
_ [As2]
([4,.2.],1)
As||sts
. ([A, 2], ﬁm“ L))
(A2, 5.2
14,4)2,7,
tlwm,NL
ﬁwquL
A B® Lo
o If »———— s the last rule applied in II, then let IT_ be the proof of [A_, B_, ®_|
FA9B,® —s — s =
that exists by induction hypothesis.
. FA® FBW
o [f ® ———— is the last rule applied in II, then there are by induction hy-
FA®B,9,¥ 1 1
pothesis two derivations  Aflsts and  Asf|sts . Let IT_ be the proof
ﬁmmq WL ﬁmmq Nw_
1| —
! 1
Ay|sts
_ ﬁmquL
([4,.2.],1)
D&:mrm
([A,,2],[B.,¥])
g—s'—sl' —s'—s/
“l(4,2].5,).2)
:mm,mmv,Wma NL
Fo o
e If | —— is the last rule applied in II, then let II_ be the proof of - @_that exists
1, - —

by induction hypothesis (since - L, & =+ &).

oH:u:mH|,§ob~oﬁﬂro:|.
F1 = 1
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28 3. Linear Logic and the Calculus of Structures

The domain of - _ is extended to sequents by

= 1 and
ﬁ&mi..,&_ , forh>0

-
—s

F AL A

3.2 Rules and Derivations

In this section, I will define the general notions of rules, derivations and proofs. Those
definitions are independent from linear logic and are the same for all logical systems in the
calculus of structures discussed in this thesis.

Afterwards, I will show the rules for linear logic.

3.2.1 Definition In the calculus of structures, an inference rule is a scheme of the kind

T
b\wq

where p is the name of the rule, T is its premise and R is its conclusion. An inference rule
is called an axiom if its premise is empty, i.e. the rule is of the shape

"R

3.2.2 Remark A typical rule has the shape

S{T}
S{R}

and specifies a step of rewriting inside a generic context S{ }. But in general it is not
forbidden to put constraints on the context. In particular, it is possible to have rules
without context. This would then correspond to the to the case of the sequent calculus.

3.2.3 Remark It has already been mentioned in the introduction that it is not (triv-
ially) possible to present the calculus of structures in general in the terminology of term
rewriting. At this point I will explain the reasons in more detail.

e There are logical systems in the calculus of structures, where the rules are not in-
dependent from the context S{ }. For example, one could imagine a quantifier rule
like
S{R}

S{Vz.R}

where x is not allowed to be free in the context S{ }. It is also possible, to translate

sequent calculus rules directly into the calculus of structures, which would yield rules
without generic context. For example

(@VA)A(PV B)
&V (AADB)

v

)

A

Both cases are difficult to accommodate in a general term rewriting system.

3.3. Equivalence to the Sequent Calculus System 37

Base case: II'is 1| — : Let IT be the proof 1 —.
1 - F1
Inductive case: Suppose II is
w[stsufuly
s{w}
!
S{wy . o i
In other words, p ——=is the last rule applied in II. The following LL proofs show that
512} s{w}
F (W )L, Z is provable in LL for every rule p——— in SLS, i.e. W —o Z is a theorem
L = @@Nw RS L
in LL:
e For the rules ai| and ail:
id
Fa,at
v% -
Fa®at
o
Fl,awat
e For the rule s:
d —— id—
FRYR FTh T g
® i
FRYLTHRT FULU

®
FR-QUSTHRoT,U

I
FRL@UL T (RRT) U
FREUY) T (RT)®U

®

e For the rules d| and d7:

id—— id——— id—— id———
FR-YR FULU FTh T FViv
Q ———————— Q7 —
o FR'@U- RU o FTLeVE T,V
FRLQULR UV FTleViT.UsV

®

53]
@T (RroUN e (Tt VY),RUsV ~FH (R eUY e (T eV, T,UsV
F(RreUY e (Tt V), Ra&T,UsV

%Twaq:@ﬁF@inwjﬁQ@S

e For the rules t| and t7:

T
FT,R

e For the rules c| and c7:
id —— id ———

FRYR FRYR
AWA|
FRY& R R
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30 3. Linear Logic and the Calculus of Structures

A proof TI in the calculus of structures is a derivation whose topmost inference rule is an
axiom. It will be denoted by
Bz

R

The length of a derivation A is the number of instances of inference rules used in A. It
is denoted by length(A). The length of a proof II, denoted by length(II), is defined in the
same way.

3.2.6 Definition A rule p is derivable in a system .7 if p ¢ .% and for every instance
T T
of p—, there is a derivation al.~ .
R R
3.2.7 Definition Two systems.” and ./ are strongly equivalent if for every derivation
T T
All#  there is a derivation a’[|#’ , and vice versa.

R R

3.2.8 Definition A rule p is admissible for a system . if p ¢ % and for every proof
nff#uipy there is a proof W .
R R

3.2.9 Definition Two systems .# and .’ are (weakly) equivalent if for every proof

[~ there is a proof 1w]l#" , and vice versa.
R R

In the following, I will show the inference rules for linear logic in the calculus of struc-
tures. The proof of the equivalence to the rules in the sequent calculus, which have been
presented in the previous chapter, will follow in Section 3.3. Before I start, let me recall
that in the sequent calculus, rules can be divided into three groups: identity rules, logical
rules and structural rules. Because there is no longer a difference between formulae and
sequents, there is also no difference between structural and logical rules. Therefore, there
are only two groups of rules in the calculus of structures: the so called interaction rules,
which correspond to the identity rules in the sequent calculus, and the structural rules,
which correspond to the structural and logical rules in the sequent calculus.

Let me now begin with the interaction rules.

3.2.10 Definition The rules

SW e S(R.R)

SR S{L}

are called interaction and cut (or cointeraction), respectively.

These rules correspond to the identity and cut rule in the sequent calculus (the technical
details of this correspondence are shown in the proof of Theorem 3.3.2 on page 38). But
in the calculus of structures, the duality between the two rules is more obvious than in
the sequent calculus. Furthermore, in the calculus of structures, the duality between two
rules can be defined formally in the following way: A rule p’ is dual to a rule p if it is
the contrapositive of p, i.e. it is obtained from p by exchanging and negating premise and
conclusion.

3.2. Rules and Derivations

Figure 3.2: System SLS

35

S{1} _S(a,a) -
ail i ail ﬁ Interaction
s SUR.UL.T) Multiplicatives
S[(R.T),U] P
o SURULITVY | SGRULT,VY
SKR,T),tU, VY] SH(R.T), (U.V)}
s{o} S{Rr} .
t] g t] ﬁ Additives
S{R, R} S{R}
< tmy SRR
S{![R,T]} S(?R,!T)
PSR T SR
S{L} S{r} -
w § wT a Exponentials
b S[?R, R] b S{!R}
! S{?R} Hmﬂ_mjmv

3.2.20 Definition The system {1|,ail,s,d|,t],c|,pl,w],bl}, shown in Figure 3.3,
that is obtained from the down fragment of system SLS together with the axiom, is called
linear logic in the calculus of structures, or system LS. The restriction to the multiplica-
tive additive fragment {1|,ail,s,d|,t],c|} is called system ALS, the restriction to the
multiplicative exponential fragment {1],ail,s,p|,w|,b|} is called system ELS, and the
restriction to the multiplicative fragment {1|,ai|,s} is called system S.

In every proof in system LS, the rule 1| occurs exactly once, namely as the topmost
rule of the proof.

The following theorem says, that the general cut rule i] is as powerful as the whole up
fragment of the system SLS, and vice versa.

3.2.21 Theorem The systems SLSU{1]} and LSU{iT} are strongly equivalent.

Proof: Immediate consequence of Propositions 3.2.16 and 3.2.12. O
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32 3. Linear Logic and the Calculus of Structures

. " sty | )
roof of Proposition 3.2.12: Let p——— be given. Then any instance of p' ———
S{Q} 5{P}

can be replaced by the following derivation:
_ S{@}
5@Q.1)
5(Q, [P, P])
) S[(Q,P), P]
"5(0.9).7

_ S[L,P]

S{pP} o

il

S

3.2.13 Definition The structural rules

&m:mas;ﬁé %m:maqiﬁiv
SKR, Ty {U, VY] S{(R,T), (U, V)}
&F& :@ o S{R, R} G S{R}
S{R} ’ s{Ty ’ S{R} S{R, R}

are called additive (d]), coadditive (d7), thinning (t|), cothinning (t1), contraction (c|),
and cocontraction (c1), respectively. They form the additive group.

Although those rules and the rules for the additives in the sequent calculus (see Chap-
ter 2) have a very different shape, they are equivalent. This is shown in detail in Section 3.3.

3.2.14 Definition The exponential group is formed by the structural rules

S{I[R,T]} S(?R,T)
Plsirer 0 Plspr)y
EMwE CgStm | strE L seR)
(7R} S{1} S{7R} S(R,R)

which are called promotion (pl), copromotion (p1), weakening (w|), coweakening (wt),
absorption (b|), and coabsorption (b1), respectively.

These rules capture exactly the behaviour of the rules for the exponentials in the sequent
calculus. For the weakening and absorption rules this is not surprising. The surprising fact
is, that the promotion rule is no longer global, i.e. it does not need to check an unbounded
number of formulae in the context. Again, the exact correspondence is shown in in Sec-
tion 3.3.

As in the sequent system for linear logic, there is also a multiplicative group: its only
member is the switch rule.

3.2. Rules and Derivations 33

Since for every rule in the calculus of structures we can give a dual rule, we can also
give for every derivation a dual derivation. For example,

| {la, 8], 1} i (fa.B}. le.b)
4y ) (.5 (U
, eh. 03] o7 J2 0 00
wl ‘?5 b, S\ is dual to i ‘ﬁmu RACL
[{a, by, 7¢, 0] {(a,b), L}
3.2.15 Definition The rules
sy S(a,a)
ai| Sa.a] and ail S{L}

are called atomic interaction and atomic cut (or atomic cointeraction), respectively.

The rules ai] and ai| are obviously instances of the rules i| and i above. It is well
known that in many systems in the sequent calculus, the identity rule can be reduced to
its atomic version. In the calculus of structures we can do the same. But furthermore, by
duality, we can do the same to the cut rule, which is impossible in the sequent calculus (see
Remark 2.2.8).

3.2.16 Proposition The rule i| is deriable in the system {ail,s,d|,pl}. Dually, the
rule i1 is derivable in {ail,s,d],pT}.

S{1
Proof: For a given application of i] .ﬁ|v\ , by structural induction on R, I will construct

S[R, R]
an equivalent derivation that contains only ail, s, d| and p].
e R is an atom: Then the given instance of i| is an instance of ai].

e R=[P,Q], where P # 1 # Q: Apply the induction hypothesis to

5{1}
'S
5(1,(Q.Q))
S([P, P],[Q.Q))
S[P(P,[Q,Q))]
S[P,Q, (P, Q)]
e R=(P,Q), where P # 1 # ): Similar to the previous case.
e R={P,Q}, where P # 0 # Q: Apply the induction hypothesis to
5{1}
Sy
' Sa@an
S{P,P],[Q.Q1
S[{P, Q3,¢P, Q)]

il
S

S

il
dl
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42 3. Linear Logic and the Calculus of Structures

structures. Hence, in the calculus of structures the subformula property could be formulated
as follows: A rule has the subformula property if its premise is built of substructures of its
conclusion, such that there is only a finite number of possibilities to apply the rule (in a
nontrivial way).

This property holds for most of the rules of system SLS U {1]}. The only rules which
violate this property are the rules ai, t] and w{. It would therefore be sufficient to eliminate
those three rules in order to get a system in which each rule enjoys the subformula property,
which essentially would be a cut elimination result.

But we can get more. We can show that the whole up fragment of system SLS is
admissible. This section contains two very different proofs of this fact.

The first uses the cut elimination proof for LL in the sequent calculus:

3.4.1 Theorem (Cut Elimination) System LS is equivalent to every subsystem of the
system SLSU{1|} containing LS.

Proof: Given a proof in SLSU{1|}, transform it into a proof in LL (by Theorem 3.3.1), to
which we can apply the cut elimination procedure in the sequent calculus (Theorem 2.3.1).
The cut-free proof in LL can then be transformed into a proof in system LS by Theo-
rem 3.3.2. 0

3.4.2 Corollary The rule i1 is admissible for system LS.
Proof: Immediate consequence of Theorems 3.2.21 and 3.4.1. u]
Another immediate consequence of the cut elimination theorem is the following corollary,

that makes explicit the relation between derivations and proofs. In particular, it shows that
system SLS can be seen as a system for derivations and LS as a system for proofs.
3.4.3 Corollary Let R and T be two structures. Then we have

T

[|sts if and only if =

R [T, R]

Proof: For the first direction, perform the following transformations:

1] T
T ) (7.7 , T \
Allsts ~ Allsts ~ Allsts ~ s
R [T,R] [T, R] [T, R]

In the first step we replace each structure S occurring inside A by [T',S], which is then
transformed into a proof by adding an instance of i| and 1|. Then we apply Proposi-
tion 3.2.16 and cut elimination (Theorem 3.4.1) to obtain a proof in system LS. For the
1
other direction, let m][Ls be given. Then there is a derivation — A|lLs\{1]} , from which
[T, R] (T, R

3.4. Cut Elimination 55

By applying the induction hypothesis, we get

Tts'\{ebl}  and Tis\febly
(R, P] (T, P]
from which we get
Tlesnvgeony
(R, P
" R.P]

(2) The substructure {R, T} is inside the redex of p, but the application of p does
not decompose the structure {R,T'}. We have the following subcases:

(i) p=95 and P = [(P1, P), P, Py] (and Py # 1 # P,) and 1T is

][\ (b1}
,[({R, T3, Pr, Ps], Pa), P
[{R, T}, (Py, P2), P3, Py]

S

By applying the induction hypothesis to IT', we get an n > 0 and structures
Q11+, Q1n and Qa1 ..., Qay, such that

Qoqnjf..;ounjq FM:,QBT:Qﬁ©§;©m§_v

Ap||Ls/\{cb|} and
Py
T3, [LS \{cbl} and I, [[LS \{cbl}
[{R, T}, Pr, P, Qui] [Py, Qai]
for every i € {1,...,n}. By applying the induction hypothesis again to Iy,
we get
Tk, (LS \{cbl} and T ][LS"\{cbl}
(R, P1, P, Qui] [T, Pr, Ps, Q1]
From which we can build for every i € {1,...,n}:
i [[Ls/\{eb1} 17 LS\ {cbl}
[R, P1, P3, Q1] [T, Py, P, Qui]
g || LS\ {eb1} o, | LS"\{eb 1}
J (R, (Py, [Pz, Qai]), P3, Qui] and < (T, (P, [P, Qai]), P3, Qui
(R, (P1, P2), P3, Qui, Qo] (T, (P1, ), P53, Qui, Q2]
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44 3. Linear Logic and the Calculus of Structures

In the following, I will present a proof of Theorem 3.4.1, that uses the techniques of
splitting and context reduction that have been introduced in [Gug02e]. Because the whole
proof is rather long and technical and uses some concepts that are introduced only in
later chapters, the reader is invited to skip it in the first reading and jump immediately
to Section 3.5 on page 80. Furthermore, this thesis contains in Chapter 7 another cut
elimination proof based on splitting, which is much simpler. Therefore the reader interested
in splitting is strongly advised not to read the splitting proof in this chapter until he has
mastered the proof in Section 7.3. For that reason I also postponed the introductory notes
on splitting and context reduction to that section, where I will explain the basic ideas on
an informal level.

3.4.1 Splitting

In this section, I will prove the splitting lemma for system LS, which is stated as follows:
3.4.5 Lemma (Splitting) Let R, T, P be any structures, and let a be an atom.
(a) If [{R,T},P] is provable in LS, then
Ts  and Ts
[R, P] (T, P
(b) If [{R, T}, P] is provable in LS, then there are structures Pr and Pr, such that
{Pr, Pr}

[lLs and s and s
P [R, Pr] (T, Pr]

(¢) If [(R,T), P] is provable in LS, then there is an n > 0 and there are structures
Pri,...,Pgy and Pry, ..., Ppy, such that

{0, T],..., [0, T], [Pr1, Pril,-- ., [Prn;, Prnl}
flLs and
w

s and s
:wq WNL E;, wﬂL
for every i € {1,...,n}.

(d) If ['R, P] is provable in LS, then there are n > 0 and ki,...,k, > 0 and structures
Prit, .-, Priky, Pro1s -+ PRokys - -+ PRy - - - PRk, » such that

€0, T], ..., [0, T], [?PRits - -+ s ?PRiks | +5 [?PRa1s - -+ » " PRk, | }
IILs and

for every i € {1,...,n}.

3.4. Cut Elimination 53

3.4.18 Lemma Let R be any structures. Then [R,0,T] is provable in LS.

Proof: Use
1] —
T
T
:m“o,j ' a

Observe that Lemmata 3.4.16 to 3.4.18 do also hold for system LS\ {cb]}. It follows
the splitting lemma for the system LS’\ {cb|}. Its proof is essentially the same as the proof
of splitting for system NELm in Chapter 7. But in the presence of the additives, the cases
are more complex.

3.4.19 Lemma Let R, T, P be any structures, and let a be an atom.

(a) If [{R, T}, P] is provable in LS"\ {cbl}, then

Tes'\febly  and TLs/\{ebl}
(R, P] (T, P]
(b) If [{R, T4, P] is provable in LS'\ {cbl}, then there are structures Pg and Pr, such
that
{Pr, Pr}
[Ls"\{cbl}  and Tisn\{ebl}  and TLs/\{ebl}
P (R, Pr] [T, Pr]

(¢) If [(R,T),P) is provable in LS'\{cb|}, then there is ann > 0 and there are structures
Pri,...,Pry and Pry, ..., Ppy, such that

{0, T],..., [0, T], [Pr1, Pr1], .-, [Prn; Prnl}
[[lLs\{eb 1} and
NU
Tles\febty  and Tesfebly
[R, Pr] [T, Pr;]

for everyi e {1,...,n}.
(d) If ['R, P] is provable in LS"\ {cbl}, then there are n > 0 and ky,...,k, > 0 and

structures Prit, ..., Prik,, Pr21s-- -, PRk - -+ PRu1s- - PRk, » Such that
{0, T],..., [0, T], [?Pri1s -, ?Priky s+ - -5 [?PRats - - " PRak, |}
[[lLs\{eb 1} and
NU
Tes{eb1y

[R, Prit, ..., PRt

for everyi € {1,...,n}.
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46 3. Linear Logic and the Calculus of Structures
S
1 1 T T Sl Sla,al
, SR UL T UL ,S([RU]LT)
cd’| § (where R#T #T) s 3 (where R # 1)
 SOTL here R £ L AT oy AT here T # 0
ﬁHa (where R # L #1T) ' o S{R, T} (where T" # 0)
S{![R,T]} S{L} S[?R,?R] S{R}
pl SNRIT] w| ———— cb| ——" crl
['R,?T] S{?R} S{?R} S{?R}

Figure 3.4: System LS’

both are derivable in LS because they are special cases of t|. However, if they are used to
replace t|, then completeness is lost, but can be regained by adding another axiom

lﬁ‘a
h.ﬁ

which is derivable in LS: 1 —
1

ai] ——— 0,7]

LT

T

3.4.7 Definition The system {1|,T ], ail,s’,cd’|,t'],t"],pl,w],cb|,cr|}, shown in
Figure 3.4, is called system LS'.

It should be obvious that system LS’ is equivalent to LS because its rules are closer
to the sequent system LL for linear logic. The precise relation between system LS’ and
system LS is given by the following lemma.

3.4.8 Lemma Let R and T be structures.

T T
(a) If there is a derivation A'||Ls’ , then there is a derivation Al|Ls
R R

(b) If there is a proof T[Ls , then there is a proof W]Ls’
R R

Proof: (a) As mentioned before, the rules T |, cd’|, s', t'[, t”], cb| and cr| are all derivable
in LS.

3.4. Cut Elimination 51

On the set of multisets of natural numbers, let me define the binary relation < as follows:
We have M < N iff there exists an injective f : M — N such that for all n € M we have
m < f(m) and there is an n € N such that f~!(n) is undefined or f~1(n) < n. Transitivity
of < is obvious. Since we consider only finite multisets, < is also irreflexive. Hence < is
a strict partial order. That < is well-founded follows immediately. I will write M < N if
M < Nor M=N.

In the following, I will define the size of a structure to be a multiset of natural numbers
(or, equivalently, an element of the free commutative monoid generated by N). For this,
I consider structures to be in normal form (see Remark 3.1.5), in particular, superfluous
units are omitted. The size of an LS structure R, denoted by size QwY is inductively defined
as follows:

mmNmA v = {1} (for every atom, including L, 1, 0, and T)
size([R,T]) = size(R) +size(T) ,
mWNoAAm T)) = size(R) Usize(T)
size({R,TY) = size(R) Usize(T)
size Qm Ty) = size(R) Usize(T)
size(lR) = size(R)
size(?R) = size(R)

3.4.10 Example Let R = [!(1,a,[c,¢],{?a, T,b, L}),c]. Then we have that
R = [!(a, [¢,¢],{?a,b, L}), c], which has

size(R) = ({1} U ({1} + (1) U{1} U (1} U 1) + {1} = {2,3,2.2,2)

T
3.4.11 Observation Let p 7 be an application of a rule p € LS"\ {cb|}. Then we

have size Aﬂv < size Amv This is the reason, why the rule s’ and cd’| have been introduced
and the restriction of R # L has been put on t'|.

3.4.12 Observation Let R and T be structures and S{ } be a context. If mﬁmﬁq <
size(R), then size(S{T}) < size(S{R}). (This follows immediately from the definitions by
using induction on S{ }).

3.4.13 Observation Let R and T be structures. If T is a proper substructure of R
(i.e. R = S{T} for some nontrivial context S{ }), then size(T) < size(R).

Observations 3.4.11 to 3.4.13 ensure that in the proof of Lemma 3.4.19, which will follow
below, the induction hypothesis can indeed be applied in every case where it is applied. Let
me use two typical examples.

If R, P;, P> and Pj are given such that P # T # Py, then

size([R, P, P3]) < size([R,{Py, P}, P3]) and
size([R, Py, P3]) < size([R,{Py, Py}, P3])
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48 3. Linear Logic and the Calculus of Structures

which can occur in case (5), is replaced by

S([1,U,W],T)
(LR L
ST, U, W]
It remains to eliminate the rule c|. For doing so, let me introduce the super rule
S tw? mm* . . Iy Ry
sc] ———— , where there are derivations  A;[[Ls’ and = As[Ls
S{R} R R

Observe that c| is an instance of sc|. I will now show that the rule sc| is admissible
for LS’. This will be done by permuting all instances of sc| to the top where they disappear
eventually. More precisely, if an instance of sc| appears at the top of a proof, i.e. we have
the situation 1

tR1, Ro}

S
sc| ‘mtuﬁ

then S{R;, Re} = 1. Therefore one of R; and Ry must be equal to 0. Without loss of
generality, assume R; = 0. Then we can replace the derivation by

1
S{Ry}
Asl|Ls’
S{R}

Now consider

@
S{R1, Ra}
scl———

S{R}

where 7 € LS’ is nontrivial. According to 4.2.3, there are the following cases to consider

™

(4) The redex of 7 is inside an active structure of the contractum of sc|. We have the
following subcases:

(i) The redex of 7 is inside R;. Then

_ StRi, R}
S{Ri, Rat SR}, Ro}
sc| —————  yields sc] —— |
S{R} S{R}
R’y
because there is a derivation ||Ls’ .
R

(ii) The redex of 7 is inside Ry. This is similar to (i).

(iii) The redex of 7 overlaps with both, Ry and Ry. Then m = t”| and Ry = {R, R/}
and Ry = {R), Ry}. We have
StRY, Ry}

StRy, By, Ry, Ry StRy, Ryt

SR} yields sc| §

3.4. Cut Elimination 49

(5) The contractum of sc| is inside an active structure of the redex of w. There are four
subcases:

(i) m = cd| and the contractum { Ry, Ro} of sc| occurs inside the substructure which
is duplicated in the instance of cd|. In other words, we have

S¢V.ULRy, R, [T, UR:, Rad )
S[{V,T), Ut Ry, Ra}]

sc|l ———————— |

SV, Ty, U{R}]

cd]

which can be replaced by

S{V,U{Ry, Ro}], [T, U{Ry, Ra}l}

L SV.UtR, Rl [T U (R
L, SV.ULR)L (LU LR
SKV, Ty, U{R}]
(ii) m = cb|. Similar to (i).
(iii) # =t'| or 7 =t"|. Then
oy 50
sc| ‘mﬁq*m_,m@: yields t'] ‘mﬁow
S{U{R}} S{U{R}}

(iv) m =w/. Similar to (iii).

(6) The redex of 7 and the contractum {Ry, Ro} of sc| overlap. This is only possible, if
7« =t"]. In the most general case we have S{ } = S{{ },T} and Ry = {R], R} and
Ry = {R), Rj}. Then

by SRR . SRR
S'4Ry, Ry, By, By, T S{R}
sc] ————=—=— yields t'|———+ ,
S"{R, T} S'{R, T}
which is similar to case (4.ii). O

The following lemma says that the rule cb| can be separated from the other rules in
system LS’. This property contributes considerably for simplifying the induction measure
for the proof of the splitting lemma because it will suffice to find a induction measure for
the system LS\ {cb]|}.

3.4.9 Lemma For every proof JLs' , there is a proof
R
Tles\{eb1
R ,
[[{cb1}
R
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3. Linear Logic and the Calculus of Structures

By applying the induction hypothesis to I, we get an n > 0 and structures
Q11,- -+, Q1n and Q21, . .., Q2p, such that

A—Ovlﬁ_u...,—cquq ﬁQHT@wL»...Q ﬁQT‘I@mﬁLv

Ap|lLs\{cbl} and
Py
T [[LS\{cb |} and o [[LS\{cb |}
[{R, T}, P1, Ps, Qui] [P2, Qo]

for every i € {1,...,n}. By applying the induction hypothesis again to IIy;,
we get structures Pr; and Pr;, such that

{Pri, Pri}
AgilLs’\{ebl} and Tis\{ebl}  and TLs\{ebl}
[P1, P, Q] (R, Pri] [T, Pri]

Now let \U@ = Aﬁh?...“wmﬂvv and wﬂ = Aﬁﬂf...,wﬂqi ﬁoquq...“ ﬁoquvq
and build
{Pr, Pr)
{[0,T],...,[0,T], Pr1, Pri,..., Prn, Prn}
Agi|Ls\{eb1}
{0, T],.... [0, T], [P, P5,Qu1]}, . .., [P1, P3,Q14]
o ||\ {cb 1}
{[0,T],..., [0, T], [(Pr, F?@BTNWJVOEVT:; [(P1, [P, Q2n], P, Q1n)]}
{t'Ls'}
(P, ), P5,0,T],...., [(P1, P2), 3,0, T],
Zwkﬁmymr%v:,@w;q <oy [(Pr, Py), Py, Quny Qo] }
{cd’|}
:NVTNUNY.NUMY:OJAT... ) _OJIJQ —QHTQET... ) ~©H.\S©m‘ix
Ap||ts\(eb1}
((P1, ), P3, Py
e

and
Tesveo1y
{[R, Pri],..., [R, Pral}
||ty
[R,{Pr1,. .., Prn}|
[R, Pr]

and
Tesv(eviy
:HLu%~TIQ E;,Wﬂ:T Eﬁoﬁ:u...q Eﬁognjv
[l {1y
_ EuAﬁHT..QTHxI ﬁo»nj,..., ﬁo”:v_
EJ»\UH_

3.4. Cut Elimination 71

for every j € {1,...,h}. By applying the induction hypothesis to every Ilg;, we

get m; > 0 and Pgj1, ..., Prjn; such that flts  for every i € {1,...,n;}
[R, Prji]
and for every X
W
|Ls
[S"{X}, Ps;]

where W; is a woo structure over the set ivﬁ Prjl, ..., [X, ﬁm&:;. Now let

W ={1,Wy,...,Wpyand n =njy + - -- + ny and build:

AH“E\T..JS\:V
||Ls
{1, [S"{X}, Psul, -, [S"{X}, Psnl)
M7,z || LS
A“_., :@:@kwv T.ﬁq NU@LY Nuqu : ©y :vw‘:ﬁuﬂf TNJ, NUHSCTNUM\LV
{s}
K :M\\AN‘T NJY NUH\: Numiv
ail,t]}
CL(9"{X}1),0,T],.... [(S"{X},T),0, 7],
:mikfﬂvvwﬂjg Ps1],..., [(S"{X},T), Pru, Psn] }
{dl,cl}
:%:ﬁk@uﬂv*:ounﬁ_a L) ﬁoq ._|T ﬁﬁmTWHLu EER) ﬁﬁm\:ﬁﬂlv_
Apl|us
[((S"{X}.T),P]

(L, [(S"{X},T), Pr1, Ps1]

(v) S"{ } =18"{ } for some context S”{ }. Then we can apply the splitting lemma
(Lemma 3.4.5) to the proof of [!S”{R},P] and get: h > 0 and ky,..., Kk, > 0
and structures Psi1, ..., Psik;, Ps21s- -5 PS2kys - -5 Psni, - -+ s Psniy, , such that

{0, T],...,[0,T], [?Ps11,-.-,?Psiry |, - - [?Psn1, - - -, ?Psni, |}
[ and
P

Tg;Ls
[S"{R}, Psj1, -, Psji;]
for every j € {1,...,h}. By applying the induction hypothesis to every ILg;
we get we get n; > 0 and Pgji, ..., Prjn, such that Ts for every i €
[R, Prji]
{1,...,n;} and for every X

W
ILs
[S"{X}, Psj1,- .-, Psjg;]
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3. Linear Logic and the Calculus of Structures

(Remark: If [R, P;| = L then exchange Pp and Pp. If T'= L, then use the
axiom T| for proving [T, T]. It cannot be the case that [R,P] = L =T
because then [{R,T}, P1| = L.)

