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Abstract

In the paper Generic polynomial vector fields are not integrable [1], we study some generic
aspects of polynomial vector fields or polynomial derivations with respect to their integration.

Using direct sums of derivations together with our previous results we showed that, for all
n > 3 and s > 2, the absence of polynomial first integrals, or even of Darboux polynomials,
is generic for homogeneous polynomial vector fields of degree s in n variables.

To achieve this task, we need an example of such vector fields of degree s > 2 for any
prime number n > 3 of variables and also for n = 4.

The purpose of this note is to correct a gap in our paper for n = 4 by completing the
corresponding proof.

1 Introduction

We are interested in some generic aspects of polynomial vector fields or polynomial derivations with
respect to integration. Precisely, we want to show that the absence of polynomial first integrals, or
even of Darboux polynomials, is generic (in the Baire category sense) for homogeneous polynomial
vector fields of degree s in n variables for all n > 3 and s > 2.

Using direct sums of derivations together with previous results of us [2], this fact can be settled
provided that there is an example of such vector fields of degree s > 2 for any prime number n > 3
of variables and also for n = 4.

There is a gap in our proof when we exhibit the Jouanolou derivation J, 5 as the sought example
for n = 4; the weak point lies at the very end of the paper [1]. To use our Lemma 1, we only need
an exponent «
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e which belongs to the exposed face &,
e such that ay is 0 or 1,

e with a total degree |a| < m.

The discussion is subsections 3.9 and 3.10 does prove, at least in the situations we are interested
in, that, for a square-free Darboux polynomial at a Darboux point, there exists, for every local
coordinate u;, an exponent « in &£ for which the component «; is either 0 or 1.

But, there is no general reason for the exposed face £ to consist only of exponents of total
degree less than or equal to the degree m of the polynomial.

What remains true of the local analysis around a Darboux point that we did in our paper is
the following.

Remark 1 If a square-free Darboux polynomial F' of some derivation d of K|xy, - -, x,] vanishes
at a Darboux point M of d, the corresponding powers series ¢ in the local variables is square-free
in the unique factorization domain K[[uq, -, u,_1]] of power series.

n—1

If moreover the linear part of the local derivation at M can be put in diagonal form Z Ait;0;
i=1
n—1

n—1
without non-trivial tuple o in Z" ' such that Z)‘ia" = 0 and Zai = 0, then the exposed

i=1 i=1
face € of F at M either consists of only one exponent or is a line and the 0-1 constraint holds
for the square-free F' at M : for every i, there exists an o € € such that o; is 0 or 1.

This is exactly what happens for FJy s at [1,1,1,1] and for J, o (n is an odd prime) at [1,- -, 1].
Using this remark, our correction will thus consist of three points :

e for s > 3, the factored derivation F'Jy s has no strict Darboux polynomial,

e for any prime number n > 3, the Jouanolou derivation J, 5 has no Darboux polynomial,

e the Jouanolou derivation Jy 2 has no Darboux polynomial.

2 FJ;s has no strict Darboux polynomial

Suppose that I is a strict irreducible Darboux polynomial of degree m for F.J, ;.
At U = [1,1,1,1], the exposed face for F' would consist of all [ay, as, a3] in N? such that

ap=a3, ag+(1+s)w+taz=(s—1)m+1L,

for some integer L > 2.

a1 = aj takes its minimal value ¢, (which is 0 or 1 according to Remark 1) for the exponent of
minimal total degree u < m.

Let a3 be the corresponding value of ay (1 = @z + 2¢).

From degree p to degree m, there is a propagation of non-support : the minimal degree in uy of
all monomials in the support of F' cannot decrease too fast, by 1 if there is no exponent in the
exposed face £ of degree p + k or have a larger jump if there is an exponent in & of degree u + k.
Precisely, define a finite sequence (dy),0 < k < m — p of nonnegative integers in the following way
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o dy =1
e if there is no exponent of degree i+ k in £, then dj, = sup(0,d,_1 — 1)
e if there is an exponent |[., as,.] of degree pu+ k in £, then dj, = sup(0,inf(dy_1 — 1), as).

