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IBBA applied to a problem with constraints

Each iteration:

@ Choice and Subdivision of the box X (into 2 boxes),
= L list of possible solutions

@ Reduction of sub-boxes,
— Constraint propagations, relaxation technics, ...

@ Computation of lower bounds
— Interval Arithmetic, Affine Arithmetic, Taylor, ...

@ Elimination of boxes that cannot contain the global optimum
— Every elts do not satisfy constraints, lower bound >f(x),..
Else: Store in L
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Interval Arithmetic: R.E. Moore (1966)

Every real number is represented by an interval of two floating
point numbers which encloses it.
= take care about numerical errors during calculations

X

f =33.75y% + x?(11x%y% — y® — 121y* — 2) + 5.5y% + 5
y

For x = 77617 and y = 33096, with FORTRAN double precision,

we obtain : f = 1.1726039400531...
54767

— = —0.82
66192 0.8273960599

But the real value is : f=—
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A
[a,b] + [c,d] =[a+ ¢, b+ d]
[a,b] — [c,d] =[a—d,b—c]
[a,b] X [c,d] = [min{a x c,ax d,bxc,bxd},
max{a X c,ax d,b x c,b x d}]

(2, b] = [c, d] = [a, ] [3,%1 si0 ¢ [c,d]




Interval Arithmetic

[a,b] + [c,d] =[a+ ¢, b+ d]
[a,b] — [c,d] =[a—d,b—c]

[a,b] X [c,d] = [min{a x c,ax d,bxc,bxd},
max{a X c,ax d,b x c,b x d}]

(2, b] = [c, d] = [a, ] [3,%] si0 ¢ [c,d]

o Example :
[1;2] + [3: 4]
[4;6] — [3; 4]
[1;2] x [3;4]
[3;8] =+ [3; 4]
[—1;1] x ([1;2] + [3; 4])
[—1;1] x [1;2] + [-1;1] x [3; 4]

[4; 6]

[0; 3]

[3; 8]
[3/4;8/3]
[—6; 4]
[-6; 6]
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Natural Extension

The natural extension into intervals of an expression of a function
provides lower and upper bounds of this function over a box.

Vx € [1;2] x [3;4], f(x) = X3 + x5 — x1%0
[1;2]% 4 [3;4]% — [1;2] x [3;4] = [2;17]

With Interval Arithmetics, Vx € [1;2] x [3;4] , f(x) € [2;17]
Exact Bounds, Vx € [1;2] x [3;4] , f(x) € [6.75; 13]
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Propagation Techniques

c(x) € [a, b] is a contraint = implicit (or explicit) relations
between the variables of the problem.
Idea: use some deduction steps for reducing the box X.
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[a,b]— Z a,-X,-

i=1,ik
ak

X = N Xy, si ax # 0. (1)

where k is in {1,--- ,n} and X; is the i*" component of X.
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Linear case: if ¢(x) = Z ajx; = [a, b] then:

i=1
n
[a, b] — Z a,-X,-
X = ia:Li#k N Xy, si ax # 0. (1)
k
where k is in {1,---,n} and X is the it component of X.

Non-linear case:

Idea (E. Hansen): one linearizes using T; (or T3). Then one
solves a linear system with interval coefficients.

Other Idea: construction of the calculus tree and propagation.
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Let c(x) = 2x3x2 + x1 and
c(x)=3
where x; € [1,3] for all i € {1,2,3}.
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Let c(x) = 2x3x2 + x1 and

c(x)=3
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Constraints Propagation Techniques Example

Example of Propagation Technique based on the Calculus
Tree

Let c(x) = 2x3x2 + x1 and

c(x)=3
where x; € [1,3] for all i € {1,2,3}.
+[321] .3
C218 0 x A3 * 3;[[0%123]] X, 3{2.18) =[-161]
[11]
* [2,6] X,=[13] * {%%[02} X, g:g 03
[11]
2 X, =[13] 2 X3 [0—’22]:[01]
[11]

12 / 27
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Affine Arithmetic: MVA Andrade, J Comba, J Stolfi (1994)

All real numbers are represented by an affine form X

n
X=xy+ E Xi€j

i=1
with Vi € [1; n], x; € R and €¢; = [-1;1]

@ Example : with n=1

1/3 — 0.333+0.001 % [—1;1]
log(2) — 0.693 4 0.001 x[—1;1]
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Example

Affine Operator

n
X :i:j} = (X() :i:yo) =4F Z(Xi iy,-)e,-
=1

=
n
atx= (a:l:xo)—i—Zx,-e,-
i=1

n
axXx=axy+ E ax;€;
i=1

@ Example : A=1;3] and B = [-2;0]