(3) The application of p decomposes the substructure R, T}. Again, we have only
one possible case:

(i) p=1t"| and R = {Ry, Ro} and T = {11,754 and II is

][\ (cbl}
[$74,T14, P)

ﬁ:‘—«
[{R1, Ry, Tb,T1}, P]

By applying the induction hypothesis to I, we get structures Pr and Pr,
such that

{Pr, Pr}
[[Ls'\{cbl} and g, [LS\{cb|} and T, [[LS"\{cb |}
P [R1, PR] [T1, Pr]

In the case where Ry # 0 we can get

TTLsn\geb1y
| [Ry, Pg]
(1R, Ro}, Pr]
If Ry =0 and Ry # L, then use

TTLsn\(eb1y

" (R, PR]
[{R1, Ro}, Pr]

If Ry =0 and Ry = L, then apply the induction hypothesis to IIg,, which
yields
{[0,T],..., [0, T], T,..., T}
[|Ls\{eb1} :
Pr

from which we can get

Tesven1y
{[0,T],..., [0, T], T,..., T}
[[Ls\geby
Pr
({0, L}, Pr]
:mwT mmf &Um&

Similarly, we get a proof of [T, Pr].

3.4. Cut Elimination 69

3.4.20 Definition Let S be a finite (possibly empty) set of structures. The set W of
woo structures over S is the smallest set such that

elcW,

e if Re S, then Re W,

o if Ry, Ry € W, then {Ry, Ro} € W,
e if R, then IR e W.

The name woo comes from with, of-course and one. The following lemma shows a crucial
property of woo structures.

3.4.21 Lemma LetS be a set of structures and let W be the set of woo structures over

S. If for every R € S there is a proof |is , then for every T € W there is a proof lLs .
R T

Proof: Immediate from the definition and the fact that {1,1} =1 = !1. O

3.4.22 Lemma (Context Reduction) Let R be a structure and S{ } be a context
where the hole is not inside a why-not structure. If S{R} is provable in LS, then there is
an n > 0 and structures Pry, ..., Pry, such that such that R, Pg;] is provable in LS for
every i € {1,...,n}, and and such that for every structure X, we have

w
s,
S{X}

where W is a woo structure over the set ﬁkq Pril,..., X, Num::.

Proof: The proof will be carried out by induction on the context S{ }.
(1) S{ } ={ }. Then the lemma is trivially true for n =1, Pg; = L and W = [X, 1].
(2) S{ } =[S{ },P] for some P, such that S{R} is not a proper par structure.

(i) S'{ } ={ }. Then the lemma is trivially true for n = 1 and Pg; = P and
W =[X,1].

(i) S'{ } =¢(S"{ },T} for some context S”{ } and structure 7' # T. Then we can
apply splitting (Lemma 3.4.5) to the proof of [{S”{R}, T}, P] and get:

Tis[[Ls and 1ip][Ls
[S"{R}, P] (T, P]

By applying the induction hypothesis to IIg we get n > 0 and Pgy, ..., Pr, such
that Tles  for every i € {1,...,n} and for every X
ILs
[S"{X}, P]
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3. Linear Logic and the Calculus of Structures 3.4. Cut Elimination 67

for every j € {1,...,m;}. Now let n =my +--- +my,. We can get (1) The redex of p is inside P. This is similar to case (a.i).

€0, T],.... [0, T, [Prit, Pril.- - ., [Prim, Prim, ], (2) The atom a is inside the H.m.mmw Om. ps but the application of p does not “decompose’
[Prnt, Prii] [Privms » Prim, |} the atom a. As before, this is similar to (c.2).
) vy o h
Aqi||LS"\{cbl} (3) The application of p “decomposes” the atom a: In other words, a is used in an
{[0,T],..., [0, T], [P, P3,Qu1l,---, [P1, P35, Quul} application of the rule ai|, i.e. there is only one case:
Thai || LS"\{eb } (i) p=ail, P = [a, P] and TI is
{0, T],.... [0, T], [(Pr, [P2,Q21]), P3, Qu1], - - -, [(P1, [P2, Qan]), P3, Qnl}
[l e ][Ls e}
(P, P2), P5,0,T],..., [(P1, P), P5,0, T], ail (1, 7]
[(P1, Py), P3,Q11,Q21], .- -, [(P1, P2), P3,Qun, Qon]} la,a, P1]
[| €13
(P, Py), Py 4[0,T],....[0, T, [Qu1. Qa1l, - - -, [Quns Qan]}] By applying the induction hypothesis to II', we get

ap||Ls(ebly €0, T],... [0, T], Loy L}
_ (P 1), Py, Py Ap|[Ls"\{cbl}

P Py
(ii) p=cd’'| and P = [{P1, Ps}, P, Py] and 11 is From this we can get
][\ (e 1} 0T ﬂﬁﬂs 0@
R.T), Py, P3], [(R,T), Py, P}, P, ’
o) {ED), P o), (R T), P, sl Pu) €[a,0,T],...,[a,0,T],[a L],..., [a L]}
[(R,T),{P1, P2}, P3, Py]
By applying the induction hypothesis to IT’, we get [a.¢[0,T],. R
Apl|Ls\{eb1}
10 [Ls\{cb} and Mo [[Ls"\{cbl} [ P1]
[(R,T),P1, Ps, Py] [(R,T), Py, P, Py] =5
O
Applying the induction hypothesis again to IT; and Il yields an A > 0 and
structures Pgy, ..., Pr, and Pry,..., Pry, such that From splitting for LS"\ {cb|}, we can immediately obtain a proof of the splitting state-
ment for system LS:
[0, T],..., [0, T], [Pr1, Pr1l,- ., [Prn, Prnl} ) o
Ap|[LS\{eb1} and Proof of Lemma 3.4.5: I will show only the case (c). The others are similar. Let
[P1, P3, Py] Tls
Tsn\{ebly  and Tes\febly [{R,T1, P]
[R, Pri] [T, Pri] be given. By Lemma 3.4.8 there is a proof
for every i € {1,....h}, and an h' > 0 and structures Pp,..., P, and ,
4 7./, such that ; IlLs ;
e Pl (R, T}, P]
/ / / /
€0, T], ..o, [0, T], [Prys Prylse s [Py Prp 1} which can by Lemma 3.4.9 be decomposed into
Aps||Ls'\{cb]} and
[Pr, Ps, Py] TlLs"\{cbl}
U )
Ts\(ebl}  and Tis\febly [I{cbl}
[R, Pr;] (T, Pr;] (1R, T}, P]
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64 3. Linear Logic and the Calculus of Structures
T [[LS"\{cbl} and T [[LS\{cb |}
[(R1,T1), Pr, Qui] [(R2, T2), Q]

for every i € {1,...,h}. Applying the induction hypothesis again to IIy;
and Ily; yields an m; > 0 and structures Pry1, . .., Prim; and Ppi1, ..., Prim,,

such that
{0, T],.... [0, T], [Pri1, Pri1l, - - -, [PRim,> Prim,|}
Agy, |ILs/\{ebl} and
[P, Qui]
Tis\{eb1}  and Tes\febty
[R, Pri;] [T, Prij]
for every j € {1,...,m;}, and an m} > 0 and structures Pp,;,... Lum:ﬁ and
Pits -+ » Py s such that
€0, T, [0, T], [Phiys Pran s - - E?E%ﬁ?ﬁt
Aqy[lLs{eb1} and
Q2
Tsn\{ebly  and Tis\febly
(R, Ppy] (T, Pry]

for every k€ {1,...,m}}. Now let n = m;mj + -+ m,mj,. We can get

{0, T],...,[0,T],
/ / / /
ﬁﬁmiaﬁwiaﬁuﬁf&uﬂ:_f..aﬁﬁwuiiﬁw:{iﬁﬂuii %HSLT.;

/ /
i) tu@:::i Rhmj > WHNSEZ Thm, :
|| 1earty

/ /
tumrf Rh1> NUHJT MSHT

]

]

0,T],..., [0, T], [Pra1, Pra
0, T

[€[ 1o [Prum s Proms ] ¥,
2 ) T R 341:, ﬁ N\N:T mﬁtL“ ] ﬁ Mw*::rqwm,?:txv
AQy;AQ; —_,w\/?cS
{[P,0,T],...,[P1,0,T], tu?:@?@it.; [Pr, Q1n, Qanl}
{cd’1}

TUTQO, njq L] ﬁoqnjq ~©HTQNLJ EERR ﬁeteq@wix
ApLs\(e1}
[P, Po]

NU

(d) Consider the bottommost rule instance p in the proof — m[[Ls’\{cb]} . Without loss of
['R, P]
generality, we can assume that the application of p is nontrivial. As in case (a), we
can distinguish between the following three cases:

3.4. Cut Elimination 65

(1) The redex of p is inside R or P. This is similar to case (a.i).

(2) The substructure !R is inside the redex of p, but the application of p does not
decompose the structure !R. This case is similar to (c.2).

3) The application of p decomposes the substructure !R. This is only possible if
p
p = pl. Hence, there is only one subcase:

(i) p=pl, P=[?P,P;] and IT is

m/[[Ls"\ (b1}
[[R, PA], P»]

Pl (IR, 7Py, P]

By applying the induction hypothesis to II', we get n > 0 and ly,...,l, >
0 and structures Pri1,-..,Pri,, Pr21s---, Prouys-- - Prat, - - - s Prut,, such
that

o, T, [0, T, [?Prut, -+, ?Pruy |5+« 5 [P PRty - -+ 7 PRut,, |}
ApllLs\{ebl}
Py

and TLs/\{ebl} ,
[R, P1, Prit, - - Pra|

for every i € {1,...,n}. Now let k; = I; + 1 and Prs;, = Pi. We can get

-+ "Pruk, |}

€0, T, ... [0, T, [?Pr1t,- - 2Prigs s -+ [? Print,
[l
([?P,0,T],...,[?P.,0,T],
ﬁ.\.wwh»\wwmhwq...uw.wwNwHN__»...q ﬁw.wwHaﬂwwNw:Hq...»\Ww&WS.NH_W
[ tear1y
[P, €10, T],..., [0, T}, [?Pri1s-- -+ ?Priy |- - [?Pruas - - - » " PRt |}
Apl|Ls\{eb1}
[7P1, P»)
P

(e) Consider the bottommost rule instance p in the proof — mf[Ls’\{cb]} . Without loss of
[?R, P]
generality, we can assume that the application of p is nontrivial. As in case (a), we
can distinguish between the following three cases:

(1) The redex of p is inside R or P. This is similar to case (a.i).

(2) The substructure ?R is inside the redex of p, but the application of p does not
decompose the structure ?R. As in the previous case, this is similar to (c.2).

(3) The application of p decomposes the substructure ?R. We have the following
subcases:
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74 3. Linear Logic and the Calculus of Structures

From this we can build for every i € {1,...,n}:

E‘\TE‘H&‘_._‘FM
(T, Prvi], [V, Prvil}
g ;|| LS
{[([R, Pri),T), Prvil, [([U, Puil, V), Prvil}
{[([R, Pri],T), Prvil, [(U,V), Pui, Prvil}
’ {[(R,T), Pri, Prvil, [(U,V), Pi, Prvi|}
(R, T), (U, V)}.{[Pri, Prvi], [Pvi, Prvil}]
({(R, 1), (U, V)},{Pri, Pui}, t Prvi, Prvi]
[H(1,T), (U, Sf_tumf Pui}, Prvi]
LS
(R, T), (U, V)Y, Prui, Prvi
Now we can build (by applying Lemma 3.4.15 and Lemma 3.4.18):

Tlis

(HR,T), (U, VL0, T],..., 1R, T), (U, V)},0,T],

S

dl
dl
cl

ARui

ﬁ*mm,ﬂv, Aqu A\vfwmQTNU—\%L, EEEN) :ﬁmvﬂvq AQU a\vTNUNQ:;NU—\ﬂLv
[[terarr
:Amuﬂvd AQU a\iu:o« |_|T EEEN] ﬁognj ﬁWNQTNUA\qJT (R} ﬁﬁmci;wa\ﬂiv_
Dm__fm
[{(R.T), (U, V)}, P] o

3.4.25 Lemma Let R and P be structures. If [R, P] is provable in LS, then [T, P] and
[{R, R}, P] are also provable in LS.

Proof: Use the proofs

Hh o =rm
Lt o) {LBPLR Py
R (T N VY 2]
[T, P] (R, R}, P] ’ O

3.4.26 Lemma Let R and P be structures. If [\R, P] is provable in LS, then [1, P] and
[('R,R), P] are also provable in LS.

Proof: Apply splitting (Lemma 3.4.5) to the proof

Ts
'R, P)
We get an n > 0 and ky,...,k, > 0, and structures Pri1,..., Prig,, Prots--- Prokys - - -5
Prut, ..., Prok, , such that
{0, T],....[0, T], [?Prits-- -, ?Priky s+ -+, [?PRn1s - -+ » T PRk, |}
AplLs
w

4.2. Permutation of Rules 87

application of several rules (that permute over each other) in parallel. For example the
development of ludics in [Gir01] has been influenced by this idea.

The top-down symmetry of derivations in the calculus of structures enables us to study
the mutual permutability of rules in a very natural way. This is the starting point for the
investigation of several properties of logical systems in the calculus of structures. If we
have, for example, a system with three rule p, 7 and o, and we know that p permutes over
7 and o, then we can transform every derivation

T

[[{p.7.0}
R

into a derivation
T
[l40}
Ni
[[{m.)
R

for some structure 7”. This is the basis for most of the decomposition theorems in this
thesis (see Sections 4.3, 5.3 and 7.2). Also the cut elimination proof of Section 4.4 is based
on the permutability of rules.

4.2.1 Definition A rule p permutes over a rule w (or 7 permutes under p) if for every
Q Q

P i
derivation U there is a derivation r V' for some structure V.
e T —
"p P
In order to study the permutation properties of rules, some more definitions are needed.
The inference rules of the systems SLS, SELS (shown in Figures 3.2 and 4.3, respectively)
and all other systems in the calculus of structures, that will be discussed in this thesis, are
of the kind
S{w}

where the structure Z is called the redex and W the contractum of the rule’s instance. A
substructure that occurs exactly once in the redex as well as in the contractum of a rule
without changing is called passive, and all substructures of redexes and contracta, that are
not passive, (i.e. that change, disappear or are duplicated) are called active. More precisely,
let R be a substructure of both, Z and W, i.e. we have that Z = Z’{R} and W = W/{R}
for some contexts Z’{ } and W'{ }. Then R is called passive, if for every structure X, we
have that

S{w{X}}

S{Z{X}}

is a valid instance of the rule p. Otherwise R is called active. Consider for example the
rules

p

E,.M_Eé: wd o SR
[IR, 7T S{7R}
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76 3. Linear Logic and the Calculus of Structures

Proof: By applying splitting for LS"\ {cb|} (Lemma 3.4.19) to the proof of [?R, P], we
either have that P is provable in LS\ {cb|}, or we get some n > 0 and k < n and structures
NUNT P mez such that

{[0,T],..., [0, T],!Pg1,..., " Pris PRE41; - - PRn}

[lLs\{eb1} and TILs\{ebl}
P [R, Pri]
for every i = 1,...,n. If we have a proof of P, then we can obtain
Tles"\{ebly
P
[l {wl}

[2(R,T),P,7V4,..., 7V}

Otherwise we can obtain

TTes\(ebiy [|Lsn\ebsy
[T, V1,..., V4] T, Vi, V]
||Ls\geb1y ||Ls\geb1y
mﬁﬁﬁmqwms_»ﬂvqsv...aa\i and m:gmaﬁmlaﬂvwsﬁi.;\l
(R, T), Prj, Vi, -, V] (R, T), Pri,Vi,..., Vi)
[|teriy o1y
[2(R,T), Prj, ?Vi,..., 73] [2(R,T),\Pri, 2VA, ..., V3]

for every i = 1,...,k and j = k+1,...,n. From this we can build the following proof,
where 7V stands for [?V1,...,?V}]:

Tesnv(eony
([2(R,T),7V,0,T],..., [(R,T),7V,0,T],
[2(R,T),!Pr1,?V], ..., [2(R, ), Prs, 7V,
[2(R,T), Pris1,?V], ..., [2(R,T), Prn,?V])
[l a1y
[2(R,T),4[0, T],.., [0, T],\Pr1, . .. \Privs Prics 1, - - -, Prn}, 7V]
[|Ls\geb1y
[2(R,T), P,?V] O

3.4.29 Lemma Leth>0andlet R, T, P, and V1,...,V}, be structures. If [7R, P] and
[T, V4,..., Vi) are provable in LS, then [?(R,T), P,?V1,...,?V}] is also provable in LS.

Proof: By Lemma 3.4.8 (b) and Lemma 3.4.9, there is a proof

TlLs\{ebl}

U

[l4eb1}
[?R, P]

4.1. Sequents, Structures and Rules 85
Associativity Exponentials Negation
[R,[T.U]] = [[RT],U] MR = R BT - (RT)
Amaﬁﬂaqvv = Qma%qu "R = IR (R, T) = quﬂﬂ_
Commutativity Units R = R

IR = 7R

[RT] = [I.R) [LE] = R PR
Amwuu..v = AMJNWV C.»mv = R
720 = L
n =1

Figure 4.2: Basic equations for the syntactic congruence of ELS structures

4.1.6 Theorem If a given structure R is provable in system SELS U {1|}, then its
translation = R is provable in MELL (with cut).

Proof: The proof is literally the same as the proof of Theorem 3.3.1, except that the cases
for the rulesd|, dT, t], tT, c| and c] are not needed, which means that the sequent calculus
rules for &, @ and T are not needed. O

4.1.7 Theorem (a) If a given sequent & @ is provable in MELL (with cut), then the
structure - ®_ is provable in system SELSU {1]}. (b) If a given sequent - & is cut-free

provable in MELL, then the structure b ®_ is provable in system ELS.

Proof: The proof is literally the same as the proof of Theorem 3.3.2, except that the cases
for the rules &, @1, @2 and T are omitted, which means that the rules d|, t|, and c| are
not needed. O

As a consequence we have already two different proofs for the cut elimination theorem
for system ELS at hand.

4.1.8 Theorem (Cut Elimination) System ELS is equivalent to every subsystem of
the system SELSU {1|} containing ELS.

The first proof uses the translation to the sequent calculus system, and the second one
uses the technique of splitting and context reduction (see Section 3.4, observe that the
statements of splitting and context reduction become much simpler in the case of ELS).
In this chapter, in Section 4.4, I will present a third proof of the same theorem, using the
techniques of decomposition and permutation.

We immediately get the following two corollaries, whose proofs are the same as for full
linear logic.

4.1.9 Corollary The rule i1 is admissible for system ELS.
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78 3. Linear Logic and the Calculus of Structures

Now we can build for every i € {1,...,n} the following proof, where ?Vj; stands for
[PVijis - WVigny )

=,.w

{[?(R,T), Pri,0, T],...,[?(R,T), Pri,0, T], [?(R,T), Pri,?Vi1], ..., [?(R,T), Pri, ?Vim, ]}
[|teL.a1y
[2(R, T), Pris{[0, ], -+, [0, T], 2Vins - 2Virm, )]
Ari|us

["(R,T), Pri, Pri]
From this we can now build:

TlLs
{(?(R,T),0,T],...,[?(R,T),0, T],[?(R,T), Pr1, Pr1],...,[?(R,T), Prp, Prn]}
[|tet.d1y
?Am,ﬂv\.govlﬁ_f.iﬁleﬁT TUNTWHLT.., ﬁwmﬁ\.ﬁﬂﬁig
Dm__fm
[?(R,T), P O

3.4.30 Lemma Letp € {ail,d7,tT,cl,pT,wTl,bl} be one of the up rules in system SLS
and let S{ } be a context in which the hole does not occur inside a why-not structure. Then

Tes
S{V
for every proof E%NW , there is a proof QHMW

Proof: Apply context reduction to the proof

s
S{V}

This yields some n > 0 and structures Py1,. .., Pyy, such that for every ¢ € {1,...,n}, the
structure [V, Py;] is provable in LS, and such that there is a derivation

w
s,
S{Z}

where W is a woo structure over the set {[Z, Py1],...,[Z, Pyn]}. By Lemmata 3.4.23
to 3.4.26, we have that [Z, Py;] is provable in LS for every i € {1,...,n}. By Lemma 3.4.21,
the structure W is also provable in LS. Hence, we have

Ts

w

=
S{Z} O

It remains to show how to handle the situation when an up rule that should be eliminated
is applied inside a why-not structure. This is the purpose of the following definition and
lemma.

The Multiplicative Exponential
Fragment of Linear Logic

As the name suggests, the multiplicative exponential fragment of linear logic (MELL) is
the restriction of linear logic to the multiplicatives and the exponentials. This fragment
deserves particular attention because, on one hand, it incorporates the resource sensitiveness
of linear logic with a controlled way of contraction, which makes it suitable to a wide range of
applications, and on the other hand, it is the only fragment of linear logic whose decidability
is still not known.

In the first section of this chapter, I will show system MELL in the sequent calculus and
then discuss the two systems SELS and ELS in the calculus of structures that have already
been defined in Section 3.2. Then, in Section 4.2, I will show some permutation results that
will be needed in the other sections and also in later chapters.

In Section 4.3, T will show two decomposition theorems for system SELS. These two
theorems can be seen as the central results of this chapter (and, in some sense, also of
this thesis). Section 4.3 is rather long because of the technical effort that has to be made
to prove the decomposition theorems. The impatient reader who is not interested in the
proofs might read only the introductory part of this section, which also gives a sketch of
the proofs.

Section 4.4, contains another proof of the cut elimination theorem for system ELS. This
proof will be based on decomposition and the permutation of rules. Using the permuta-
tion of rules for proving cut elimination is conceptually similar to the sequent calculus.
However, due to the new top-down symmetry of the calculus of structures, it is possible to
obtain an interpolation theorem, which can be seen as a top-down symmetric version of cut
elimination. This interpolation theorem is discussed in Section 4.5.

4.1 Sequents, Structures and Rules
In this section, I will define the systems for MELL in the sequent calculus and the calculus
of structures. They will, in fact, be restrictions of the systems already defined in Chapters 2

and 3.
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80 3. Linear Logic and the Calculus of Structures

(iv) m = w/. Similar to (iii).

(6) The redex of 7 and the contractum of o (properly) overlap. This is impossible because
7 is semishallow and o is not.

The following lemma says that Lemma 3.4.30 does also hold for arbitrary contexts S{ }.

3.4.34 Lemma Let p € {ail,d],tT,cT,pl,wl,bT} be one of the up rules in system SLS
and let S{ } be a context. Then

Tes

S{V
for every proof n% , there is a proof MHNrw
Proof: Let
Ts
S{V}
5{z}

be given. Transform it into a semishallow proof

nflisufpy
S{z}

which exists by Lemma 3.4.33. From II eliminate all instances of p, starting with the
topmost one, by repeatedly applying Lemma 3.4.30. O

The cut elimination result is now an easy consequence.

Proof of Theorem 3.4.1: Let

mf[stsu{1l}
R
be given. Remove each instance of an up rule inside II (starting with the topmost) by
applying Lemma 3.4.34. The result is a proof JlLs . O
R

3.5 Discussion

The main purpose of this chapter was to introduce the calculus of structures and to show
that linear logic can benefit from its presentation in the calculus of structures. In particular,
there are the following surprising phenomena to observe:

e The global promotion rule in the sequent calculus

A ?By,...,78B,
l————————— (forn=0) ,
= 1A4,7By,...,7B,

Discussion 81

has been replaced by a local version

| S{![R, T}

Pl —arnm o7

S[IR,?T]

in the sense that is is no longer necessary to check a context of unbounded size. This
shows that it is not linear logic that causes the !-rule to be global, but the restrictions
of the sequent calculus. (See also the introductory part of Chapter 5 for a discussion
on locality.)

The rule for the additive conjunction in the sequent calculus

FA® +FB,D
Q—— 7
FA&B,®
has been replaced by two rules,
— the rule
4, SR ULV

S[ER, T, {U, VY]

which is purely multiplicative, in the sense that no context or substructure is
shared or duplicated,

— and a contraction rule

SiR, R}
S{R} ’

which is responsible for the duplication.

cl

This means that the distinction between additive and multiplicative context treatment
is intrinsically connected to the sequent calculus and not to the connectives of linear
logic.

The rule for the multiplicative conjunction in the sequent calculus

FAS FBW

®
FA®B,&,0

has from the point of view of proof search the problem that one has to decide how
to split the context of the formula A ® B at the moment the rule is applied. For n
formulas in @, ¥, there are 2™ possibilities. Of course, there are methods, like lazy
evaluation, that can circumvent this problem inside an implementation [HM94], but
the switch rule

S([R,U],T)

S[(R,T),U]

is able to handle this problem inside the logical system, as already observed in [Gug99].