Then, every exponent « in the support of F' with a total degree i + k£ has a second coordinate
greater than or equal to dj.

Exposed exponents are such that p+ k+ say = p+agz, i. e. s(@g — ay) = k and thus, in fact, they
play no role in the definition of the previous sequence : dy = sup(0, dy — k).

Now, as us is not a Darboux polynomial, it does not divide F' and there is an exponent in the
support of F with a 0 second coordinate.
Then dj, has to vanish from some k; then d,,,—, = 0 which means that dy — (m — p) < 0, whence

do < m — (dp + 2¢),hence dy < (m/2) — ¢

and the inequality :

1
(8—1)m+L:2€+(1+S)d0SQC—F%(TI’L—QE)

which yields an upper bound on L

3—s
- 2

m— (s —1)e.

Even if we do not take into consideration the fact that € is 0 or 1, this gives L < 0 when s > 3,
which is contradictory with L > 2 [

3 J,2 has no Darboux polynomial for an odd prime n

Consider the two following automorphisms of the polynomial ring K[zq,- - -, z,].

Given €, a primitive S-root of unity where S = 2" — 1, the multiplication M is defined on the
variables by M(x;) = €2 " ;.

The rotation R is defined by R(z;) = z;41 for 1 <i < n and R(z,) = z1.

The Jouanolou derivation J, o commute with the two automorphisms M and R.

M generates a finite cyclic group of order S whereas R generates a finite cyclic group of order n.
Moreover, M and R are related by RM R~' = M?. Thus, M and R together generate a finite
solvable group G of automorphisms of K[z, -, z,], whose order is n.S; these automorphisms
commute with the Jouanolou derivation J;, o.

Suppose now that J, o has an irreducible Darboux polynomial f and consider the subgroup Gy of
G consisting of all g that leave f projectively invariant, which means that its transform g(f) is a
scalar multiple of f. Take the product ¢ of all g(f) for all ¢ in the right-quotient of G by G/.
This polynomial ¢ is square-free, it is a Darboux polynomial for J, s, its cofactor is G-invariant
and thus is 0, which means that J,, 2(¢) = 0; moreover, ¢ is projectively invariant under G. Let
m be its degree.



The support of ¢ is thus contained in the subset I',, of N™ consisting of all n-tuples « of total
mass |« = m and such that o(a) = 0, where o(«) is defined as

ola) = Z 2" "q; (mod 2" —1).
i=1

Looking now locally at the Darboux point [1,---,1], as we did in [2], Theorem 4.1, we see that
m and n are related by m — (n — 1)v = 2v, where v is the common value of the exponents of the
local variables in the form of minimal degree (n is an odd prime).

According to Remark 1, it can be deduced from the fact that ¢ is square-free that the integer v
is either 0 or 1. Supposing that ¥ = 0 leads to m = 0. Thus v must be 1 and m =n + 1.

Now remark that, on the one hand, [1,---,1] € T', whereas, on the other hand, the n-tuple
[—1,2,0,---,0] and its transforms by rotations p’ generate the Z-module of all « € Z such that
la] =1 and o(a) = 0.

[',41 thus consists of all a € N™ that can be written

a = [L 1+ kip'([-1,2,0,---,0)),
=1

where the k; are integers (in Z) and their sum is 1. This is only possible if some k; is 1 while
all others are 0 and I',,;; consists of only one orbit under rotations, the orbit of the exponent
[0,3,1,---,1]. Then ¢ could be written

¢ = Zaixfﬂ H%"
i=1 i
The candidate support of J, 2(¢) consists of all n-tuples of nonnegative integers
Lo 1] 4 (12,000 4+ P(-1,2,0,-,0), i
and J,, 2(¢) = 0 gives @ linear equations involving the a;:
3a; + a; = 0, (when j =i+1), a; +a; = 0, (when |j —i] > 1).

To conclude that ¢ has to be 0, the sought contradiction, we have to distinguish two cases.
When n > 5, equations a; + a;42 = 0 and a; + a;.3 = 0 give a;412 = a;,3 for any ¢; all a; are equal
and then equal to 0.

In the case n = 3 we get a square linear system whose determinant is not 0.

