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=⇒ Slove NLP

Problem




min
x∈X⊂Rn

f (x)

s.t.

gi (x) ≤ 0 , ∀i ∈ {1, ..., ng }
hj (x) = 0 , ∀j ∈ {1, ..., nh}

Principe: Interval Branch&Bound Algorithm (IBBA)

Problem: exponential complexity of memory and of time
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Each iteration:

Choice and Subdivision of the box X (into 2 boxes),
=⇒ L list of possible solutions

Reduction of sub-boxes,
=⇒ Constraint propagations, relaxation technics, ...

Computation of lower bounds
=⇒ Interval Arithmetic, Affine Arithmetic, Taylor, ...

Elimination of boxes that cannot contain the global optimum

=⇒ Every elts do not satisfy constraints, lower bound >f̃ (x),..
Else: Store in L

STOP =⇒ max
(Z ,z)∈L

Wid(Z ) ≤ ǫL

=⇒ f̃ (x) − min
(Z ,z)∈L

z ≤ ǫf
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Interval Arithmetic: R.E. Moore (1966)

Idea

Every real number is represented by an interval of two floating
point numbers which encloses it.

Example :1/3 → [0.33333331, 0.33333335]

→ [0.33333333333333331, 0.33333333333333338]
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Interval Arithmetic: R.E. Moore (1966)

Idea

Every real number is represented by an interval of two floating
point numbers which encloses it.
⇒ take care about numerical errors during calculations

f = 33.75y6 + x2(11x2y2 − y6 − 121y4 − 2) + 5.5y8 +
x

2y

For x = 77617 and y = 33096, with FORTRAN double precision,

we obtain : f = 1.1726039400531...

But the real value is : f = −
54767

66192
= −0.8273960599
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Interval Arithmetic





[a, b] + [c , d ] = [a + c , b + d ]
[a, b] − [c , d ] = [a − d , b − c]
[a, b] × [c , d ] = [min{a × c , a × d , b × c , b × d},

max{a × c , a × d , b × c , b × d}]

[a, b] ÷ [c , d ] = [a, b] × [
1

d
,
1

c
] si 0 6∈ [c , d ]
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[a, b] − [c , d ] = [a − d , b − c]
[a, b] × [c , d ] = [min{a × c , a × d , b × c , b × d},

max{a × c , a × d , b × c , b × d}]

[a, b] ÷ [c , d ] = [a, b] × [
1

d
,
1

c
] si 0 6∈ [c , d ]

Example :

[1; 2] + [3; 4] = [4; 6]
[4; 6] − [3; 4] = [0; 3]
[1; 2] × [3; 4] = [3; 8]
[3; 8] ÷ [3; 4] = [3/4; 8/3]

[−1; 1] × ([1; 2] + [3; 4]) = [−6; 4]
[−1; 1] × [1; 2] + [−1; 1] × [3; 4] = [−6; 6]
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The natural extension into intervals of an expression of a function

provides lower and upper bounds of this function over a box.

∀x ∈ [1; 2] × [3; 4] , f (x) = x2
1 + x2

2 − x1x2

[1; 2]2 + [3; 4]2 − [1; 2] × [3; 4] = [2; 17]

With Interval Arithmetics, ∀x ∈ [1; 2] × [3; 4] , f (x) ∈ [2; 17]
Exact Bounds, ∀x ∈ [1; 2] × [3; 4] , f (x) ∈ [6.75; 13]
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c(x) ∈ [a, b] is a contraint =⇒ implicit (or explicit) relations
between the variables of the problem.
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Propagation Techniques

c(x) ∈ [a, b] is a contraint =⇒ implicit (or explicit) relations
between the variables of the problem.
Idea: use some deduction steps for reducing the box X .
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Linear case: if c(x) =

n∑

i=1

aixi = [a, b] then:

Xk :=




[a, b] −

n∑

i=1,i 6=k

aiXi

ak




∩ Xk , si ak 6= 0. (1)

where k is in {1, · · · , n} and Xi is the i th component of X .
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aiXi
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∩ Xk , si ak 6= 0. (1)

where k is in {1, · · · , n} and Xi is the i th component of X .

Non-linear case:
Idea (E. Hansen): one linearizes using T1 (or T2). Then one
solves a linear system with interval coefficients.
Other Idea: construction of the calculus tree and propagation.
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Tree

Let c(x) = 2x3x2 + x1 and

c(x) = 3

where xi ∈ [1, 3] for all i ∈ {1, 2, 3}.
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Let c(x) = 2x3x2 + x1 and

c(x) = 3

where xi ∈ [1, 3] for all i ∈ {1, 2, 3}.