S

The duality between the two rules

FA® AL W
and cauut—mM™M |

Q‘
FA AL Fow



{z}s J
s |
{m},s
adwers o1} JO SI dAO(® UOTJRALIOP O}
yey) sueowr siy, { },9 1x03u00 owos 10 { M},S = () 1R} oARY oM ‘SISRD 0M] ISIY oYY U]

“y1a19R100885R JO osnedaq uadder wed ased SI) IR} 9ATIISA() "G 2SI Ul (A]) osed
0} spuodser10d sty, defreso (Apedoxd) 1 jo xepal o1} pue d jo 4| WNIORIIUOD YT, (9)

"G 2mSg ul (I]) Jo 9sedNS ® SI ST ], "9u0 oalssed e
SPISUI J0U J1( L JO XOPAI AT[} JO SINJONLIIS SAIJOR UR SPISUI ST d JO 4| WNIORIJu0D o], (G)

"¢ 9SG Ul (T]) JO 9SLI(NS ® ST ST, "dUO0 daTssed ®
apISUI j0U Jnq d JO /| WNRIJUOD O} JO DINIOILIIS DATIOR TR OPISUT ST L JO Xopal o], (F)

"G’ 2B Wl (T]]) JO aseoqns
® SIS, 'd JO 4| WNIORIPU0D S} JO 2INonIs aalssed © apisur st 1 Jo xopar o, (g)

"¢ 2B Ul (I]) Jo aseoqns
® ST SI], "% JO Xopal o1} Jo amjonis aarssed v opisul st d jo 4 wnjoeryuod oy, (g)

G 9IS
ut () osed 0} spuodsertod sy, ‘d jo { }g 1x0JU0D OY) OpIsul SI 1 Jo Xopal o], ()

'SOIMYONIS dATssed PUR DATIOR UGIMIO( TOTPOUIYSIP OU ST DIOY) O} dSNLIA] INII0 SISBD
moj ATuo ¢ oS uy ‘osed yoed 10f ojdurexs we smoys 9 9SSl “MO[dq PIISI[ oIe TDITYM
‘sosed XIs 1013080918 e 0101 T, *{ 41} S 2IMIONIIS ) SPISUT L JO Xopal o1} jo uoryisod a1y 10§
SISATeTIR 0SBD B ORI 0} AR 9M PUR TMOWY o1 d JO 4| WIMJIRIJUOD dT[) PUR 7 XOPAI o1} dIOTM

SO[ILI DATJTIDDSTOD OM) USIMPD(| SIDUBIDJIIUIL 0] sojdwexy :9'F oIS

[(p2)‘[g0]s] tq [[2°T]iq ] Lo
[(p)qv‘lgn]y] G [[24(29)]s q] ? ()
[(p‘[>4q]) ‘v [q‘P]¢] [TqD]

[(p9)¢ ‘(qi*D)] . [2°(q‘[qa'q] ‘»)] <

([(P9): ‘qi] ‘) 1d ¥) (9[>([a‘q] i:?w (€)

([(p2)qli'») (@Paw)
(P [9‘q] ‘v)i) ‘] - (lP*@)] 'p°la‘al) _

[(P'e T2 2] (2) @pelpilasa) (M
([pe] (1)) (@[l p1)

68 So[nyy jo UOIRINULID] Z'F

“A9ITRND BY[) UTRIUTRWI 0} IOPIO UT PAFURTDXD aTe (1A'F) PUR (ATF) S9sBD AT[) Se [[oM Se
(a'p) pue (Ury) sosed oy J, 'SOPIS [I0( UO duIes oY) A[joexo oIe (g) 0} (T) sosed oy, "IOJIP
SOPIS [J0( YOTYM UT S9sLD AUO oY) oI (II') pue (') Sased Jer[) dAIS(() "UIRYD-; ® dPISUL
Pojoouod 9 Ued SYUI[-;, Moy soniiqissod [[e {F oIS Jo opIS PULY-JYSLI O} U0 PIISI
QARY ] ‘O0UDIUDATOD 10,] °,j Aq ureyd-; oY) jo YuI[ £19A9 Sunyrewt £ poyIeu oI SUrRyd-/
‘remnorgred U c,; HIM UOISSNOSIP IOPUN 9Iv JRY) SYUI[-/, YIRU [[IM T ‘SYUI[-] 0} Ie[IIg

YUI[-4, JSOUTMI0}}0( ST ST Ppay SHT pue NUI[-; jsowrdoy
ST ST Uretd-; @ Jo 1207 9y ‘renorred ur ‘uretp-j 03 A[[enp pauyop st unys-; Jo UOII0U oY,
“UI[-] JO 9UO oY) se Avm dUIRS JY) Ul POUYep ST yuy-; Jo UOjoU o], uonuyaq 6°¢'%

(-uretp-j © os[e oIv SYUI[-] INOJ
1s0m0)30(| oY) o]dUIeXo I0,] "UTRYD-| ® OS[R ST UIDYIQNS AIOAD YRY) DAIISC()) "POIIIUUOD IR
sur] o) (8°F 2SI JO) 9s®D PIYM £( PIJRIIPUI  UOTYRALIOD Y[} JO APIS PURT-IYSTLT 1) ()

@ [D)¢“ (v ‘9)yi])
MMW 3 f :0. :E.\v 8 AG& Svi_v M&
RO QLOLITRY

. S Fum ¢ —@.AGA.. Sv_iv

(®) (991 [2([0Dg] ‘9] vi) 4
Anﬁuv bye € [3 [3 . 13 . S
(@91 ([p‘2Dg ] ‘Q)yi)
AMV b b 13 13 . H>>
© (991 ([2D] “9)yi) te
(291 avi) _
. (219 qyi)
(1ry) o) 19

1Qyi PRI PUR (D] )y [IR1 [IIM UTRTD-| © SMOYS UOIRALIOp Suimoro} oy ], o[durexy 8'¢¥

“yi Aq Treyd 913 JO YU
[[® SuB[IewW pue UOIYRALISP oY} SUIAIS A( SUTRTD-] SSI[RNSIA [[IM ] ‘YIOM ST} NOYSNOIY],

"ppaYy $HT Pafen st X jo yuI[-j 9somdoy iy pue o7 SHT Pa[[ed St X JO JUI[-j JSOUI0)J0(| Y,

"SYUI[-] PIIDIUUOD JO 90UANDAS ® ST \7 UOIJRALIDD ® OPISUT X winyo-| ¥ uwonuyeq L'€¥

“9yj 03 10U (D] Q)yj
0} P9JOIUU0D IOYIDU ST Dyj NUI[-j oY) seatoym ‘((I'y) osed Aq) pejosuuod are (vj‘qQ)yj pue
[24(0i“Q)]yi Sul-j oM 9y gy odurexy] Ul UMOYS UORALIOD oy} u] ojdurexy 9'¢'¥F
*PO3ORUU0D

9q wed sYUI[-{ M0Y ‘sor[iqrssod [[e pagsi[ oARY [ 'Ry SISL] JO OPIS pURY-YA[ oY) UQ

HHyitnit,s

Huvitnduitnid,s I

Havitn {aitnilus = {vid,s vwe {{dyitnit,s = {4yiks
yeys yous { }p) pue { },g s1x0juoo ore ooy pue 3 =y ‘719 =d (1a)

o150 aeoury jo yuotuSery reryuouodxiy oAryedridnmypy oy, F Y01



90 4. The Multiplicative Exponential Fragment of Linear Logic

where we can permute p over 7 as follows

S{w}

"5z
"2y

In the third case, we have that Z = Z’{R} and W = W/{R} for some contexts Z'{ } and
W'{ } and some structure R, and Q = S{W'{R’}} for some structure R’. This means the
derivation is

S{W{R'}}

S{W{R}}

S{Z'{R}}

us

p

where R is passive for p, and we can permute p over 7 as follows

S{w{r’}}
S{Z{R'}}
S{Z{R}}

p
m

This means that in a proof of a permutation result the cases (1) to (3) are always trivial,
whereas for the remaining cases (4) to (6), more elaboration will be necessary. In every
proof concerning a permutation result, I will follow this scheme.

In the remainder of this section, I will show some permutation results that will be needed
for the decomposition theorems of the next section.

4.2.4 Lemma The rule w| permutes over the rules ail,aiT,pl and wT.

Proof: Consider a derivation
Q
S{L}
wl——onH

S(27y

s

where 7 € {ai],ail,p|,wl}. Without loss of generality, assume that the application of 7 is
nontrivial. According to the case analysis 4.2.3, there are six cases, where the first three
do not need to be considered. The remaining cases are:

(4) The redex of 7 is inside (an active structure of) the contractum L of w]|. This is
impossible because L cannot have a proper substructure. If the redex of 7 is equal
to L, then this case can be reduced to case (1) by using the fact that L = [L, L].

(5) The contractum L of w| is inside an active structure of the redex of 7 but not inside
a passive one. This case is impossible, as the following case analysis shows:

(i) If 7 is w1 then the redex is 1, and L cannot be inside it.

(ii) If 7 is ai] then the redex is L, and we can reduce this case to case (1) by using
the fact that L = [L,1].

4.3. Decomposition 103

S'{AR'} = S"{M*R}{W} for some context S”{ }{ }, where Z and W are redex and

contractum of p:

S"{ARHW}

S"{UWR}HZ}

(2) The link "R is inside a passive structure of the redex of p, i.e. R = R’ and there are
contexts S”{ }, Z’{ } and W'{ } such that S{1*R} = S”"{Z{!*R}} and S'{I*R'} =
S"{W{*R}}, where Z{!AR} and W{!AR} are redex and contractum of p:

S"{W{“R}}

S"{Z{"R}}

p

P

(3) The redex of p is inside R, i.e. S{ } = S’{ } and there is a context R”{ } such that
S{*R} = S{R"{Z}} and S'{I*R'} = S{*R"{W}}, where Z and W are redex
and contractum of p:

S{"RW}}
" STRZY)
(4) The link "R is inside an active structure of the redex of p, but not inside a passive
one. Then six subcases are possible:

(i) p = pl and there is a structure 7" such that we have S{1*R} = S'[I*R,?T| and
S'"{AR'} = S'{*[R,T]},ie. R = [R,T]:
S'{[R,T]}

PSR

(i) p=bl, R=R', S{"R} = §'(MR, R) and S'{I*R'} = S'{I*R }:

S'{MR}

)

(ili) p=bl, R = R’ and there are contexts S”{ } and V{ } such that
S{“R} = S"(\W{*R} V{IR}) and S"{!*R'} = S"{IV{I*R}}:
S"{IV{1*R}}

ol STV {RRT, VR

(iv) p=bT], R = R’ and there are contexts S”{ } and V{ } such that
S{R} =S"(W{IR},V{"R}) and S'{!AR'} = S"{IV{1AR} }:
S"{\V{AR}}

LS W RN V(ARY)

(v) p=>bl, R= R and there are contexts S”{ } and U{ } such that
S{R} = S"{?U{MR}} and S'{"R'} = S"[?U{"R},U{IR}]:

S"[?U{R},U{!R}]

LRy
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92 4. The Multiplicative Exponential Fragment of Linear Logic

it is unclear how the instance of w| could be permuted up. However, with the help of the
switch rule, we can get

S(?R,!T)
S(?R,NT, 1))
w|——
| S(?RNT,?Z])
P SQ(R.IT.22))
5 — il bt Pl
SEIRT),22])
In other words, the switch is used to move the structure ?Z inside a passive structure of
the redex of p]. For the rules ai| and p| the situation is similar:

SR, TT}

SR, T]} T S([R.T],1)
PSR, T SR T ea])
m;u (1R, 1),7T] s _DW S'([IR, 7T7, [a,a])
SR, [wa)]),?T] S'I(R, [a,a)), 7T]

This time the switch is used to move the disturbing structure [a,a] outside the redex of p|.
Another example is the situation

S{L}
5{?(a,b)}
"~ S{%(a,1,b)}

S ed.n)

where it is unclear, how the rule ai| could be permuted over w|. But we can replace the
whole derivation by a single application of w|:

wl

S{1}

" @ ed D)

This leads to the following definition.

4.2.8 Definition A rule p permutes over a rule 7 by a rule o if for every derivation

there exists one of the derivations

p—
or o

S =IO
3
|
3
ke

4.3. Decomposition 101

This has now to be replaced by

S(R, [?T.T))
S(R, R, [’T,T))
S([(R,?T), 1], R)
S|(R, ?T), (R, T)]
ﬂ SR, (R.T)

SERT)

b7
S

S

which introduces a new instance of b{. And so on.

The problem is to show that this cannot run forever, but must terminate eventually (see
Figure 4.7). In order to do so, we have to inspect the “path” that is taken by an instance
of b1 while it moves up to the top and the “path” taken by a b| while it moves down. This
is the motivation for the definition of !-chains and 7-chains. These chains can be composed
to give complex chains. I will show that in the process described above, the instances of
b7 and b| travel up and down along such chains. Further, the process will not terminate
if such a chain has the form of a cycle. The purpose of this section is to show that there is
no such cycle.

In Definition 3.1.7, T introduced the concept of a context as a structure with a hole,
and then used S{R} for denoting a structure with a substructure R. In this section, I
also need to denote structures with more than one distinctive substructure. For example,
I will write S{R;}{R2} to denote a structure with two independent substructures Ry and
Ry. More generally, S{R1}...{R,} has Ri,..., R, as substructures. Removing those
substructures and replacing them by { }, yields an n-ary context S{ }...{ }. For example,
M } (a,{ },b)] is a binary context.

4.3.3 Definition Let A be a derivation. A !-link in A is any !-structure ! R that occurs
as substructure of a structure S inside a derivation.

The purpose of the definition of a !-link is to define !-chains, which consist of !-links.

In general, in a given derivation A, most of the !-links in A do not belong to a !-chain.
Later, I will mark those !-links that belong to a !-chain or that are for other reason under
discussion with a 4.

4.3.4 Example The derivation

ol ("[(b,'a),a],!c)
(['A(b,'a),?a],c)

[1(b,14a), (?a, 4c)]
[1(b,ta), ?(a,c)]

S

pl

contains many !-links, but only four of them are marked. (So far, there is no relation
between markings and chains.)
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94 4. The Multiplicative Exponential Fragment of Linear Logic

Then we have S{L} = S'[(R1, [(R2,T1), L],T2),U] for some context S’{ }:

S'([(R1; Ra), U], Ty, T»)

S M\A:mimmvgngﬂfﬂmv <<H M\A:mf :wy LLYQTMJTMJNV
_ S"[(Ry1, Ro, Th,T»), U] mm\:ﬁmkTNNH.NNC“SQHT@V
w) Q\ZNWT:mmqﬂquFTﬂqu_ ields S .mi:wwH;mwmaﬂwNTﬂfﬂquq_
SR, (R 1), 721, 1),0] 0 " S'(Ry, [(Re, T1),72),T3), U]
(b) Dual to (a).
(c) Consider a derivation
9
S{1}
ol Sla,a]

where 7 € {p|,w|} is nontrivial. The cases (1)-(4) and (6) are as in the proof of
Lemma 4.2.6. The remaining case is:

(5) The contractum 1 of ai] is inside an active structure of the redex of 7, but not inside
a passive one. There are the following subcases:

(i) It 7 = p|, then the redex is [!R,?T]. The possibilities for 1 to occur inside are
[('R,1),?T] and [!R,(?T,1)]. Both are similar and I show only the first, where
S{1} = S'[(IR,1),?T] for some S’{ }. Then

SR, TT}

S'{[R,T]} T S([RT] 1)
Pl SR T SR T [ a)
m;u ST(R, 1), 7T] s UW S'(IR, 717, [a,a))
SR, [wa]),?T] S'I(R, [aa)), ’T]

(i) If 7 = w], then the redex is 7R. If 1 occurs inside, we have 7R = ?R'{1} for
some context R'{ }. Then S{1} = S’{?R'{1}} for some S'{ }, and

| S{L}
L SOEDY L S
SR aa) SR [aa]}

(d) Dual to (c). 0

This is sufficient to show that in any derivation that does not contain the rules b| and
b1, we can permute all instances of w| and ai] to the top of the derivation and all instances
of w] and ail to the bottom.
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T T T T
T [l{61y [[{e1} [l<b1} [l{b1}
T [[{b1} T T, Ty T,
||SELS ~» T} ~> ||SELS\{bl} ~> [|SELS\{bT} ~» ||SELS\{bl} ~>...~> [|SELS\{bl,bT}
R [sELs\(b1} Ry Ry Ry R
R [l {61y [l b1} [l b1} [l b1y
R R R R

Figure 4.7: Permuting b7 up and b| down

because a new instance of b| is introduced. After all b have reached the top of the deriva-
tion, the instances of b| are permuted down by the dual procedure, where new instances
of b1 might be introduced; and so on.

The problem is to show that this process, visualised in Figure 4.7, does terminate
eventually. This is done as follows: I will introduce the notion of a certain type of cycle
inside a derivation. Then, I will show that the assumption of a nontermination can be
reduced to the existence of such a cycle. From a derivation that contains such a cycle, I

will extract a derivation

(IR, 7T1], [\Ro, 7T3), ... [\Rn, 7T30])
Al ,
[(\R2,?T1), (\R3,?T3), ... (\R1,?T;,)]

for some n > 1 and structures Ry,..., R, and Ti,...,T,. Then, I will show that such a
derivation cannot exist. This will prove the termination. In fact, the nonexistence of such
a derivation is the deep reason behind the decomposition theorems, and the only purpose
of all the effort made in Sections 4.3.1 and 4.3.2 is to carry out the technical details. (Here
we have another example where syntax seems to be the enemy of proof theory.)

The proof of the second decomposition is also done in three steps:

T
Adlgery
T T
Au[{o1} Azl {wi}
T T T
Au[{o1} Aa[{w1} As|{aily
T ) Ty 5 Ts . T3
Al|sELs ~ A'||SELS\{bl,bT} ~>  A”||{Eilailsplel} o Adll{splipl}
R mH Nwm mww
Arl[{oly Ag[{wl} As | {aily
R Ry Ry
Az|[{bl} Aell{wl}
R Ry
Arl{o1}
R
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96 4. The Multiplicative Exponential Fragment of Linear Logic

Permuting b under another rule p is impossible. This can be seen from the derivation
S{IR}
S(IR, R)
S(IR, R")

b7
p

where bl cannot be applied to (IR, R’) because R and R’ are in general not equal. For b],
the situation is dual.

4.3 Decomposition

The new top-down symmetry of derivations in the calculus of structures allows to study
properties that are not observable in the sequent calculus. The most remarkable results
so far are decomposition theorems. In general, a decomposition theorem says that a given
system . can be divided into n pairwise disjoint subsystems .71, ..., ., such that every
derivation A in system . can be rearranged as composition of n derivations Ay, ..., A,,
where A; uses only rules of .%;, for every 1 < i < n.

In this section, I will state and prove two such decomposition theorems for derivations
in system SELS. Both of them allow a decomposition of system SELS into seven disjoint
subsystems.

T
4.3.1 Theorem (First Decomposition) For every derivation AlseLs there are struc-

R
tures Ty, To, T3, R1, Ro, R3, and derivations A+, ..., A7, such that

T

Aq __?3
T

Az __ {wl}
T2

As|(aiLy
T3

Ay :T.E%i
R3

As||{ail}
Ry

Ag __?<$
Ry

Arl[ge13
R

Apart from a decomposition into seven subsystems, the first decomposition theorem can
also be read as a decomposition into three subsystems that can be called creation, merging,
and destruction. In the creation subsystem, each rule increases the size of the structure;
in the merging system, each rule does some rearranging of substructures, without changing

4.3. Decomposition 97

the size of the structures; and in the destruction system, each rule decreases the size of the
structure. In a decomposed derivation, the merging part is in the middle of the derivation,
and (depending on your preferred reading of a derivation) the creation and destruction are
at the top and at the bottom:

T
destruction A uu creation
T
@ merging
R
creation Q VV destruction
R

In system SELS the merging part contains the rules s, p| and p7. In the top-down reading
of a derivation, the creation part (where the size of the structure is increased) contains
the rules bl, w| and ai|, and the destruction part (where the size of the structure is
decreased) consists of b], w] and aif. In the bottom-up reading, creation and destruction
are exchanged.

The second decomposition is almost the same statement, with the only difference that

the rules w| and wT are exchanged.
T
4.3.2 Theorem (Second Decomposition) For every derivation Al[sELs there are

R
structures Th, To, T3, Ry, Ro, R3, and derivations Aq, ..., Az, such that

T

Al eny
T

As || gwiy
T

A3 i1y
T

D»:?E%i
R3

As|[{ail}
Ry

Ag :?\S
Ry

Dq:hvi
R

The second decomposition theorem allows a separation between core and noncore of the
system, such that the up fragment and the down fragment of the noncore are not merged,
as it is the case in the first decomposition. More precisely, we can separate the following
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106 4. The Multiplicative Exponential Fragment of Linear Logic

(e, d],la, ?b)

" e [, 7%]. 7d), (e, 7). (la, 7Yd)]
M [2(lc. [(*a, 7d), b]), (he, 20), (la, 7Yd)]
[7[(%as2d)]. (e, b). la,
T ), (P, )
212000, (e, 7))
?7[7(b,c), 7d]

Figure 4.9: A cycle x with n(y) =2

4.3.14 Example Here are two examples of chains in derivations (for TEXnical reasons
the redices of the rule applications are no longer marked):

(a,!]e,d])

a, ?(b,0)] -

1, 1, @) 76, 0]

In the first chain, the tail is !4(a, [d,d]) and the head is 4c. In the second example the tail
is 7% and the head is ?Vd. Both have length [ = 3.

4.3.15 Definition Let A be a derivation. A chain x € X(A) is called a cycle if A
contains an upper link ["*R, ?YT'] such that *R is the head of x and ?"T is the tail of x,
or A contains a lower link (?YT', " R) such that ?YT is the head of x and R its tail.

In other words, a cycle can be seen as a chain without head or tail. Figure 4.9 shows an
example for a cycle. Observe that for every cycle x there is a number n = n(x) > 1 such
that y consists of n !-chains, n 7-chains, n upper links and n lower links. T will call this
n(x) the characteristic number of x. For the example in Figure 4.9, we have n = 2.

4.3.16 Definition A cycle x is called a promotion cycle if every upper link of y is redex
of a pl-rule (called link promotion) and every lower link of y is contractum of a pl-rule
(called link copromotion).

The example in Figure 4.9 is not a promotion cycle because the upper link [!4a, ?7]
is not redex of a pl-rule and the lower link (!%a,?%d) is not contractum of a p{-rule.
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Base case: Let n = 1. Then it is easy to see that there is no derivation

'Ry, ?T}]
Allsy
(IRy,?T})

because a times-relation can never become a par-relation while going up in a deriva-
tion.
Inductive case: By way of contradiction suppose there is a derivation
(['R1,711], ['\R2, ?Ts], ..., [!Ry, 7T},])

Allsy
[(1Ry,?T}), (R, ?Ty), ..., (\Ry, ?T},)]

Now consider the bottommost instance of

in A. Without loss of generality we can assume that R = IRy and T =?Ty. (The
case where R = 7T} and T = | Ry is similar.) For matching U, we have

v = :_meﬂT NN.,F vq A_N.wwm‘:“ ‘wm.,\nwv, RN QN#S‘TT «wﬂ?:v_ ’
for some m and ky,...,k,,. Hence, we get:

(['Ry,?T1], ['Ra, ?Ta], ... [\R, ?T0])
A|tsy
[(['Ras (\Rigy 1, 2Tk )s - -+ (\Riy i1, 2T, )15 270, - - (\R1, 2T0)]
[(1Ry,?T1), (\R3, 7T3), (R4, 7T3), . .. (Ry, 7T0)]

S

Inside A’ the structures 'Ry, ... ,!R,, 7T, .., 7T, occur only inside passive structures
of instances of s. Therefore, if we replace inside A’ any structure !R; or ?T; by
some other structure V, then the derivation A’ must remain valid. Without loss of
generality, assume that k) < k2 < ... < ky,, and for every i = 2,...,k,, replace inside
A’ the structures !R; by L and the structures ?7; by 1, which yields a derivation

o :_mf m\m;Lu Tm\nzlrf QNJ\?:JrL, EERE Tm:u QNJ:_V
('R, T, (L1 [ 1) PRk P TRyt ) - -5 (MR, 7T ])
A" {s}
:tl An_u, “_.Y EERE} Cl HY A_m?:.,rf :T QMMY ceey me Qm;ﬁi

::wk,:JrT MNJHY A_mw:lw? QMJ?:JLY ] QWT «.NNJ;Z

)

which cannot exist by induction hypothesis. O

As mentioned before, the property of the switch rule described by Lemma 4.3.25 seems
to be at the heart of the decomposition theorems. I will come back to this property of the
switch in Section 6.2.
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108 4. The Multiplicative Exponential Fragment of Linear Logic

i.e. the hole does not occur inside an !- or 7-structure, then it is called a basic context.

4.3.19 Example The contexts [a,b,(a, [c,d,b,{ },a],?¢)] and ([!(b,?a),{ }],b) are ba-
sic, whereas ([!({ },7a),?(a,c)],b) is not basic.

4.3.20 Lemma Let S{ } be a basic context and R and T be structures. Then there is
a derivation

S[R,T]
All¢sy
[S{R},T]
Proof: By structural induction on S{ }.
e S ={ }. This case is trivial because S[R,T| = [R,T| = [S{R},T].

o S =[5,5"{ }] for some structure S’ and context S”{ }. Then by induction hypoth-
esis we have

(S, 8" [R,T]]
Allts}
(5", S"{R}, T]

o S =(5,8"{ }) for some structure S” and context S”{ }. Then let A be
(S, S"[R,T))

Al{sy
(8, [S"{R},T])

(5", S"{R}), T]

where A’ exists by induction hypothesis. O

S k)

4.3.21 Definition A cycle x is called pure if
(i) for each !-chain and each ?-chain that is contained in y, head and tail are equal, and
(ii) all upper links occur in the same structure and all lower links occur in the same
structure.
For example, the two cycles in Figures 4.9 and 4.10 are not pure. Although in both
cases condition (i) is fulfilled, condition (ii) is not. Figure 4.11 shows an example for a pure

cycle.
If a derivation

P
Al|sELs
Q
contains a pure cycle then there are structures Ry, ..., R, and T1,...,T, (for some n > 1)
and two n-ary contexts S{ }...{ } and S’{ }...{ }, such that A is of the shape
P
Ay |sELs

, M) .. (7T BR,y)
Ag|sELs

Q
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(5) The contractum [R,T] of p|™ is inside an active structure of the redex of
7 but not inside a passive one. This is impossible because then 7 were p|*
or pl™.

(6) The contractum of p|™ and the redex of 7 overlap. As before, this is impos-
sible.

(d) Dual to (c).

Now it only remains to show that the subderivation

P
N[
Q
obtained in the last step has indeed the desired properties (i.e. contains a pure cycle and

consists only of the rules ai|,ail and s). Observe that all rules p € {p|,pl,w|,wl,b|,bT}
in A

e cither have been transformed into p in Step IT and then been removed in the Steps 111,
IV and V,

e or remained unchanged in Step II (because they occurred inside a marked !%- or
?¥_structure) and have then been marked as p® or p¥ and removed in Step V.

This means that only the rules ai|,ail and s are left inside A. Now consider the premise P
of A. Since it is also the conclusion of A which consists only of pl™, it is of the shape

S[WRy, 7Ty |[ARy, 7"T3] ... R, , 7"T,

for some structures Ry, ..., R,,T1,...,T, and some n-ary context S{ }{ }...{ }. Simi-
larly, we have that

Q= S'"("WRy, 7"T})('ARY, 7T5) ... (AR}, ?

s Ly
no transformation in Steps II to V destroyed the cycle, it must still be present in A. Since A
contains no rule that operates inside a 4~ or ?"-structure, we have that R} = Rs, R, = R3,
.., R=Ryand T) =Ty, Ty =T», ..., T, = T,. This means that A does indeed contain
a pure cycle. O

for some structures Rf,..., R, T{,..., T} and some n-ary context S’{ }{ }...{ }. Since

4.3.23 Definition Let S be a structure and R and 7' be substructures of S. Then
the structures R and T are in par-relation in S if there are contexts S’{ }, S”{ } and
S"{ } such that S = S'[S"{R},S"”{T}]. Similarly, R and T are in times-relation in S if
S = S5'(S"{R},S"{T}) for some contexts S"{ }, S”{ } and S"{ }.

P
4.3.24 Lemma If there is a derivation Al|{ail,aits} that contains a pure cycle x, then
Q
there is a derivation
('R, 71h], [LR2, T3], [ Ry, 7T ])
Alls} :

[(1Ry, ?7T1), (\R3,?T3), ..., (1R, 7T},)]
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4. The Multiplicative Exponential Fragment of Linear Logic

P
[
Si{![R1,T1]}

Sh ﬁ _bmu ) &4@# H

[
Sa{![ Rz, T2]}

So[" Ry, T |

pl

pl

I
Si(MRy, 7M7)
pl

I
.m.”wm_ fw”r NJL w
pl

I
of Sy("4Ry, 7VTY)

S5{™( :\rﬁi &Eﬂmﬁx &Q:ﬂﬂqﬁ:
| SL(1ARL, 7VTy) 1o S, ("ARS, 7VT5) 1o S,(MARL, 7VT5)
Pl o P o ey PT < rov pr 7y
S5{™( :.fﬁ: mﬁxﬂw@x &Q:ﬂw@i

Q Q Q

S1{7(Ry, T}

Ss ﬁ _>mww 3 ~.~<m..w _

P
[
Si{![R1, T1]}
Vmﬁ:bﬁwﬂ s a.~<H;H_
[
So{![R2, 1>}
So[" Ry, 7T |
I
w S1(MRy, 7'TY)

pl”

pl™

pl

Il
o Ss{![Rs, T3]}
pl

[
o1¥ S5(14Ry, T'TY)

S1{?(Rs, T}

Ss — _>mu ) ﬂdﬂw _

P

[
o S{"™[R1,Tu]}
Sy :bmw s awdu.,u _

[
o S2{!*[Rs, T5] }
So[ARy, 7T |

[
v SRy, 7"TY)

pl

pl

pl

[
bl S3{[Rs3, T3] }

o1? S(1RY, VL)

ST (R, T }

S3[""Rs, 113

Figure 4.12: Example (with n(x) = 3) for the marking inside A

This means that a cycle cannot be destroyed by simple rule permutations.

