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Abstract. In this paper, we propose a new and shorter proof  of the following 
fact: in a spin-flip process on ( - 1 , +  1} s, where S is a countable set, the free 
energy is non-increasing. 

Free energy is a well defined functional only for invariant measures under a 
convenient group of bijections of S. We formalize this with the notion of  B- 
ameanability of S. This flame contains the usual example of Z a under 
translations but also many nice lattices that are not groups under groups of 
isometrics. 

For  invariant measures, except Gibbs ones, the free energy is strictly 
decreasing. Among invariant measures, the only stationary measures for the 
spin-flip process are therefore Gibbs measures. From this result we also deduce 
an ergodic theorem. 

The first result on this subject was obtained by Holley [1] for a finite range 
potential on { - 1 ,  + 1} z~ and some extension by Higuchi, Shiga [2]. 

Let S be a countable set, X =  { - 1 ,  + 1} s. If x belongs to S, a x is the coordinate 
function at x, % is the homeomorphism of  the compact group X defined by : for 
II EX, ay% (t/)= ay(t/) if y 4= x and axz~ (0)= -a~(q). G is the group generated by the 
(%,, x~S) (finite modifications). 

For A finite in S and A in A, the cylinder (A, A) is the subset of  X:  

{tl/ax(tl)=-i if x~A and a ~ ( ~ ) = + l  if x ~ A - A } .  

If  x~A, (A~, A) is the cylinder (AA {x}, A). 
Let B be a group of  bijections of S and in a natural way a group of 

homeomorphisms of  X. In the following, we shall assume the fundamental 
hypothesis on the action of B: 

B is transitive on S. 
There is a sequence A, of  finite parts of S with the property : 

Vxo~S, VF finite cS, lira [x~A,, 3b~B, b(xo)=X, bF CA,[/IA,[= I . 
n---~ oo 

We say that S is B-amenable and that A, is a B-ameaning sequence. 
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Examples. S = Z a, B = Z d. In this case a B-ameaning sequence is exactly a sequence 
A, that tends to infinity in the sense of Van Hove. 

Let S be a lattice (of crystal type) in R". 
We then consider the group B of its isometrics. B acts transitively on S. B is 

amenable as a finite extension of the abetian subgroup of translations of S. 

in  R 2 : 

Fig. 1 

in R 3 : tetraedric lattice, ... 

Let f ~  C(X); we note ]~(A), A finite C S, the Fourier coefficient re(A) = S f"  C~Adh 
where h is the Haar measure of the compact group X and ~A is the character: ~A 

---~ H G x .  
xEA 

The continuous function f is the uniform limit of the partial sums ~ f(A)G A 
ACA 

when A tends to S (see for instance [4J Proposition II.1.). 
If (V x, xe S) is a family of continuous functions which generates a G-cocycle on 

X, i.e. verifies the compatibility conditions: 

Vx~S, Vx+Vxo~x=O, 

Vx, yeS, r;~+ V~o~ = v, + v s , ,  

then exist numbers J(A) such that: V~(A)= -2J(A)  if x e A  and ~'~(A)=0 if xCA. 

The energy function U A of the finite part A is defined by: Ua= ~ J(B)~r B. 
B c A  

The invariance of the potential under the action of B is given by the following 
coherence property: VbeB, VxeS, Vb(x)= V ob- 1. 

Consider the operator f2 defined on the space of functions depending on only 

finitely many coordinates by: f2f= ~ cx ( fozx - f )  where Vx generates a B-invariant 
xES 

G-cocycle and cx=dxe-~/z'vx; d~6C(X) are strictly positive and d~=d~o~, 
db(~)=d2b-~, VxeS, VbeB; fl is the inverse temperature. 

We suppose that the closure of the operator g2 is the infinitesimal generator o f a 
positive contractions semi-group S(t) on C(X) with domain D(g2). 

For a probability/~ on X, we use p~ to denote S(t)la; #~ is a weakly continuous 
function of t e n  + . 

