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LV (=, V,) x∂x + Vy∂y + Vz∂z

ç0µ®·ÄÃÇ·

Vx = x(Cy + z), Vy = y(Az + x), Vz = z(Bx + y).
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m3·4�¸uAptm3pf¯Asj�¹s;~PºA»fwb·¼��mc¬®�v�wbpf°on^w�~4m½¯Am´³¾�

¬¿Pn}v�|;À3�f~�m¡��sG�¹�ÁuÂ�#no��w�±Um;�
¶ ~4À3|;v{m¡¯Am���m�w��ApfwbÃ�µ

d(ab) = d(a)b + ad(b)Äh«Xm3�¹ºfv�m3·¡µ
¶ ¯A°�~4w>±Un²��w{sjpA·�ºÅn}~��gw�m�v{v�m3·

∂i

¯CÆÇuApfmcm#«*��m3pA·�w�sGpÈ¯Amc¬
[x1, · · · , xn]

�
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d(f ) = Λf
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¶ v�m3·Òº�sjv>�ÂpfÞG��m3·Ò»fsG��sG|[À3pfm3·Ý·�sGp���¯Am�ÚÑn^~P��sGu*«tº\sGuf~
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xφx∂x + yφy∂y + zφz∂z,

φx = φx,xx + φx,yy + φx,zz

φy = φy,xx + φy,yy + φy,zz

φz = φz,xx + φz,yy + φz,zz

ª »Ån}�ØºÜ¯Am���s^���jn ¶�� s;v��gm�~�~�n

LV ((, A, , )B, C) = x(Cy + z)∂x + y(Az + x)∂y + z(Bx + y)∂z.
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Ö×p���°3|;~gn}v�m3·�ºf~4m3��w�À�~�m3·Òº\sjv��*pfsG��wYn^v�m3·²Õ
ª vYnq·¼·�w��6�ono�gw�sjpÈ��sG�¹ºfv�À��gm´¯Am3·Ò�onq·¸sGàÜv{m´�g»Ånq�¹º

LV ((, A, , )B, C)
n}¯X��m��

uApfm´wbp���°3|;~gn}v{m¡ºf~4m3��w�À�~�mcº�sjv>�*pfsj�¹w8n}v{m;Õ
Ö×p���°3|;~gn}v�m3·�ºf~4m3��w�À�~�m3·¸~�n²�gw�sjpApfm�v�v{m3·²Õ
ª vYnq·¼·�w��6�ono�gw�sjpÈ��sG�¹ºfv�À��gm´¯Am3·Ò�onq·¸sGàÜv{m´�g»Ånq�¹º

LV ((, A, , )B, C)
n}¯X��m��
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n^¯X�¹m��¸uApfmcwbp���°3|[~�n}v{m¡ºf~�m3�¹w{À�~4m´v{w�sGuÂ±Xw�v{v{w�m3pApfm½¯Am´¯Am3|;~�°½ä
ÎÐwÐÕfm;ÕA��sG�¹�ÁuApfm¡n(±�m��

E
Ó��#ºf~4m3·�ã�ufm´·¼wCm��¸·�m3ufv�m3��m3pU�Ò·�w��

w{v	nÁuApÔº�sjv��*pfÞG��m´¯Am�ÚÑn^~P��sGu*«t·P�g~4w����oÕ
Ä�ptm! �m��²�

x
�
y
m��

z
·�sGp��"�Ëº\sjv��*pfÞG��m3·¸¯Am�ÚÑn^~P��sGu*«ÔºÅn^~Ý��sGpA·4��~4uf����w{sGp]Õ

#Ýptã�uÅn²��~�w�À3��m�Îæ¯Aw>±Xwb·�wb�fv{m¡pfw�ºÅn^~
x
�ÂpfwHºÅn}~

y
�Xpfw�ºÅn^~

z
Ó

º�m�~P��m��¸¯CÆ&n}ºAºfv�w�ã�ufm�~ÒvYnË�¹°���»fs�¯Am´¯Am�ÚÑn^~P��sGu*«HÕ
��ÆÇm3·¼ºÅn}��m¡¯Am3·ê±[n}v{m3uf~P·¸ºf~�sGºf~4m3·�m3·4��w���wC¯Am´¯Awb��m3pA·¼w{sGp$�Ë·¼uf~Ý¬ Õ