4.3.22 Proposition If there is a derivation DN_ﬂwmrm that contains a nonforked pro-
P Q

motion cycle, then there is a derivation A :?ﬁyﬁ& that contains a pure cycle.
Q

Proof: Let y be the nonforked promotion cycle inside A and let all !-links and ?-links of

X be marked with !* and ?7, respectively (see Figure 4.12, first derivation). Further, let
all instances of a link promotion (Definition 4.3.15) and all instances of a link copromotion
be marked as p|™ and p1Y, respectively (see Figure 4.12, second derivation). Now I will
stepwise construct A from A by adding some further markings and by permuting, adding
and removing rules until the cycle is pure. Observe that the transformations will not destroy

the cycle but might change premise and conclusion of the derivation.
I. Let n be the characteristic number of x. For each of the n marked instances of
ol S{![R;, Ti]}
S[MR;, T,

proceed as follows: Mark the contractum ![R;,T;] as '“[R;,T;] and continue the
marking for all Ilinks of the (maximal) !-chain that has A[R;,T;] as tail. There is

4.3. Decomposition 115

under all other rules in A’ (by s). This means that A’ can easily be transformed into

w\

aql{wl}
w\\

A"||SELSU{pL™ p1"Y 1,61}
Q\\

Ap|lgwy
©\

by permuting stepwise all w| up and all w| down. Let us now consider only

NU\\
A7||SELSU{p1™,p1Y p1,pT} ,

@:
in which the cycle x is still present.

V. Inside A” mark all rules p whose redex is inside a marked !%-structure as p®. Addi-
tionally, mark all instances of p| as p|“. Dually, mark all rules p] as well as all rules
p whose contractum is inside a marked ?Y-structure as p’. Now mark all remaining,
i.e. not yet marked, rules p as p°. This means, we now have a derivation

NU:
A |[{p1™.p1Y.0% 07 0%} )
@\\

which will in this step be decomposed into

w\\
Af4p#y
w\\\
Ayl tpimy
P
All{e7}
Q
Aylltpry
Q:\
A7}
Q\\
only by permutation of rules. In order to obtain this decomposition, we need to show
that

(a) all rules marked as p® permute over all other rules,
b) all rules marked as p¥ permute under all other rules,
p
¢) all rules p|™ permute over all rules marked as p° or pT¥, and
P

(d) all rules pT¥ permute under all rules marked as p° or p|™.
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4. The Multiplicative Exponential Fragment of Linear Logic

Observe that T" and T might be different because inside 7" all exponentials
remain as they are inside !*[R, T'] , whereas inside 7" some or all exponentials
are removed.

(iv) The p| is not marked and does not occur inside a marked structure. Then
it becomes
v S[R,T']
PL S o
S[R',T']
where R’ and T” are obtained from R and T, respectively, by removing some
(or all) exponentials.

There are no other cases because there are no other markings possible. Observe
that the rule p|’ in case (iv) is vacuous and can therefore be removed in the
whole derivation. Hence, it only remains to remove all instances of the rule p|
(case (iii)). This will be done in Step V.

S(IR,T) . o
The rule p] —————— 1is dual to the rule p|. Hence the only problem lies in
S{?(R,T)}
the new rule
51 S(R,7T)
PSRy

where R’ is obtained from R by removing the exponentials. This rule will also
be removed in Step V.
S{L} .
For the rule w| ——— only two cases are possible.
S{T}
(i) There are two contexts S’{ } and S”{ } such that S{ } = S'{!A8"{ }}
or S{ } = S{?S"{ }}. Then redex and contractum of the w| remain
unchanged and the rule remains valid.

(ii) The rule becomes

ooS{L)
S\H [P~ b
S{T"}
where T” is obtained from 7" by removing some or all exponentials.
. S{Ly .. .
Observe that the marking w| ———=—— is impossible.
S{7"T}
S{'Rr} Lo )
For the rule wl % the situation is dual and we obtain
. S{R}
S\H P rrae b

S{1}

where R’ is obtained from R by removing the exponentials. The two rules w|
and wl will be removed in Step IV.

4.3. Decomposition 113

S[?T,T)

S{?T}

(i) There are two contexts S’{ } and S”{ } such that S{ } = S’{!*S"{ }}
or S{ } = S{?VS"{ }}. Then redex and contractum of the b| remain
unchanged and the rule remains valid.

S[7'T,T]

S{M"T}

e For b] the situation is a little more intricate. The possible cases are:

(ii) The rule is marked as b] . Then it becomes

L ST T
Yy

where T” is obtained from 7" by removing (some or all) exponentials.

(ili) Neither redex nor contractum of the rule contain any marked !4- or ?¥-
structure, nor are they contained in a marked structure. Then the rule
becomes

ST, T']

UH\\ MANJ\W

)

where T" is obtained from T by removing the exponentials.

(iv) There are marked - or ?¥-structures inside the structure 7" in the redex.
Then all those markings reoccur in one of the two substructures T' in the
contractum whereas the other 7" does not contain any marking (because the
cycle y is nonforked). Hence the rule becomes

S[T”,T']

wu‘—\ MA\NJ\\W

)

where in 7" all exponentials are removed and in 7" some exponentials are
removed and some remain.

Observe that all instances of b]’, b|” and b|"” are instances of

| ST
0!

)

where S{ } is a basic context, and T" and 7" are arbitrary structures.

S{!R} .
e Dually, for b] ————— , we obtain
S('R, R)

: S{R}
ﬁmﬁm“m\v ’

where S{ } is a basic context. The new instances of b| and b7 will be removed
in the next step.
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122 4. The Multiplicative Exponential Fragment of Linear Logic

moving b] meets a b| as in case (5.iii) in 4.3.28. Further, the number of instances of b|
inside A is not fixed. The number of b| might increase when an upwards moving b] meets
an instance of p| as in case (5.1) in 4.3.28 or an instance of b| as in case (4). Therefore,
the difficulty lies in finding the right induction measure. For this, I will mark inside A
all l-chains that have the contractum !R of the b7 instance as tail. But I will mark the
links not with %, but with " for some n > 1. Start with the contractum !R of the b] by
marking it with _;w. Now continue the marking as indicated in Figure 4.8 (on page 102)
by propagating the number n from conclusion to premise in each rule, with one exception:
If in case (2) of Definition 4.3.5 the rule p = p| and the situation is

T
||sELs\{1}
S{NU, V{IR'}]}
S0, V("R
||sELs\{1
S{'R}

bl ———'
S(IR, R)

pl

then continue the marking as follows:

T
||sELs\{b1}
S{U, V{P"R'}]}
||sELs\{o13
S{"R}

bt ———
;Ew@ ’

pl

i.e. the marking number is multiplied by 2. For example, the derivation

b, (b, [([ta, 78], [¢,2]), a])]

o Pl 1o, (5 1211 28], [c,2]), )]
wl _?_ (b, [?([a, 0], [e,€]), (ta, [e,e])])]
) 10,0, [7(0a, 78] e, ), (0], [e, ) )
bl !0, 2(b, [?(['a, 28], [¢, &]), (['a, 78], [c,&])])]

_
[1b, 2(b, ?(['a, 70], [, €]))
(16, 2(b, ?[la, (?b, [, &])])

[1b,2(b, ?[(1a, @), (7, [c, &])

S

b7

]
]
)]

4.4. Cut Elimination 135

Q
P
4.4.7 Lemma For every derivation Z with p € {spl,sr1} and w € {pl,r|}, there is
’p Q
P /
o2 i
either a derivation = Z' for some structure Z' or a derivation s i for some structures
=
P n—
P

Z" and Z" and rules p' € {sp1,sr1} and ©’' € {p|,rl}.
Proof: Consider the derivation

e
S([+R,U],['T.V])
S[+(R.T),U,V]

s

P

where p € {spT,sr1}, * € {?,!} and the application of 7 € {p|,r|} is nontrivial. According
to 4.2.3, the cases to consider are:

(4) The redex of 7 is inside the contractum ([«R, U], [IT,V]) of p but not inside R,U,T
or V. There are the following five subcases:

(i) p=spl,*= ?,m=pl and U = [{U’,U"]. Then

S([R,U"),U"], 1T, V])
(R, U, U"], [T, V) SR UTL.D).07, V]
P S R, UT, (T V)) *S(R,T),U",U", V]

jeld
N N T IR T Ty X AN TN TS

(i) p=spl,x= ?,m=pland V = [?V',V"]. Then
S([?R, UL, NT, V'], V"))

S([?R, U], [N[T, V'], V") SR, [T, V7)), U, V7]
PSRV * SR, T), V'], U, V"]
spl yields rl

S[(R,T),U,7V", V"] S2(R,T),U,7V", V"]

(ili) p=splyx= ?,m=r| and U = [?U’,U"]. Then
S([?[R,U'],U"],['T,V])

S([?[R,U"), U"], [T, V]) SRRV T), U, V]
VS ERT o ) *SPIR,T), U, U",V]
spl yields rl

S[?(R,T),?U",U", V] S[?(R,T), 20", U", V]

(iv) p=srl,x= l,m =pl and U = [?U’,U"]. Then
[R,U'],U"], ['T,V])

s(!

SR, U [IT.V)) " SR, 0]

PSR U i) > SU@®T).0].07,V]
srl S — yields  p| ——

:maﬂvﬁwan ;\Q ﬁﬁwqﬂvﬁwq*q L\_
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124 4. The Multiplicative Exponential Fragment of Linear Logic

e In case (5.iii) replace
b1 S'[78"{""R}, S"{"R}]
bl S'[7S"{""R}, S"{"R}] b S'[?58"(\R,, R.), S"{!"R}]
S'{?8"{I"R}} S'[78"(1R., R.), 8" (\R«, Ry)]

“Yyosiraryy Y o S'{75"(IRy, Re)}

All instances of b7 travel up along a !-chain that has been marked in the beginning. Since
in the beginning there was only one instance of b, each marked !-chain can be used only
once (and is used exactly once) by an instance of b7, and then the marking is removed. But
it might happen that new markings are introduced during the process because the length
of the derivation can increase. For a given structure S let o(S) denote the sum of the
markings inside S. (For example for S = ![b, (b, '*[(["*a, 78], [¢, &), a])] we have o(S) = 6.)
Then, for any two structures S and S’ occurring in A, such that S’ occurs above S, we
have o(S’) > o(S). Further, during the process of permuting up bf, the value o(S) never
increases for a structure S occurring in A. When a new structure S’ is inserted (in cases
(4), (5.1) and (5.iii)), we have o(S’) = o(9) for some structure S occurring below S’. With
this observation we can show termination by assigning to A a pair A\:Dngv € N x N,
where N x N is endowed with the lexicographic ordering

AFSV < A:\“E\v = n<n or

n=n" and m<m

and the values of na and ma are defined as follows: During the process of permuting up
bT, the derivation has always the shape
T
A | ge1y
N.,\
Aq|SELS\{b1}
S{"R
pr SURE
S(IR, R)
Ag|sELs
U

where A contains the instances of b] that already have reached the top and As is nontrivial
and the instance of b] between Ay and Aj is the topmost to be permuted up. Now let
na = o(T’) and ma = length(Ay). Then we have that A:? Sbv strictly decreases in each
permutation step and we have A:D,SDV = AO“OV when all instances of b have reached

the top. O
T

4.3.30 Lemma The blup algorithm terminates for any input derivation AlSELs .
R

Proof: Apply Lemma 4.3.29 to every instance of b] in A. O

The dual procedure to blup is b|down, in which all instances of b| are moved down in
the derivation.
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the passive structures R, R',T or U. Only one case is possible (m = ds|):

q ,wﬁmqﬁ_,mﬁq

CSIRR)TLY) S(IR.T],R,U

nsfl—————~—————~ yields ds|————=
S[(R,R.U),T] SRR, S,z

—
ot
=

The contractum ([(R, R'),T],U) of ns] is inside an active structure of the redex of
but not inside a passive one. Then 7 = ds| and

ym.gﬁw,m\vaﬂ_,qv = MQA:NWQN\V»MJTQ;\YS\_

There are two possibilities:

ds) S"([(R,R), T,W],U,V) s S'((R,R), T,W],U,V)

st S'I([(R,R), T],U, V), W] vields ds) S"([(R,R,U), T,W],V) 4
S([(R, 7, 0), 7], V), W] SR, 0), 7, V), W]

and

3 S((R, ), 7)., [U,W],V)
o, SURR)TL 07]V) SR R, [0, W]),7],V)
,m:::mqmw\vqmj,q;\ygg . \: mw m\ H“S\Ta\v
SR BT V) W] T {55 ®,0),7],V), W]

Note: The second case is only possible if U is not a proper times.

(6) The redex of 7 and the contractum ([(R, R'),T],U) of ns] overlap. This is impossible,
because the redex of 7 is always a par structure which cannot properly overlap with
a times structure. O

4.4.5 Proposition For every proof JELs\{blwl} there is a proof [dELS\{blwl} , a
R R

for every proof TELsi\{blwl} there is a proof T[dELSA\{blwl} .
R R

Proof: All instances of nondeep switch are permuted up applying Lemma 4.4.4. They
either disappear or reach the top of the proof. In this case they must be trivial because the
premise is 1. 0

4.4.6 Lemma The rules sail, sp| and srl permute over the rule ds|.

Proof: All three rules are of the shape
yWA ﬁwq Qg ) _Hw\q ﬂ\gv

)] ————————= |

S[P", U, V|
where neither P nor P’ is a proper par or a proper times. Now consider the derivation

Q
“lSP L P V)

X ————

S[P",.U,V]

where the application of ds| is nontrivial. According to 4.2.3, the cases to consider are:
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126 4. The Multiplicative Exponential Fragment of Linear Logic

T
4.3.32 Lemma The b|down procedure terminates for every input derivation Al|sELs
and yields a derivation R
T
A/[|SELS\{bl}
m\
A"||{o1y
R
Proof: Dual to Lemma 4.3.30. O

4.3.33 Algorithm b{|split for separating absorption and coabsorption

I. If there are no subderivations of the shape

vlSO

where 7 # b, or of the shape

IR

where p # b/, then terminate.
II. Permute all instances of b] up by applying bTup.
III. Permute all instances of b| down by applying b|down.
IV. Go to Step I.

Lemma 4.3.30 and Lemma 4.3.32 ensure that each step of Algorithm 4.3.33 (depicted in
Figure 4.7, page 99) does terminate. It remains to show that the whole algorithm b7|split
does terminate eventually.

4.3.34 Lemma Let A be a derivation that does not contain a promotion cycle. Then
the algorithm b1|split does terminate for A.

Proof: Without loss of generality, let A be the outcome of a run of b|down, i.e. there are
no instances of b| to consider. Since A is finite, it contains only finitely many instances of
bT. Hence, there are only finitely many chains, say xi,...,Xn, that have the contractum
IR of a b7 as tail. Mark all those chains with ' and ?7 as in the previous section, and let
l; = l(x;) be the length of y; (see Definition 4.3.13) for each i = 1,...,n. Now run bJup
and remove the markings * as in the proof of Lemma 4.3.29 while the instances of b] are

4.4. Cut Elimination 131

i.e. derivable in system SELS:

S{?[R.T)}

T S(LYR.T)
SR "D 2RI
P SR R DI R TD
P SR TR P IR.T))
*S[?R,?T, (R, T), 7[R, T))]
T S[?R, 7T, 1]

" S[7R, T

For technical reasons, I was not able to simply eliminate the rule pT. Instead, I will eliminate
the rules pT and r] simultaneously, with the result that instances of r| might be introduced.
Those instances will be eliminated afterwards. For this reason, let me define system ELSr
to be system ELS extended by r|, i.e.

ELSr= ELSU{r|}

All three rules pT, rT and ai] are removed by a method that has already been used
in [Gug99] for proving the cut elimination for system BV, namely, by removing the super
rules spT, sr] and sail, respectively:

S(?R,U], [T, V]) S(LR, U], [T, V]) $(a, U], [a,V])

P sewn.ov) 0 T spwn.ov] M T Sy

Observe that the three rules p7, r] and ai] are instances of their super rules spT, srl and
sail, respectively. I will now show that every super rule can be permuted up in the proof
until it disappears or its application becomes trivial.

Before we can start, a few more definitions are necessary.

4.4.2 Definition A structure R is called a proper par, if there are two structures R’
and R” with R = [R',R"] and R’ # L # R”. Similarly, a structure R is a proper times, if
there are two structures R’ and R” with R = (R, R") and R’ #1 # R'.

4.4.3 Definition Let deep switch be the rule
S([R,T],U)
ds| ——— |
S[(R,U),T]
where the structure R is not a proper times. The rule
S([(R,R),T],U)

ns?
S[(R,R',U),T)

where R # 1 # R, will be called nondeep switch. Let deep system ELS (or system dELS) be
the system that is obtained from system ELS by replacing the switch rule by deep switch:

dELS = {1],ai|,ds|,pl,w|,b|}
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128 4. The Multiplicative Exponential Fragment of Linear Logic

b|down, every !-chain with head in R! has a counterpart !-chain with head in R?, and
vice versa. Similarly, all ?-chains with tail in R' and R? correspond to each other.
This means that we can construct from x a new promotion cycle x’ by replacing each
subchain of x with head or tail inside R' by the corresponding chain with head or
tail in R?. Then the new cycle is not forked by b]” since there are no more links
inside R'. Hence, the cycle \ is forked by ky = ky — 1 instances of b7, which is a
contradiction to the induction hypothesis. O
T
4.3.36 Proposition For every derivation Al[sELs there is a derivation
R

T

Ay :?3
NJ\

A'||seLs\{b1.b1}
NW\

As|{bl}
R

Proof: Apply the algorithm b7|split, which terminates by Lemmata 4.3.35 and 4.3.34. 0O

This completes the proof of the first decomposition theorem. For the second decompo-
sition, we have to separate weakening and coweakening.

T
4.3.37 Proposition For every derivation A|SELS\{bl,b1} there is a derivation

R

T
Ay : {wT}
NJ\
A/[|SELS\{bl.bT,wl,wT}
m\
A fé:
R

Proof: First, all instances of w] inside A are permuted up to the top of the derivation.
For this, consider the topmost subderivation

S
S{IR}
wlh——
S{1}
where m € SELS\ {b|, bT, w7} is nontrivial. According to 4.2.3 there are the following cases:

(4) The redex of 7 is inside an active structure of the contractum !R of w. Then replace

ﬂ%m@
S{IR} S{IR"}
5o Y Ysm

4.4. Cut Elimination 129
(5) The contractum !R of w1 is inside an active structure of the redex of = but not inside
a passive one. There are two possibilities:

(i) m = pl and S{!R} = S'[!R,?T] for some context S’{ } and some structure 7.
Then replace

S'{![R, T}
SR, T)} Y=y
PSR 7T ~ S
Yomer Y e

ii) 7 = w| and S{IR} = S"{?S"{!R}} for some contexts S’{ } and S”{ }. Then
replace

S'{L}
Ty, § S'{1}
sesan M Yepsy

(6) The contractum !R of wl and the redex of 7 (properly) overlap. This is impossible.

This terminates because the number of instances of wi does not increase and all reach the
top eventually. Then, proceed dually, to permute all instances of w| down to the bottom
of the derivation. Repeat the permuting up of wi and the permuting down of w| until
the derivation has the desired shape. It remains to show that this does indeed terminate,
because during the permuting up of wl new instances of w| are introduced and during
the permuting down of w| new instances of w] are introduced. The only possibility of
introducing a new w| while a w1 is permuted up, is in case (5.1), when the w{ meets a p|.
But then this p| disappears. Since the number of instances of p| in the initial derivation
is finite and this number is not increased during the process of permuting wl up and w|
down, the whole process must terminate eventually. O

4.4 Cut Elimination

In this section, I will use the second decomposition theorem together with the technique of
permuting rules to show that the up fragment of system SELS is admissible.

More precisely, the second decomposition theorem is used to show that the rules b] and
w1 (i.e. the noncore up rules) are admissible. Then, the rules p] and ai] are eliminated
by using the technique that has already been employed by G. Gentzen [Gen34]: For both
rules, I will give a super rule that is more general and that helps in the book-keeping of the
context. The super rules are permuted over all other rules until they reach the top of the
proof where they disappear.

This permutability is distributed over several lemmata. If new rules are added to the
system, then those lemmata remain valid: If rule p permutes over rule 7, then the introduc-
tion of a rule o does not change this fact. This modularity in the cut elimination argument
is not available in the sequent calculus.

Let me now start with the first step, which is a corollary of the second decomposition
theorem (Theorem 4.3.2).
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138 4. The Multiplicative Exponential Fragment of Linear Logic

(4) The redex of 7 is inside the contractum ?U of sr|. Then replace

S{20"}
LU

srl ‘mﬁwqw b srl ‘MQQ@
S[7R, 7T] Y S[7R, 7T

(5) The contractum ?U of sr| is inside an active structure of the redex of 7 but not inside
a passive one. Then the following subcases are possible:

(i) m=pl and S{?U} = §’[IV,?U]. Then replace

S{V,U}
All
S{I[V, U]} S{{[V.R,T1}
PLg 7o) § PLSHIV, R 7T
L Siv,7m 77 AT S

where A is the derivation that exists by definition of sr|.

(ii) # = w] and ?U is the redex. Then replace

S{L}
w| ———
S{’R}
by  wl oo
S[?R,?T)
(ili) 7 =w/| and S{?U} = S'{?5"{?U}}. Then replace
S{L}
<<‘—\ !’ " 4
| S{?78"{?U}} b | S{L}
S8 IR, 7T} Yo W s R, T}
(iv) # = 1| and S{?U} = 1. This is only possible if U = L, i.e. S{?U} = S{L1}.
Then
S{L}
w| —
S{L} S{?R}
srl] ———— can be replaced by w| ————
S[?R,7T) S[?R, 7T

(6) The redex of 7 and the contractum ?U of sr| overlap. This is impossible.

By this procedure, the topmost instance of sr| must disappear eventually. Repeat this for
all instances of sr| in the derivation. O

Now we can give the complete proof of the cut elimination theorem.

4.4.13 Theorem (Cut Elimination) System dELS is equivalent to every subsystem
of the system SELSU{1]} containing ELS.

Proof: The proof follows the steps shown in Figure 4.13. For the first step apply Corol-
lary 4.4.1, for the second and third step apply repeatedly Proposition 4.4.11, and for the
last step use Lemma 4.4.12. 0O

Finally, there is also a decomposition result for proofs in system dELS.

5.3. Decomposition 151

Proof: The rule ac| is an instance of c|. For the rule m; |, use the derivation

SHR, UL [TV}

| SR UL L0,V
SR R TV
SRV TR T30V}

tl
cl

SHER, T3, U, V], [§R, T}, {U, Vi
SR, T, 41U, V]

The cases for the rules m, mo|, I1|, l2| and z| are similar. The rules at|, nm|, nmy|, nma],
nli] and nly| are instances of t], and nz| is an instance of w|. u]

5.2.6 Theorem Systems SLLS and SLS are strongly equivalent.
Proof: Immediate consequence of Propositions 5.2.1-5.2.5. O

Observe that Propositions 5.2.1-5.2.5 show that there is a certain modularity involved
in the equivalence of the two systems. For instance, the user can choose to have either the
rules at],nm],nm1],nmal, nli], nla] or the rule t| in the system without affecting the other
rules.

5.2.7 Definition System LLS, shown in Figure 5.2, is obtained from the down fragment
of system SLLS by adding the axiom 1].

5.2.8 Theorem The systems LLS and LS are strongly equivalent.
Proof: Again, use Propositions 5.2.1-5.2.5. O

As an immediate consequence of Theorem 5.2.8 we have that splitting (Lemma 3.4.5)
and context reduction (Lemma 3.4.22) do also hold for system LLS. In particular, we also
have that the up fragment is admissible.

5.2.9 Corollary (Cut Elimination) System LLS is equivalent to every subsystem of
SLLSU{1|} containing LLS.

5.2.10 Corollary The rule il is admissible for system LLS.

System SLLS bears many regularities. For example, all medial rules follow the same
pattern. In Section 8.2, I will come back to this, and discuss the possibility of formulating
a general “recipe” of designing inference rules in the calculus of structures.

5.3 Decomposition

In this section, I will show several decomposition theorems for system SLLS. They are of a
different nature than the decompositions shown before, because the atomicity of contraction
allows manipulations that are impossible in system SLS. But compared to decomposition
results of system SELS in the previous chapter, in Section 4.3, the results presented here
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140 4. The Multiplicative Exponential Fragment of Linear Logic

T

4.5.1 Theorem (Interpolation) For cvery derivation A|sELs there are structures
R

1,T1,T5,T5, Ry, Ry, Rs, and derivations Aq,...,As, such that

T
Ay __?3
Ty
Ao {wi}
Ty
Ag||{s.ptr1)
T
Dm__?_:
1
As||4aiy
R3
Ag|{spLrly
Ry
Da__ {wl}
Ry
As||{p1}
R

Proof: The decomposition is obtained in four steps as indicated in Figure 4.14. They are
quite similar to the four steps of the cut elimination proof (see Figure 4.13).

(1) The first step is an application of the second decomposition theorem (Theorem 4.3.2).
Then, the instances of pT are replaced by spT, the instances of ail by sai, and the
instances of s by ds| and nsT.

(2) In the second step the instances of ns! and spT (and sr{) are permuted up as in the
cut elimination proof (which causes the introduction of r|). The only difference is,
that the rules do not disappear.

(3

(4) The last step is different from the cut elimination proof. First, the instances of ai]
are permuted up (they have to permute only over the switch, which can be done by
Lemma 4.2.6). Then, the instances of sp] are replaced by

S(?RU], [T.V])

S[([?R,U],'T),V]

S[(?R,'T),U,V]

S[NR,T). U, V]

Similarly, each instance of sr{ is replaced by two instances of s and one instance of

r], and each instance of sai] is replaced by two instances of s and one instance of aif.

Finally the instances of ail are permuted under the instances of s (by Lemma 4.2.7).
[}

=

In third step, the instances of sai| are permuted up (by Lemma 4.4.10).

S

S

pT
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e If R =P, where P # 1, then apply the induction hypothesis to

bl S{LP, 1P}
., SUP.PH}
TSPy
The proof for c{ is dual. O
Let us now consider the rules
S{o S
at] {0} and at] {a} R
S{a} S{T}

called atomic thinning and atomic cothinning, respectively. Again, they are the replacement
for the general thinning and cothinning rules, and in order to keep completeness, we need
to add the rules

{0} 5{0} 5{0} |50 || St}
™oy 0 "o 0 "™ 500 0 "y 0 " spor
SET, T} S(T,T) S[T,T] | S{IT} _ S{?T}
zaﬂﬂ, gaﬂﬂﬂ» _._Eiﬂ, _._lﬁa ziﬂ,

which are the nullary versions of the medial rules. In the local system for classical logic
[BT01] these rules are hidden in the equational theory for structures. It might be argued
about doing the same for linear logic. In this presentation, I chose not to do so because of
the following reasons: First, not all of them are equivalences in linear logic, e.g. we have
0 — 70 but not 70 —o 0, and second, for obvious reasons I want to use the same equational
theory for both systems, SLS and SLLS. But the new equations, e.g. 0 = !0, would be
redundant for system SLS.

5.2.2 Definition For notational convenience, let me define the following two systems:

SLLSt| {at|,nm],nmi|,nma],nl1|,nla]} and
SLLStT = {at], nmf, nmy T, nmal, nly T, ol }

5.2.3 Proposition The rule t| is derivable in SLLSt|. Dually, tT is derivable in
SLLStT.

Proof: Similar to Proposition 5.2.1, T will for a given instance t| % , construct a
derivation S{Rr}

5{0}

AllsList] ,

S{R}

by structural induction on R.

e If R is an atom then the given instance of t| is an instance of at].
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142 4. The Multiplicative Exponential Fragment of Linear Logic

the cut elimination proof via the permutation of rules, and the interpolation theorem.

There is an interesting observation connected to the cut elimination argument. The
separation between core and noncore allows us to split the cut elimination proof into two
very different phases. First, the noncore up fragment is eliminated and at the same time
the noncore down fragment is moved down, below all other rules. The surprising fact is
now, that this step is responsible for the hyperexponential blow-up that is caused by cut
elimination. Furthermore, all the difficulty connected to cut elimination went to the proof
of the decomposition theorems, more precisely, to the separation of absorption. After this
has been done, the cut elimination becomes rather simple. The elimination of the core up
fragment, which is the second phase of the whole procedure, causes then only an exponential
blow-up.