A — 2+ €1
B — —1+e
A+B = l+ea+e

15 / 27
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Non-Affine Operator

n n
xxy =(x+ inei) X (yo + Zyiei)
=il =il

n n n
= Xoyo + Z(XO)’/' + Xiyo)ei + (Z | xi | x Z | yi |> €n+1
i=1 i=1 i=1

'

F(X) = ¢+ ak + bengr

n
with o, 6, € R and X = x —|—Zx,-e,-
i=1

A\
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xample

Non-Affine Operator

XXy

n n
(0 + Y xier) x (vo+ ) yiei)
i=1 i=1
n n n
= Xoyo + Z(XO)’/' + Xiyo)ei + (Z | xi | x Z | yi |> €n+1
i=1 i=1

i=1

o

F(X) = ¢+ ak + bengr

n
with o, 6, € R and X = x —|—Zx;e,-
i=1

— All non-affine operations add a new variable
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Natural Extension

Vx € [1;2] x [3;4], f(x) = X3 + x5 — x1%0

3 1
X1€[1;2]—>§—|—§€1
7 1
X2€[3,4]—>§+§€2
T RIS S VS VS B
)= ——-= — - - -
4 4T R YS T ATy

In Interval Arithmetic, f(x) € [2;17]
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Natural Extension

Vx € [1;2] x [3;4], f(x) = X3 + x5 — x1%0

3 1
X1€[1;2]—>§—|—§€1

7 1
X2€[3.]—>2+262
f(x) S +11 +1 +1 +1
X)) = — — — —_— — — —
4 T T s T T s

In Interval Arithmetic, f(x) € [2;17]

In Affine Arithmetic, f(x) € [5.5; 13]
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Natural Extension

Vx € [1;2] x [3;4], f(x) = X3 + x5 — x1%0

3 1
X1 € [1;2] — §+§€1
7 1
Xy € [3,4] — 5 +§€2
? 37 1 11 1 1 1

(X) = 2 ¢ +762+163+ ZE4+ 265

In Interval Arithmetic, f(x) € [2;17]

In Affine Arithmetic, f(x) € [5.5; 13]

Inreal, f(x) € [6.75;13]
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New Affine Forms : F. Messine (2002)

Difficulties with AF

@ Non-affine operators = add a new variable

@ not take care about positive and negative errors
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New Affine Forms : F. Messine (2002)

Difficulties with AF
@ Non-affine operators = add a new variable

@ not take care about positive and negative errors

Extensions

n
o AFl: X=xo + Zx,-e,- + e€py1 with n fixed
i=1
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New Affine Forms : F. Messine (2002)

Difficulties with AF
@ Non-affine operators = add a new variable

@ not take care about positive and negative errors

Extensions

n
o AFl: X=xo + Zx,-e,- + e€py1 with n fixed
i=1

n
o AF2 : x=xp + Zx,-e,- + €€nt1 + €r€nto + €_€nt3
i=1
with €,41 = [-1;1] , €py2 = [0;1] and €543 = [—1;0]
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0

3 1
x1€[L2]— =4z

2 2

7 1

X2€[3,4]—>§+§€2
~ 3r 1 11 3
(X)————61+—62+—63
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0

3 1
x1€[L2]— =4z

272

7 1

X2€[3,]—>2+262
') 37 1,13 ') 7 1,111
X)—=— — —€ —€ —€ X) = —— —€ —€ —€ —€
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0

3 1
x1€[L2]— =4z

272

7 1

X2€[3,]—>2+262
') 37 1,13 ') 7 1,111
X)—=— — —€ —€ —€ X) = —— —€ —€ —€ —€
4 41T gt 4 4T Rt Tt

With AF1, (x) € [5.5; 13]
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0
3 1
X1 € [1,2] — 5"‘561

7 1
Xy € [3,4]—>§+§€2

TS PRELANE SUNE - SUOE ST VSO | S SRS S SO SO
T TR T T T g T e e o
With AF1, f(x) € [5.5;13] With AF2, f(x) € [6; 13]
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Natural Extension

Vx € [1;2] x [3;4], f(x) = xZ + x5 — x1%0
3 1
X1 € [1,2] — 5"‘561

7 1
Xy € [3,4]—>§+§€2

TS PRELANE SUNE - SUOE ST VSO | S SRS S SO SO
T TR T T T g T e e o
With AF1, f(x) € [5.5;13] With AF2, f(x) € [6; 13]