Technical Lemma. Let (fx, x s  S) be a B-coherent family of  continuous functions on X 
i.e.: VbeB, VxeS, fb(~)=f~ob -1 

I f  S is B-amenable and (A,) is a B-ameanin 9 sequence then: 

limlA,I - t "  Z [ sup( sup  f~-  inf f~)] =0 .  
n--~ oo xeAn [Ac An\[A,An] [A,A,] ]j 
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Proof Let x o be a fixed element in S; J~o is uniformly continuous on X, i.e. : Ve > 0, 
3F(e) finite with: 

VF finite 3F(e), s u p / s u p £  o -  inf f~o] <e .  
ACF\[A,F] [A,F] ] 

Since the sequence (A.) is B-ameaning: 

Ve' > 0, 3no, n > no~tX• A,, 3be B, b(xo) = x, bF(e) C A,I/IA,I > 1 - e'. 

For such x, since fx=fxoob -1 and A, DbF(e) then: 

sup ( sup f ~ -  inf f~l<e. 
AC An \[A,A.] [A,An] ] 

Hence: 

n>=no--{A.1-1 ~ [ s u p ( s u p  J ; -  inf f , , ) ] < e + d M  
x~An L ac An \ [A,an] [A,An] 

with M = sup f~o - in f f ,  o. Q.E.D. 

Let A finite C S. We denote the en t ropy-  ~/~[A, A)Log/~[A, A] by H(A, #) 
A c A  

and let F(A, #) = [A] -1 [#(Ua )_  fl-1 H(A, #)]. 
Let A, be a given B-ameaning sequence; the free energy of / t  is the number 

F(#) = lim supF(A,, #). 
n~oo 

Theorem 1. I f  #t = S(t)#o, F(&) is non increasing. 

Proof The proof uses the following lemmas : 

Lemma 1. Let # a probability on X and A finite C S. 
I f  VA C A, #[A, A] 4:0 then F(A, S(a)#) is derivable at O. 
I f  not lira sup a-  1 [F(A, S(a)#) - F(A, #)] = - o0. 

a ~ O  

Proof of Lemma I. The energy part #(UA) is always derivable with derivative #(f2 UA) 
since U, • D(f2). 

For the entropy part 

lim sup a-  x i _  H(A, #a) + H(A, #)] = ~, (Log#[A, A] - 1)'#(Y21[A,A1) 
a ~ O  

+l imsupa  - l  
A c A  

#[A,A] = O 

A c A  
#[A,A] # 0 

i f  for every A £ A with #[A, A] = 0 and for every x in A, #[A x, A] = 0, # equals zero. 
d 

Therefore there exists AoEA with #[Ao, A ] = 0  and ~#t[Ao,  A] >0  for t=0 .  

There exists e strictly positive such that Vte]0,e[, #t[Ao, A ] > 0  and a-* 
.#a[Ao, A] Logy,[Ao, A]=[Log#oa[Ao, A]+ l].#o~(~?l[ao,a]) with 0 < 0 < 1 .  

d 
#0~((21[ao,,q) tends to )-~/h[Ao, A] for t = 0  and Log#o,[Ao, A] tends to - oo. 

#a[A, A] Log#a[A, A] 
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lim sup ~ _<_ ~ lim sup, every lim sup is non positive and there is at 
AcA AcA 

It[A,A] = 0 #[A,A] : 0 
least one which is infinite. This achieves the proof of the Lemma t, 

Notation. For a B-coherent family (f~, xe S) of C(X) we denote by iffll the common 
uniform norm of all fx. 

Lemma 2. We denote by G(A, ]2) the right derivative at 0 ofF(A, S( t) #) even if it is - oo. 
For every probability p and every A finite in S, there is an uniform upper bound for 
~(A, ]2) 

G(A,]2)NK=2iT VfT-[Icfl +2f1-1 [Ictl" [fdr[" d " 

Proof of Lemma 2. If  G(A, ]2) = - oo it's clear. 
If not, ]2[A, A] > 0 for every cylinder [A, A] and 