The use of permutation for eliminating the core up fragment, as it has been done in this
chapter, will probably become obsolete after the discovery of splitting in [Gug02e] (see also
Section 7.3). I included the proof in this thesis for the following reasons:

o It was the first correct purely syntactical cut elimination proof inside the calculus of
structures.

e The permutation lemmata are needed to prove the interpolation theorem. At the
current state of the art, I cannot see, how the technique of splitting can be employed
to get interpolation.

e In Section 6.2, T will use some of the permutation results again.

e The various permutation results exhibit the wide variety of possibilities how deriva-
tions in the calculus of structures can be manipulated.

5.2. Rules and Cut Elimination 147

arbitrary structures and those which stand for atoms. I will consider a rule to be local, if
each variable of the first kind, which occurs in the rule, occurs exactly once in the redex
and exactly once in the contractum. Further, there should be no restriction on the context.
In the terminology of term rewriting, locality would correspond to linearity. To make this
clear, let me use as example the following two rules:

sery Ly Se Ul @ v

dl S(IR.R) slu,v]

Whereas the first is nonlocal because the R occurs twice in the redex, the second rule is
local because U and V' occur exactly once in redex and contractum and a and a are atoms.

Let us now have a look at the new system, which is called system SLLS (the second L
stands for “local”) and which is shown in Figure 5.1. The reader should not be frightened
by the size of the system. I will discuss the rules later on. At this point I will draw the
attention to the fact that all rules in system SLLS are local. Either they handle only atoms,
or their implementation can be realised by exchanging pointers in a similar way as for the
switch rule. The equations shown in Figure 3.1 can be made local by implementing them in
the same way as the inference rules. This means that system SLLS is indeed a local system.
It remains to show that it is linear logic.

In order to do so, I will show that it is strongly equivalent to system SLS. Further, I will
define system LLS by adding the axiom 1] to the down fragment of system SLLS. System
LLS will be strongly equivalent to system LS. As a corollary we get a cut elimination result
for the local system.

Consider now the rules

ac] s

Sta, a} S{a}
—_— and acl] ———
S{a} S{a,a}
which are called atomic contraction and atomic cocontraction, respectively. They replace

their general nonlocal counterparts c| and c]. But they are not powerful enough to ensure
completeness. For this reason, the medial rule

SHR, U AT, Vi

TSURTHIUVY
and its variations
il SHR, UL, [T, V]} 1 SR, U AT, V})
SR, T U VY S{R,T), (U V)y
mal SHR,U), (T, V)} o SR, UYAT. V)]
SHR, T} UV} S{R,T],[UV]y
S§7R, 7T} S{KR,T)}
Il SRR ; W —=5 )
CER. 1Y) SR, 1T
S{R, T} S{UR,T}}
lal SIIRTH , ol == ,
[ER. T3} SER,7T)
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144 5. A Local System for Linear Logic

consider the following three rules,

F2A4,24,8 FAG FB® FA?By,....7B,
?c , & and !

F 24,8 FAa B, & F 1A, ?B1,....7B,

)

which are called contraction, with and promotion, respectively. If the contraction rule is
applied in a proof search, going from bottom to top, the formula ?A has to be duplicated.
Whatever mechanism is used for this duplication, it needs to inspect all of 7A. In other
words, the contraction rule needs a global view on 7A. Further, the computational resources
needed for applying contraction are not bounded, but depend on the size of 7A. A similar
situation occurs when the with rule is applied because the whole context @ of the formula
A & B has to be copied. Another rule which involves a global knowledge of the context is
the promotion rule, where for each formula in the context of ! A it has to be checked whether
it has the form ?B. Inference rules, like contraction, with and promotion, that require such
a global view on formulae or sequents of unbounded size, are called nonlocal, and all other
rules are called local [BT01]. For example, the two rules

FA® FBWY A B,®
Q—— and P —
FA®B, 9, ¥ FA%B.®
which are called times and par, respectively, are local because they do not need to look
into the formulae A and B or their contexts. They require only a bounded amount of
computational resources because it would suffice to operate on pointers to A and B, which
depend not on the size of the formulae.

Observe that sharing cannot be used for implementing a nonlocal rule because after
copying a formula A in an application of the contraction or with rule, both copies of A
might be used and modified in a very different way.

In [BTO01] it has been shown that it is possible to design a local system (i.e. a deductive
system in which all rules are local) for classical logic. Here, I will show a local system for
linear logic.

The basic idea for making a system local is replacing each nonlocal inference rule by
a local version. I have shown in Chapter 3, how the promotion rule can be made local
in the calculus of structures. For the other rules, locality can be achieved by restricting
their application to atoms, which are formulae of bounded size. This idea is not new: the
(nonlocal) identity rule in the sequent calculus can be replaced by its atomic counterpart
(which is considered to be local) without affecting provability. To make the contraction rule
admissible for its atomic version, it is necessary to add new inference rules to the system in
order to maintain completeness. As already observed in [BT01], these new rules cannot be
given in the sequent calculus which is too rigid. But they can be presented in the calculus
of structures which provides the necessary freedom for designing inference rules.

The atomicity of contraction is achieved by copying formulae stepwise, i.e. atom by
atom, and by using the new rules to restore the original formula to be copied. Opera-
tionally this itself is not very interesting. The surprising fact is that this can be done inside
a logical system without losing important properties like cut elimination, soundness and
completeness.

Apart from the proof theoretical interest in local rules, there is also interest from the
viewpoint of applications:
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e Proof construction, in particular the notion of uniform provability, is mainly concerned
with controlling the nondeterminism that is intrinsically connected to proof search.
For linear logic, this is based on permutability properties, which yield optimised
presentations of cut free proofs [And92, HM94]. Although in the calculus of structures
(and in particular in the local systems) the nondeterminism in the proof search is much
higher than in the sequent calculus, the local system for linear logic provides much
more possibilities for permuting rules. This might yield new normal forms of cut free
proofs. From this, new methods for controlling the nondeterminism could emerge.

Since distributed computing moves more and more into the focus of research in com-
puter science, it is natural to ask whether it is conceivable to implement proof search
in a distributed way. For this it is essential that each application of an inference rule
consumes only a bounded amount time and space. This is provided by a local system.

5.2 Rules and Cut Elimination

In this section, I will start from system SLS and produce a strongly equivalent system, in
which all rules are local, in the sense as discussed in the previous section.

Before discussing the new system, T will first list the nonlocal rules of system SLS
(Figure 3.2 on page 35) and give some informal reason why they are not local. Obviously the
rules c| and b| are nonlocal because they involve the duplication of a structure of unbounded
size. Also their corules c] and b are nonlocal because they involve the comparison and the
deletion of structures of unbounded size (or, again a duplication if one reasons top-down).
Similarly, I consider the rules t| and w], as well as their corules tT and w7 to be nonlocal
because they involve the deletion or introduction of structures of unbounded size. One could
argue that the deletion of a structure of unbounded size can be considered local because
it might suffice to delete just the pointer to the structure. But in a real implementation,
garbage collection would then become a problem. Another more important reason is that
the symmetry exhibited in system SLS should be carried through to the local system, and
therefore, the locality of a rule should be invariant under forming the contrapositive, i.e.
the corule.

Observe that all other rules of system SLS are already local. In particular, the two rules
ai] and ail only involve atoms. In the switch rule

S([R,U],T)
S[(R,T),U]
the structures R, T and U all occur exactly once in redex and contractum, which means
that no structure of unbounded size has to be copied or deleted. For this reason, the switch
rule is considerd to be local. Informally, this can be motivated as follows: The rule could

be implemented by changing the marking of two nodes and exchanging two pointers, as
already observed in [BT01]:

S

ST S()
PN PN
() T ~ [] U
ZEERN VRN
R U R T
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154 5. A Local System for Linear Logic

(1) While permuting an instance of ac] up, it might happen that it meets an instance of
the interaction rule as follows:

S{1}
S
REIURY
4 S ") SHo.a). [wal)
acT E , which can be replaced by ac]| E
S({a, a},al Sl{a,a},al

Here a new instance of ac| is introduced, which has to be permuted down afterwards.
The problem is to show that this does indeed terminate eventually.

(2) The atom to be contracted in an instance of ac| or ac| can also be one of the constants.
Then we might encounter cases like

S(?R,\T)
PlsemT)
= SOHRT), o)
ST T).40,00)

where it is not obvious how the instance of acT can be permuted up.

acl

The first problem is of the same nature as the problem with coabsorption and promotion
in Section 4.3. This indicates a possible solution via and analysis of chains and cycles in
derivations as in Section 4.3.1 (which must be more difficult here because there are four
binary connectives instead of two). However, instead of going through such a difficult
termination argument again, I will employ cut elimination, as it has been done in [BT01]
for the same theorem for classical logic. This can be done here because I will not use
Theorem 5.3.2 in a cut elimination argument.

For solving the second problem we have to use a case analysis and then find for each
problematic rule an individual solution. In the case of classical logic this rather painful task
has not to be done because there are only two connectives and two constants and there are
no problematic cases.

In the following, I will show how the rule acT can be permuted up. In order to keep the
situation as clear as possible, I introduce the following five rules:

S{L} S{1} S{0} S{T}
al, ——— , aly——— , alp——— , alt——— , and
S¢L, L) S{1,1} 5S¢0, 0} S{T,T)
S{a
acT, {a} , where @ is not a constant.
S{a, a)

Obviously, each of them is a special case of ac, and each instance of ac] is an instance of
one of acl |, acly, acly, aclt, acl,. The nmT in the statement of Theorem 5.3.1 is due to
the fact that acl, is the same as nm|, or dually, ac| is the same as nm{. Furthermore,
all instances of the two rules acT; and acl+ are trivial because 1 = (1,1} and T = (T, T}.
Hence, the only cases to deal with are ac], and acT .
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for some structures T',T",R" and R'.

Proof: It is easy to see, that the two rules ai|yt and ai|, permute over each other by the
switch rule. The critical case looks as follows:

sy
s o7 5o, 7]

S . o 500, 71, fwral)

S T S@oT)al

Now we can get our result by first applying Theorem 5.3.9, and then permute all instances
of ai]yt to the top. Then the remaining instances of ai|, are permuted over the newly
introduced instances of s. Proceed dually to separate aif,t and aif, at the bottom. O

5.3.3 Lazy Separation of Thinning

In the sequent calculus system for linear logic (see Chapter 2), the weakening rule can be
applied in a lazy way. This means that in a proof search, the application of a weakening is
delayed until the very last moment. This is also the case for classical logic [TS00, BTO01].
In system SLLS, the thinning rule can also be applied in such a lazy way: In a derivation
all instances of rules p € SLLSt| (which by Propositions 5.2.3 and 5.2.5 is strongly equivalent
to the rule t]) can be permuted to the top and all instances of rules in SLLStT (i.e. the rule
tT) can be permuted to the bottom of the derivation. The rule t| can even be permuted
over the rule ai|, (see Definition 5.3.14), but not over ai|or. This can be seen from the
following derivation:
oos{1)
olor S[0,T]
Y SR T

T

5.3.16 Theorem For every derivation AlsLLs there is a derivation

R

T

([ {211}
HN.:
[Istist)
mNJ:
[IstLs\(sLLStlUSLLStULai] aiT})
m:
[Istestr
m\

([ a1}
R

for some structures T',T", R" and R.
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156 5. A Local System for Linear Logic

(5) The contractum L of ac is inside an active structure of the redex of m, but not
inside a passive one. This case is the problematic one. The situation is similar to
Section 4.2, where the weakening rule has been permuted up. Since here the additives
are also involved, there are more possibilities of interference. Since there are more
rules 7, there are more cases to consider. But in principle, they are all the same.
Each rule 7 will be treated separately.

(i) If m € SLLStT U {ail, nz}, then this case cannot occur.

(i) If # = maT, we can reduce this case to an instance of case (2) by the associativity
of the par context.

(iii) Let us now consider the cases m € {s,dT,pl, m11}. Let me use the rule m;T to
explain the situation. We have to check all possibilities, how the contractum L
can appear inside the redex {(R,T), (U, V)}. An example is {[(R,T), L], (U, V)}.
The following derivation shows the most general case:

+ SR, R), Uy (T, T"),V))

m

SR RLTT), (U V)

 SYR[(R,T), 1], T'), (U, V)}

SY(R,[(R,T), 4L, 1}],7), (U, V))

acl)

(If we set in this derivation R = T" = 1, we get the example mentioned before.
The case where the L occurs inside (U, V) is does not need to be considered
because of commutativity.) This is in fact very similar to the cases (5.1) and
(5.ii) of the proof of part (a) of Lemma 4.2.9 (page 93), where the switch rule
has been used to move the disturbing structure inside a passive structure of the
redex of . Here, we do exactly the same:

_ SRR, U (T, T'), V))
S'H([R, L], B, UpA(T. T"), V'})
SR, €L, L}, R), Up (T, "), V})
(SR R L, D)L, T, T, (U, V)

SY(R, [(R,T),4L, 13]. T, (U, V)}

acl |
mpT

For the rules s, d] and pT, the situation is similar.
(iv) If # = z7, we also use the switch, in a different way, namely, to move the
disturbing structure out of the redex of 7 into the context.
S{{R, T}
~ S'(§R,TY,[1,1])

SR TY L SR T (L)

B S'"(\R,T) S'(IR, [1,{L, 1}],T)

T S(RLLT) * (R, 1)L, 1), 7)
ac] ] ————— yields =

S'(['R, 4L, 1}],T) S([\R €L, )], T)
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where we can use the rules d] and pl together:
~ S[MR RLAT.TY
T S([MR, RV T, T'Y, 1,1))

" SR AT T, 0wl
H S'(NUR, R, T,T'}, 41, [a,al})
o1 SR BT T [o,a]))

SR, T, 1), (R, T, [a, @] )} }
SR, (1R Th, [a,)). T'F}
(ix) If 7 = nz]|, then the situation is similar as in the previous case, with the only
difference that the rule d7 is not needed.

(6) The contractum 1 of ai| and the redex of 7 overlap. As before, this is impossible. O
Now we can show the complete proof of Theorem 5.3.9.

Proof of Theorem 5.3.9: We can apply the following transformations to the given
derivation:

T

T T ) [l€aiy

[[stLs ~ [lstisufelcl\stism — ~ T

R R [l(SLLSULt eI\ (SLLSm [Ufail})
R

In the first step, we apply Proposition 5.2.5 to replace all instances of rules in SLLSm| by
derivation consisting of t| and c|. Then, Lemmata 5.3.11 and 5.3.12 are applied in Step 2,
to permute all instances of ai| to the top of the derivation.

T T
[[ai1} [[{ai1}
S Ao
[|sLLs\ail} [[(sLLsufeT T\ (SLLSmTULail})
R R

In Step 3, we apply Propositions 5.2.1 and 5.2.3 to get again a derivation in SLLS: Observe,
that the number of instances of ail in the whole derivation did not change during that
process. Step 4 is dual to Step 1: we replace all instances of rules in SLLSm1 by instances
of tT and cT.

T T
[I4aiL} [l4ziL}
T T
s [[(SLLSU{tT,c T\ (SLLSmTU{ail aiT}) X [IstLs\{ail.aiT}
R R
[l¢=i1} [l¢=i1}
R R

In Step 5, we continue by permuting all instances of ai] down (dual to Step 2). This yields
the desired derivation because no new instances of ai| are introduced while ai{ is permuted
down. In Step 6 we apply again Propositions 5.2.1 and 5.2.3 (dual to Step 3). ]
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158 5. A Local System for Linear Logic

T
5.3.7 Lemma For every derivation Al[sLLst there is a derivation

R

T

[[{ecty

NJ\
ll(SLLSTU{nm 1))\ {ecT}
R

for some structure T".

Proof: Each instance of ac] inside A is an instance of acl |, acTy, acly, acl+ or acl,. The
instances of acl; and ac+ can be removed because they are trivial, and the instances of
acl, are replaced by nm|. In order to permute acl, and ac] | to the top of A, repeatedly

apply Lemmata 5.3.3 and 5.3.5. O
T
5.3.8 Lemma For every derivation A|sLLs| there is a derivation
R
T
ll(sLLsIU{rm T\ fac ]}
m\
[[{ac1y
R

for some structure R'.
Proof: Dual to Lemma 5.3.7. O
Proof of Theorem 5.3.1: Immediate consequence of Lemma 5.3.8. O

Now we have done all necessary preparations for the proof of Theorem 5.3.2, which is
similar to the proof of the same theorem for classical logic, presented in [BTO01].

T

Proof of Theorem 5.3.2: Let afstLs be given. We perform the following transforma-
tions: R

1] —
il ! 1
T 7,7 T
1 2 3
AllsLLs ~ Allstis ~~ AllstLs ~ nfLs
R (R, T] [R,T] [R,T)

In the first step we replace each structure S that occurs inside A by [S,7T], which is in
Step 2 transformed into a proof by adding an instance of i| and 1]. Then, in Step 3, we
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(iv) If # = d/, then there are two possibilities:

dl

SYR, R}, U, (T, T"}, V]}

S'{R,R',T,T"y,{U, V]

ail

" S'{R.((R, T} 1), T'},{U, V}]

SR, (R, T), [a,a]), T'}, U, V1]

dl

and

SR, U, UYL, [T 4V, V'})

S'[{R, T, U, U, V, V'}]

ail

~S'[{R,TH U, (fU, V},1), VY]

S'{R, T {U, ({U", V'}, [a,a]), VY]

In the first case, we use the rules s and m;1 together to move the substructure
[a,a] out of the way of

SYR, B}, UL, (T, T'), V]}

SR, R UL (T, T, V] AL 1Y)

ail
d|

S'([€R, ”Y, UL, (T, '), V13,41, [a,a]})

S

]
S'([{R, R, T, T'}, {U, V3] .41, [0, a]})

my 1

SR, R, T, T'}. {1, [a, al}), {U, V]

_ SHER, T'), 1), (R, T}, [a,a])}, {U, V'}]

S'{R, (R, T}, [a,a]), T"},4U, V]

The second case is similar, but we use d] instead of m1:

SR, $U, UR), [T, 4V, V'}}

~ SURAU U, T4V, VAT 1)

dl

L SR, UYL T WV VAL [wal)

S'([€R, TH AU, U, V, V'Y A1, [a,al})

S

d1

S'{R, Ty, ({0, U, V, V', {1, [a,al})]

S'{R, T}, {({U, V'}, 1), ({07, V1, [a,a])}]

SR, T}, U, (fU", VY, [a,a]), VY]

(v) If 7 € {acT, 111,121}, then we can employ the rule m;] in the following way. I
will show only the case for Io] because the others are similar:

ail

S'{UR,T)}
ol — e
' S'(7R,7T)
 SX(?R,1),7T)
S(?R, [a,a]),?T}

S"{UR,T)}
T SR, T),{1,1))
S'(%R,T),{[a,a], 1))
S'({7R,?TY,{[a,a],1})
S{(?R, [a,a]), (?T, 1)}
S{(?R, [a,al),?T}

ail

2T

m1]

yields =
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160 5. A Local System for Linear Logic

instances of switch and cut.

T T
IV ||SLLS\ fac),act} Arl|{act} T
!l !
:Nw-«MJ_aMJv T Vu.__ﬁmn:
DeEmn: n\:\mFmim&hﬁ T
\mwv S :mw\»uiTMiv va s :mw\»uiTMiv \m\w D\__m,r_rm/?nﬁmoi
L RL(T,T)] L RL(T,T)] R
LT L Anl|fact
Al fact} Apl|fact} R
R R
T T
In Step 11, the derivation Az||{xl} is replace by the dual derivation Ar||{act} . In order to
T T’
keep everything sound, T and T have to be replaced by 7" and T” in the instance of i]. Since
1 ~
the derivation — 1'[|sLLS\{ac|,ac1} does not modify the substructure T', the derivation Ay can
[R.T']
be moved to the top in Step 12. Step 13 is then another application of Proposition 3.2.16
to get the desired derivation. O

5.3.2 Separation of Atomic Interaction

The next theorem deals with interaction and cut. As already shown in Section 4.2, it is
possible to permute the identity up and the cut down. But here the situation is more
complex since the additive contexts have also be considered in the permutation lemmata.
However, since contraction is reduced to an atomic version, we can get the following result,
which was impossible for system SELS.

T
5.3.9 Theorem For every derivation Alstis there is a derivation

R

T
[I{ai1}
MJ\
[IstLs\{ail.aiT}
m\
lIai}
R

for some structures T" and R'.

Before I go into the proof, which will again use a permutation argument, let me explain
why this result is impossible without the atomicity of the contraction rule. More precisely,
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it does not hold for system SLS, which has been discussed in Chapter 3, because the rule
ai] cannot be permuted over the rule cT. The problematic case is the following:

S{R{1}}
S¢R{1}, R{1}}
Sti[a,a], R{1}}

cl
ail

This is also the reason why in both decomposition theorems in Section 4.3, the rule bl
appears at the top and the rule b| at the bottom.

Although this problem cannot occur in the case of atomic contraction, there is another
problem which is caused by atomic contraction. More precisely, it is caused by the presence
of the medial rules. It is not (trivially) possible, to permute ai| over the rule I3]. The
problematic case is the following:

Iyl SHR, T}

B S{4R,T}}

~S{UER. T 1)}

S{({R, 11, [a,a])}

Fortunately, this concerns only the medial down rules and not the medial up rules. In
order to prove Theorem 5.3.9, we can therefore use the fact that all medial down rules

are derivable in {t],c|} (by Proposition 5.2.5) together with Lemma 5.3.11, which follows
below.

ail

5.3.10 Definition A rule p weakly permutes over a rule ,
Q

a\
if for every derivation U there is a derivation
"p

Q

for some structure U’.
5.3.11 Lemma The rule ai| weakly permutes over the rules t| and c|.

Proof: Consider a derivation

Sla,a)

where the application of m € {t|,c|} is nontrivial. By the case analysis in 4.2.3, we have
to consider the following cases:

(4) The redex of 7 is inside the contractum 1. This is possible since 7 is nontrivial.

(5) The contractum 1 of ai is inside an active structure of the redex of 7, but not inside
a passive one. There are two subcases:
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170 5. A Local System for Linear Logic

(vi) If 7 = p7, then we have

S'(?2(R, R'), (T, T"))
P SRR LT
L S{2RA(R,T),04,T")}

Y SORYR.T).ZhT))

where we can use the rules my| and |1 ]:

SR, R),NT,T"))
~ S'¥(2(R, R), (T, T")), 0}

SR RN T, 2(0.2))

n_ﬂ SR, R, T,T'),7(0, 2)}

| SR RLT.T)(0.2))
ma

_S{THR.T), 04 4(R T), 23, T7) }
SRR, T), 23, T)}

(vii) If 7 € {acT, 111,127}, then use the rule m as follows:

_ SR.TY)
"~ S'{YR,T},0}
STy TR T 00
|; S'{IR,IT} SRy (2,00
~ S({IR,03,1T} . ™ S'H\R, Z}, {IT, 01}
t]——————— yields = *
SKIIR, 23,17 SR, 73,T)

(viii) If 7 = m; T, then we have

S'({(R, R), Uy (T, T"),V})
© SY(R,R.T,T'),(U,V))
| SH(RA(R,T),04,T), (U, V))

S RART), 20 T).(OV)

il

where we can use the rules mo| and m:

_ SRR, UR (T, 1), V)
SHE(R, B), UpA(T, T"), V'}), 04

SRR V) A(2.0). 05
MR T, (UV)}4(Z.0). 08
" SRR R T,T), (2,0} {U. V)0
o SRR T, (2,0} U.V)

SY(H(R, T), 04, §(R', T), Z}), (U, V)}
SYURAR,T), 21T, (U, V)}
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. S{e} _ S(a,a)
L Saral LT

S([R,U],T)
S[(R,T),U]

Figure 6.4: System SS°

o] — ai Sto) s S(R UL, T)
o Sla,a) S[(R,T),U]

Figure 6.5: System S°

a conservative extension of ELS®. In particular, in Section 7.2.1, I will show all relevant
permutation results.

Let us now consider only the multiplicative fragment.

6.1.3 Definition An S° structure is an ELS® structure that does not contain any ex-
ponentials, i.e. that does not have any substructure !R or 7R for some R.

6.1.4 Definition System SS° is built from the rules ail, ai, and s, and is shown in
Figure 6.4. System S° is obtained from the down fragment of SS° together with the axiom
o| and is shown in Figure 6.5.

From the results of Section 3.3 and the discussion at the beginning of this section, it
follows immediately that System S°, is equivalent to multiplicative linear logic (MLL) plus
mix and mix0. (A direct proof can also be found in [Gug02e], where system S° is called
system FBV.)

All the results mentioned for the systems SELS® and ELS® before, do obviously also
hold for the systems SS° and S°. Since there are no noncore rules, the proofs become even
simpler. This is in particular the case for the decomposition theorems, which collapse to a
single decomposition theorem:
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172 5. A Local System for Linear Logic

down (in Step 5).

T T

:?Lw _im,:

T T

[I{e1y [|sLLst]
HN.:\ mNJ:

2, [|stLs\(sLLStlUSLLStUail,aiT}) A [|SLLS\(SLLSt|USLLStTUail aiT})

Nu.w\\ m:

[I{e1} [|sLLstr

R R

ll4ai1} [}

R R

In the end, Proposition 5.2.3 is applied, to get the desired derivation (Step 6). O

Proof of Theorem 5.3.17: Apply the following transformations to the given derivation:

T
[l eitory
T T
l[{eitor} [l eitay
T’ Q
lIaita} [lt1}
r 1 @ 2 Q\
[[stLs ~ |IstLs\{ail.aiT} e [IstLs\(sLLStluSLLSt1U il aiT})
R P P
[leit} [le1}
R P
[Iaitor} [leit}
R R
[l{aitor}
R

First, we apply Corollary 5.3.15. The second step is the same as Steps 2 to 5 of the previous
proof. Now, all instances of t| are permuted over ai|, and all instances of tT are permuted
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Associativity Exponentials Negation
(R, [T,U]] = [[RT],U] 7R = 7R o = o
(R.(T.U)) = ((R.T).U) IR = IR RT] = (RT)
Commutativity Unit (R,T) = [RT]
R = R
:wﬁﬂ_ = EﬁNﬂ —OQNWQ = R ﬂ — \:M
ANWQHJV = Aﬂumv Aoamv = R muw - R
70 = o
lo = o

Figure 6.1: Basic equations for the syntactic congruence of ELS® structures

where o, the unit, is not an atom, and a stands for any atom. On the set R, the relation
= is defined to be the smallest congruence relation induced by the equations shown in
Figure 6.1. The ELS® structures (denoted with P, @, R, S, ...) are the elements of R/=,
i.e. equivalence classes of expressions.

6.1.2 Remark What has been said in Chapter 3 (see 3.1.3-3.1.8) does also apply here.
In particular, I will omit superfluous parentheses when referring to structures.

The rules s, p|, pT, bl and b are not influenced by the new syntax. But the interaction
and weakening rules have to be modified in such a way that the two constants L and 1 are
replaced by the unit o :

S{o} i S{o} . S(a,a) _MANL@
;mE\.E ’ Hm?\.& ’ HE& o S{o} ’
S{o} S{IR}

“serr 0 Y s

Although those rules are formally different rules than the ones defined in Section 3.2, T
will use the same names. However, in order to avoid ambiguities, I will use the name SELS®
for the new system, which is shown in Figure 6.2. As a consequence of the new syntax, we
also have to change the axiom. The rule

o] —
o
is called unit. System ELS®, which is obtained from the down fragment of system SELS®
together with the axiom is shown in Figure 6.3.
All results concerning systems SELS and ELS presented in Chapter 4 do also hold for
systems SELS® and ELS®. In particular, we have the two decomposition theorems and cut
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174 5. A Local System for Linear Logic

5.3.20 Theorem For every proof TLLs there is a proof
R

Tlees\fatl}
Nw\

[[{at1}

R

for some structure R'.

A similar result is impossible in the sequent calculus because it does not allow deep
inference. Again, the top-down symmetry allows us, to extend this result to derivations:

T
5.3.21 Theorem For every deriation Al|sLLs there is a derivation

R

T

a1

NJ\

[IstLs\{att,atl}

m\

o1}

R

for some structures T" and R'.

The proofs of the two theorems will be very similar to the previous decomposition
results. I will show that at] can be permuted up and at| can be permuted down.