#êptºf~4sj�fv�À3��m´¯CÆ&n}v�|;À3�f~�m½v�wbpf°on^w�~4m
Ú�w�~�m´ã�ufm

F
m3·P�¸uAptº\s;v>�*pfÞj�¹m¡¯AmèÚzn}~4�\sju*«Ô·4��~4w{���Û¯XuÜ�g»Ån}�Øº

LV ((, A, , )B, C)
º\sjuf~ÝvYnè±Un}v�m3uf~Ýºf~4sjºf~4m

Λ = λx + µy + νz·�mz��~gn}¯Xufw>�ÛºÅn}~êuApt·4�*·4��À3��mcv{wbpf°on}w{~4m;Õ

F =
∑

i+j+k=m

Fi,j,kx
iyjzk Î4�ëÓ

∀(i′, j ′, k′) ∈ % 3, i′ + j ′ + k′ = m + 1,
Î×�;Ó

∑

i+j+k=m

M(i′,j′,k′),(i,j,k)Fi,j,k = 0
Î��;Ó

�]nÁºfvbuAºÅn^~��Û¯Am3·¸��s�m(Ì���w�m3p��¼·�¯Am´��m��4��m´�ân²��~�w���m´·�sGpU��p�ufv�·
·#nquXå!º�m3uÂ�P�ç���~�mØµ







M(i+1,j,k),(i,j,k) = j + Bk − λ

M(i,j+1,k),(i,j,k) = Ci + k − µ

M(i,j,k+1),(i,j,k) = i + Aj − ν

Î'&�Ó



◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • •

◦ ◦ ◦ ◦ ◦ ◦
• • • • •

◦ ◦ ◦ ◦ ◦
• • • •

◦ ◦ ◦ ◦
• • •

◦ ◦ ◦
• •

◦ ◦
•

◦

¶)( ~�n}ºA»fmc�fwbºÅn^~���w��6¯Am3u*«®·¼s;~��gm3·�¯AmÊ·�sG�¹��m��¼·²�
v�m3·¸°�ã�uÅno��w{sGpA·�m���v�m3·¸w�pf��sGpApÙufm3·

¶ v�m3·Ñn^~4ç���m3·�¯XuÜ~4°3·�monquÜ»fm#«6n}|;sGpÅn^vC·�sGp���°���w{ã�ufm���°�m3·
ºÅn}~Ýv{m3·¸��s�m(Ì¹��w�m3p��¼·¸pfsGp*�pÙufvb·¸¯Xut·4�*·4��À3��mcv{wbpf°on}w{~4m;Õ



* uf~Ýv�m3·Ò��sj~�¯X·

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • •

◦ ◦ ◦ ◦ ◦ ◦
• • • • •

◦ ◦ ◦ ◦ ◦
• • • •

◦ ◦ ◦ ◦
• • •

◦ ◦ ◦
• •

◦ ◦
•

◦

LV (A, B, C))(F ) = (λx + µy + νz)F,
¯Am3|

(F ) = m, F
·4��~�w����

⇒ ∃(λ, µ, ν, γ2, α3, β1) ∈ % 6 µ
{

λ = β3 = γ2B, µ = γ1 = α3C, ν = α2 = β1A,

β1 + γ1 ≤ m, α2 + γ2 ≤ m, α3 + β3 ≤ m.

Î�+jÓ



Äh«Âºfv�s;~�n²�gw�sjpÈ¯CÆÇuAp��6v�sjp
#ÝpfmÊº�sG·¼·¼w��fw�v�w��g°½¯CÆ-n�±�sjw{~ÒuApfmcã�uÅno��~�w�À3��m¡��sGuf~P��m´¯Am�ÚÑn^~P��sGu*«
º�sGuf~

LV ((, A, , )B, C)
m3·P��ã�ufm´v�m3·Ý��~4s;wb·�ºÅn}~gnq��À���~4m3·¸·�sjw{m3pU�

¯Am3·¸m3pU�gw�m�~P·¸·¼uAº\°�~�w�m3uf~P·�sjuÜ°3|�n}u*«ÈÉé�*Õ
,.-0/21436587 9 :
¶ * w

(A, B, C) ∈ ( % ??)3
�
LV ((, A, , )B, C)

p]Æ&nË¯Am´ã�uÅno��~4w{À3�¹m
��sGuf~P��m´¯Am�Úzn}~P��sGu*«Üã�ufmc·¼w

A = B = C = 2
Õ

; 3<98=?>@9 :
¶ xÑpt��sjuAº\m´v�m3·���sjwbpA·²Õ
¶ áJm3·P�gmcuApt·¼sjuA·M�·4�*·4��À3��m´¯AsjpU��v�m3·���s�m(Ì���w�m3p��¼·¸pfsGp*�pÙufvb·
·¼sjpU�Ý�gsGuA·¸º\sj·¼w���w�å ·ëÕ

