
A,B,C,A′, B′, C ′

K

• V = [A,B,C] W = [A′, B′, C ′]
A B C A′ B′ C ′

• AA′ + BB′ + CC ′ = 0
a + a′ = b + b′ = c + c′ = r
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A = K[x0, . . . , xn] I A

I

♯Z(I)

n (K[x0, . . . , xk]/I)n

dn K

(dn)

♯Z(I)



V W
(V ) = (A,B,C) (W ) = (A′, B′, C ′)

P2(K)

A = Aβγ, B = Bαγ, C = Cαβ,

α B C β A C γ A B

♯Z(βA,αB) < ∞, ♯Z(γ, C) < ∞.

♯Z(A,B,C) ≤ ♯Z(βA,αB,C) + ♯Z(γ, C),

♯Z(A,B,C) ≤ ♯Z(βA,αB) + ♯Z(γ, C) < ∞.
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0
0

−→ R(V )
i

−→ A3 .V
−→ A

s
−→ A/(V )

0
−→ 0.

R(V )
(A,B,C) V .V

V

n
(A/(V ))n n

dim((A/(V ))n) = dim((A)n) − dim((A3)n−a,n−b,n−c)
+ dim((R(V ))n−a,n−b,n−c).

A

δ(k) = dim((A)k) =
(k + 1)(k + 2)

2
.



V W
R(V )

W = [A′, B′, C ′] ∧W A3 A3

∧W ([r1, r2, r3]) = [B′r3 − C ′r2, C
′r1 − A′r3, A

′r2 − B′r1].

[r1, r2, r3] ∈ R(V ) ∧W ([r1, r2, r3]) V
V V N

[r1, r2, r3] ∈ R(V ) N
φ R(V ) A

J A

0
0

−→ A
W
−→ R(V )

φ
−→ J

0
−→ 0.

W P → PW

J



J

J

(W ) ⊂ J ⊂ (W ) : (V ).

φ

N ∈ J NV (W )
N (V ) (W )

A′, B′, C ′ ∈ J

[0, C,−B] [A,B,C]

∧W ([0, C,−B]) = [−B ′B − C ′C,A′B,A′C] = A′[A,B,C],

A′ ∈ J B′ C ′

J

Z(A,B,C,A′, B′, C ′) = ∅ (W ) (W ) : (V )
J



I1 : (I2 + I3) = (I1 : I2) ∩ (I1 : I3),

I1 = (W ), I2 = (W ), I3 = (V )

(W ) : ((W ) + (V )) = ((W ) : (W )) ∩ ((W ) : (V )),

(W ) : ((W ) + (V )) = A ∩ ((W ) : (V )) = (W ) : (V ).

(W ) + (V ) = (A,B,C,A′, B′, C ′)

A K I
J

I I : J

(W ) (W ) + (V )
(W ) (W ) : (V ) J



A K I
J

I I : J

• n0

n n + 1 A/I

• n1 n
J

(I : J)n =
⋂

k(In+k : Jk) ⊂
⋂

k≥n1
(In+k : Ak) = (In+n1

: An1
)

P n
n1 I

P d I

n

Q
PQ /∈ I xiPQ ∈ I xi

n ≥ n0 PQ



J (W )

dim((A/(V ))n) = dim((A)n) − dim((A3)n−a,n−b,n−c)
+ dim((R(V ))n−a,n−b,n−c)

dim((R(V ))n−a,n−b,n−c) = dim(Jn+r−a−b−c) + dim(An−r),
dim(Jn+r−a−b−c) = dim((W )n+r−a−b−c)

= dim(An+r−a−b−c) − dim(A/(W )n+r−a−b−c).

n

♯Z(V ) + ♯Z(W ) = δ(n) − δ(n − a) − δ(n − b) − δ(n − c)
+ δ(n − r) + δ(n + r − a − b − c),

n

♯Z(V ) + ♯Z(W ) = r2 − r(a + b + c) + ab + bc + ca.

♯Z(V ) + ♯Z(W ) =
abc + a′b′c′

r



m

Vx∂xf + Vy∂yf + Vz∂zf = Λf

Wx∂xf + Wy∂yf + Wz∂zf = 0.

W = V − (Λ/m)E E = x∂x + y∂y + z∂z

♯Z(fx, fy, fz)
♯Z(Wx,Wy,Wz)

(W )
f
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K

• V = [A,B,C] W = [A′, B′, C ′]
A B C A′ B′ C ′

• AA′ + BB′ + CC ′ = 0
a + a′ = b + b′ = c + c′ = r

• (A,B,C,A′, B′, C ′) P2(K)

• (A,B,C) ⊆ (A′, B′, C ′)

♯Z(V ) =
abc + a′b′c′

r
.

J = A

dim(Jn+r−a−b−c) = dim(An+r−a−b−c).



V

V = Vv∂x + VY ∂y + Vz∂z, Vx, Vy, Vy ∈ Km[x, y, z].

V

ω = (zVy − yVz)dx + (xVz − zVx)dy + (yVx − xVy)dz.

V ω

ω

• E ω Z(E) = ∅

• V ω (ω) ⊆ (V )

♯Z(ω)

• ♯Z(ω) + 0 = ((m + 1)3 + 13)/(m + 2) = m2 + m + 1

• ♯Z(ω) = ((m + 1)3 + m3)/(2m + 1) = m2 + m + 1