Before I start, I will again show the main difficulties that occur. First observe, that it is
again atomicity that makes everything work. For example, in the following two derivations
it is not clear how the instances of cothinning could be permuted up:

mm:m,qﬂuquﬁv m@QQﬁTNwYQTﬂT\HNV
o SIRT),0,, 0] i oy SRR T, ), U]
S[T,Us] * S[(R1, T, ), U]

The reason why this problem did not occur in the proof of Theorem 4.3.2 for the rule w,
is that in the case of w1 the structure that is inserted is guarded by an exponential, which
is not the case for t7.

But also in the case of atomic thinning, the result is not completely trivial. We encounter
in fact the same problems as for atomic contraction in Section 5.3.1:

(1) While permuting an instance of at] up, it might happen that it meets an instance of
the interaction rule as follows:
o s{1} S{1y
al] —— ai] ———
S —QJ m\_ S ﬁn_ﬂ O_
at] —— T —

S(T.a] which can be replaced by at| 5[T.a]

Mix and Switch

This chapter contains only two small sections. In Section 6.1, I will investigate how the
mix rule and its nullary version, which can be added to the sequent calculus system for
linear logic, are incorporated in the calculus of structures. The two rules are of importance
for this thesis because they are necessary for the noncommutative connective that will be
discussed in Chapter 7. Therefore, this section can be seen as a link between the previous
chapters (in particular Chapter 4) and the next chapter.

Then, in Section 6.2, I will restrict myself to the multiplicative fragment of linear logic,
extended by mix and nullary mix. In particular, I will study the derivability in the system
that contains only the switch rule. The purpose is to give an algebraic characterisation
for derivability, which can be seen as a symmetric version of the correctness criterion for
multiplicative proof nets [Ret99a].

Whereas Section 6.1 is crucial for the following chapter, Section 6.2 contains supple-
mentary results that are not needed later. However, from a mathematical viewpoint, the
results of Section 6.2 are of importance for the whole thesis. They can be seen as a first step
towards unveiling the algebraic principles behind the decomposition theorems of Chapter 4.
The ideas discussed here do also reappear in Chapter 7.

6.1 Adding the Rules Mix and Nullary Mix

The sequent calculus system for linear logic, as it has been presented in Chapter 2, is
sometimes extended by the the mix rule and its nullary version [AJ94, FR94, Ret93]:

Fo FW
mix ———— and mix0 —

Fo,w F

One of the reasons is that these rules are valid in many semantics for linear logic, for
example coherence spaces [Gir87a] and game semantics [AJ94]. Both rules can be easily
translated into rules in the calculus of structures:

S(R,T) S{1}

X ———— and n

S[R,T] Sy

179
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176 5. A Local System for Linear Logic

(6) The contractum a of atT, and the redex of = overlap. This is impossible. O

It remains to show, how the rules at] |, at]; and at], can be permuted up. For this, the
following method would be possible: For permuting at] | up, one can use the same method
as for acT | in Section 5.3.1; for at],, proceed similar as for ai| in Section 5.3.2; and for atT,
proceed similar as for t| in Section 5.3.3.

However, for the sake of simplification, I will here use the following observation. Every
instance of at], can be replaced by an instance of the rule m:

o, SO S0 SHOTHT.O)
“s{Ty CSETL Ty SHO, THT, 0

Similarly, every instance of atl; is an instance of m;], and every instance of at] is an
instance of maT. This is enough to prove the following lemma:

T
5.3.23 Lemma For every derivation Al||sList there is a derivation
R

T

[[ a1}

NJ\
[Istisi\fatty
R

for some structure T".

Proof: Each instance of at] inside A is an instance of at] |, atl,, at{,, at]+ or atl,. The
instances of acTt can be removed because they are trivial, and the instances of acly, atT;
and acl | are replaced by m, m;T and myT, respectively. It remains to permute all instances

of at], to the top of A. For this, repeatedly apply Lemmata 5.3.22. O
T
5.3.24 Lemma For every derivation A||sLis| there is a derivation
R
T
[IstLsi\fatl}
m\
[[€et1)
R

for some structure R'.
Proof: Dual to Lemma 5.3.23. m]
Proof of Theorem 5.3.20: Immediate consequence of Lemma 5.3.24. u]

Proof of Theorem 5.3.21: Similar to the proof of Theorem 5.3.2. u]

5.4. Discussion 177

The inspection of the proofs of Theorems 5.3.2 and 5.3.21 show that the rules at] and
acT can both be permuted up independently, i.e. without introducing new instances of at]
or acT. They can also be permuted over each other without introducing new rule instances.
Consequently, the results of Theorems 5.3.2 and 5.3.21 can be put together in the following
way:

T
5.3.25 Theorem For every derivation Al[sLLs there is are derivations
R
T T
[l {ecty | acty
NJ\\ NJ\Q
[l ect3 [l oty
T T
__m,r_rm/ﬁmnﬁmnﬁmnﬁmn: and :m_r,rm/ﬁmnﬁmnﬁmnﬁmnﬁ
R R
[(E; [l et
NN\\ Nw:\
l[{ect [ act}
R R
for some structures T', T", T" and R, R", R".
Proof: Again, the proof is similar to the proof of Theorem 5.3.2. u]

5.4 Discussion

In this chapter, I have shown that it is possible to present in the calculus of structures a local
system for linear logic, in particular, it is possible to reduce the application of contraction to
atoms. This is due to the ability of applying inferences deep inside structures and therefore
impossible in the sequent calculus.

There is one drawback in system LLS that has to be mentioned. Since the additives
are needed for reducing absorption and weakening to local rules, the separation property is
lost in system LLS. However, it is possible to consider the multiplicative additive fragment
independently from the exponentials.

The restriction of contraction to atoms may be useful in proof search if it is done in a
distributed way. However, the huge amount of nondeterminism induced by the freedom of
the applicability of the rules and the number of rules makes the system LLS, as it stands
now, unsuitable for practical proof search. This means that an important problem of future
research should be to control this nondeterminism. This might happen via focusing proofs
based on the relations between the connectives as it has been done in [And92, Mil96]. But
it might also be possible to find a way to focus proofs based on the depth of structures.

In Section 5.3, I have shown several decomposition results. All have been proved by the
use of permutation results, which in turn are based on tedious case analyses. The question
that arises is whether there is a general underlying principle that can be used to simplify
those proofs. Another open question is whether it is possible to find for system SLLS (or
equivalently system SLS) a similar decomposition as for system SELS in Theorem 4.3.2,
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186 6. Mix and Switch

Since I will explain this criterion in terms of structures, there is no need for the reader to
be familiar with proof nets. I will also show directly how the relation between the criterion
and provability is established, without going the detour over proof nets.

6.2.1 Definition The multiset of occurrences of atoms in a S° structure R, denoted by
occ R is defined inductively as follows:

occo = & ,
occa = {a}
occ[R,T] = occ(R,T) = occRUoccT

6.2.2 Definition A structure R is called balanced if each atom in R occurs exactly
once, i.e. occ R is a set.

6.2.3 Example If R = [(a, [b,c|,d),d,([¢c],ba,a)] and T = [(a,b), (b;a)], then
occR = {a,a,a,b,bc,c c,dd} and
occT = {a,b,a,b}

T is balanced, R is not.

6.2.4 Definition For a given balanced structure R, let me define the two binary rela-
tions | and 15 on the set occ R as follows. For all atoms a,b € occ R, let a | b if and only
if there exist contexts S{ }, So{ } and Sp{ } such that

R = S[S{a}, Sp{b}] .
and let a 15 b if and only if there exist contexts S{ }, So{ } and Sy{ } such that
R = S(S.{a}, Sp{b})

In other words, I will write a |5 b if @ and b are in par-relation inside R, and a 1 b,
if @ and b are in times-relation (see Definition 4.3.23 on page 117). Immediately from
Definition 6.2.4, we can get the following two observations:

e For every structure R, the relations |, and 1z are both symmetric.

e For any two atoms a,b € occ R (with a # b), we have either a |z b or a 1z b. In other
words,

lrUTe = (occRxoccR) \ {(a,a)|a€occh}
Lr 0 1n 2

The definition of the relations |, and 15 can easily be extended from balanced structures
to arbitrary S° structures. This is essentially the idea behind A. Guglielmi’s relation webs
[Gug02e], which are coloured complete undirected graphs where the vertices are the atoms
of the structure and an edge (a,b) is colored green if a |z b and red if a 1z b. Ch. Retoré’s
series-parallel R&B proof structures [Ret99a] are essentially the same: there is a red edge
between a and b if a 1z b and no edge when a |5 b. But there is a blue edge when a and b
are a matching pair of atoms. This is the reason, why R&B proof structures can only be
used for characterizing proofs and not for derivations.
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ail E ail E Interaction
Sla,a) S{o}
S(RU).T)
*S[(R.T),U]
ﬂmgm,S;HSv ol SR U)(T;V)) Gare
SR T), (U; V)] S((R,T); (U, V)
S{I[R,T]} S(7R,IT)
PSR, T Pl SpmT)y
S{o} S{IR}
v SRy MY
Noncore
S[?R, R] S{!Rr}
bl ———— bl ————
S{?R} S(IR.R)

Figure 7.2: System SNEL

Further, observe that the interaction rules are in the presence of seq still reducible to
their atomic form (Proposition 3.2.16). The following derivation shows the corresponding
inductive case for i7:

ol S((P;Q), (P Q)
;A%Eagv
5(0; (@, Q))
6 Q)
S{o}

7.1.83 Definition System SNEL (symmetric noncommutative exponential linear logic),
which is shown in Figure 7.2, is obtained from system SELS® by adding the rules q
and q7. The down fragment of SNEL is {ail,s,ql,pl,w|,bl}, and the up fragment is
{ail,s,qT,pl,wl,bl}. The core of system SNEL is SNELc = {s,ql,qT,pl,pT}, and the
noncore is {w|,w1,b|,bT}.

As axiom we use the same rule as in Section 6.1. The rule

is called unit.
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188 6. Mix and Switch

for some n > 0, be the negation circuit contained in P. By way of contradiction, assume
that P is provable in S°. Since P is balanced, we must have that () is also provable in S°:
The proof of @ can be obtained from the proof of P by replacing everywhere all atoms not
occurring in @ by o. Now let me proceed by induction on n to show a contradiction.

Base case: For n =1 there is no proof
Tlse
(@, a1)

Inductive case: For n > 1 consider the bottommost rule instance p in the proof of Q:

m[se
[(a1,a2), (az,a3),. .., (@n,a1)]
Since inside @, there is no substructure [a, @] for some a, we have that p =s. There
I S([R,U],T)
are three possibilities to apply s ———— to
S[(R,T),U]
@ = :NNT me T\umq quq e AN«:,Q@Z
For notational convenience, I will set Z; = (a;,aj41) for every j € {1,...,n} (with

the convention that j +1 =1 for j = n). This means that
Q=21,2,..., 2]

(i) R=a;j,T = aj4; for some j = 1,...,n. Then, without loss of generality, we can
assume that j = 1. Further, U = [Z,, ..., Z,] for some u > 0 and ky,...,k, €
{2,...,n}. Without loss of generality, assume that ky < ko < ... < ky. Let
{2,....n} \{k1,..., ku} = {h1,..., hs}, where s = n —u — 1. Then there is a
proof II' such that

117fse
(([a1, Zrys - Zh, ) 02)s Zhys - o5 Zn,]
:NNTQNY Nm“ s ,Nwﬁ_

The proof I’ remains valid if we replace a,, and @, by o for every m with m = 1
or m > ki. Then we get

S

s .
:NSS“QNV“ Ammq @uvq sy Am&u\_qgwpv_
which is a contradiction to the induction hypothesis.

(i) R=aj+1,T = a; for some j =1,...,n. Then, without loss of generality, we can
assume that j = 1. Further, U = [Zy,, ..., Z,] for some u > 0 and ki,...,k, €
{2,...,n}. Without loss of generality, assume that k; < ky < ... < k. Let
{2,....n3 \ {k1,... .k} = {h1,..., hs}, where s = n — u — 1. Then there is a
proof II" such that

s
(@1, [ Zrys - Zhysa2])s Znys oo o5 Zn, )
:mTQMYqu cee QNQL

S

A Noncommutative Extension of the
Multiplicative Exponential Fragment
of Linear Logic

In this chapter, I will discuss an extension of multiplicative exponential linear logic by a
noncommutative connective which is self-dual with respect to linear negation. More pre-
cisely, I will investigate the properties of a logical system, called system NEL, which is a
conservative extension MELL + mix+ mix0, or system ELS®, as discussed in Section 6.1. The
self-dual noncommutative connective is the same as it has been introduced by A. Guglielmi
in [Gug99, Gug02e] for system BV. Consequently, system NEL is also a conservative exten-
sion of system BV.

By bringing together the two multiplicative connectives of linear logic, the exponentials,
and a self-dual noncommutative connective, system NEL can be seen from two perspectives:
first, as an extension of BV by the ability of reusing information, and second, as an extension
of MELL by the ability of modelling sequentiality.

In Section 7.1, T will define the structures and the rules for system NEL. In Section 7.2,
I will show that the two decomposition theorems, which have been shown for system SELS
in Section 4.3, do also hold for system NEL. For this, I will refine the permutation results
of Section 4.2 and extend some of the results of Section 6.2.

Then, in Section 7.3, I will prove the cut elimination result for system NEL by using
the techniques of decomposition and splitting, which has first been used by A. Guglielmi
in [Gug02e]. The second decomposition theorem will be employed in the same way as in
Chapter 4 for system ELS. Then splitting is used to eliminate the core up fragment. I
will first explain the general idea of splitting, and then show the complete proof of the
splitting lemma (Lemma 7.3.5) and show how it is used to get cut elimination. This will
be a refinement of the cut elimination proof for system BV in [Gug02e].

Finally, in Section 7.4, I will show that system NEL is undecidable by simulating the
computations of a two counter machine. The encoding and its proof of correctness will be
direct, natural and simple. However, the proof of the soundness of the encoding is a little
intricate because there is no sequent calculus and no phase semantics available for NEL.

197
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190 6. Mix and Switch

are quasi-substructures of R.

The reason for the definition of the relation ~y is the following observation. For every
balanced S° structure R, we have that R contains a negation circuit if and only if there are
two atoms a, b € occ R such that a ~; b and a 1z b. This can be seen as follows. If R contains
a negation circuit [(ar,as), (@2, a3),...,(Gn,a1)] then we have a1 1z a2 and a; ~p as.
Conversely, if there are two atoms a and b with a ~; b and a 1; b, then there are atoms
C1y..., ¢y € occ R (for some n > 0) such that [(b,a), (a,c1), (C1,c2),. .., (Cn—1,Cn), (Cn, )] is
a quasi-substructure of R. This observation is useful for the following lemma.

6.2.15 Lemma Let P = S[(R{a},T),(U{a},V)] be a balanced structure that does not
contain a negation circuit. Then at least one of

= S([R{a}, (U{a},V)].T) and P"=S([U{a},(R{a},T)],V)
does not contain a negation circuit.
Proof: By way of contradiction, assume that both, P’ and P” contain a negation circuit,
and P does not contain a negation circuit. Consider now the two structures P and P’. We
have that occ P = occ P/, and for all atoms a,b € occ P with a ¢ occT or b ¢ occ(U{a},V),

that
alpb iff alpsb and alpb iff alpd

If @ € occT and b € occ(U{a},V), then we have a |» b and a T, b. In other words, only
the relation between the atoms in T" and (U{a},V) is different in P and P’. Since P’
contains a negation circuit and P not, we must have and atom ¢; € occT and and atom
b € occ(U{a}, V), such that t; ~p b. We then also have ¢; ~p b (by the definition of ~
and the construction of P’). Observe that b cannot be a because t1 T» a and t; 1 a. We
have therefore two cases:

e there is a u; € occU{ } such that ¢; ~p uy, or
e there is a v; € occV such that t; ~p vy.
By the same argumentation about P”, we get a vy € occ V such that either
o there is an 79 € occ R{ } such that vy ~p 79, or
e there is a ty € occT such that vy ~p to.

All together there are four cases:

e t1 ~p uy and vy ~p r9. By definition of ~p, we have atoms c¢y,...,¢, € occ P and
dy,...,dy € occ P for some n,m > 0, such that the four structures
t1, QTA.HV Am?ﬁ,mv,...uﬂm:\fﬁ:vvmmz;ﬂ:v_ 5
(t1,c1), (C1s¢2), o5 (Cnts Cn), (Eny W), wa]

(D2, dy), (dy,da), . (A1, din), (Ao, T2)]
?m d1), (d1,da), .., (dm—1,dm), (dm; T2), 73]
are quasi-substructures of P. This means that P contains a negation circuit:
[(ra,t1), (Fr, ¢1), - -5 (Eny 1), (ur, 02), (B2, dn), - (dis T2)]

which is a contradiction to the assumption.

ﬁ
ﬁ
[v2
ﬁ

6.3. Discussion 195
— R has [Z1,Z3,...,Z,—1] as quasi-substructure and T has [Za, Z4,...,Z,] as
quasi-substructure.

Without loss of generality, we can assume that [Z1,Z3,...,Z,—1] is contained in T
and [Z9, Zy,...,Zy,] in R. This means that T has

(Z1,Z3,..., Zn—1) = ([a1, 2], [as, a4),

n—1; mﬁc
as quasi-substructure. This is a A@T A2,03,04, -+ . ,0n_1, w:v-ooo:,oiﬁ Since
ﬁNm“ NNT o quL = :Wma Dqu Am\uf Q\m.vq LR} Am\q? Qpi

is a A:T a2,03,04, - - - ,azwfm:v.o:o:? that is contained in R, we have a contradiction
toT < R. [}

As an immediate consequence from this theorem we get that the relation < is a partial
order, which is from Definition 6.2.19 not at all obvious.

6.2.21 Corollary The relation < is a partial order.

Proof: Reflexivity is obvious since there is always the trivial derivation from R to R.
Transitivity is also obvious because the derivability relation is transitive. Antisymmetry
is obtained from the fact that the switch rule is not invertible. This means, whenever we

T
have s R with R # T (i.e. the switch rule is applied in a nontrivial way), then there is no
derivation
This is the case because _HL < tm_ (see also the proof of Lemma 6.2.15). O

6.3 Discussion

In Section 6.1, I have shown that the rules mix and nullary mix can be incorporated
naturally in the calculus of structures.

In Section 6.2, T have shown an algebraic characterisation of derivability using the switch
rule. The attentive reader might already have guessed that this result is a byproduct of the
investigation of the decomposition theorems in Section 4.3. The results of Section 6.2 can
be considered as preliminary results towards a general characterisation for the derivability
in systems, which are not restricted to multiplicative linear logic. In my opinion, the next
step should be to include also A. Guglielmi’s noncommutative connective seq [Gug02e] into
the two characterisations (Theorem 6.2.17 and Theorem 6.2.20). I will come back to this
topic in the next chapter, where the seq will be discussed in detail.

Section 6.2 can also be seen as starting point for further research in the direction sug-
gested in [Gug02b], where a certain notion of implicational and structural completeness is
suggested. Since this is quite speculative, I do not want to go into further details here. I
only want to mention that the implication (1) = (3) of Theorem 6.2.20 says that system
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192 6. Mix and Switch

o S.{ }={ }tand Sa{ } =(U{ },V). Then P = S|[a, (U{a},V)]. This is similar
to the previous case.

e So{ }=(R{ },T) and Sa{ } = (U{ },V). Then P = S[(R{a},T), (U{a},V)].

Let II be
w[se NGIER
SR W@WLT) S(Ua) (Rlah D)) Y)
S[(R{a},T), (U{a}, V)] Sl(R{a}, 1), (U{a},V)]

where one of I and TI” must exist by Lemma 6.2.15 and the induction hypoth-
esis. (Since T' # o # V, we have that iv; < _Hv_ and _Huz_ < _Hu_.v u]

This proof shows that proof search in the calculus of structures can be driven by atoms,
in the following sense: Let the distance between two atoms a and b in a structure R be the
number of atoms ¢ in R such that

(alpechAblpe)V(aTecAblpe)

i.e. the number of atoms ¢ to which @ and b are in different relation. Then in a proof
search the atoms a and @ move closer together until their distance is zero. Then [a,a] is a
substructure of R, and the two atoms can kill each other in an instance of ai|. Lemma 6.2.15
shows that for any pair of atoms a and a it is always possible to move closer together.

This in fact could be the basis for an alternative approach to uniform provability
[MNPS91]. Instead of the main connective of the goal formula, a matching pair of atoms
determines the first rule to be applied in a proof. Although this idea is quite speculative, it
should be mentioned that it occurred already in a completely different context in W. Bibel’s
linear connection method [Bib86]. However, the further exploration of this idea and the
precise relation to W. Bibel’s work has to remain open for future research.

The following theorem puts the two previous results together and shows that the notion
of negation circuit can be used as a criterion for provability in system S°.

6.2.17 Theorem Let R be a balanced S° structure. Then we have that R is provable
in S° if and only if R does not contain a negation circuit and for every atom a € occ R, its
dual a does also occur in R.

Proof: Let R be provable. Then, by Proposition 6.2.13, R does not contain a negation
circuit. In a proof an atom a can only be removed in an instance of ai|. Then, at the same
time its dual @ is removed. Hence, for every a € occ R, we have a € occ R. For the other
direction apply Proposition 6.2.16. u]

The interested reader might now ask what can be said when R is not balanced. Then
the first condition to check is that each atom a occurs in R as often as its dual @ does.
Otherwise R is obviously not provable. Then we have to find a pairing between the atoms
in occ R such that each atom a is paired up with a. Then we can rename all atoms such that
the pairing is respected and the resulting structure R’ is balanced. If R’ does not contain
a negation circuit, then R’ and R are provable. In other word, for checking whether an
unbalanced structure is provable, all possible pairings have to be checked in the worst case.

6.2. The Switch Rule 193

For example, consider the structure [(a,a),a,a]. If we rename it as [(a1,a1), ag,az],
then we get a negation circuit, but if we rename it as [(a1,a2),a2,a1], then we obtain a
provable structure.

So far, we were only considering provability. Let us now investigate derivability, which
means that we explore another time the top-down symmetry of the calculus of structures.

6.2.18 Lemma Let m > 0 be even and let ay,as,...,a, be m different atoms. Then
there is no derivation
:@T QMT ?\9 QuT ceey ?\3\7 SSC
Al
[(a2,a3), (a4, a5), ..., (am,a1)]

Proof: The proof could be carried out essentially the same way as it has been done for
the proofs of Lemma 4.3.25 and Proposition 6.2.13. However, since this lemma will not be
used in a cut elimination argument, we can employ cut elimination for proving it in a more
elegant way. By way of contradiction, assume there is a derivation

QQTQMT ?MTQRLJ [RRE] T::\TQSC
Al

[(az,a3), (as,as), . Am,a1)]

Without loss of generality, we can assume that we do not have a; = a; for some i,j €
{1,...,m} (otherwise rename one of them). By cut elimination (Corollary 6.1.8), there is
a proof

Tse

[(a1,a2),(a3,a4), ..., (@m-1,0m), (a2, a3), (a1, a5), ..., (am,a1)]
Since par structures are commutative, this is the same as
.Qmo )
[(a1,a2), (a2, a3), (a3, @a), (a1, a5), -, (@m—1,@m), (@m, a1)]
which is a proof of a negation circuit and therefore a contradiction to Proposition 6.2.13. O

Lemma 6.2.18 essentially says that there is no derivation from a cocircuit to a circuit.
This in fact was the motivation for introducing them. The following theorem says that
the converse is also true, i.e. whenever there is no attempt to transform a cocircuit into a
circuit, then there is indeed a derivation. This rather informal statement is made precise
as follows.

6.2.19 Definition On the set of balanced S° structures the relation < is defined as
follows. We have T' < R if and only if

e occT = occ R and

e for all m > 0, m even, and atoms ay,...,a,;, € occT), it is not the case that
— T contains an (a1, ..., ay,)-cocircuit and
— R contains an AE, e qQSV.Q?S;.
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202 7. A Noncommutative Extension of MELL

rule must be trivial (because there are also no !-structures in R):

5{[e,°]} _ 5{c}
pl S[1o70] = pl S(or

and can therefore be omitted. 0O

The above theorem ensures, that the cut elimination result for NEL does also hold for
the systems ELS® and BV. This can be seen as follows: Let T[[ELs°u{i1} be given, where

R
R is an ELS® structure. Then we can apply Corollary 7.1.7 to II to get a proof m’[[NeL
R
Since NEL is a conservative extension of ELS®, we can obtain a proof 1m”[[ELs® . Similarly
we can proceed for BV. In particular, we have: R

7.1.14 Corollary Let R and T be two BV structures. Then we have

T
|Isev if and only if Tev
R (T, R]

As shown by A. Tiu in [Tiu01], it is not possible to present system BV in the sequent
calculus. Another consequence of Theorem 7.1.13 is that A. Tiu’s result does also hold for
NEL: there is no sequent calculus system that is equivalent to system NEL.

7.2 Decomposition

In this section, I will show that the first and the second decomposition theorem for SELS

(see Section 4.3) do also hold for system SNEL.
T

7.2.1 Theorem (First Decomposition) For every derivation Al|[SNEL there are struc-
R
tures Ty, Tv, T3, R3, Ry and Ry, and derivations Ay, ..., A7, such that

T
Adl{b1}
T
Dw:?\:
Ty
As|{ail}
T3
Adg||SNELe
R
A5 | {=i1}
Ry
Ag :?\:
Ry
Arll{b1}
R

7.3. Cut Elimination 215

Proof: By way of contradiction, assume there is such a derivation A. The rules s, q| and
q1 have no access to the exponentials. Hence, we can replace inside A, the substructures
'Ry,...,!R,,?TY, ..., 7T, by new atoms ay,...,ay,by,...,b,, respectively. This gives us a
valid derivation

::TWL;Qwvvm .J?:JW:C
A v?ﬁb: )
[(az,01), (as,b2), ..., (a1,by)]

which is a contradiction to Lemma 7.2.6. O

7.3 Cut Elimination

In this section I will prove cut elimination for system NEL (Theorem 7.1.6). For this, I will
use the second decomposition theorem in the same way as it has been done for system ELS
in Section 4.4. To eliminate the core up rules, I will then use the technique of splitting
combined with context reduction (as it has been done for system LS in Section 3.4). The
proof of the splitting lemma presented here is much simpler than the one in Section 3.4
because the noncore rules do not need to be considered and there are no additives present.

7.3.1 Splitting

The technique of splitting has been introduced by A. Guglielmi in [Gug02e] for proving cut
elimination for system BV. For explaining the idea behind splitting let me consider a purely
multiplicative sequent system, for example, multiplicative linear logic. If we have a proof
of a sequent - F{A ® B}, I", where F{A ® B} is a formula that contains the subformula
A® B, then we know that somewhere in the proof there is one and only one instance of the
® rule, which splits A and B along with their context (under the assumption that identity
is reduced to atomic form). In other words, the proof of - F{A ® B}, ' must be composed
of three pieces, A, II;, and Il as follows:

NG

FA® B

®
FA®B,&,¥

FF{A®B},T

In the calculus of structures, many different proofs correspond to the sequent calculus one.
They differ because of the different possible sequencing of rules, and because rules in the
calculus of structures have smaller granularity and larger applicability. But, among all
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204 7. A Noncommutative Extension of MELL

The following lemma will be an easy extension of Lemma 4.3.20. Observe that, in
order to be formally precise, it is also necessary to redefine the notion of basic context (see
Definition 4.3.18) and include the seq: In the proof for the decomposition theorems for
system SNEL, a basic context is a context S{ }, where the hole does not occur inside the
scope of an exponential.

7.2.3 Lemma Let S{ } be a basic context and R and T be any structures. Then there
is a derivation
S|R,T]
Al {s.al}
[S{Rr},T]

Proof: By structural induction on S{ }. The cases for S = { }, S = [9,5"{ }] and
S = (5,58"{ }) have been shown in the proof of Lemma 4.3.20 on page 108. Let me now
show the remaining case:

o S = (55" };S") for some context S”{ } and structures S’ and S”’. Then let A

be
Am\w »WQ\ ﬁmq NA_ a m\\\v
| saly
| (85 [S"{R}, T]; 8")
" (B STR); 5", T])
S SRS T
where A’ exists by induction hypothesis. ]

7.2.1 Permutation of Rules

In the proof of Proposition 4.3.22 (needed for the proofs of the decomposition theorems
for SELS in Chapter 4), I introduced the rules p|, pT, w|, and w{. In the proof of the

decomposition theorems for SNEL, they will also be needed:

N Mﬁ:ﬂﬂ: N Mﬁwmqu > MAOW N m‘*mﬁv
P ostror 0 Plspmry 0 Msm o Vs

They have to be considered in the permutation results in this section.