¶ #êpÜ¯A°���m�~P��wbpÅn}pU�Û¯CÆÇsj~�¯A~4m¡� n²«Xwb�ÁuA� ¯Amc��mc·�sGuA·P�·P�*·4��À3��m
ÎæsGpßm3pt|�n^~4¯AmÊ��sjuÂ��m3·�v{m3·¸wbpf��sGpApÙufm3·#Ó�m3·P��m3pÔå�n}w���uApÔº�m�~P�ânqpfm3p��
ÎE��sjuA·�v�m3·ê�gm�~P��m3·ÒsjpU�¸��ç3��mz·¼w�|jpÅn²��uf~4moÓ�Õ

¶ Äh��v�mc·4�*·4��À3��m´v�wbpf°on^w�~4m½m3·4��¯Am´~�nqpA|¹�ânë«Xw�uA�ÁuA�Ü�X¯AsGpf�c·#nqpA·Òpfsë�*nqu]Õ



xÑpt��sjuAº\m´v�m3·���sjwbpA·

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • •
◦ ◦ ◦ ◦ ◦ ◦

• • • • •
◦ ◦ ◦ ◦ ◦

• • • •
◦ ◦ ◦ ◦

• • •
◦ ◦ ◦

• •
◦ ◦

•
◦

Äh«Xm3�Øºfv{méµ
m = 16, A = B = C = 3, λ = µ = ν = 12, γ2 = α3 = β1 = 4



ª sGuAºfv8nq|[m½¯XuÔ·�sGuA·P�·P�Â·P�gÀ3�¹m

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • • • • • • • •

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
• • • • • • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • • • •
◦ ◦ ◦ ◦ ◦ ◦ ◦

• • • • •
◦ ◦ ◦ ◦ ◦

• • • •
◦ ◦ ◦ ◦

• •
◦ ◦

•
◦

m = 27, A = B = C = 3, λ = 15, µ = 12, ν = 21, γ2 = 5, α3 = 4, β1 = 7



Äh«Âºfv�w{��w>��n²�gw�sjpÈ¯XuÜ��sGuAºfv8nq|[m



















j + Bk − λ < 0 : (i, j, k) → (i + 1, j, k)

k + Ci − µ < 0 : (i, j, k) → (i, j + 1, k)

i + Aj − ν < 0 : (i, j, k) → (i, j, k + 1)

i ≤ α3, j ≥ m − α3 − γ2 : (i, j, k) → (i, j, k + 1)

i ≥ α3 + 1, k ≤ γ2 : (i, j, k) → (i, j + 1, k)

k ≥ γ2 + 1j ≤ m − α3 − γ2 − 1 : (i, j, k) → (i + 1, j, k)

Î��;Ó

��m3·¦°�ã�uÅn²�gw�sGpA·�ã�ufw*~�m3·P�gm3pU��m3p�¯Am3»fsj~4·¦¯Am���mJ��sGuAºfvYn}|;mJ·�sGp��A��·¼uf~�v�m���sj~�¯0�}Õ
� sjw{vYÉ�º\sGuf~�ã�ufsjw��gsGuA·�v�m3·ê�gm�~P��m3·Ò¯XuÜ¯A°���m�~4�¹w�pÅnqpU�ÛsGp��¸��ç3�¹mz·�wb|;pÅn²�¼uf~�m;Õ
ª m���wCm3·P�Òå�n}u*«Ôº\sGuf~

A = B = C = 2
�*±[n^v�m3uf~P·¸º�sGuf~Ýv{m3·¼ã�ufm�v�v�m3·

sjp®��~�sGuÂ±�mB����°��onqpfw{ã�ufm3��m3pU�C�ÛuAptº\sjv��*pfÞG��m´¯Am�Úzn}~P��sGu*«Ü¯Amc¯Am3|[~4°��*Õ



D`m�~4� n}pfm3pf��mc¯Amcv8nÁ·�wb|;pÅn²�¼uf~�m

; 3<14EF1HGJILKMIN1HO
¶ * sjw>�

(X, Y )
uApfmcºÅn}~��gw�mP�#��sjpU±�m#«Xm2�Ê°�ã�ufw�v{wb�f~4°�m��fpfw�m´¯XuÜ~4°3·�monqu