G(A, ]2) = IAI- 1 ]2(QUA ) + IAI-1B-1 ~ (LogpfZ, A] - 1)]2(I21[A,AI) 
AC A 

= [Al- l l4f2U a) + lai- l f1-1 ~ Log#[ A,A]]2(QI[A,AI). 
AcA 

Let us calculate the energy part 

IA1-1 ]2(QUA)= [AI-l x~ A ]2(CX(A~A J(A) (ff a°'rx--aA)) ) 

=]A]-I ~x~A ]2(cxA~CA--2J(A)aA)=lAl-lfl-i~]2(CxflVxa)'xeA 

After obvious calculations on the entropy part 

xeA AC A c t " [~- A Lo ]2[A~, A] a ( A ,  J l )= l~ - l [a[ -1  E 2 ]2tCx [A,A])[I~I/x "~ g ~ ) "  

- ~ ]2(cxl[a A]) . ]2(CxI[A AI) On the cylinder [A,A], flV a and--Log . . . . . .  + L O g - -  ........ are two 
]2(dxl[A,Al) #(dxttA~,a~) 

constants between the bounds of fiV~ on this cylinder and therefore their difference 
is uniformly bounded by 2/~tl vii. 

• [-- ]2(Cxl[A~ a]) 
G(A,#)=fl-qA[ -~ ~ ~, #(cxltAAj)ILog 

xeA AcA ' \ ]2{~CxI[A,A] 

+ Log -77~, ; ~  + + T l(A, ]2) 
]2l'axI[A~,A]) og ~ ) 

where the corrective term T i(A, #) is bounded above by 2 II VII" II c It. Since d~ satisfies 
d~ o r~ = d~ 

L ]2(dxl[A,A]) ~ #(dxl[A~,Al) 
og #[A'A] --Log 

=< 1 #(d:ct[a,A]);~,.~_ ]2(dxltax'a])<]2[A~,A] = d "2 "'ill'. 
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Thus 

xEA A c A  1 "- Lo # ( C x l i A x  A]) G(A,p)=½fi-~IA] -~ ~ ~ [#(Cxl[A,A])--#(Cx [Ax, A])J g #(Cxl[A~A] i - 

+ TI(A, #) + T2(A, p). 

T2(A,#) is bounded above by 2fi -1.  ttc{l" 11dll" d ' 

All the terms in the first sum have the form ( a -  b) Logb/a, a, b > 0 and therefore 
are non positive. 

Lemma 3. The upper bound K for the right derivative G(A, #) is also an upper bound 
for t- I(F(A, S(t )#)-  F(A, #)), t > O. 

The proof is straightforwards. 

Proof of Theorem 1. 

V(#t)- F(#o) = lira sup F(A,, # t ) -  lim sup F(A,, #o) 

< lim sup[-F(A,, #t) - F(A,, #0)] 

and by continuity 
t + a  a 

F(A,, #3 - F(A,, #o) = lim a- 1. ~ F(A,, #,)du - ~ F(A,, #,)du 
a-~ 0 t 0 

= lira S a - 1  [F(A., #. + ~)-  F(A., #~)] du. 
a-~O 0 

Because of the upper bound K (Lemma 3), Fatou's lemma may be applied 

F( A., # t ) -  F(An, Po) < i G(A., #u)du. 
0 

Applying Fatou's lemma one more time 
t t 

F(ktt)- F(#o) < lim sup S G(A., #.)du < ~ lim sup G(A., #.)du. 
0 O 

By applying the technical lemma to the B-coherent families (fl V~, x ~ S) and (d~, x E S), 
the corrective terms TI(A.,#.) and T2(A.,#. ) are shown to tend to zero for an 
ameaning sequence A.. 
Thus 

t 

F(#t)- V(#o) < ~ M(#.)du < 0 with M(#) = lim sup Go(A., #) 
0 

and 
t2(cx l[a:~ A]) ao(A,#)=½fi -IIA] -1 ~ ~ [#(CxI[A,A])--#(Cxl[Ax, A]]Log . . . . . . . . . . . . .  . 

x~A  Ac  A IA(cx l[A,A])  

B-invariant Measures 

£2 is such that the semi-group S(t) preserves B-invariant measures. 