7.2.4 Lemma FEvery rule p € {ail,w|,w|} permutes over every rule 7 € (SNEL U
{61, B1,%L,Wi) \ {bl, bT} by the system SBV.

Proof: Consider a derivation
Q
S{o}
p—
5{%}
where p € {ai|,w|,w|} and 7 € (SNELU{p|,pT,w/|,wT})\{bl,bT} is nontrivial. According
to 4.2.3, there are the following cases to consider:

™

)
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{2,....n}\{k1,..., ky} = {h1,..., hs}, where s = n —u — 1. Then there is a
derivation A’ such that
(Wi, Wa,...,Wy)
&'||{s.abat}
(([a2; Zrys - Zhy ), 01)s Zhy s - o5 Zn, )
[(a2,b1), Za, ..., Zn]

The derivation A’ remains valid if we replace a,, and b,, by o for every m with
1 <m < ky. Then we get

S

ASNT S\F;LL, s \.S\:v
D::T,ﬁbj s
((ar,+1:01): Zy 415 -+ Zn]
which is a contradiction to the induction hypothesis.
(i) R=10;,T = ajy for some j =1,...,n. Similar to (i).
(i) R = o, T = [Zyy,.-. Zk,) and U = [Z;,,...,2,] for some t,u > 0 and
ki,... kel .oy € {1,...,n}. Similar to (2.ii). (See also case (iii) in the
proof of Proposition 6.2.13 on page 187.) O
I believe that this property is already sufficient to completely characterise derivations
in the core of SBV. In other words, I conjecture that Theorem 6.2.20 can be generalised to
the case when seq is present.
In order to state this conjecture precisely, I need to generalise the definitions of Sec-

tion 6.2. The Definitions 6.2.1, 6.2.2, and 6.2.5 for occurrences, balanced structures, and
quasi-substructures, respectively, are easily extended to the case of BV structures.

7.2.7 Example Let R = [(a, [b,c],d),d,{[é,
occ R = {a,a,a,b,b,c,c, ¢ d d}

ya;a)]. Then

This means that R is not balanced, because a, b and ¢ occur more than once. The structure
[(a,b), (¢;a)] is a quasi-substructure (but not a substructure) of R because

[(a, [b,0],0),0,([¢,0]; 0505a)] = [(a,]), (& a)]
The structure [(a,b), (¢;a)] is balanced.

On the other hand, the definition of circuits and cocircuits needs more attention in the
presence of seq. The following definition generalises Definition 6.2.9 (page 187).

7.2.8 Definition Let n > 0, let m = 2n, and let a1,aq,...,a, be m different atoms.
Then the structure [Z1,...,Z,] is called a AQT as, ... QQSVVS.QS? if
o Z; = (agj,azj1) or Zj = (agj;agjyy), for every j=1,...,n — 1, and

o Zy= AQSQQHV or Zp = Azﬁiaﬁv.

The structure (Wi, ..., W,) is called a (a1, as, . .., am )-cocircuit, if
o W; = [agi—1,az;] or W; = {asi—1;a), for every i = 1,...,n.
A circuit is called a negation circuit if we have that as = a1, ag = as, ..., @y = Gpm-1.
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7. A Noncommutative Extension of MELL

(e) S{o} = S"((R,T); (U, {(U",V);0),V")) for some context S’{ } and structures
R,T,U,U’",V and V'. Similar to (c).

(f) S{o} = S((R,T); (U, (o; (U, V)), V")) for some context S’{ } and structures
R,T,U,U’",V and V'. Similar to (c).

(g) S{o} = S/{((R,T);0;(U,V)) for some context S’{ } and structures R, T,U

and V. Then
SR (T3V)
ﬂmiquiﬂsv ot S'((R; Z;U),(T;V))
S'(R, T); (U, V)) s o SAEZ) D O ))
PsirTizi 0V VSR Z: (U, V))

(iv) m =s. Then we have the following subcases:
(a) S{o} = S'[(R,[(R,T),0],T"),U] for some context S'{ } and structures
R,R,T,T" and U. This is similar to case (iii.a): We have
S"([(R,R),U],T,T")
S'[(R,R,T,T"),U]|
"SR (1), 2], 1,0

S

)

which yields
S'((RR),U),T,T")
PSR (R, 2)),0),7.T)
s
SR, [R,Z],T,T"),U)
S'[(R, [(R,T), Z],T'), U]
(b) S{o} = S'[(R,((R',T);0),T"),U] for some context S’{ } and structures
R,R',T,T" and U. Similar to case (iii.c).
(c) S{o} = S'[(R,{o;(R',T)), T"),U] for some context S’{ } and structures
R,R',T,T" and U. Similar to case (iii.d).
(d) S{o} = S"[([(R,T),U],0),U’] for some context S’{ } and structures R,T,U
and U’. Then we have

S

S'([R,U,U'],T)

S([R,U,U,T) P S(R.UU)T, Z)
" S(R.T),U.U . *S((R.T),U,U7], 2)
P ; yields s— 7
S'[([(R,T),U],2),U"] S'I([(R,T),U], 2),U’]

(e) S{o} = S'[{[(R,T),U];0),U’] for some context S’{ } and structures R,T,U
and U’. Then we have

S'([R,U,U"],T)

S'([R,U,U"),T) PSR, UUTT): 2)
, *S(R,T),U, U s ﬁm S((R.T),U,U"); Z)
S'((R,T),U]; Z),U'] . S'([(R,T),U]; 2),U’]

Decomposition 211

(b) U=o0and V = [Zy,,..., Zy,] for some v >0 and ki,...,k, € {2,...,n}.
Without loss of generality, assume that k1 < ko < ... < k,. Let {2,...,n}\
{k1,...,ky} ={h1,..., hs}, where s = n — v — 1. Then there is a derivation
A’ such that

AS\TS\PIJS\:V
A'l|{s,al.al}
:Q\R FTN&Z. ‘- MN»LV“ Zhys- - \.NrL

—AQ\M“ Sv" Nma e ,Ni

The derivation A’ remains valid if we replace a,, and b, by o for every m
with m > kj and for m = 1. Then we get

al

(Wa, ..., S\\Sv
Al {s,al,aT}
[(az; bry)s Z2, - -, Ziy 1]

which is a contradiction to the induction hypothesis.

(¢) U= [Z,..., 2%, and V = o for some u > 0 and ki,...,k, € {2,...,n}.
Without loss of generality, assume that k1 < ko < ... < ky,. Let {2,...,n}\
{k1,... ky} = {h1,..., hs}, where s = n —u — 1. Then there is a derivation
A’ such that

(Wh, Wa, ..., Wy)
A'l|{s,al,al}
:?wv iy N\a:T@HY Zhyse- s N:L

[(ag; 1), Za, ..., Zy)

The derivation A’ remains valid if we replace a,, and b, by o for every m
with 1 < m < k,. Then we get

ql

AS\T E\FZrT ey S\:v
D::?bfi )
[{ak,+1561), Zgut1, - - -, Zn]
which is a contradiction to the induction hypothesis.
(il) U = aj41 and V = b; for some j = 1,...,n. Similar to (i).

(ili) R=[Zkys---1 2k, ), T=0,U=0and V = [Z2,,...,2,] for some r,v > 0 and
ki,... keyli,... 0y, € {1,...,n}. Then there is a derivation A’ such that

(Wi, Wa,...,Wy)
&'||{sal.at}
al K Zkys -0 203 20y s 21,00 Zys -5 2

(21, Za, ..., Zy)

where s =n—r—vand {hy,...,hs} ={1,...,n}\{k1,.. .. ko, 01, ..., 1, }. With-
out loss of generality, we can assume that r = v = 1. Otherwise we could
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208 7. A Noncommutative Extension of MELL

(f) S{o} = S'[!R, (0;?T)]. Similar to (c).
(viii) 7 = pJ. Similar to (vi).
(ix) m =ail. Similar to (vi).
(x) m=ql. Then we have the following subcases:

(a) S{o} = S"[(R; [(R;T),0];T"),(U; V)] for some context S’{ } and structures
R,R,T,T",U and V. Then we have

| SR B, V) (57, V)
N SRR T, T) (U V)]
PSR (BT, 21T, (U3 V)]

)

which yields
SRR VLT T), V)
SR R 2)),U) (7))
SR [, 25T ) (U V)]
SR (@D 2 1), (U V)]

(b) S{o} = S'[(R;T),(U; [{U’;V),o]; V)] for some context S’{ } and struc-
tures R, T,U,U’,V and V'. Similar to (a).

(c) S{o} = S'[(R; ((R;T),0); T"),(U; V)] for some context S’{ } and structures
R,R',T,T",U and V. Then we have
S[(R; R, UL [(T5T7), V])
SR RS T5T"),(Us V)
"SR (RAT), 25T, (U3 V)]

ql

In this case we need to employ q7 together wit s:

S[(R; B), UJ; (T T), V1)
S'(([{R; RN, UL (T35 T7), V), Z)
S'([(B; RGT5T"),(Us V), Z)
(R RGT5 T, 2), (U V)
[(R; (RS T5T"), Z)), (U V)]
[(B; (R, T), 2); T), (U5 V)]

P
ql

ql
ql

S
S
rw\
rwA\
(d) S{o} = S'[(R;T),(U;((U";V),0); V)] for some context S'{ } and struc-
tures R, T,U,U’,V and V'. Similar to (c).

(xi) If 7 € {ai],wT], W}, then there is no problem because the redex of 7 is o.

(6) The contractum o of p and the redex of 7 (properly) overlap. This is impossible
because o cannot overlap with any other structure. [m]
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7.2.5 Lemma FEvery rule p € {ail,wl, w1} permutes under every rule = € (SNEL U
{pl,pT, W], wi})\ {bl,bT} by the system {s,ql,qaT}.

Proof: Dual to Lemma 7.2.4. O

7.2.2 Cycles in Derivations

In this section, I will show that there is no derivation

(['R1,?T0], 'R, ?To], ..., 'R, ?Tn])
All{s.al.at} ,
[(\R, ?Ty), (\R3,?Th), . .., (\Ry, 7T},)]

for some n > 1 and any structures Ry, ..., Ry, T1, ..., T,,. This is important for showing
that there is no nonforked cycle (see Section 4.3.1) in a derivation, which in turn is crucial
for the decomposition theorems. For showing this, I will show a stronger result about the
core of system SBV, which will in fact be a generalisation of Lemma 6.2.18. However, this
time I cannot use cut elimination for proving it because it will be used in a cut elimination
argument.

7.2.6 Lemma Letn >0 and let a,as, ..., an,b1,ba,...,b, be2n different atoms. Fur-
ther, let Wy, ..., Wy, Z1,...,Zy, be structures, such that

o Wi = [a;,b;] or W; = (a;;b;), for everyi=1,...,n,

o Z; = (aji1,bj) or Zj = (aji1:bj), for every j=1,...,n—1, and

o 7, = (a1,by) or Z, = (a1;by).

Then there is no derivation
AS\T S\wq e ug\ﬁv
Al|sBve
(21,2, ..., Z,]

Proof: (In this proof, I will use the convention that j 4+ 1 = 1 in the case that j = n.) Let
m be the number of structures Z; (for j =1,...,n) which are seq-structures, i.e.

m = |{j12Z=(aj1;05) }|

Proceed by induction on the pair Azqgv by using lexicographic ordering, i.e. for another
pair (n/,m’), we have

AB\»E\V < AFEV < n'<n or n'=nand m <m
Base Case: If n =1, then obviously, there is no derivation
[a1,b1] [ar, ] (a1;01)

Al|sBve or Allsve or Allsave
(a1,b1) (a1;b1) (a1,b1)
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7. A Noncommutative Extension of MELL

By applying the induction hypothesis to IT’, we get

(Pr, Pr]
Ap||NELm and 117, [[NELm and Tip|[NELm
P (R, Ppr] [T, Pr]

Let Pr = Pg. From IT}, we can get

17, [ neLm
(R, Pr/]

P
[R, Prr]

(ii) The redex of p is inside T'. Analogous to the previous case.

(iii) The redex of p is inside P. Then the proof II has the shape

ﬂ\‘:‘ZW_:E
[(R,T),P']

PTRT), P

By applying the induction hypothesis to IT’, we get

[Pr. Pr]
Al |[NELm and T g[[NELm and T [[NELm
P (R, PR] (T, Pr]
From A’,, we can get
[Pr, Pr]
Al ||NELm
w\
PP

(2) The substructure (R, T) is inside a passive structure of the redex of p. This is
only possible if p =s or p = q|. There are again three subcases (there are more
than two because seq is noncommutative):

(i) p=sand P = [(P, ), Ps, Py] and I is
' [[NELm
::m‘,%v,wfw&«wmywp_
[(R,T),(P1, P»), P3, Py]

S

By applying the induction hypothesis to I, we get

(@1, Q2]
Aq||NELm and 0, [[NELm and I, |[NELm
Py (R, T), 1, Ps, Q1] (P2, Q2]

We have that size([(R,T), P1, Ps,Q1]) < size([(R,T),(P1, P2), P3, Py]) be-
cause size(P,) > 0 (because the instance of s is nontrivial) and size(Q1) <

7.4. The Undecidability of System NEL 231

7.3.13 Proposition For every proof JNEL , there is a proof
R

T[[NELm

Ry

wiy
Ry

[[ o1}

R

for some structures Ry and Ry.

7.4 The Undecidability of System NEL

Since the introduction of linear logic [Gir87a], the complexity of the provability problem of
its fragments has been studied. The multiplicative fragment (MLL) is NP-complete [Kan94],
the multiplicative additive fragment (MALL) is PSPACE-complete and full propositional
linear logic is undecidable [LMSS92]. The decidability of the multiplicative exponential
fragment (MELL) is still an open problem. But in a purely noncommutative setting, i.e.
in the presence of two mutually dual noncommutative connectives, the multiplicatives and
the exponentials are sufficient to get undecidability [LMSS92].

In this section I will show that the provability in system NEL is undecidable. This
means that in a mixed commutative and noncommutative system in which there is only one
single self-dual noncommutative connective, the multiplicatives and the exponentials alone
are sufficient to get undecidability. For showing this, A. Guglielmi proposes in [Gug02a] an
encoding of Post’s correspondence problem, which makes the noncommutativity correspond
to sequential composition of words. Since I was not able to find a complete proof along
these lines, I will here use an encoding of two counter machines (two tape nonwriting Turing
machines [Min61]), which also has the advantage of being simpler.

The undecidability of NEL shows that it is possible to have an undecidable propositional
multiplicative exponential system without relying on the additives of linear logic, two mu-
tually dual noncommutative connectives [LMSS92], or second order quantifiers [LS96].

This shows that the ability of copying information (i.e. reusing the program instructions)
was the only missing ingredient for making BV (which is obviously decidable) undecidable.
If it turns out that MELL is decidable (as many believe), then the border to undecidability
is crossed by the self-dual seq, because it allows to model the tapes of a nonwriting Turing
machine. In particular, the seq allows to test whether the head of the Turing machine is at
the end of a (semi-infinite) tape, i.e. the zero-test.

In the following, I will first (in Section 7.4.1) introduce two counter machines [Min61,
Lam61] and show in Section 7.4.2 how they are encoded in system NEL. The encoding is
pretty much inspired by [Kan00], and the proof of its completeness is an easy exercise (done
in Section 7.4.3).

However, the proof of the soundness of the encoding is quite different from what has
been done so far. There are two reasons for this: First, the simple way of extracting the
computation sequence of the machine from the proof of the encoding, as done in [LMSS92,
Kan95] for full linear logic, is not possible because the calculus of structures allows more
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220 7. A Noncommutative Extension of MELL

Analogous to the previous case.
(3) The substructure (R,7') is inside an active structure of the redex of p. In this
case we have only one possibility:
(i) p=s, R=(R1,R2), T = (T1,T), P =[P, P>] and IT is
1 [neLm
[([(R1, Th), P1], B2, T3), P2]
[(R1, B2, Th, T3), P, P]

S

By applying the induction hypothesis to IT’, we get

[Q1,Q2]
Aq||NELm and 0, [[NELm and I, |[NELm
Py [(R1, Th), P1, Q1] [(R2, 12), Q2]

Since the instance of s is nontrivial, we have that at least one of Ry and T is
not o. Hence, size([(R1,T1), P1,Q1]) < size([(R1, Rz, T1,T2), P1, P2]). We
also have P # o and mwNmQAquﬂwv,@wC < &Nmﬁ:mﬁmm,ﬂfﬂmYﬁTﬁmC.
This means, we can apply the induction hypothesis to II; and IIy and get

ﬁwhﬂ ’ Wﬂ_ _
As||NELm and g, [NELm and Iz, [[NELm and
[P1, Q1] [R1, Pr,] (71, Pry]
ﬁwmm,wﬂm_
Ag||NELm and I g, [[NELm and I, [[NELm
@m ﬁmvamL EJNJNUQ,L

Now let Pp = [Pgr,, Pr,] and Pp = [Pr,, Pp,]. We can build
ﬁwmiwmfﬁﬂiwui

Aq|[NELM
[Pry, Pry, Q2]
Ag||NELM and
[P1,Q1,Q2]
Ar||nELm
[Py, P]
T, [INELm iz, [[NELm
[R1, Pr,| [T, Pr, ]
Ik, : NELm Iy, : NELm
m:mH;qu\HﬁLv“wa and w:ﬂH;MJN“WHLYwﬂL
ZNTWMVQTNTTNNL :ﬂfﬂmYﬁﬂiwﬂL
b) This is very similar to (a). Consider the bottommost rule instance p in the proof
p
mf[NeLm . We can assume that the application of p is nontrivial. Again, we
[(B;T), P]

distinguish between three cases:

7.3. Cut Elimination 229

7.3.12 Lemma Let R, T, U andV be any structures, let a be an atom and let S{ } be
any context. Then we have the following

o If TINeLm . then TNeLm

S(a,a) 5{e}

o If TINELm ., then TINELm
SR U),(T5V)) S{(R,T); (U, V))

o If TINELm , then TINELm
S(?R,'T) S{?(R,T)}

Proof: All three statements are proved similarly. I will here show only the third. To the
given proof of S(?R,!T) apply context reduction, to get a structure P, such that

TINELm
[(?R,'T), P]
and for all structures X, either
[X, P] '[X, P]
[INELm or [INELm
5{X} 5{x}
In particular, for X = ?(R,T'), we have
[?(R,T), P '[?(R.T), P]
[INELm or [INELm
S{M(R,T)} S{M(R,T)}
By Lemma 7.3.11 there is a proof TINELm , from which we get TneLm . O
[?(R,T),P] S{?(R,T)}

Now we can very easily give a proof for the cut elimination theorem for system NEL.

Proof of Theorem 7.1.6: First, we apply to a given proof [[sNeLufo} the second
decomposition theorem, which yields R
o] —
[e]
[[aiL}
Ry
|IsnELe
R3
[l =1}
Ry
([}
Ry

[l{b1}
R
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222 7. A Noncommutative Extension of MELL

7.3.6 Lemma (Splitting for Exponentials) Let R and P be any NEL structures.

(a) If 'R, P] is provable in NELm, then there are structures Pga,. .., Pgy for some h > 0,
such that
[?PR1,....7Pry)
[INELm and TINELm
P ﬁqumumf...vwmw:g

(b) If [?R, P] is provable in NELm, then there is a structure Pr, such that

1P
[INELm and TINELm
P [R, Pr]

Proof: In the case that R = o, both statements are trivially true. Let us now assume that
R # o. I will proceed by induction on the same measure as in the previous proof.

(a) Consider the bottommost rule instance p in the proof  mf[NELm . We can assume
(IR, P]
that the application of p is nontrivial. There are again the same three cases:
(1) The redex of p is inside R or P. Analogous to (a.l) in the previous proof.

(2) The substructure !R is inside a passive structure of the redex of p. This case is
the same as (a.2) in the previous proof, but this time we have

[?PR1,...,7Pgp] [Pg, Pr]
As||NELm instead of As||NELm
[Py, P3, Q1] [Py, P3, Q1]

(3) The substructure !R is inside an active structure of the redex of p. There is only
one possibility

(i) p=rpl, P=[7P, ] and IT is

n\ﬁzm_.s
\ R, P1], P»]
P R 7Py, By
By applying the induction hypothesis to II’, we get structures ? Prs, ..., ?Pgp,
such that
[?Pr2,..., " Prp]
[INELm and TINELm
Py [R, Py, Pra, ..., Prp]

Now let Pr; = P;. We immediately get

:TT wwmma e ,wﬁmi
[[NELm
(7P, P5]

7.3. Cut Elimination 227

7.3.9 Lemma Let P be a structure and let a be an atom. If [(a,a), P] is provable in
NELm, then P is also provable in NELm.

Proof: Apply splitting to the proof of [(a,a), P]. This yields:
:U«: NU«L
[[NELm  and TINELm  and TINELm

P —QJ.NUNL T\fNU&

By applying Lemma 7.3.7, we get

a a
[INELm  and [INELm
NUn NUm
From this we can build:
o] —
H (e}
ai
@.d]
[NELm
ﬁwg\. WN\L
|INELm
P O

7.3.10 Lemma Let R, T,U,V and P be any NEL structures. If [((R;U),(T;V)), P] is
provable in NELm, then [((R,T);(U,V)), P] is also provable in NELm.

Proof: By applying splitting to the proof of [((R;U),(T;V)), P|, we get two structures
P; and P, such that:

(P1, P,]
[NELm  and TINELm  and TINELm

By applying splitting again, we get Pr, Pp, Py and Py such that

(Pr; Pu)
[[NELm  and TINELm  and TINELm  and
Py [R, Pr] U, Py]
(Prs Py)
[[NELm  and TINELm  and TINELm

P, [T, Pr] [V, Py]
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224 7. A Noncommutative Extension of MELL

(2) The atom a is inside a passive structure of the redex of p. As before, but this time

we have
a ﬁwmq N.n;
As||NELm instead of As||NELm
[P1, P3,Q1] [P, Ps, Q1]

(3) The atom a is inside an active structure of the redex of p. There is only one possibility:
p=ail, P=la,P] and Il is
uﬁzmra
Py

m; Tuum;ww_

a
Then, we immediately get INELm . [u]

Tlfwl

7.3.2 Context Reduction

The idea of context reduction is to reduce a problem that concerns an arbitrary (deep)
context S{ } to a problem that concerns only a shallow context [{ }, P]. In the case of
cut elimination, for example, we will then be able to apply splitting.

7.3.8 Lemma (Context Reduction) Let R be a NEL structure and S{ } be a conteut.
If S{R} 1is provable in NELm, then there is a structure Pg, such that [R, Pr] is provable in
NELm and such that for every structure X, we have

TX“,NUNL ;vmquvl
[[NELm  or [INELm
S{X} S{X}

Proof: This proof will be carried out by induction on the context S{ }.
(1) S{ } ={ }. Then the lemma is trivially true for Pr = o.
(2) S{ } =[9{ },P] for some P, such that S{R} is not a proper par.
(i) S’{ } ={ }. Then the lemma is trivially true for Pp = P.

(i) S'{ } = (S"{ },T) for some context S”{ } and structure T'# o. Then we can
apply splitting (Lemma 7.3.5) to the proof of [(S”{R},T'), P] and get:

[Ps, Pr]
Ap||NELm and s [[NELm and 7 [[NELm
P [S"{R}, Ps] [T, Pr]
By applying the induction hypothesis we get Pr such that TNeLm  and for
(R, Pr]
every X
(X, Pr] I[X. Pr]
[INELm or [NELm

[S"{X}, Ps] [S"{X}, Ps]

7.3. Cut Elimination 225

From this we can build:

[X, Pr] ![X, Pr|

|InELm |InELm

[S"{X}, Ps] [S"{X}, Ps]

Iy || NELm 117 || NELm
. [(S"{X}, [T, Pr]), Ps] o s [((S"{X}, [T, Pr]), Ps]
[((S"{X},T), Ps, Pr] [(S"{X},T), Ps, Pr]

Apl|NELm Apl||NELm

[((8"{X},T), P] [((8"{X},T), P]

(iti) S{ } = (S"{ };T) for some context S”{ } and structure 7' # o. Then we can
apply splitting (Lemma 7.3.5) to the proof of [(S"{R};T), P| and get:

(Ps; Pr)
Ap||NELm and Tg|[NELm and 17| [NELm
P [S"{R}, Ps] [T, Pr]
By applying the induction hypothesis we get Pr such that TINELm  and for
[R, PR]
every X
[X, PR| '[X, Pr|
|INELm or [NELm
[S"{X}, Ps] [S"{X}, Ps]
From this we can build:
(X, Pr] I[X, PR]
[| nELm [|neLm
[S"{X}, Ps] [S"{X}, Ps]
17| | NELm 17 || NELm
G ISP TP (800, P T, Pr)
[(S"{X}T). (Ps; Pr)] [(S"{X}T),(Ps; Pr)]
Ap|[NELm Ap]|NELm
[(S"{X}T), P] [(S"{X}T), P]
(iv) S’{ } = 18"{ } for some context S”{ }. Then we can apply splitting for the

exponentials (Lemma 7.3.6) to the proof of [!S”{R}, P] and get:

[?P1,...,7P,]
Ap|[NELm and Tg|[NELm
P [S"{R}, Pr,..., Phl
By applying the induction hypothesis to IIg we get Pgr such that TINELm  and
(R, Pr]
for every X
(X, Pr] ![X, Pr]
[INELm or [INELm
[S"{X},Pr,...,P] [S"{X}, Pr,..., ]
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234 7. A Noncommutative Extension of MELL

7.4.9 Encoding Let now a two counter machine M = (Q, qo,n0,m0,qy,.7) be given.
For each state ¢ € Q, I will introduce a fresh atom, also denoted by ¢. Further, I will need
four atoms a, b, ¢ and d. Without loss of generality, let Q = {qo, q1,...,¢.} for some z > 0.
Then gy = ¢; for some i € {0,...,z}. A configuration (¢,n,m) will be encoded by the
following structure

(b;a™; q;c™;d)

Since 7 is finite, we have 7 = {t1,to,...,t,} for some h € N (if 7 = @, then h = 0). For
each k € {1,...,h}, I will define the structure T}, that encodes the transition ¢, as follows.
For all 4,5 € ﬁo ..... 2},

if tp = (gqi,incl,q;) , then T} = (G, (a;q;)) ,
if tp = (gj,decl,qj), then T} = ((a;q),q;) ,
if tr = (qi,zerol,q;), then Ty = ((b;a@), (biq;))
if ty = (g inc2,q;) , then Tj = (g, (gjic)) ,
if ¢ = (q;,dec2,q;) , then T = ((7:;2),q5) ,
if tp = (q,zer02,q;), then T = ({@:d), (q;;d))

I will say that a structure T' encodes a transition of M, if T' = T}, for some k € {1,..., h}.
The machine M is encoded by the structure

.>\Ro=a = —\.G;T ey wﬁi AO QSO« qo; "o &v Av Q\w &Z
The structure Moy, is called the encoding of M.

7.4.10 Example The machine in Example 7.4.2 is encoded by the structure

Mene = [7({q032), @2), 2(@ @), 1), ?(d0; ), {13 ), (b a3 @03 ), (b5 13 )]

7.4.11 Theorem A two counter machine M accepts its initial configuration if and only
if its encoding Mene is provable in NEL.

From this we can obtain immediately the following:
7.4.12 Theorem Provability in system NEL is undecidable.

Proof: By way of contradiction, assume the existence of a decision procedure for probability
in NEL. Then we could decide whether for a given two counter machine M, its encoding
Menc is provable in NEL. By Theorem 7.4.11, we could therefore decide whether M accepts
its initial configuration. This is a contradiction to Theorem 7.4.7. m]

The remaining sections are devoted to the proof of Theorem 7.4.11. As expected, one
direction is easy and the other is difficult. Let me start with the easy one.