In real, f(x) € [6.75;13]
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Visualization using a tree

f(x1,x2) = x1 % xo + exp(x1 + x2) , x1 = [-3,—1] and x2 = [3, 5]
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Visualization using a tree
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o c
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Visualization using a tree

f(x1,x2) = x1 % xo + exp(x1 + x2) , x1 = [-3,—1] and x2 = [3, 5]

o c
oRcING

—24¢ 44 € \

OO

—24€ 44 e
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Visualization using a tree

f(x1,x2) = x1 % xo + exp(x1 + x2) , x1 = [-3,—1] and x2 = [3, 5]

84 dey — 2ep + e@ @ 278 + €1 + €n + 24.8¢3

N
CIRCINOIRE

—24¢ 44 € \

ONC

—24€ 44 e
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Visualization using a tree

f(x1,x2) = x1 % xo + exp(x1 + x2) , x1 = [-3,—1] and x2 = [3, 5]

19.80 + 5e1 — €2 + 25.8€3

—8 4 4ey — 2ep + e@ @ 27.8 + €1 + €n + 24.8¢3

N
CIRCIENOIRE

—24¢ 44 € \

OO

—24€ 44 e
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Graphical view

error of affine form

Affine Arithmetic
Graphical Views
Reformulation Method
Example

Interval under study

affineform

f(x)

lower bound
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Notation

Vx e X CR" f(x) — Le(T(x)) € Ef

where X is the domain under study,
T is the affine transformation of X to [—1;1]",
L¢ is a linear function of[—1;1]" to R",
Er = [Ef; Ef] is the interval corresponding to
the error generated.

22 / 27
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Notation

Vx e X CR" f(x) — Le(T(x)) € Ef

where X is the domain under study,
T is the affine transformation of X to [—1;1]",
L¢ is a linear function of[—1;1]" to R",
Er = [Ef; Ef] is the interval corresponding to
the error generated.

With AF1, Ls(e Zx,e, and Ef = xp + Xp11€n11
i= 1

With AF2, L¢(e Zx,e, and Ef =xp+ e€pi1+ er€niot € €n13

i=1
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Reformulation

xrgép” f(X)
s. t
gi(x) <0,Vie{l,...ng}
h_I(X) =0, VJ € {1) o0cg nh}
[ L
EG[T!lr;ll]" f(ﬁ)

s. t.
Le(e) <—E, , Vie{l,.,ng}
Lyj(€) < —Ep, .+ Vi€ {L,.inp}
—Lpj(e) <Ep, . VjE€{L,...,m}
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Example

min X3 + (X1 + Xxo + X3)X1X4
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]

X1 X2X3X4 Z 25
2 2 2 2 _
X{ + x5 + x5 + x5 =40
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Example

min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]

X1 X2X3X4 Z 25
2 2 2 2 _
X{ + x5 + x5 + x5 =40

X3 + (X1 + X2 + X3)X1X4 & 18.98 + 3.44¢1 + 0.39¢5 + 0.64¢3 + 3.05¢4 + 1.13¢5
25 — x1x0x3x4 <&  —2.83 — 5.57¢; — 1.46¢65 — 1.86€3 — 5.57¢4 + 2.71€5
X2 432+ 32 +x2 — 40  —0.25+ 0.62¢; + 2.38¢, + 1.88€5 + 0.63¢4 + 0.25¢5
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]

X1 X2X3X4 Z 25
2 2 2 2 _
X{ + x5 + x5 + x5 =40

x3+ (x1 +x2 +x3)x1xa & 18.98 + 3.44¢; + 0.39¢; + 0.64€3 + 3.05¢4 + 1.13€5
25 — X1X2X3Xq4 < —2.83 — 5.5761 — 144662 — 1.8663 — 545764 + 2.7165
X2+ x2+x2+x2—40&  —0.25+ 0.62¢1 + 2.38¢2 + 1.88¢3 + 0.63¢4 + 0.25¢5
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min x3 + (x1 + x2 + x3)x1xa
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]

X1 X2X3X4 Z 25
2 2 2 2 _
X{ + x5 + x5 + x5 =40

X3 + (X1 + X2 + X3)X1X4 & 18.98 + 3.44¢1 + 0.39¢5 + 0.64¢3 + 3.05¢4 + 1.13¢5
25 — x1x0x3X4 <& —2.83 — 5.57¢1 — 1.46€, — 1.86¢3 — 5.57¢4 + 2.71¢s
X2+ x2+x2+x2—40&  —0.25+ 0.62¢1 + 2.38¢2 + 1.88¢3 + 0.63¢4 + 0.25¢5

min 3.44¢; + 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4

—b5.57¢; — 1.46€5 — 1.86¢3 — 5.57¢4 < 5.54
0.62¢; + 2.38¢» + 1.88e3 + 0.63¢4 < 0.5
—0.6261 - 2.3862 - 1.8863 - 0.6364 S 0
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(A
min X3 + (X1 + Xxo + X3)X1X4

x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]
X1 X2X3X4 Z 25
X2+ x5 +x3 +x3 =40

min 3.44¢7 4+ 0.39¢5 + 0.64€3 + 3.05¢4
ee[—1;1]4

—5.5761 — 1.4662 — 1.8663 — 5.5764 S 5.54
0.62¢1 + 2.38ex + 1.88e3 + 0.63e4 < 0.5
—0.62¢; — 2.38ep — 1.88e3 — 0.63e4 <0
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min X3 + (X1 + Xxo + X3)X1X4
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]
X1 X2X3X4 Z 25