Proposition 1. Let # be a B-invariant probability on X with #[ A, A] > O, V A C A finite. 
I f  # is not G-quasi-invariant with derivative exp(-flVx) (Gibbs measure for given 
energy and temperature) then M(#) < O. 
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Proof If/~ is not Zxo-quasi-invariant with derivative exp(-flVxo), there exists a 
cylinder (A, F) with: 

[].t(CxoI[A,FI)--kt(Cxo l[A~o,F])] Log It(cx°ltax'Fl) -- a < 0 .  
f,l(CxoIiA,l q) 

The function of two variables (x, y)~R *+2, ( x - y ) L o g y / x  is concave. 
Thus 

2 [#(CxoltA,A])--#(Cxol[A~o,A])] Log ~(Cx°l[Ax'A]) 
AC a #(Cxo 1 [A,A]) 

decreases when A increases. 
Using Cb~x)= c~ob-1, with the B-ameaning sequence A. : 

Ve>O, 3no, n~no~tAnt -1 ~ =<]A.1-1 ~ ~ - ( 1 - ~ ) a  
xeA,~ xzA~ 

where 

A', = {xe AJ3b,  b(xo) = x, bF C A,} . 

So M(~)__< - a < 0 .  

Theorem 2. Let I~ be a B-invariant probability on X. 
I f  # is not a Gibbs measure, there exist strictly positive constants a, T and a 

neighbourhood U of # such that: 

Vv~ U, Vte]O, T[, F(vt ) -F(v)< - a t .  

Proof Since # is not a Gibbs measure, there exist xosS  and [A, F] with 

#(C~o l[a,vl) 4:/~(c~ o ltAxo,r]). 

The set V of all probabilities v that satisfy 

I v(c~ol[A,e])-- V(Cxol[A~o,V])t> 1/2-f/~(cxolta,vl)--#(cxol[a~o,F])l =al 

and 

sup (v(Cxo 1 tA, v]), V(Cxo 1 [A x o ,  V ])) ~> 1/2. sup (#(Cxo 1 tA, el),/~ (Cxo 1 [A .o, el)) = a2 

is a neighbourhood ofp .  
If v in V is diffuse then: 

[V(C~oltA,,rq)-- V(C~olta~o,F]) ] Log v(c~°lta~ ,r]) < a~ - a .  ( 1 )  
V(Cxo ltA,F 1) = a2 

Since the application (v, t)~S(t)v is continuous there exist a neighbourhood U o fg  
and T > 0  such that Vve U, Vte[0, T[, S(t)v~ V. Given a measure v in U, and t in 
[0, T[, for almost every u in [0, t[, v, is diffuse, B-invariant and verifies (1). 

The proof of Proposition 1 then shows that: F ( v t ) - F ( v ) < -  at. 

Corollary. Amon 9 B-invariant probabilities the only stationary ones are Gibbs 
probabilities. 

Another consequence of  Theorem 2 is the following ergodic theorem: 

Theorem 3. Let # be a B-invariant probability. 
Let t, an increasing sequence of real numbers tending to infinity such that #t, admit 

the weak limit v. Then v is Gibbs. 
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Proof. I fv  is n o t  G ibbs ,  f rom T h e o r e m  2 there  exists a c o n v e n i e n t  s u b s e q u e n c e  of#t~, 
cal led also &,,, ve r i fy ing :  F(#t~ ÷ 1)-  F(#t,) <= - aT. 

In  this  case F(#t, ) w o u l d  t e n d  to i n f i n i t y :  there  is a c o n t r a d i c t i o n  wi th  the  fact 
t ha t  F is a b o u n d e d  func t ion .  

Remark (cf. [4]). The  use o f  Kieffer ' s  technics  [3]  shows  tha t  for B - i n v a r i a n t  
p robab i l i t i e s  ]A,I- ~ H(A, ,#)  has  a l imit ,  i n d e p e n d e n t  o f  the  chosen  a m e a n i n g  
sequence  A n. O n  the  o the r  h a n d  it is poss ib le  to  p rove  the exis tence o f  a l imi t  for 
iAn]- 1/~(UA,,) ' i n d e p e n d a n t  o f  A n. 
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