7.4. The Undecidability of System NEL 247

But then W contains a negation circuit:

[(b°;a°), (@% Pr—1), (Ph—1, Ph—2); - - -» (P2, P1), (p1, )],
which is (by Proposition 7.4.30) a contradiction to the provability of W. Hence,
the atom a° cannot exist, which means that n = 0. This means that

W= —@MTIJQ‘?A@JWDYAFNJVYAvowﬁownsw&v;wumﬁwm@g
—_——
U

Since this is provable in BV, we have (by Lemma 7.4.28) that

W =[Oy, Un, (bip1; €75 d), (b5 prd) |
is also provable. Let now W' = W' and e(p;) = ¢’. Then
W' = [Ur,....,U1,Up,.. ., Up, (i ¢5 €™ d), (B g3 d) |

for some I € {1,...,r}. As before, W' is a weak encoding of M and (by
Lemma 7.4.20) provable in BV. Hence, we can apply the induction hypothe-
sis and get

(q',0,m) =" (g5,0,0)
Further, we have that

Ui =Uf = ((5;0). (b:4'))
Therefore (g,zerol,q’) € 7. Since we also have n = 0, we have

(¢,0,m) — (¢',0,m) ,

which gives us
(g;n,m) =" (gy,0,0)

(4) Uy = (o, {p1; ). Similar to (1).
(5) Uy = ({po; &), p1). Similar to (2).
(6) Uy = ((Po; dy, {p1;d)). Similar to (3). O

7.4.39 Proposition Given a two counter machine M = (Q, qo, 10, Mo, qf, 7).

If TIneL then  (qo,mo.mo) —* (gf,0,0)
imﬂ,—n

Proof: First apply Lemma 7.4.34 to get

Tev

w ;

[[{wl.b1}

.>\—.m~.—ﬂ
where W is a weak encoding of M. Since the rules w| and b| cannot modify the substruc-
ture (b;a";qo; ¢™°;d) of Mene, this substructure must still be present in W. Hence, we
have that
W = [Ur,..., Uy, (b;a™5 q0; ™3 d), (b 4p3d)]

for some 7 > 0. By Lemma 7.4.38, we have that (qo, no,mo0) —* (¢r,0,0). [u]

Proof of Theorem 7.4.11: For the first direction use Proposition 7.4.16 and for the
second direction use Proposition 7.4.39. O



O “TR[TIS oI (PATLIOdTOD ST IOJUNOD PUOIIS DY} DIOYM) SOSLD I} IO oY,
_%éédxs%sé;ﬁm..;Q: iq
[(p/Dq) “(ptud b q) “((Dq) (B'q)) “ULs* " “1Ly] b
[{(p:/Diq)(p: uissv ((“bq) “(*b %::5 ]
[(pt/Bq) “(p ud ("D q) [{*h%q) Q ‘(' e:v;? :;c& b
[(p+/Diq) (p i 2@ ‘) ([ b]<[aq]))) “pi‘ ) e
[{p/D é;& Rz@é Eécv :;5_

ost moN {y ¢ T} 3 g owos a0y ((big) (*hiq)) = I oavy om WAL, W = W
pue 0 = ,u = u pue g > (‘b‘rosaz‘!h) :0I0z 10J PoISA) WA SBY ISJUNOD ISIT oY, ®

] —upiq) ULl .;Ew

Q) (p

[(p 7D e (p: E“:@? ) ‘(b ‘n)

[(pt/Dq) (p: AE i _ g
% /D v

A w?
: @ v A cw? ;.@r I:@ Qv":rﬁﬁ QrNL

)P ) L) b
v - :@ @v:\rHN. : JrHL

[{(p/Diq) (piup b ypiq) Ups 11 .
[(p/biq) “{piup*biypiq) ‘(D *(*bm)) ULy~ ‘1L b
[{pe/bq) (piuot[{*hty iv (‘b(*b))]) Li 1L b
[(pe/Dtq) (ptup[(*h i) (‘D @5

|
)

osn moN {y ‘" 1} 3y owos 105 (‘b¢(*hin)) = Af oavt] om WO, "W = w puE
T—u=upue()<upue £ > (‘b‘1oop ?h) :PajUEWLIIGD WA SLT I9JUNOD ISIT ST, ®
[(p/bq) (ptuo bt piq) ips ) .
[(p:/bi) (Pl b iy ia) (P 0) D) Mpg" W]
Jbig)t % i :% o @v :@é:@:sbxz:QL b

[ .\Evgﬁaﬁ.@f%ésbr.;:i

asn moN {y‘ T} D g ewos 107 ((‘b i) ‘*h) = Y[ oner] om WA,
= wpue [+u = upue £ > (‘b1oul’h) :PoJULIIOIIUL U ST I9JUNOD JSIY AT, @
HETAR Y /) 01 (wi‘u “*h) w01y 08 UED )\ AUIYDRUL D[} MOY S9sLD D[((IsSOd XIS oIe 0I0T ], :JOOIJ
[(pe/Bq) (ptud b q) Ly~ 1Ld)]
an|| uayy (et b e (wiu )y
[(p+/Diq) (P w2 D w0 Q) UL " 1Ly

(£ Ih 0w 0w 0b B = py ousyous 42JUN0D 0My D UPALY) BT  ET'F L
Suipooug ayy jo sseusle|dwo) ¢'f)

GeC THN wWo3sAS jo Ayjiqepoapuy) o4 F

[(pdiq) (ptypi0ds _,vi,ntq)
in n
y \ @ TITd o) Lod oN)
Yt TR (T ) T e ((Td i) (0 g)) | =
yerpy sueowt styy, {.¢ ‘gt D ¥ owos 10§ (Yd (174 D)) = Ip
OPISTI D00 SN D WY, "oP Aq IO SY PR 0 £q ,D Ul D WOJR JSIY o1} IR
"0 < U JRI[) ‘UOIPIPRIIUOD JO Avm A( OWNSSR ‘S[) 10, ‘() = U IR} MOYS MOU [[IM |

‘a
‘ N N T L 0\ 0d ¢
[(pridiq) (prupi0d,pigg) 0 e ((ldiq) (0ds,q) ] = Mm
yet[)
SueoW SIYJ, "UOIRINGHUOD 9Y) JO SUIPOOUS S} SPISUL INDD0 JSNUW ,q WO B}
0O " A JO Ayiqeaoad o1y 03 mororpeIuod ' (O F L uonsodord £q) St yorgm

C Tt (ed ) (T )
S/ epIsul {noaaImn EOS&MGQ ® 9ARY oM UL} g

[{prdiq)(pi 2 0d 0 q)

NQ - - ~\1~

‘ ‘ T0d: o) o)) ¢ Cooaigod o (0d ¢

Sttt (I ,g) (TTd ) (TIn e (Mg (0d ) ] = m
yet[) aary am e, (/) apIsul o jou ATurerted wed )) {.‘ ‘gt 5

owos 10§ ((Id‘,q) (T-ldq)) = I OPISUI SINDO0 4q YR} MO JWNSSE ‘TOI}ITPRITUOD

Jo Aem A 49 Aq O[] S) pue .9 £q T/ OpISUL @ WOYR O} | OPISUL SIB

'n

—~
[(prdiq)(pt o 0d:,piq)n - en ((1diq) (0dtq)) | =

‘Q z%

Q) =1

oL, ({Tdzq) ‘(©

(0°0°/D) ,— (w‘u ‘D)
ST SOAIS TOTYM

(w'r —u'p) — (wiu‘b)
oARY OM ‘() < U AR OS[R oM UG "4 D (b 19p ‘D) o10J010Y ],

(pi(bm)) = Ia=1n
TR} OARY oM ‘I9UIIN]

(0‘0*/b) st (wr—u'p)
108 pue sis
-otjod Ay uorjonpur oty Ajdde weo om ‘9oudl] "Ag Ul d[qeaord ((gF L eWUIT
Aq) pue )y jo Surpoous eom ® S 4| ‘9I0jpq sy {«L‘ 7} S ] owos 10]

C LU o) g = A

uay, *,b = (Td)2 pue oM =, A1 mou 1o -d[qeaoad osfe st

TTHIN JO UOISUIXA QAIJRINUITIOIUON VL

(€)

9v¢
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7.4.14 Lemma Given a two counter machine M = (Q, qo,no, mo,q5, 7).

:NJT e q«w\»ﬁ&; A@WQS
If (¢,n,m)—*(¢',n',m’) then __zm_,
(2T, ..., 7Ty, (b;a™; q; <™; d), (b; Gy; d)]

Proof: By definition there is a number r» € N such that (g,n,m) —" (¢’,n’,m’). Apply
induction on r and Lemma 7.4.13 to get the result. O

7.4.15 Lemma Given a two counter machine M = (Q, qo,no, mo,qy, 7). Then there
is a proof
Tnec

[?Th, ..., 2T, (bsqp: d), (b; 4r: d)]
Proof: Use w| to eliminate the ?7;, and q| and ai| for the remaining structure. O
Now we can prove the first direction of Theorem 7.4.11.

7.4.16 Proposition Given a two counter machine M = (Q, qo,no, mo, qf, 7).

If (qo,m0.mo) =" (qf,0,0) then TTner
.>\—®=O

Proof: Use

ﬂ=zmﬁ
(7T, ..., 7T, (b; q5; d), (b; Gf; d)] ,

Af|nec
(771, ..., 7Ty, (b;a™; qo; ™05 d), (b; Gr: d))
where II exists by Lemma 7.4.15 and A by Lemma 7.4.14. m]

7.4.17 Example The proof of the encoding in Example 7.4.10 has the following shape:

=zmr

EﬁamySv\.\.ﬁi_véyiﬁ_ﬁ_z&“ (qi;d)), (b; q1; d), (b; 415 d)]
NEL

[7({d0; ©), 42), 7({@; @1), q1), iﬁo_w_mv, (qusd)), (b;a; qu; d), (b; 415 d)]
NEL

[7({q0; €), q2), ?((@: @), q1), ?({do: d), (qu; d)), (b a; qos d), (b; G5 d)]

7.4.4 Some Facts about System BV

Before T can show the soundness of the encoding, I need to establish some facts about
system BV. The first observation is that if in a provable structure R, some atoms are
renamed in such a way that dual atoms are mapped to dual atoms, then the result is still
provable. This is made precise as follows.

74.
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(2) U1 = ((@;Fo),p1). Then

W = [(@po)p1), Us.- ... Uy, (b;a"; po; ™ d), (b; prs d) |
—
Uy

Mark inside W the atom a inside U; by a® and its killer by a®. By way of
contradiction, assume now that a® occurs inside U; = (pj—1, (a®;p;)) for some
l€{2,...,r}. This means that

W = [((@po),p1),Uo,.... U1, (Bi-1, (@ p0)), U1, - ., U,
—_— —_—
Uy U

(bya™; po; ™ d), (b; prs d) |
But then W contains a negation circuit:

[(@®,p1), (P1,p2),- -5 (D1-1,0%)]

which is (by Proposition 7.4.30) a contradiction to the provability of W. Hence,
the atom a® must occur inside the encoding of the configuration, which means
that n > 0. Further, we have that
W= [((@%po),p1),Us,...,Up, (ba" ;0% 0" s po; ™5 d), (b prid) |
—_———
U

for some n’,n” with n = n’ + 1 + n”. 1 will now show that n” = 0. For this,
assume by way of contradiction, that n” > 0. Mark the first atom a in a"” by
a° and its killer by @°. Then @® must occur inside Uy, = ((@®; pg—1), px) for some
k€ {2,...,r}. Then we have that

W = [(@%p0),p1), o, Up_1, (@ Pr-1),Pk), U1, - -, U,
Jl\l\ {

Uy Ug

’

(b:a™:a*;a% @™ Lo ™y d), (b: pri d) |

But then W contains a negation circuit:

[(a®;a%),{(a® pr—1), (Ph—1,Dk—2), - - - (P2, P1), (P1,0%)]

which is (by Proposition 7.4.30) a contradiction to the provability of W. Hence,
the atom a° cannot exist, which means that n”” = 0 and n’ = n — 1. This means
that

W = [Us...,Us, ((@%p0),p1), (b;a"t; 0% po; ™ d), (b; b d) |
—_—
Uy

Since this is provable in BV, we have (by Lemma 7.4.28) that

W' = [Os,...,0., (bja" spy;c™sd), (b pysd) |
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238 7. A Noncommutative Extension of MELL

situation is trivial, if in R every atom occurs exactly once. For example in the left-hand
side proof in Example 7.4.21, the killer of b is b. In the right-hand side proof, more care is
necessary: The killer of the first occurrence of ¢ is the first ¢. The killer of the second c¢ is
the second ¢.

7.4.23 Definition A BV structure R is called a nonpar structure if it it does not contain
a par structure as substructure, i.e. it is generated by the grammar

Ru=ol|a|(R,R)|(R;R)| R
7.4.24 Lemma LetV and P be BV structures, such that V is a nonpar structure.

14
If  Tev , then IBv
[V, P] P

Proof: By structural induction on V. The base case is either trivial (for V' = o) or a case of
Lemma 7.3.7 (if V' is an atom). For the inductive cases apply splitting (Lemma 7.3.5). O

7.4.25 Definition Let R be a BV structure and let a be an atom occurring in R. The
atom a is unique in R if it occurs exactly once.

7.4.26 Example In [(Gc;d), (c;¢;d)], the atoms d and d are unique, but ¢ and ¢ are
not.

7.4.27 Lemma LetV # o be a BV structure and S{ } and S’'{ } be two contexts, such
that all atoms in 'V are unique in S{V}.

S{V} S{X}
If lBv , then [[Bv  for every structure X
S{V} S{X}

Proof: Pick any atom a inside V', and replace every other atom occurring in V' everywhere
inside

S{V}

AllBv

S{v}
by o. This yields a derivation

Sa}

NE.

S{a}

in which the atom a can everywhere be replaced by the structure X. O

The following lemma will play a crucial role in the proof of the soundness of the encoding
of two counter machines.
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7.4.36 Lemma Let M = (Q,qo,n0,™m0,qf,7) be a two counter machine, let W =
[U1,..., U, (bia" q;¢™; d), (by gr: d)] be a weak encoding of M, and let P = {po,...,p,} be
a clean set of r+1 fresh atoms. If W is provable in BV, then there is a mapping e : P — Q
and a structure

W= [0h,...,Up, (ba";po; ™ d), (b; Bys )]
such that
(1) W is provable in BV,
(2) all atoms po, Po, - - ., pr. Dr occur exactly once in W,
(3) for everyl e {1,...,r}, the atoms p_1 and p; occur inside Uy,
(4) We =W, and
(5) for everyl e {1,...,r}, we have &m = Uy for somel € {1,...,r},

Proof: Let O = {oy,...,0,} be another clean set of r + 1 fresh atoms. The structure W
contains r + 1 occurrences of atoms ¢ € Q and r + 1 occurrences of atoms Q\ with @\ €Q
(because each U; for [ = 1,...,r contains exactly one ¢ € Q and one ¢’ with ¢ € Q).
Since W is provable, each such ¢ and ¢ must have its killer inside W. Now let W’ be
obtained from W by replacing each such ¢ and its killer by o; and ¢;, respectively, for
some [ = 0,...,7, such that each o € O is used exactly once. Then W' is also provable
because the replacement can be continued to the proof IT of W. This also yields a mapping
f: 0O — Q with f(0) = ¢ if an occurrence of ¢ has been replaced by 0. We now have

W' = [Uy,...,UL, (b;a™; 0;¢™;d), (b; 0p; d)]

for some 1,1’ € {0,...,r}. Further, all atoms og, dg, . . ., 0, 0, 0ccur exactly once in W’. The
atom 0; must occur inside a U{ for some sy € {1,...,7} (i.e. I #1'). Otherwise the atoms
00,00, - -+ y01—1501—1, 0141, Ol4+1, - - - , O, O would form a negation circuit inside [U],...,U/],

which is by Proposition 7.4.30 a contradiction to the provability of W’. Now let Wy be
obtained from W’ by replacing o; and o; by py and py, respectively. Let o, be the atom
from O that occurs inside U, . Again, we have that 6, must occur inside U], for some
s2 € {1,...,7r} (ie. Iy # '), because otherwise there would be a negation circuit inside
[U],...,U}]. Let W{ be obtained from W by replacing o;, and o;, by p1 and py, respectively.
Repeat this to get the structures Wi, ..., W/. This also defines a bijective mapping g :
O — P with g(0) = p if 0 has been replaced by p. Now let W = W/ and e(p) = f(g~1(p)).
Further let Uy = U, %, Uz = UL, and so on. Then W is provable in BV, because W' is
provable in BV. Further, all atoms po, po, .., pr, Pr Occur exactly once in W because all
atoms oy, 0p, - - - , 0, 0 occur exactly once in W’. The replacement of atoms is done in such
a way that for every [ € {1,...,r}, the atoms p;_1 and p; occur inside Uyand We=W. 0O

7.4.37 Example For the weak encoding in Example 7.4.35, we get

W = [((po; ), (pr;d)), ((@;Pr),p2) , (bsa;po;d), (bspasd)]

Uy Us
with e(po) = o and e(p1) = e(p2) = q1.

The following lemma is the core of the proof of the soundness of the encoding.
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240 7. A Noncommutative Extension of MELL

way of contradiction, assume that there is a proof of R. This proof remains valid, if all
atoms other that a1, ay,as,as, ..., an,a, are replaced by o everywhere (some rule instances
become trivial and can be removed). This yields a proof

1f[v ,
ﬁNT Zoy e «N:_

for some n > 1, where

o Z; = (aj,aj41) or Zj = (aj;aj41) for every j=1,...,n—1, and

o Z, = (an,a1) or Z, = (an;a1).

Now, I will proceed by induction on n to show a contradiction. This will be very similar
to the proof of Lemma 7.2.6. The induction measure is simpler because the rule q7 cannot
occur. (I will again use the convention that j + 1 =1 in the case of j = n.)

Base Case: If n = 1, then obviously, there is no proof

MY or ffsv
(a1, a1) (ar;ar)

Inductive Case: Suppose there is no proof II for all n’ < n. Now consider the bottommost
rule instance p in
Y ,
(21,22, ..., Zy]

where Z; = (aj,aj41) or Z; = (aj:aj41) for every j = 1,...,n. Without loss of
generality, we can assume that p is nontrivial.

(1) p=o| or p=ai|. This is impossible.

(2) p=ql or p=s. This case is exactly the same as in the proof of Lemma 7.2.6.
The only difference is that we are now talking about proofs instead of derivations
with premise (W1,..., W,). O

This proposition is related to provability in BV, as Lemma 7.2.6 is related to derivability.
More precisely, I believe, that the converse of Proposition 7.4.30, i.e. a generalisation of
Proposition 6.2.16 does also hold.

7.4.31 Conjecture Let R be a balanced BV structure (i.e. every atom in R is unique)
such that for every atom a occurring in R, its dual a does also occur. Then R is provable
in BV if and only if R does not contain a negation circuit.

Obviously, there is a close relationship between Conjecture 7.2.12 and Conjecture 7.4.31.
In fact, both statements are equivalent, which means that it suffices to prove one of them.
I will not go into further details here. I only want to mention that from Conjecture 7.4.31
the equivalence to Ch. Retoré’s pomset logic follows more obviously because the definition
of a negation circuit corresponds exactly to Ch. Retoré’s cordless ZA-circuits [Ret99b].
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7.4.5 Soundness of the Encoding

Before I now prove the second (more difficult) direction of Theorem 7.4.11, let me explain
where the difficulties arise. The main problem is the freedom of applying rules in the
calculus of structures. If a structure is provable in NEL then there is usually not only one
way of doing so. In our situation this has the following consequence. The encoding Mepc
of a given machine M has a certain shape (namely a big par structure containing several
why-not structures and two seq structures), which has been preserved while simulating the
computation of the machine in the proof of Proposition 7.4.16 (see Example 7.4.17). But
this shape does not at all have to be preserved in an arbitrary proof of Mepc.

7.4.32 Example The encoding in Example 7.4.10 could also be proved as follows:

Tnec

[{a; go; ), (@; qo; d)]

[|mec
wl [{[a; 03 d], (@ [?((@0; d), (@13 d)), (@0; zvz
al EPEA@&YS;? dy, (a; [7((qo; d), (q1; d) )]
[?(@0; d), (q1;d)), ([a.1?({G0: ©), 42)]; qo: d), 3 m )]
[|nec
al [2({qo; d), (@15d)), ([a \i@owmv,em I; q0; d) ﬁ (@), q)l; ME
ol [?(@; @), q1), 7({Go; \v q1;d)), ([a,17({q0; €): 42)]; q0; ), {q1; )]
n: (@ q1), 1), ?({q0: ), {q15d)), ([a, ?((G0; ©), 42) ]; qo; v (q:d)]
? 2

ail [7((@0; €, 42), ?((@; @), 1), ?((Gos ), ( wAa q0;d), (q1; d)]
al [?({@0; @), 22), ?((@ @), 1), 2 ((@o; ), {q15 ), ([b,0]; [{a; qo; d), (@15 d)])]
b;

[?({G0; ©), g2), 7({@; q1), q1), 2@95,31&5 (b; a; qo; dy, (b; q1; d) ] 4

v
)
b

Qi
)

in which the computation steps of the corresponding two counter machine are not obvious.
The basic idea of what follows is: if there is a proof

T[[NEL
im:ﬂ

then there is also a proof
[[NEL
.>\HODO

that preserves (to some extend) the shape of the encoding and from which we can extract
the computation of the machine. For this, the notion of weak encoding is introduced.

7.4.33 Definition Let M = (Q,qo,n0,m0,qf,7) a two counter machine. Then a BV
structure W is called a weak encoding of M, if

W =[Ur,...,Up, (b;a" q;¢™;d), (b; Gp; d)]
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250 8. Open Problems

we can extend system SLS by the following rules:

S{Va.[R,T]} S(Ja.R,Ya.T)
“Nerger " SEaRT)

S{R{T — a}} S{¥a.R}
" imerr 0 " SERT <o

Again, observe that there is no proviso saying that the propositional variable a is not allowed
to be free in the context, as it is the case in the sequent calculus.

As already observed in [BTO01, Brii03b], it is possible even under the presence of the
quantifiers to reduce contraction to its atomic version, by adding the rules

| StVa.R,VYa.T} | S{3a{R,T}}
smveirty 0 " sGar ey
| S{Ja.R,3a.T} | S{Va{R,T}}
al S{3afR, T} af S{Va.R,Va.T}

However, even if contraction is atomic, the new system can no longer be called local because
in the rule ng| a structure of arbitrary size is introduced.

The question that arises now is whether the various properties of proofs and derivations
that I presented in this thesis are still valid. In particular, what happens with splitting,
context reduction and decomposition?

8.2 A General Recipe for Designing Rules

The core part of each system in the calculus of structures can be given by a very simple
recipe [Gug02c].

Consider the core rules of the systems shown in this work. Let us start with the rules
for the binary connectives.

o SRULITVY | SGR ULV
SWRTHUVY © SIRD). WV
S(RULIT.V) SURU).(T:V))

al oy 0 9l

SIRT), (U3 V)] S{(R,T); (U, V))

They follow a certain scheme, which can (by a little abuse of notation) be written as:

S{[R,U]e[T,V]} 4 S(RoU,TeV)
A Srervov] ™ simmewvyy

where o and o are two binary connectives that are (by De Morgan) dual to each other.
For example conjunction and disjunction. It has to be postulated which one is e (usually

Index

absorption, 32 conclusion, 18, 19, 28, 29
accepts, 233 configuration, 232

active, 87 connected, 102

additive, 5, 32 connectives

additive group, 19, 32 2, 17

additives, 18 @, 17

admissible, 30 ®, 17

E-circuit, 185, 187, 240 &, 17

atom, 17, 25, 180, 198 conservative extension, 201
atomic cocontraction, 147 constants, 17, 26

atomic cointeraction, 33 1,17, 26

atomic contraction, 147, 152 1,17, 26

atomic cothinning, 149 0,17, 26

atomic cut, 33 T, 17, 26

atomic interaction, 33, 160 contains

atomic thinning, 149, 173 a balanced negation circuit, 239
axiom, 18, 28 a circuit, 187, 214

a cocircuit, 187, 214
a negation circuit, 187, 214
context, 27

balanced, 186, 213
balanced negation circuit, 239
basic context, 108, 204

bottom, 17, 19, 26 n-ary, 101
. . LS, 27
Brouwer-Heyting-Kolmogorov interpreta- . . X
tion. 4 context reduction, 44, 68, 215, 216, 224,
’ 251

calculus of structures, 9 for LLS, 151
CCS, 6 for LS, 69
chain, 105 for NELm, 224

I-chain, 101, 104 contraction, 20, 32, 144, 152

?-chain, 101, 104 contractum, 87
characteristic number, 106 copromotion, 32
circuit, 213 core, 34, 199, 250
classical logic, 4, 148, 149, 154, 167 coseq, 198
clean, 237 cothinning, 32
coabsorption, 32 coweakening, 32
coadditive, 32 creation, 96
cocircuit, 213 croissant, 5
cocontraction, 32 infinite supply, 6
cointeraction, 30 Curry-Howard-isomorphism, 1
commutative case, 22 cut, 19, 30
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252 8. Open Problems

Let me now call the noncore of a system “well-designed” if every proof [[noncore up is

trivial and every proof [[down fragment can be decomposed into R

R

.:.m:ooawnic: down U core down
R
:50:88 down

R
Then we have the following:

8.3.1 Observation A system with a “well-designed” noncore admits a cut elimination
result if and only if the second decomposition theorem holds for it.

Proof: I will only sketch the proof here. For the first direction proceed exactly as in the
proofs of Theorems 5.3.2 and 5.3.25. The separation of interaction from the core is always
possible. (Observe that both fragments of the core are needed. It is in general not possible
to separate interaction down from core down.) For the other direction proceed similar as
in the case of system SNEL. As mentioned before, splitting and context reduction (and
therefore also cut elimination) do always hold if there is no noncore to consider. O

The definition of “well-designed” that I gave is is certainly not a good definition. First,
for pragmatic reasons “well-designed” should imply cut elimination and second, the two
conditions are too sophisticated for a basic definition. Anyway, what I want to show
here is that cut elimination and the second decomposition theorem are based on the same
underlying principles. The question is, what exactly those principles are. It might well be
that subatomic logic [Gug02d] can help to unveil them.

8.4 Controlling the Nondeterminism

The systems presented in this thesis are not very well suited for proof search. The reason is
the huge amount of nondeterminism intrinsically connected to the calculus of structures. It
should therefore be a topic of future research to find ways of controlling this nondeterminism.
This might be possible by means of the permutability of rules, as it already happened in the
sequent calculus [And92, Mil96], but it might also be possible by totally different methods.

A. Guglielmi suggested to use the technique of splitting.

8.5 The Equivalence between System BV and Pomset Logic

I have already discussed this problem in Chapter 7. Let me summarise here, what has
already been achieved and where the difficulty lies.

There is a one-to-one correspondence between A. Guglielmi’s BV structures and Ch. Re-
toré’s series-parallel R&B proof structures, which I explained in Chapter 6. For more
detailed information consult [Gug02e], where the correspondence between BV structures
and relation webs is explained. From a graph theoretical viewpoint, relation webs and
series-parallel R&B proof structures are the same objects.

In Proposition 7.4.30, I have shown that a given BV structure is not provable if it
contains a (balanced) negation circuit. In other words, it is not provable if the corresponding
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acl, 147
acl, 147
ail, 33, 181
aiT, 33, 181
at|, 149
atT, 149
bl, 32

bT, 32

cl, 32
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cbl, 45
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cd’|, 45
cr], 45
cut, 19
cut, 4

d|, 32, 250
dT, 32, 250
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iT, 30, 181
id, 19
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loT, 147
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13T, 250
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m, 147
my], 147
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mayl, 147
maoT, 147
mix, 179
mix0, 179
_,._LL 249
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nly], 149
nli T, 149
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nloT, 149
nm], 149
nmT, 149

nmil, 149
nm1T, 149
nmal, 149
nmaoT, 149
nsT, 131

nx, 179

nz|, 150
nz{, 150

pl, 32, 251
pT, 32, 251
pl, 204

pT, 204

ql, 198, 250
ql, 198, 250
rl, 130

rT, 130

s, 31

s|, 251

s, 45

sT, 251

saif, 131
sp, 131
srT, 131

t], 32

tT, 32

t'], 45

t”], 45

T/, 46

uil, 249
ua|, 250, 251
uaT, 250, 251
wl, 32, 181
wT, 32, 181
wl, 204

wT, 204

x, 179

x', 180

z|, 150

z1, 150

semishallow, 79

seq, 195, 198

seq structure, 198

sequent, 18

sequent calculus, 3, 9, 17, 167
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why-not, 18

why-not structure, 27
with, 18, 20, 144
with structure, 27
woo structure, 69

zero, 17, 20, 26
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