4 Ji2 has no Darboux polynomial

Let Jy2 be the Jouanolou derivation for s = 2 and n = 4. It is convenient to introduce new
variables to study this derivation. Let wug, uy, us2,us be these Fourier coordinates (i is a square
root of —1, i. e. a primitive 4-root of unity):

Uy = T1+Tog+ T3+ X4

Uy = ixl—xg—ix3+x4
Uy = —T1+ X9 — T3+ T4
U3 = —1T] —To+1T3+ Ty
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Let d be the derivation 4.y o

d(ug) = ud + u3 + 2uqug
duy) = —i(2uou; + 2usus)
d(ug) = —2ugug —ud —ul
d(uz) = i(2uouz + 2usuy)

Let f be a non-trivial irreducible Darboux polynomial of Jyo. Using automorphisms like in the
previous section, we can build some product ¢ of transforms of f which is a square-free constant
of J472.

Now remark that d increases the partial degree in u; and uz. Write ¢ = ¢g + - - - ¢,,, Where ¢y, is
homogeneous of degree k in u; and uz and homogeneous of degree m — k in ug and us.

Let kg be the smallest k for which ¢, # 0.

The derivation d is the sum d = dy + dy of two derivations, where d; is homogeneous of degree 0
and dy is homogeneous of degree 2 for the partial degree in u; and us:

do(Uo) = U% + U% dg(’do) = 2U1U3
do(u1) = —i(2uouy + 2uqus3) dy(uy) = 0

do(UQ) = —QUOUQ d2(u2) = —u% — U%
do (U3) = i(QUOU?, + 2U2U1) d2 (U3> =0

Once again, Remark 1 shows that the minimal value of a; = a3 is either 0 or 1, which means
that the smallest possible kg is either 0 or 2. It remains to show that the two possibilities lead to
contradictions.

This will be the purpose of the rest of this note for which we give appropriate new notations
in subsection 4.1.

If ko = 2, then ¢ = Au? + Bujug + Cu? would be a nonzero constant of the derivation dy,
where A, B, C' are homogeneous polynomials of degree m — 2 in uy and us; in subsection 4.2, we
show this is impossible.

If ko = 0, then the equation do(¢o) quickly gives m = 3u, ¢o = (ug (3ug +u3))" (up to a
nonzero constant), and the second term ¢, would satisfy dy(¢p2) = —da(¢p); in subsection 4.3, we
show this is impossible.

4.1 Notations
We will use the following new notations.
T= g, Y= Uy, d:=dy, U:=32>+y* V:=Uy= (32" + ).
So, d : Qlz,y] — Q[z,y] is a derivation defined by
d(z) = 2° + y*, d(y) = —2zy.

The polynomial V' is a constant of d, and U,y are Darboux polynomials; d(U) = 2zU, d(y) =
(—2x)y.
Consider the factor ring A = Q[z,y|/(U), and let ¢ : Q[z,y] — A be the natural homo-

morphism of rings (if w € Q|z,y], then ¢(w) is the remainder of w with respect to U). Every
polynomial w from Q[z, y| has a unique presentation

w = (32 + yHwo + a(x)y + b(z),
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where wg € Qlz,y], a(x),b(x) € Q[z]. Thus, the ring A, as a set, is the set of all pairs (a,b),
where a,b € Q[z], and

(al,bl) + (CLQ, bg) = (CLl + as, bl + b2)
(CLl, bl) . (CLQ, bg) = (CleQ + CLle, blbg — 3132@1@2).

We will write the elements of A in the form a(x)y + b(z), where y? = —3z?%. If w € Q[z,y] with
w = (32 + y*)wo + a(z)y + b(x), then ¢(w) = a(x)y + b(z).

Consider the derivation A : Q[z,y] — Q[z,y] defined by A(z) = 22, A(y) = xy. Observe that
A(U) = 2zU. In fact, A(U) = A(32? + y?) = 6z - 2% + 2y - vy = 22(32? + y?) = 22U. So, the
ideal (U) is A-invariant. This derivation induces the derivation 6 : A — A such that

d(z) = 2%, o(y) = xy.
Let d : Q[z,y] — Q[z,y] be the derivation defined by:
- 1
d:= —§d.
Then we have:
Lemma 1 §¢ = ¢d.