»fm#«6nq|[sGpÅn}v�n}¯X��m��4��nqp��zn}ut�¹s;wbpA·ÒuApÜ��sGuAºfvYn}|;m´ºÅn^~Må�n^w>�oÕ
Q v�s;~P·²�}¯Am3u*«½��sjuAºfvYnq|[m3·�ºÅn^~Må�n^w>��·�¯Am ��m�|;~�n}ºA»fm��fw�ºÅn}~��gwÙ¯A°���m�~4�¹w�pfm3pU�!uApfm
º\m�~4�ÁuÂ�#n²�gw�sjpÜºÅn^w�~4m¡¯Am

X
Õ

Ö�v�·¼uXÌ��Û¯Amc��sjpA·P��n²��m�~
¶ ã�ufm´vYnË¯Aw� �°�~4m3pf��mc·P�Â�¹°��g~4w�ã�ufm¡¯Am´¯Am3u*«Ô��sGuAºfvYn}|;m3·�m3·4�
uApfmc~�°3uApfw�sGpß¯Am´���Â��v�m3·ÒºÅn^w�~4·ë�

¶ m��¸ã�ufmcv8nË¯Am3��w��v�sjpA|jufm3uf~Ý¯CÆÇuApÜ���Â��v�mèn^v>�gm�~Ppf°
¯CÆ5uApÜ��sGuAºfv8nq|[m´ºÅn}~På�n}w��Ñm3·P��wb�¹ºÅn}w{~4m;Õ

#ÝpfmÊº�m�~P�ÁuÂ��n²��w{sGpÈ��w�~4�3ufv8n}w{~4m½¯CÆ,sj~�¯A~4m¡w��ØºÅn^w�~Òm3·P�¸ºÅn^w�~4mSR



#Ýpfmc~�m�vYn²�gw�sjp§n^~4w>��»A�¹°��gw�ã�ufm

��m´¯Am�~Ppfw{m�~êº�sjwbp��¸·¼º�°���w��6ã�ufm´¯Am´vYnÁºf~�m3uÂ±�m´¯Amc��m�����m´ºf~4sGº�sG·�w>�gw�sjp
m3·4�¸uApt�on}·ÒºÅn}~M��w��3ufv{w�m�~¸¯CÆÇuApfm´~4m�vYno��w{sjp§n}~4w��¼»A��°���w{ã�ufm�µ
¶ * sjw>�

C
uApt���X��v�m´°�v{°3�¹m3p��#n^w�~4m¡¯Am´v�sjpA|jufm3uf~

2l¯ÍnqpA·¸v�m¡~4°3·�monquÜ»fm#«6nq|[sGpÅn}v�Õ
¶ C

m3pXåæm�~P��m
h
å�n}��m3·Ò»fm#«Ínq|;sjpÅn}v{m3·ë�

i
·¼sj�Ø��m��¼·Òm��

j
n^~4ç��gm3·ëÕ

¶ áJm�vYn²�gw�sjpÈ¯CÆ-Ä�ufv�m�~Ý¯ÍnqpA·¸v{mc·�sGuA·P�|;~�n}ºA»fm´ºfv8nqpÅn^w�~4m½v{wb��w>��°¡ºÅn}~
C

µ
h + 1 + i + 2l = 2l + j + 2

¶ Ú¸°3pfsj�Á�f~4m3��m3pU�¸¯Am3·Ûn}~�ç���m3·èµ
6h = 2l + 2j

Õ
xÑpÜm3pÜ¯A°�¯Xufw>�

l + i = 2h + 1.
�]nË¯Am3��w��v{sGpA|jufm3uf~

l
¯XuÜ���Â��v{m

C
m��¸v{mcpfsj�Á�f~4m

i
¯Amc·�sG�¹�¹m���·Òwbp���°�~4w{m3uf~P·

É
C

·¼sjpU�Û¯AsGpf�´¯AmcºÅn}~4w���°½sGºAº�sG·�°�m;Õ
ÚznqpA·¸v{m´�onq·¸¯CÆÇuApÜ���Â��v�m�n}v>�gm�~Ppf°½¯CÆ5uApÜ��sGuAºfv8nq|[m;�fvÐÆ,wbpU�g°�~4w{m3uf~¸m3·4�¸��sjuAºfv�°;�
¯Asjpf�

i
ºÅn}w{~Ým���vYn�¯Am3�¹w>�v�sjpA|jufm3uf~

l
wb�¹ºÅn}w{~4m¡��sG�¹��m¡nqpApfsjpf��°;Õ