X

X

X
3
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+

*
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1

2
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X

X

X
3
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[2,6] 

[2,18] 

[3,21] 

=[1,3] 

=[1,3] X

X
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3

*
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3

3-[ 1,3] 
=[0,2] 
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Affine Arithmetic: MVA Andrade, J Comba, J Stolfi (1994)

Definition

All real numbers are represented by an affine form x̂

x̂ = x0 +
n∑

i=1

xi ǫi

with ∀i ∈ [1; n], xi ∈ R and ǫi = [−1; 1]

Example : with n = 1

1/3 → 0.333 + 0.001 ∗ [−1; 1]
log(2) → 0.693 + 0.001 ∗ [−1; 1]
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Affine Operator

x̂ ± ŷ = (x0 ± y0) +

n∑

i=1

(xi ± yi )ǫi

a ± x̂ = (a ± x0) +

n∑

i=1

xi ǫi

a × x̂ = ax0 +

n∑

i=1

axi ǫi

Example : A = [1; 3] and B = [−2; 0]

Â → 2 + ǫ1

B̂ → −1 + ǫ2

Â + B̂ = 1 + ǫ1 + ǫ2
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Non-Affine Operator

x × y = (x0 +

n∑

i=1

xiǫi ) × (y0 +

n∑

i=1

yi ǫi )

= x0y0 +

n∑

i=1

(x0yi + xiy0)ǫi +

(
n∑

i=1

| xi | ×

n∑

i=1

| yi |

)
ǫn+1

f̂ (x̂) = ζ + αx̂ + δǫn+1

with α, δ, ζ ∈ R and x̂ = x0 +

n∑

i=1

xi ǫi
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x × y = (x0 +

n∑

i=1

xiǫi ) × (y0 +

n∑

i=1

yi ǫi )

= x0y0 +

n∑

i=1

(x0yi + xiy0)ǫi +

(
n∑

i=1

| xi | ×

n∑

i=1

| yi |

)
ǫn+1

f̂ (x̂) = ζ + αx̂ + δǫn+1

with α, δ, ζ ∈ R and x̂ = x0 +

n∑

i=1

xi ǫi

=⇒ All non-affine operations add a new variable

16 / 27



IBBA
Constraints Propagation Techniques

Automatic Relaxation Techniques

Affine Arithmetic
Graphical Views
Reformulation Method
Example

Natural Extension

∀x ∈ [1; 2] × [3; 4] , f (x) = x2
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In Interval Arithmetic, f (x) ∈ [2; 17]

In Affine Arithmetic, f (x) ∈ [5.5; 13]
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In Affine Arithmetic, f (x) ∈ [5.5; 13]

In real, f (x) ∈ [6.75; 13]
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New Affine Forms : F. Messine (2002)

Difficulties with AF

Non-affine operators ⇒ add a new variable

not take care about positive and negative errors
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New Affine Forms : F. Messine (2002)

Difficulties with AF

Non-affine operators ⇒ add a new variable

not take care about positive and negative errors

Extensions

AF1 : x̂ = x0 +

n∑

i=1

xi ǫi + eǫn+1 with n fixed

AF2 : x̂ = x0 +

n∑

i=1

xi ǫi + eǫn+1 + e+ǫn+2 + e−ǫn+3

with ǫn+1 = [−1; 1] , ǫn+2 = [0; 1] and ǫn+3 = [−1; 0]
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∀x ∈ [1; 2] × [3; 4] , f (x) = x2
1 + x2

2 − x1x2

x1 ∈ [1; 2] →
3

2
+

1

2
ǫ1

x2 ∈ [3; 4] →
7

2
+

1

2
ǫ2

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

4
ǫ2 +

3

4
ǫ3 f̂ (x̂) =

37

4
−

1

4
ǫ1 +

11

2
ǫ2 +

1

4
ǫ +

1

2
ǫ+

19 / 27



IBBA
Constraints Propagation Techniques

Automatic Relaxation Techniques

Affine Arithmetic
Graphical Views
Reformulation Method
Example

Natural Extension

∀x ∈ [1; 2] × [3; 4] , f (x) = x2
1 + x2

2 − x1x2

x1 ∈ [1; 2] →
3

2
+

1

2
ǫ1

x2 ∈ [3; 4] →
7

2
+

1

2
ǫ2

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

4
ǫ2 +

3

4
ǫ3

With AF1, f (x) ∈ [5.5; 13]

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

2
ǫ2 +

1

4
ǫ +

1

2
ǫ+

19 / 27



IBBA
Constraints Propagation Techniques

Automatic Relaxation Techniques

Affine Arithmetic
Graphical Views
Reformulation Method
Example

Natural Extension

∀x ∈ [1; 2] × [3; 4] , f (x) = x2
1 + x2

2 − x1x2

x1 ∈ [1; 2] →
3

2
+

1

2
ǫ1

x2 ∈ [3; 4] →
7

2
+

1

2
ǫ2

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

4
ǫ2 +

3

4
ǫ3

With AF1, f (x) ∈ [5.5; 13]