Proof. It is enough to check that §¢(x) = ¢d(z) and d¢(y) = ¢d(y). Let us check:

op(x) = o) =a?,
pd(z) = —30(2* +y?) = 30((32% + y?) — 22?) = —5(—222) = 22,
0o(y) = dly) =y,
od(y) = —30d(y) = —50(—2xy) = —5(—2)zy = 2y
So, ¢ = ¢d. O

4.2 ko= 2 is impossible

Suppose that ¢ = Aud + Bujug + Cui with dy(¢2) = 0 and [A, B, C] # [0,0,0]. This can be
detailed as
do(A) — 4ZUOA + QZUQB =

Then do(B? — 4AC) = 0 and B% — 4AC = (uy (3u? + u2))" up to a nonzero constant.

Thus 3 = 2m — 4 = 2(m — 2) and 3 divides m — 2 : m = 3u + 2.

It is now convenient to write A = D +iFE and C' = D —iFE. The polynomials B, D, E would then
satisfy the following system

o o o

do(D) + 4up E = 0
do(E) —4UOD+2U23 =0
do(B) + 8uzs E = 0.

Using the notations of subsection 4.1, the following proposition then gives the conclusion.
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Proposition 1 Let D, E, B be homogeneous polynomials from Q[z,y| of the same degree 3y,
where > 1. Assume that

d(D) + 4zE =0
(1) d(B) + 8yE _
d(E) —4xzD 4 2yB =

Then D =FE =B =0.

Suppose that there is a nonzero polynomial among D, E, B. Then it is easy to see that all of
them are nonzero.

Lemma 2 If the polynomials D, E, B are as above, then all of them are divisible by y*.

Proof. Let n be the maximal degree in x for B, D, E together. Let then [d,, e,,b,] # [0,0,0] be
the vector of the corresponding coefficients. We have

n—23u—n) 4 0 dy, 0
—4 n—2(3u—n) 0 en | = | 0
0 0 n—23u—n) by, 0

The determinant of the matrix has to be 0, which is only possible if n = 2.
Thus the minimal degree in y for all monomials of D, E, B is 3u — 2 = p. U

Lemma 3 If the polynomials D, E, B are as above, then all of them are divisible by U*.
Proof. Let p > 0 be such integer that
D =U"Dy, EF=U"Ey, B=U"DB,,

where Dy, Ey, By € Q[z,y] and among Dy, Ey, By there exists a polynomial which is not divisible
by U. The polynomials Dy, Ey, By are homogeneous of the same degree 3u — 2p. We will show
that p = p.

Put the above to (1) and remove the factor UP. Then we have the following three equalities.

d(Do) + QPZEDO + 413E0 = 0

(2) d(B()) + QPZEBO + 8yE0 =

Multiplying the above equalities by —% we obtain:

J(Do) — pilj’DO — 2.I'E0 =0
(Bo) - pZEBO - 4yE0 =
CZ(E()) — pZL’E() + 2ZL’D0 — yBO = 0.

.

(3)

Now, using the homomorphism ¢ and Lemma 1, we have the following equalities in the ring A.

(5(D0) - p(L’DO - 2ZL’EO = 0
(4) 6(By) — prBy — 4y E, =0
§(Ey) —prEy+ 22Dy —yBy = 0,
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where DO = qb(Do), EO = ¢(E0), BO = ¢(Bo)
Recall that all the polynomials Dy, Ey, By are homogeneous of the same degree 3 — 2p. More-
over, at least one of them is not divisible by U. Put

s =3u — 2p.
Then we have
Dy = az* 'y + apx’,
(5) By = bix* 'y + b,
Ey = ca* 'y + coa?,

where ag, by, o, a1,b1,c1 € Q. Observe that
8(Do) — pxDo = 3(pn — p)arzy + 3(p — p)aga™"*
Let us check:
(Do) —prDy = O(aix®” y+a0x ) — pr(a1x* Ly + agx®)
= (s —1Dayz*2yz?® + a; ZES Loy + sagr—ta® — pa1x®y — pagrs™t
= (s—14+1-plaz*y + (s — p)agrs™*
= (s—plaxr®y + (s — p)agzs™!
= 3(u—p)arxy + 3(pu — p)agz*™?
We have also similar two equalities for By and Ey. Putting this to (4) we obtain the following
three equalities in the ring A.
~ya 23y + yagr® Tt — 2¢128y — 2c025 T =0
vYo 2%y + ybox* Tt — degxty + 1201;5
ye xty + 'ycoxS“ + 2a12%y + 2apx° T — boxSy + bttt = 0,