X2+ x5 +x3 +x3 =40

min 3.44¢7 4+ 0.39¢5 + 0.64€3 + 3.05¢4

ee[—1;1]4
—5.5761 — 1.4662 — 1.8663 — 5.5764 S 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88¢3 — 0.63¢4 <0
Solution of linear program : g =(—1,-0.24;1;-0.26)

Li(eg) = —3.70
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min X3 + (X1 + Xxo + X3)X1X4
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]
X1 X2X3X4 Z 25

X2+ x5 +x3 +x3 =40

min 3.44¢7 4+ 0.39¢5 + 0.64€3 + 3.05¢4

ee[—1;1]4
—5.5761 — 1.4662 — 1.8663 — 5.5764 S 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88¢3 — 0.63¢4 <0
Solution of linear program : g =(—1,-0.24;1;-0.26)

Li(er) =—3.70
lower bound = L¢(eg) + Ef
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min X3 + (X1 + Xxo + X3)X1X4
x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]
X1 X2X3X4 Z 25

X2+ x5 +x3 +x3 =40

min 3.44¢7 4+ 0.39¢5 + 0.64€3 + 3.05¢4

ee[—1;1]4
—5.5761 — 1.4662 — 1.8663 — 5.5764 S 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88¢3 — 0.63¢4 <0
Solution of linear program : g =(—1,-0.24;1;-0.26)

Le(eg) = —3.70
Lower bound by IA = 12,5 ; by AF1 = 10.34375
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Example

(A
min X3 + (X1 + Xxo + X3)X1X4

x€[1;1.5]%[4.5;5] x[3.5;4] x[1;1.5]
X1 X2X3X4 Z 25

X2+ x5 +x3 +x3 =40

min 3.44¢7 4+ 0.39¢5 + 0.64€3 + 3.05¢4

ee[—1;1]4
—5.5761 — 1.4662 — 1.8663 — 5.5764 S 5.54
0.62¢7 + 2.38¢5 + 1.88¢3 + 0.63¢4 < 0.5
—0.62¢7 — 2.38¢p — 1.88¢3 — 0.63¢4 <0
Solution of linear program : g =(—1,-0.24;1;-0.26)

Li(eg) = —3.70

Lower bound by IA = 12,5 ; by AF1 = 10.34375

New lower bound = 14.15
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Reformulation Method

Example

name n| m CP AFFINE2+4-CP AFFINE2
T(s) Iter T(s) Iter T(s) Iter
TUY 4 2 4.95 58 022 | 18.40 134 219
2 11 5 1 0.02 26 309 0.00 149 0.00 149
212 6 2 0.03 118 209 1.08 113 545 0.90 31 610
2 13 13 9 1.25 114 439 0.43 41 434
2 1 4 6 5 0.00 9 881 0.10 2 407 0.15 2 598
2 15 10 | 11 1.83 1 449 757 37.45 354 376 | 45.25 392 234
2716 |10] 5 0.03 659 | 0.02 660
312 5 6 0.00 11 330 0.03 464 0.12 595
313 6 6 0.02 34 148 0.25 18 356 0.18 3794
3 1 4 3 3 0.02 35 902 0.02 249 0.03 201
731 4 7 0.05 30799 0.08 3592 0.12 3444
7 3 2 4 7 0.00 768 0.00 155 0.03 587
7 3 3 5 8 0.05 86282 0.03 550 0.12 1535
14 2 1 5 7 | 32.40 14 659 121 44.38 944 184 >
14 2 2 4 5 0.02 11 708 0.10 2719 0.18 6 378
14 2 3 6 9 110.03 2177710 | 37.25 661 868
14 2 4 5 7 | 11.92 2 284 630 1.10 31 337 2.58 54 418
14 2 5 4 5 0.03 20 656 0.07 2193 0.25 5129
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Automatic Relaxation Techniques

Affine Arithmetic
Graphical Views
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Acceleration Methods based on expression trees:

@ Constraints Propagation Techniques

@ Automatic Relaxation Techniques
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