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

2
ǫ2 +

1

4
ǫ +

1

2
ǫ+

With AF2, f (x) ∈ [6; 13]

19 / 27



IBBA
Constraints Propagation Techniques

Automatic Relaxation Techniques

Affine Arithmetic
Graphical Views
Reformulation Method
Example

Natural Extension

∀x ∈ [1; 2] × [3; 4] , f (x) = x2
1 + x2

2 − x1x2

x1 ∈ [1; 2] →
3

2
+

1

2
ǫ1

x2 ∈ [3; 4] →
7

2
+

1

2
ǫ2

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

4
ǫ2 +

3

4
ǫ3

With AF1, f (x) ∈ [5.5; 13]

f̂ (x̂) =
37

4
−

1

4
ǫ1 +

11

2
ǫ2 +

1

4
ǫ +

1

2
ǫ+

With AF2, f (x) ∈ [6; 13]

In real, f (x) ∈ [6.75; 13]
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Visualization using a tree

f (x1, x2) = x1 ∗ x2 + exp(x1 + x2) , x1 = [−3,−1] and x2 = [3, 5]
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Notation

∀x ∈ X ⊂ R
n, f (x) − Lf (T (x)) ∈ Ef

where X is the domain under study,
T is the affine transformation of X to [−1; 1]n,
Lf is a linear function of[−1; 1]n to R

n ,

Ef = [E f ;E f ] is the interval corresponding to
the error generated.
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where X is the domain under study,
T is the affine transformation of X to [−1; 1]n,
Lf is a linear function of[−1; 1]n to R

n ,

Ef = [E f ;E f ] is the interval corresponding to
the error generated.

With AF1, Lf (ǫ) =
n∑

i=1

xi ǫi and Ef = x0 + xn+1ǫn+1

With AF2, Lf (ǫ) =

n∑

i=1

xi ǫi and Ef = x0 + eǫn+1 + e+ǫn+2 + e−ǫn+3
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Reformulation





min
x∈Xn

f (x)

s. t.

gi (x) ≤ 0 , ∀i ∈ {1, ..., ng }
hj(x) = 0 , ∀j ∈ {1, ..., nh}





min
ǫ∈[−1;1]n

Lf (ǫ)

s. t.

Lg i
(ǫ) ≤ −E gi

, ∀i ∈ {1, ..., ng }

Lhj(ǫ) ≤ −Ehj
, ∀j ∈ {1, ..., nh}

−Lhj(ǫ) ≤ E hj
, ∀j ∈ {1, ..., nh}
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min
x∈[1;1.5]×[4.5;5]×[3.5;4]×[1;1.5]

x3 + (x1 + x2 + x3)x1x4

x1x2x3x4 ≥ 25
x2
1 + x2

2 + x2
3 + x2

4 = 40
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Lf (ǫR) = −3.70
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Numerical Test

name n m CP AFFINE2+CP AFFINE2
T(s) Iter T(s) Iter T(s) Iter

TUY 4 2 4.95 58 022 18.40 134 219
2_1_1 5 1 0.02 26 309 0.00 149 0.00 149
2_1_2 6 2 0.03 118 209 1.08 113 545 0.90 31 610

2_1_3 13 9 1.25 114 439 0.43 41 434

2_1_4 6 5 0.00 9 881 0.10 2 407 0.15 2 598
2_1_5 10 11 1.83 1 449 757 37.45 354 376 45.25 392 234
2_1_6 10 5 0.03 659 0.02 660
3_1_2 5 6 0.00 11 330 0.03 464 0.12 595
3_1_3 6 6 0.02 34 148 0.25 18 356 0.18 3 794
3_1_4 3 3 0.02 35 902 0.02 249 0.03 291
7_3_1 4 7 0.05 30799 0.08 3592 0.12 3444

7_3_2 4 7 0.00 768 0.00 155 0.03 587
7_3_3 5 8 0.05 86282 0.03 550 0.12 1535
14_2_1 5 7 32.40 14 659 121 44.38 944 184 >
14_2_2 4 5 0.02 11 708 0.10 2 719 0.18 6 378
14_2_3 6 9 110.03 2 177 710 37.25 661 868

14_2_4 5 7 11.92 2 284 630 1.10 31 337 2.58 54 418
14_2_5 4 5 0.03 20 656 0.07 2 193 0.25 5 129
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Conclusion

Acceleration Methods based on expression trees:

Constraints Propagation Techniques

Automatic Relaxation Techniques
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