I
o

where v = 3(u — p).
Comparing the coefficients we get:

(la) yay — 2¢; =0
(2a) Yag — 2¢o =0
(3a) ~vby — 4o =0
(4a) vbo + 12¢4 =0
(5a) yer+2a—by = 0
(6@) YCo + 2@0 + 3b1 = 0.

Now suppose that 7 # 0. Then, from (2a) and (3a), ag = %co and by = %co. So, by (6a),
~veo + %CO + 17200 =0, s0 (72 4+ 16)cy = 0 and so, ¢y = 0. Hence ag = b; = ¢y = 0. Moreover, using
(la), (4a) and (5a), we have a; = by = ¢; = 0. Hence, if v # 0, then ¢(Dy) = ¢(Ep) = ¢(By) =0
and this means that all the polynomials Dy, Fy, By are divisible by U. But it is a contradiction.
Therefore, v = 0, that is, 3(u —p) =0, so p = pu. O
Now we are ready to complete the proof of Proposition 1.
Proof of Proposition 1. Suppose that [D, E, B] # [0,0,0]. Then all of the polynomials D, E, B
are homogeneous of the same degree 3 and, by Lemmas 2 and 3, they are of the form

D =aV*' B=0bVt E=cV¥

where V = Uy = (322 + y?)y. But d(V) = 0, so the equalities (1) imply that: 4zF = 0 so E = 0;
2eD = yB so B =0 (because if B # 0, then x 1 B), and so D = 0.
Hence, D = FF = B = 0, a contradiction [l.



4.3 ko =0 is impossible

If ko = 0 then ¢y = (ug (3u2 + u2))" up to a nonzero multiplicative constant.

The second term ¢ = Aud + Bujuz + Cui satisfies do(¢ha) = —da(dp).

A, B, C are homogeneous polynomials is uy and us of the same degree 3u — 2.

Writing again A = D+iF and C' = D —1F, we receive the sought contradiction from the following
proposition.

Proposition 2 Let D, E, B be homogeneous polynomials from Q[z,y| of the same degree 3u — 2,
where @ = 1. The following system has no solution.

d(D) + 4z FE = =3uVri(z? +9?)
(6) d(B)+8yE 12uVEt(zy)
d(E) —4zD + 2yB = 0.

Lemma 4 If the polynomials D, E, B are as above, then all of them are divisible by y**.
Proof. The proof is the same as the proof of Lemma 2. [J

Lemma 5 If the polynomials D, E, B are as above, then all of them are divisible by U*~L, where
U = 32% + 9%

Proof. The proof is the same as the proof of Lemma 3. [J

Now we are ready to complete the proof of Proposition 2.

Proof of Proposition 2. Since D, E, B are homogeneous of the same degree 3 — 2, Lemmas 4
and 5 imply that they are of the following form:

D = (dyx + doy)V* ', E = (e12 + eqy)VF ', B = (byw + boy)VF

where dy, ds, by, be, €1,62 € Q. Put this to (6). Recall that d(V) = 0. We can remove the factor
V#=1 Then we have:

di2? + dyy? — 2dozy + dey2? + deyay = —3ux® — 3uy?
bix? + byy? — 2byzy + Seyxy + Seqy? = 12uxy
e1x? + e1y? — 2esxy — 4dia? — 4doxy + 2012y + 2092 = 0.

Comparing the coefficients we obtain, the following equalities (among others):
d1+461+3,u:0, d1+3,LL:0, €1 —4d1 :0,

Hence, e; = 0,d; = 0 and so, i = 0, a contradiction [.
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